arXiv:gr-qc/0611019v2 18 Dec 2006

NIKHEF/2006-008

HIGHER DIMENSIONAL V SI SPACETIMES

A. COLEY, A. FUSTER, S. HERVIK AND N. PELAVAS

Abstract. We present the explicit metric forms for higher dimensional vanishing scalar invariant (V SI) Lorentzian spacetimes. We note that all of the V SI spacetimes belong to the higher dimensional Kundt class. We determine all of the V SI spacetimes which admit a covariantly constant null vector, and we note that in general in higher dimensions these spacetimes are of Ricci type III and Weyl type III. The Ricci type N subclass is related to the chiral null models and includes the relativistic gyratons and the higher dimensional ppwave spacetimes. The spacetimes under investigation are of particular interest since they are solutions of supergravity or superstring theory.

[PACS: 04.20.Jb, 04.65+l]

1. Introduction

Recently [1] it was proven that all curvature invariants of all orders vanish in an N-dimensional Lorentzian (V SI) spacetime if and only if there exists an aligned shear-free, non-expanding, non-twisting, geodesic null direction ℓ^a along which the Riemann tensor has negative boost order. An analytical form of these conditions are as follows: (1) R_{abcd} = 8A_i ℓ_{{a}n_bℓ_cm^i_{d}} + 8B_{ijk} m^i_{{a}m^j_b ℓ_cm^k_{d}} + 8C_{ij} ℓ_{{a}m^i_b ℓ_cm^j_{d}} where i = 1...(N − 2) (i.e., the Riemann tensor is of algebraic type III N or O [2]), and (2) ℓ_{a;b} = L_{11}ℓ_aℓ_b + L_{1i}ℓ_am^i_b + L_{i1}m^i_aℓ_b;

that is, the expansion matrix and the twist matrix are zero (as well as L_{i0} = 0 = L_{10}, corresponding to an affinely parametrized geodesic congruence ℓ_a).

This result generalizes a previous theorem in four dimensions (4D) [3]. Indeed, in 4D V SI spacetimes can be classified according to their Petrov type, Segre type and the vanishing or non-vanishing of the spin coefficient τ; all of the corresponding metrics are displayed in [3].

A number of higher dimensional V SI spacetimes are explicitly known [4, 5]. However, we wish to complete this investigation and write down the metric for higher dimensional V SI spacetimes in a canonical form (similar to what is done in 4D). We note that all of the VSI spacetimes have a shear-free, non-expanding, non-twisting geodesic null congruence ℓ = ∂_v , and hence belong to the higher

Date: December 18, 2006. 1

dimensional Kundt class [4, 6]. In this paper, we shall therefore present the explicit metric forms for higher dimensional V SI spacetimes [6].

1.1. Preliminaries. We shall consider a null frame ℓ = m_0, n = m_1, m_2, ... m_{N−1} (ℓ, n null with ℓ^aℓ_a = n^an_a = 0, ℓ^an_a = 1, m_i real and spacelike m_i^am_{j a} = δ_{ij} , i = 2, ..., N − 1, all other products vanish) in an N-dimensional Lorentz-signature spacetime, so that (3) g_{ab} = 2ℓ_{(a}n_{b)} + δ_{jk}m^j_am^k_b.

A null rotation about n is a Lorentz transformation of the form (4) n̂ = n, m̂_i = m_i + z_in, ℓ̂ = ℓ − z_im^i −^1_2 δ^{ij} z_iz_j n. A null rotation about ℓ has an analogous form. A boost is a transformation of the form (5) n̂ = λ^{−1}n, m̂_i = m_i, ℓ̂ = λ ℓ, λ ≠ 0. Using the notation (6) w_{{a}x_by_cz_{d}} ≡ 1 2 (w_{[a}x_{b]}y_{[c}z_{d]} + w_{[c}x_{d]}y_{[a}z_{b]}) ≡ 1 8 {[w_px_q ][y_rz_s]}, we can decompose the Weyl tensor C_{abcd} and sort its components by boost weight (see Table 1 in [7]). The Weyl scalars also satisfy a number of additional relations, which follow from curvature tensor symmetries and from the trace-free condition.

