arXiv:gr-qc/0610108v4 18 Feb 2009

Some properties of accelerating observers in the Schwarzschild space

Ya-Peng Hu,^{1, 2, ∗} Gui-Hua Tian,^{3, †} and Zheng Zhao^{4, ‡} 1Institute of Theoretical Physics, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100190, China 2Graduate School of the Chinese Academy of Sciences, Beijing 100039, China 3School of Science, Beijing University Of Posts and Telecommunications, Beijing 100876, China 4Department of Physics, Beijing Normal University, Beijing 100875, China

It is well known that observers will be accelerated when they approach the planets. Thus, discussing the properties of accelerating observers in the Schwarzschild space is of sense. For the sake of simplicity, we can construct these observers’ world lines by comparing with the observers in the Hawking effect and Unruh effect, whose world lines are both hyperbolic curves in the appropriate coordinates. We do it after defining a certain special null hypersurface in the Kruskal coordinates. Our result shows that these accelerating observers defined in our paper can also detect the radiation with the analogy of the Unruh effect, though locally. Furthermore, we conjecture that, for any null hypersurface in any spacetime, the corresponding observers who can at least locally detect the radiation from it can be found.

Key words: accelerating observers, Schwarzschild space, Unruh effect, null hypersurface, radiation

PACS numbers: 04.70.Dy

I. INTRODUCTION

Simply viewed from the astronomical exploration, it’s of sense to theoretically consider the properties of accelerating observers when approach the planets. However, the spacetime is an unity in general relativity [1], and the concept of accelerating in the universe is ambiguous. Since the outside spacetime of the planet can always be approximately viewed as the Schwarzschild spacetime, we can naturally define the concept of acceleration in terms of the second time derivatives of position in the usual Schwarzschild space with the killing vector(^∂_{∂t} )^a.

On the other hand, there have been many works considering the properties of accelerating observers in various of different spacetimes and conditions [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]. And two significant representations of these works are the discovery of Hawking effect and Unruh effect[2, 5]. These two effects both conclude that the accelerating observers can detect the radiation as they are in the thermal bath. Moreover, the observers’ accelerations are uniform in the spacetime. In addition, both effects have another common property of their observers, which is that the observers’ world lines are all hyperbolic in the appropriate coordinates. Thus, for simplicity, we can construct our accelerating observers’ world lines in the Schwarzschild space by taking the analogy of these two effects. In the Kruskal coordinates, after defining a certain special null hypersurface, we can define the world lines of our accelerating observers to be the hyperbolic curves of which the asymptote is just the null hypersurface itself. And in the latter we can prove that the obsevers defined in this way truly accelerate in the Schwarzschild space. It should be emphasized that there are other constructions of the observers accelerating in the Schwarzschild space, but the properties of the observers may be different. For example, for the free drop observer and the static observer in the Schwarzschild space, the former corresponds to a geodesic observer and detects no radiation, while the latter can detect the well-known Hawking effect. In fact, the Hawking effect with the static observer can be viewed as a special case in our discussion. And with the very similar trick (defining the null hypersurface first), the authors in Ref[15] discussed various of properties of accelerating observers in the Minkowski spacetime.

The present work starts by defining a certain null hypersurface and its corresponding observers in the Kruskal coordinates. After discussing some properties of these observers, we will show that the event horizon with the static observers in the Hawking effect can be viewed as the special case in our discussion.

Then, another more significant property of these observers, detecting radiation, is discussed in section 3 by using the Damour- Ruffini method[13]. The radiation can be viewed as the analogy of the Unruh effect. However, because (^∂_{∂η} )^a is not a killing vector, the thermal spectrum would be just local. That is, it is detected just by the observers near the horizon and it can’t be detected consistently with the observers in the infinity.