The boost order of a tensor is a function of the null direction k. We denote boost order by B(k). We will call the integer 1 − B(k) ∈ {0, 1, 2, 3} the order of alignment. The principal type of a Lorentzian manifold is I, II, III, N according to whether there exists an aligned k of alignment order 0, 1, 2, 3, respectively (i.e., B(k) = 1, 0, −1, −2, respectively) [7, 2]. If no aligned k exists we will say that the manifold is of type G. If the Weyl tensor vanishes, we will say that the manifold is of type O. It follows that there exists a frame in which the components of the Weyl tensor satisfies: T ype I : C_{0i0j} = 0, T ype II : C_{0i0j} = C_{0ijk} = 0, T ype III : C_{0i0j} = C_{0ijk} = C_{ijkl} = C_{01ij} = 0, T ype N : C_{0i0j} = C_{0ijk} = C_{ijkl} = C_{01ij} = C_{1ijk} = 0. (7) The general types have various algebraically special subtypes [2]; for example, Type III(a) for C_{011i} = 0.

2. Higher dimensional V SI metrics From [4, 6], it follows that any V SI metric can be written in the form ds^2 = 2du [ dv + H(v, u, x^n)du + W_i(v, u, x^n)dx^i ] + δ_{ij} dx^idx^j (8) with i, j = 1, . . . , N − 2. The metric functions H and W_i satisfy the remaining vanishing scalar invariant conditions and the Einstein equations. It is convenient to introduce the null frame ℓ = du, (9) n = dv + Hdu + W_im^{i+1},

(10) m^{i+1} = dx^i.

(11)

Spacetimes possessing a null vector field ℓ obeying ℓ^Aℓ_{B;A} = ℓ^A_{;A} = ℓ^{A;B} ℓ_{(A;B)} = ℓ^{A;B}ℓ_{[A;B]} = 0;

(12) i.e., ℓ is geodesic, non-expanding, shear-free and non-twisting (i.e., L_{ij} ≡ ℓ_{i;j} = 0 [1]), are higher-dimensional Kundt metrics (or simply Kundt metrics), since they generalise the 4-dimensional Kundt metrics. There is some remaining freedom in the choice of frame; namely null rotations about ℓ, spins and boosts.

The generalized Kundt metrics are given by (8), but with a general transverse metric of the form g_{ij} (u, x^k). From [6], it follows that for any V SI member of the generalized Kundt class, there is a transformation of the form: (v^′, u^′, x^{′i}) = (v, u, f^i(u; x^k)), (13) which transforms the transverse metric g_{ij} (u, x^k) to flat space with δ_{ij} . Hence the V SI spacetimes are Kundt spacetimes of the form (8).

The remaining coordinate freedom preserving the Kundt form are: (1) (v^′, u^′, x^{′i}) = (v, u, f^i(x^k )) and J^i_j ≡^{∂f i}_{∂xj} .

H^′ = H, W^′_i = W_j ( J^{−1} )_j i , δ^′_{ij} = δ_{kl} ( J^{−1} )_k i ( J^{−1} )_l j . (2) (v^′, u^′, x^{′i}) = (v + h(u, x^k), u, x^i) H^′ = H − h_{,u}, W^′_i = W_i − h_{,i}, δ^′_{ij} = δ_{ij} . (3) (v^′, u^′, x^{′i}) = (v/g_{,u}(u), g(u), x^i) H^′ = 1 g^2_{,u} ( H + v g_{,uu} g_{,u} ) , W^′_i = 1 g_{,u} W_i, δ^′_{ij} = δ_{ij} . (4) (v^′, u^′, x^{′i}) = (v, u, f^i(u; x^k)), where f^i(u_0; x^k ) is an isometry of flat space, and J^i_j ≡^{∂f i}_{∂xj} . H^′ = H + δ_{ij} f^i_{,u}f^j_{,u} − W_j ( J^{−1} )_j i f^i_{,u}, W^′_i = W_j ( J^{−1} )_j i − δ_{ij} f^j_{,u}, δ^′_{ij} = δ_{kl} ( J^{−1} )_k i ( J^{−1} )_l j ≡ δ_{ij} . Transformations (1) and (4) are both subsets of the more general transformations (13) (diffeomorphisms and isometries, respectively). The set of transformations (4) therefore consists of translations and rotations of the coordinates x^i.

The linearly independent components of the Riemann tensor with boost weight 1 and 0 are:

R_{010(i+1)} = − 1 2 W_{i,vv} , (14)

R_{0101} = −H_{,vv} + 1 4 (W_{i,v} ) ( W^{i,v} ) , (15)

R_{01(i+1)(j+1)} = W_{[i}W_{j],vv} + W_{[i;j],v} ,

(16)

R_{0(i+1)1(j+1)} = 1 2 [ −W_j W_{i,vv} + W_{i;j,v} − 1 2 (W_{i,v} ) (W_{j,v} ) ] . (17)

Hence, the negative boost order conditions of the Riemann tensor yield W_{i,vv} = 0, (18) H_{,vv} − 1 4 (W_{i,v} ) ( W^{i,v} ) = 0,

(19) from which it follows that

W_i(v, u, x^k) = vW^{(1)}_i (u, x^k) + W^{(0)}_i (u, x^k),

(20)

H(v, u, x^k) = v^2 8 (W^{(1)}_i )(W^{(1)i}) + vH^{(1)}(u, x^k) + H^{(0)}(u, x^k),

(21)

subject to W_{[i;j],v} = 0, (22) and W_{(i;j),v} − 1 2 (W_{i,v} ) (W_{j,v} ) = 0.

(23)

All of these spacetimes are VSI. Further constraints can be made, and the resulting spacetimes invariantly classified.

From eqn. (22) it follows that W^{(1)}_i can be written locally as a gradient:

W^{(1)}_i = [ϕ(u, x^k )]_{,i}.

(24)

Eq. (23) now simplifies to ( e^{− 12 ϕ} ) ,ij = 0,

(25)

which can be integrated to yield:

ϕ = −2 ln [ a_i(u)x^i + C(u) ] , (26)

where a_i(u) and C(u) are arbitrary functions of u. Now, utilizing the rotations and translations of x^i we can simplify ϕ:

ϕ = −2 ln[a(u)x^1], or ϕ = −2 ln[C(u)].

(27)

(Note that rotations in the subspace orthogonal to x^1 are still permitted). Hence, we obtain the two general cases:

(i): W^{(1)}_1 = − 2 x^1

; W^{(1)}_i = 0, i ≠ 1.

(ii): W^{(1)}_i = 0.

The form of H is given by eqn. (21), where H^{(1)}(u, x^k) and H^{(0)}(u, x^k) are the redefined functions. The spacetimes above are in general of Ricci and Weyl type III.

Further progress can be made by classifing the metric in terms of their Weyl-type (III, N or O) and their Ricci type (N or O), and the form of L_{ab}. In particular, H^{(1)}(u, x^k ) is determined in terms of the functions W^{(0)}_i (u, x^k) by restricting the metrics to be of Ricci type N. Additional constraints on Ψ_{ij} , Ψ_{ijk}, etc. can be obtained by employing the Bianchi and Ricci identities [8]. In addition, the spatial tensors (indices i, j) can be written in canonical form and remaining coordinate and frame freedom utilized.

2.1. Kinematics. The nonzero ‘spin coefficients’ L_{ij} are defined by ℓ_{(a;b)} = Lℓ_aℓ_b + L_i(ℓ_am^i_b + ℓ_bm^i_a).

(28) L = L_{11} is the analogue of the spin coefficient (γ + γ̄) in 4-dimensions and the L_i ≡ L_{1i} are the analogues of the spin coefficient τ. From eqn. (8) we have that L = H_{,v}, (29) and L_i = 1 2 W_{i,v} = 1 2 W^{(1)}_i .