∗Electronic address: huzhengzhong2050@163.com †Electronic address: hua2007@126.com ‡Electronic address: zhaoz43@hotmail.com

Finally, in section 4, we will first show that these observers defined in this way truly accelerate in the Schwarzschild space, and then we give a brief conclusion and discussion. Note that, although the effective temperature is also very low to detect in the experiment as those in many other similar works, the theoretical discussion is still of sense. Particularly, we conjecture that, for any null hypersurface in any spacetime, the corresponding observers who can at least locally detect the radiation from it can be found. This conjecture can be seen to be partly supported in the Ref[15]. And its application can also be seen in Ref [16] where the authors defined the local temperature with this conjecture and obtained some very interesting results.

II. THE NULL HYPERSURFACE AND ITS CORRESPONDING OBSERVERS BY DEFINITION

The line element of the Schwarzschild spacetime in the Kruskal coordinates is given by [1]

ds^2 =

32M^3 r e^{− r2M} (−dT^2 + dX^2) + r^2(dθ^2 + sin^2 θdφ^2). (1)

where

( r 2M − 1)e^{r2M} = X^2 − T^2. (2)

In the following, we restrict our discussions only in the region r > 2M. Thus, we first define the null hypersurface in this region

T = ±(X − X_0). (3)

where X_0 is a positive constant. It’s easily seen that, when X_0 = 0, the null hypersurface defined in (3) can become the usual event horizon of the Schwarzschild spacetime.

According to (3), the corresponding observer is

(X − X_0)^2 − T^2 = e^{2aξ0} , θ = θ_0, φ = φ_0. (4)

where a, ξ_0, θ_0, φ_0 are also constants. In fact, a family of observers that we are interested in can be defined by choosing different ξ_0. It’s obvious that all the world lines of these observers are hyperbolic curves in the Kruskal coordinates. Furthermore, the null hypersurface defined in (3) can be viewed as their horizon, which can be easily obtained from the T-X diagram in Figure 1.

In fact, by these observers we can define a new coordinate system {η, ξ, θ, φ} that

X = X_0 + e^{aξ}chaη, T = e^{aξ}shaη. (5) And the metric in this coordinates is

ds^2 =

32M^3 r e^{− r2M} e^{2aξ}a^2(−dη^2 + dξ^2) + r^2(dθ^2 + sin^2 θdφ^2)

= g_{00}dη^2 + g_{11}dξ^2 + r^2(dθ^2 + sin^2 θdφ^2). (6)

where

( r 2M − 1)e^{r2M} = X^2_0 + 2e^{aξ}X_0ch(aη) + e^{2aξ}. (7)

In this co-moving coordinate system, it’s obvious that observers labelled by different ξ are at rest, and the horizon is at ξ = −∞, which is just the null hypersurface defined in (3) and agrees with the former conclusion from Fig 1.

The tangent vector of the observer’s worldline (ξ = ξ_0) defined in (5) is

( ∂ ∂η )^a = ∂x^μ ∂η ( ∂ ∂x^μ )^a = a[T ( ∂ ∂X )^a + (X − X_0)( ∂ ∂T )^a]. (8)

Re-parameterize the world line with the proper time τ, we get

( ∂ ∂η )^a = dτ dη ( ∂ ∂τ )^a = γ( ∂ ∂τ )^a, γ ≡ dτ dη . (9)

where (^∂_{∂τ} )^a is the 4-velocity. Using the unitary property of the 4-velocity and the metric, we find

γ^2 ≡ ( dτ dη )^2 = a^2e^{2aξ0}

32M^3 r e^{− r2M} , Γ^0_0 = Γ^0_{11} = Γ^1_{01} = 2(r + 2M)MT r^2e^r2M , Γ^0_1 = Γ^1_{00} = Γ^1_1 = − 2(r + 2M)MX r^2e^r2M

. (10)

where the nonzero Christoffel coefficients are correlated with the Kruskal coordinates. Thus, the 4-velocity and the 4-acceleration are

T^a = ( ∂ ∂τ )^a = 1 γ ( ∂ ∂η )^a = a γ [T ( ∂ ∂X )^a + (X − X_0)( ∂ ∂T )^a]

A^b = e^{−2aξ} 32M^3 r e^{− r}2M B[T ( ∂ ∂T )^b + (X − X_0)( ∂ ∂X )^b]. (11)

where

B ≡ 1 − [(X − X_0)X_0 + e^{2aξ0} ]