(30) Therefore, in the preferred frame (28) L_1 ≠ 0 and all other L_i are zero (i.e., the rotation used above also simultaneously normalizes the L_i). All of the information from the ‘spin coefficients’ can then be summarized by: W^{(1)}_1 = −2 ϵ x^1

; W^{(1)}_n = 0, n = 2, ..., N − 2,

(31)

where ϵ = 0 corresponds to W^{(1)}_i = 0 (and to τ = 0 in 4-dimensions) and ϵ = 1 in the case L_1 ≠ 0 (τ ≠ 0). Note that for ϵ = 0 and H_{,v} = 0, ℓ_a is a null Killing vector.

2.2. Ricci type. The Ricci tensor is given by R_{ab} = Φℓ_aℓ_b + Φ_i(ℓ_am^i_b + ℓ_bm^i_a).

(32) The Ricci type is N if Φ_i = 0 = R_{1i} (otherwise the Ricci type is III; Ricci type O is vacuum). The non-zero components can be simplified and chosen to be constant.

Further progress is most easily made by first performing a type (2) coordinate transformation with h(u, x^k) satisfying (33) h_{,1} − 2 hϵ x^1

= W^{(0)}_1 .

The effect is to transform away W^{(0)}_1 , so that in the new coordinates W_1 = −2vϵ/x^1 and the remaining metric functions W_m = W^{(0)}_m (u, x^k), H^{(1)}(u, x^k) and H^{(0)}(u, x^k) undergo a redefinition^1. That is, W_1 = −2 vϵ x^1 , (34) and W_m = W^{(0)}_m (u, x^k),

(35) where m ranges over 2, . . . , N − 2 (i.e., does not include i = 1).

When ϵ = 0, 1 the Ricci type N conditions Φ_i = 0 reduce to 2H^{(1)}_{,1} = 2ϵ x^1

W^{(0)m}_{,m} − W^{(0)m}_{,m1}

(36) 2H^{(1)}_{,n} = ΔW^{(0)}_n − W^{(0)m}_{,mn}

(37) subject to ΔW^{(0)}_{n,1} = 2ϵ x^1 W^{(0)m}_{,mn} (38) ΔW^{(0)}_{m,n} = ΔW^{(0)}_{n,m}

(39)

1 It is also possible to choose a gauge with W (0) 1 non-zero; the corresponding results will be presented elsewhere [9].

where Δ = ∂^i∂_i is the spatial Laplacian and m, n ≥ 2. A partial integration of (36)-(39) reduces these constraints to a divergence and a Laplacian that must be satisfied by W^{(0)}_m , namely

W^{(0)m}_{,m} = ϵ(x^1)^2 [ F − ∫ 4 (x^1)^3

H^{(1)}dx^1 ] + (1 − ϵ)F − 2H^{(1)}

(40)

ΔW^{(0)}_n = ϵ(x^1)^2 [ F_{,n} − ∫ 4 (x^1)^3

H^{(1)}_{,n}dx^1 ] + (1 − ϵ)F_{,n} (41)

where F = F (u, x^n) is an arbitrary function independent of x^1. Note when ϵ = 0 (40) defines H^{(1)} with F determined from (41). We note that, in general, F cannot be transformed away.