2M(r + 2M)

r^2 e^{− r2M} . (12)

And the proper acceleration can also be obtained

A ≡ |A^a| = 1 e^{aξ0} ( 32M^3 r e^{− r2M} )^{−1/2}B. (13)

From (8) to (13), we can draw a brief conclusion about the properties of these observers. First, these observers’ world lines are truly timelike such that they can be considered as detectors. Second, the proper acceleration changes along with observer’s proper time or η, which is different from that of a static observer in the Schwarzschild spacetime, which is a constant. Third, when the observer get closer to the horizon or in the limit ξ_0 → −∞, the proper acceleration becomes positive infinite, which is a general property of the horizon. And this can also be understood that the proper acceleration of the light may be positive infinite (more details can be seen in the Ref[17]). Finally, we show that the event horizon with the static observers in the Hawking effect can be viewed as the special case in our discussion, if X_0 vanishes. The above four properties are essential and can be easily obtained. In the following section, we will make more discussions about another interesting property of these observers-detecting radiation.

III. RADIATION FROM THE NULL HYPERSURFACE

In the above section, we have showed that the null hypersurface is just the horizon for its corresponding observers. Now we want to see whether these observers can detect the radiation or the thermal spectrum from the null hypersurace.

For the sake of simplicity, we only consider the real scalar field, and the Klein-Gordon equation in curved space-time is

1 √ −g ∂ ∂X^μ ( √ −gg^{μν} ∂Ψ ∂X^ν ) − μ^2Ψ = 0. (14)

Substitute the metric (6) into (14), we obtain

[− ∂ ∂η (r^2 ∂Ψ ∂η ) + ∂ ∂ξ (r^2 ∂Ψ ∂ξ )] · 1 g_{11} + 1 sin θ ∂ ∂θ (sin θ ∂Ψ ∂θ ) + 1 sin^2 θ

∂^2Ψ ∂φ^2 = μ^2r^2Ψ. (15)

Usually, the scalar function Ψ fulfilling the covariant Klein-Gordon equation in the given spherically symmetrical metric can always be separated as

Ψ(η, ξ, θ, φ) = R(η, ξ)Y_{lm}(θ, φ). (16) where Y_{lm}(θ, φ) is the usual spherical harmonics. Thus equation (15) can be simplified to a radial equation

− ∂ ∂η (r^2 ∂R ∂η ) + ∂ ∂ξ (r^2 ∂R ∂ξ ) = [μ^2r^2R − l(l + 1)R]g_{11}. (17)

In the usual quantum field theory, we can define the positive frequency with respect to η by solving equation (17) and then define the corresponding vacuum state. However, (^∂_{∂η} )^a is not a killing vector, thus the vacuum state is not invariant, which leads to the fact that the following discussion about radiation from the null hypersurface or horizon is just local and only suitable for observers near the null hypersurface[19].

Consider the asymptotic expression for the field near the horizon , and from (7) we obtain ∂r ∂ξ = 2ae^{aξ}X_0ch(aη) + 2ae^{2aξ} r (2M)^2 e r 2M , ∂r ∂η = 2ae^{aξ}X_0ch(aη) r (2M)^2 e r 2M . (18)

Thus, when ξ = −∞, the location of the event horizon, (17) will be

− ∂^2R ∂η^2 + ∂^2R ∂ξ^2 + 2r[ ∂R ∂ξ − ∂R ∂η ] ∂r ∂η = 0. (19)

Obviously, there are two exact solutions

R^{in}_ω = e^{−iω(η+ξ)}, R^{out}_ω = C r e^{−iω(η−ξ)} (here C is the normalized factor). (20)

which are just the two explicit asymptotic expression for the field near the horizon and can be viewed as the in-going wave and out-going wave. Because the radiation is local, in what follows we will use the Damour-Ruffini method to discuss the radiation from the horizon [13, 20, 21, 22, 23], although there are many other approaches to prove the radiation [4, 11, 14].