Therefore, the equations above describe all V SI metrics of Ricci type N, with ϵ = 0 or ϵ = 1. In general the Weyl tensor is of type III. 2.3. Weyl-type. The Weyl tensor can be expressed as C_{abcd} = 8Ψ_iℓ_{{a}n_bℓ_cm^i_{d}} + 8Ψ_{ijk}m^i_{{a}m^j_bℓ_cm^k_{d}} + 8Ψ_{ij} ℓ_{{a}m^i_bℓ_cm^j_{d}}. (42) The case Ψ_{ijk} ≠ 0 is of Weyl type III, while Ψ_{ijk} = 0 (and consequently also Ψ_i = 0) corresponds to type N. Note that Ψ_{ij} is symmetric and traceless. Ψ_{ijk} is antisymmetric in the first two indices with Ψ_i = 2Ψ_{ijj} , and in vacuum also satisfies Ψ_{{ijk}} = 0. (43) 2.3.1. Type III. As noted above, in general the Weyl tensor is of type III. Let us treat first the case ϵ = 1:

W_1 = − 2 x^1 v (44)

W_m = W^{(0)}_m (u, x^k)

(45)

H = H^{(0)}(u, x^i) + 1 2 ( F̃ − W^{(0)m}_{,m} ) v + v^2 2(x^1)^2 , (46)

where F̃ = F̃ (u, x^i) is a function satisfying:

(47) F̃ ,_1 = 2 x^1

W^{(0)m}_{,m}, F̃ ,_n = ΔW^{(0)}_n

In addition, we have the Einstein equation

x^1△ ( H^{(0)} x^1 ) + ( W^{(0)m}W^{(0)}m

x^1 ) ,_1 −2H^{(1)},_m W^{(0)m} − H^{(1)}W^{(0)m},_m − 1 4 W_{mn}W^{mn} − W^{(0)m}_{,mu} + Φ = 0,

(48)

where W_{mn} = W^{(0)}_{m,n} −W^{(0)}_{n,m}^2 and Φ is determined by the matter field (see equation (32)); in the case of vacuum we have Φ = 0.

We consider now the case ϵ = 0: W_1 = 0,

(49) W_m = W^{(0)}_m (u, x^k)

(50)

H = H^{(0)}(u, x^i) + 1 2 ( F − W^{(0)m}_{,m} ) v, (51)

2 Note that, in general, W (0) 1 = 0 but W_{1n} = −W_{n1} ≠ 0.

where F = F (u, x^n) is a function satisfying: (52) F,_1 = 0, F,_n = ΔW^{(0)}_n

Finally we have:

△H^{(0)} − 1 4 W_{mn}W^{mn} − 2H^{(1)},_m W^{(0)m} − H^{(1)}W^{(0)m},_m − W^{(0)m}_{,mu} + Φ = 0,

(53)

V SI spacetimes with (44)-(46) and (49)-(51) are the higher dimensional analogues of the four-dimensional spacetimes of Petrov (Weyl) type III, PP-type O with τ ≠ 0 and τ = 0, respectively.

2.3.2. Type III(a). Further subclasses can be considered [2]. We discuss the subclass III(a) which is defined by vanishing C_{011(n+1)}. In the ϵ = 1 case C_{0112} = H^{(1)},_1

C_{011(m+1)} = H^{(1)},_m − 1 2 W^{(0)}_{m,1} x^1 , (54) where H^{(1)} is the coefficient of v in (46) and m = 2, . . . , N − 2. Vanishing of the Weyl components (54) implies H^{(1)},_{m1} = 0 for consistency; these constraints give already

W^{(0)}_m = W̃_m(u, x^n)

(x^1)^2 2 + W̃_m(u, x^n), (55)

where the functions W̃_m, W̃_m do not depend on x^1. The Weyl components (54) vanish themselves when the functions W^{(0)}_m satisfy: W^{(0)m}_{,m1} = 2 x^1

W^{(0)m}_{,m}

(56)

W^{(0)m}_{,mn} = ΔW^{(0)}_n −

W^{(0)}_{n,1} x^1

(57) Inserting here (55) we get the following conditions for the functions W̃_n(u, x^n), W̃_n(u, x_n):

W̃^m_{,mn} = ΔW̃_n (58) W̃ m_{,m} = ΔW̃_n = 0 (59) The class is characterized by W_1 = − 2 x^1 v, (60)

W_m = W̃_m(u, x^n)

(x^1)^2 2 + W̃_m(u, x^n), (61)

H = H^{(0)}(u, x^i) + 1 2 f(u, x^n) v + v^2 2(x^1)^2 , (62)

where the function f(u, x^n) does not depend on x^1 and it is such that f,_m = W̃_m(u, xn). A necessary (but not sufficient) condition for a metric to be in this subclass is that the functions W̃_m, W̃_m satisfy equations (58), (59). Furthermore, they have to be such that (some of) the boost weight −1 C_{1ijk} Weyl components are non-vanishing^3 in order for the considered metric to be truly of type III(a).