In order to clearly find out the analytic properties of the out-going wave and in-going wave, we use the advanced Eddington-Finkelstein coordinates which is defined by ν = η + ξ. And (20) becomes

R^{in}_ω = e^{−iων} , (21)

R^{out}_ω = C r e^{2iωξ}e^{−iων} . (22) From (21) and (22), it’s easy to see that the out-going wave is not analytic in the horizon, while the in-going wave is.

Physically, the analytic in-going wave can be viewed as a classical particle locally detected by the observers near the horizon drops into the horizon to reach a negative-energy state. In the quantum description, this phenomenon allows an antiparticle to reach positive-energy states from the horizon by the tunneling effect. Thus, according to

Refs[13, 18], the prescription r → r − i0 will yield the unique continuation of Eq.(21) describing an antiparticle state. And it’s equivalent to analytical extension of the out-going wave through the lower complex plane. To get more insight of the analytical extension, we can introduce a new coordinates transformation

ξ = 1 2a ln ρ. (23)

This transformation’s most advantage is that it will change the location of horizon from ξ = −∞ to ρ = 0. And it is analogy with the tortoise transformation in the Rindler spacetime[19]. After taking the transformation, the R^{out}_ω is

R^{out}_ω = C r ρ^{iω/a}e^{−iων} (r > r_H ). (24) and the metric in (6) becomes

ds^2 =

32M^3 r e^{− r2M} ρa^2(−dη^2 + dξ^2) + r^2(dθ^2 + sin^2 θdφ^2). (25)

From (24) and (25), it is easy to see that if we exchange ρ → |ρ| e^{−iπ} through the lower complex plane, the analytic

solution of^~R out ω inside the horizon can be found to be ~ R out ω = C r e^{πω/a}e^{2iωξ}e^{−iων} (r < r_H ). (26) By introducing the Heaviside function Y , ∧ R out ω = N_ω[Y (r − r_H )R^{out}_ω + Y (r_H − r)^~R out ω ]. (27)

where N_ω is a normalization factor. Eq.(27)is just the unique continuation of Eq.(21) describing an antiparticle state, and now it can also describe the splitting of ^R^{out}_ω in a wave outgoing from the horizon and a wave falling into the horizon [13]. Using the relation for the Bosen particles <^∧R out ω_1 , ∧ R out ω_2 >= −δ(ω1 − ω2) (28)

we obtain

N^2_ω = (e^{2πω/a} − 1)^{−1} (29)

Therefore, the temperature is

T = a 2π (30)

which implicates that there is true radiation locally detected by the observers near the horizon. And the spectrum is also Planckian , though the effective temperature is obviously low which is the same as many other thermal effects by radiation. Note that a is a constant correlated with the proper acceleration of the observer [19].

IV. CONCLUSION AND DISCUSSION

In the above sections, we have defined some accelerating observers by defining the null hypersurface in the Kruskal coordinates at first. Some properties of these observers such as their 4-velocity, 4-acceleration and particularly the radiation effect are also obtained. However, as mentioned in the title, what we want to discuss are the properties of accelerating observers in the Schwarzschild space. Thus, we should first check that the observers we defined are truly accelerating in the Schwarzschild space.

In section 2, we have proved that the observers defined in (4) are accelerating observers in the Schwarzschild spacetime. Considering the constant proper acceleration of the static observers in the Schwarzschild space, we can conclude qualitatively that the observers we defined must be accelerating observers in the Schwarzschild space. In fact, if we use the Schwarzschild coordinates {t, r, θ, φ} to express the worldline in (4), we can obtain

( r 2M − 1)^{1/2}e^{r4M} = X_0ch t 4M + √ X^2_0 sh t 4M + e^{2aξ0} . (31)

which shows that the observer defined in (4) is truly an observer accelerated in the space. And it can be viewed as a detector who is at first accelerated closely to the planet, and then gets far away from it (Figure 2). It’s obvious to find that as the same as that in many other similar works, the detected effective temperature in (29) is low to detect in the experiment. However, the theoretical discussion is still of sense, which can be seen in the following.

Property of detecting the radiation for accelerating observers is seemingly not surprising due to the analogy of Unruh effect. However, these observers accelerate in the space, not the spacetime, this may make some difference for the result. For example, though the free drop observer accelerates in the Schwarzschild space, it will detect zero radiation due to the fact that it’s a geodesic observer in the spacetime, while the static observer in the Schwarzschild space will detect the well-known Hawking effect. Of course, the key point of deciding whether there is radiation is due to the 4-acceleration of the observer. However, according to our proof, the more significant key point is whether there exists the corresponding null hypersurface which can be treated as the horizon for the observers. It’s true that, if there is a null hypersurface we can always find the corresponding observers, while the opposite argument may not be correct. Thus, we conjecture that, for any null hypersurface in any spacetime, we can find the corresponding observers who can detect (at least locally) the radiation from it. In fact, in Ref[15], the authors used the similar trick, defining the null hypersurface at first, and then discussed the properties of some accelerating observers in Minkowski spacetime. Their results can be viewed as a partial support to our conjecture. Particularly, in Ref[16], the authors qualitatively obtained the result of the conjecture from the equivalent principle of General Relativity. Moreover, they applied it to define the local temperature and obtained very interesting results.

V. ACKNOWLEDGEMENTS

Ya-Peng Hu thanks Dr.Xuefei Gong and the referees for useful discussions and help. And Ya-Peng Hu is supported partially by grants from NSFC, China (No. 10325525 and No. 90403029), and a grant from the Chinese Academy of Sciences. Zheng Zhao is supported by the National Natural Science Foundation of China (Grant No. 10773002) and the National Basic Research Program of China (Grant No. 2003CB716302).

[1] R.M.Wald, General Relativity, Chicago and London: the university of Chicago press, 1984. [2] W.G.Unruh, Phys. Rev. D 14:870, 1976. [3] S.A.Fulling, Phys. Rev. D 7:2850, 1973. [4] P.C.W.Davies, J. Phys. A 8:609, 1975. [5] S.W.Hawking, Nature(London)248:30, 1974. [6] B.S.Kay, R.M.Wald, Phys. Rept.207: 49,1991. [7] J.I.Korsbakken, J.M.Leinaas, Phys. Rev. D 70: 084016,2004. [8] J.R.Letaw, J.D.Pfautsch, Phys. Rev. D22:1345,1980. [9] J.S.Bell, J.M.Leinaas, Nucl. Phys. B212:131,1983. [10] G.W.Gibbons, S.W.Hawking, Phys. Rev. D15:2738,1977. [11] J.B.Hartle, S.W.Hawking, Phys. Rev. D13:2188,1976. [12] S.Deser, O.Levin, Class. Quant. Grav.14:L163-168, 1997. [13] T.Damour, R.Ruffini, Phys. Rev. D14:332, 1976.

[14] G.W.Gibbons, M.J.Perry, Proc.Roy.Soc.Lond. A358:467-494, 1978. [15] Chao-guang Huang, Han-ying Guo, Int.J.Mod.Phys.D15:1035, 2006. [16] T.Jacobson, Phys.Rev.Lett.75:1260,1995.

[17] G.Tian, Z.Zheng, C.Liang, Class.Quantum.Grav.19:2777,2002. [18] R.Penrose, Int.J.Theor.Phys.1:61,1968.

[19] N.D Birrell, P.C Davies. Quantum Fields in Curved Space. Cambridge: Cambridge University Press, 1982.

[20] S.Sannan,Gen.Rel.Grav.20:239,1988; [21] Z.Zhao, Chin.Phys.Lett.9:501,1992;

[22] Jingyi Zhang and Zheng Zhao, Phys.Lett.B618:14,2005; [23] Shuang-Qing Wu, Jun-Jin Peng, Class.Quant.Grav.24:5123,2007.

FIG. 1: (Color online) Null hypersurface and the corresponding observer by definition.

FIG. 2: (Color online) The behavior of the observer in the Schwarzschild coordinates.