An example of a spacetime in this subclass is constructed as follows. For odd N, consider the functions W̃_n = −pn(u)x^{n+1} Q^{N −3}2 , (63) W̃_{n+1} = pn(u)x^n Q^{N −3}2 , (64)

where n only takes on even values of m and Q = δ_{mm}′ x^mx^{m′} . The p_n are arbitrary functions of u. For even N, consider the same functions except for n = N − 2: W̃_{N−2} = 0 (65)

Note that none of these functions depend on x^1, as required. The spacetimes are then characterized by equations (60)-(62), with W̃_m(u, x^n) = f(u, x^n) = 0. The choice of functions W_m in N odd (even) dimensions coincides with those of [5] for N − 1 even (odd) dimensions. However, these spacetimes are more general than the relativistic gyratons, since the functions W_1 and H can depend on v; these solutions might be referred to as Kundt gyratons, in analogy with the ppwaves (no v-dependence) and Kundt waves (v-dependence) but which have the same (vanishing) W_m functions.

Another example of a spacetime in this subclass with W̃_m = 0 is given by the six-dimensional metric:

W_1 = − 2 x^1 v, (66)

W_2 = f_2(u)x^3x^4,

(67) W_3 = f_3(u)x^2x^4,

(68) W_4 = f_4(u)x^2x^3,

(69)

H = H^{(0)}(u, x^i) + v^2 2(x^1)^2 , (70)

In the final type III(a) example, H contains a linear dependence on v (the two examples above can be generalized to include a linear dependence on v as well). From equations (60) - (62), we consider the symmetric and antisymmetric parts of W̃_{m,n}. We impose the condition

(71) ( W̃_{m,n} − W̃_{n,m} ) ,l = 0,

along with the constraint (59) and recall that f, W̃_m and W̃_m contain no x^1 dependence. This results in the vanishing of all components, C_{011(n+1)}, of the Weyl tensor, whereas the remaining boost weight -1 components, C_{1ijk} , are related to the symmetric part of W̃_{m,n}. We note that, if instead of (71), we required that W̃_{(m,n)} = 0 (and also (59)), the resulting Weyl tensor is of reduced type N.

3 There is no compact way to write down the C

1ijk in a similar fashion to that in the III(a)

ϵ = 0 case (equation (79)), so we shall not explicitly display them here.

In the ϵ = 0 case (72) C_{011(n+1)} = H^{(1)},_n where H^{(1)} is the coefficient of v in (51) and n = 1, . . . , N −2. The Weyl components (72) vanish when the functions W^{(0)}_m satisfy: W^{(0)m}_{,m1} = 0

(73) W^{(0)m}_{,mn} = ΔW^{(0)}_n

(74) These conditions can be written more compactly: ∂_mW^{mn} = 0

(75) (and are consequently expressed in a form similar to the Maxwell equations in Euclidean space). The following class is obtained: W_1 = 0,

(76) W_m = W^{(0)}_m (u, x^k)

(77) H = H^{(0)}(u, x^i),

(78) A necessary (but not sufficient) condition for a metric to be in this subclass is that the functions W_m satisfy equations (73), (74). Furthermore, the functions W_m have to be such that (some of the) boost weight −1 Weyl components are non-vanishing:

(79) C_{1(l+1)(n+1)(m+1)} = 1 2 (W_{m,n} − W_{n,m}) ,_l ≠ 0 This is equivalent to: ∂_lW^{mn} ≠ 0. (80) In general, there is no Lorentz transformation such that these boost weight −1 components can be set to zero; hence (76)-(78) is in general of Weyl type III (and not of type N; i.e., in this subclass Ψ_i = 0 does not imply Ψ_{ijk} = 0). The higher dimensional relativistic gyraton spacetime in [5] is an example of a spacetime in this subclass. A five-dimensional example of another spacetime in this subclass is given by: W_1 = 0,

(81) W_2 = f_2(u)x^1x^3,

(82) W_3 = f_3(u)x^1x^2,

(83) H = H^{(0)}(u, x^i),

(84) Here, f_2 and f_3 are arbitrary functions of u. We note that metrics in this subclass have a covariantly constant null vector (see later).

2.3.3. Type N. The spacetime is of Weyl type N if: Ψ_{ijk} = 0 = C_{1kij} , Ψ_i = 0 = C_{101i}.

(85) Further constraints on Ψ_{ij} , Ψ_{ijk} , etc. can be obtained by employing the Bianchi and Ricci identities.

Further progress can then be made by requiring the vanishing of boost weight -1 components of the Weyl tensor; using the above results and equations (40) and

(41), we obtain the following metric functions. Generalized Kundt waves. For ϵ = 1 we have: W_1 = −2 v x^1 , (86)

W_m = x^nB_{nm}(u) + C_m(u),

(87) H = v^2 2(x^1)^2

+ H^{(0)}(u, x^i).

(88)

And (48) simplifies to

(89) x^1 △ ( H^{(0)} x^1 ) − 1 (x^1)^2 ∑ W^2_m − 2 ∑ m<n B^2_{mn} + Φ = 0,

where W_m is given by (87). In the case B_{nm} = C_m ≡ 0 one obtains the higher dimensional Kundt waves in [4]. There are further subclasses in which further simplification occurs (in which certain components can be set to zero, and others can be set constant).

Generalized pp-waves. In the case ϵ = 0 we have W_1 = 0

(90) W_m = x^1C_m(u) + x^nB_{nm}(u),

(91) H = H^{(0)}(u, x^i),

(92) and (53) reduces to:

(93) △H^{(0)} − 1 2 ∑ C^2_m − 2 ∑ m<n B^2_{mn} + Φ = 0,

B_{nm} = B_{[nm]} in (87) and (91). In (91) a type (2) coordinate transformation has been used to remove a gradient term and in (92) a type (3) transformation was used to eliminate the linear v dependence. As in the four-dimensional case the term x^1C_m(u) can be transformed away (at the expense of introducing a non-vanishing W_1). However, unlike the four-dimensional case, terms linear in x^n in W_m cannot be transformed away (even if a non-zero W_1 is allowed).

Since both Weyl and Ricci tensors have only boost weight -2 components (i.e. both are of type N), V SI spacetimes with (86)-(88) and (90)-(92) are the higher dimensional generalizations of Kundt and pp-waves (i.e., are the higher dimensional analogues of the four-dimensional spacetimes of Petrov (Weyl) type N, PP-type O with τ ≠ 0 and τ = 0, respectively). Higher dimensional pp-wave spacetimes have been studied extensively [10, 11, 12, 13, 14].

2.3.4. Type O. The spacetime is of type O if the Weyl tensor vanishes. We consider the case where Φ = Φ(u) in equation (32).

For ϵ = 1, the function H^{(0)} must satisfy:

x^1 ( H^{(0)} x^1 ) ,_{11} = 1 (x^1)^2 ∑ W^2_m − 1 8 Φ, H^{(0)},_{mm} = ∑ n B^2_{mn} − 1 8 Φ (94)

It can be seen that this cannot be accomplished in the case Φ = Φ(u). However, the Weyl tensor does vanish for Φ = Φ_0(u)x^1 and

H^{(0)} = 1 2 ∑ W^2_m − 1 16 Φ_0(u)x^1 [ (x^1)^2 + (x^m)^2 ] + x^1F_0(u) + x^1x^iF_i(u).

(95)

Here F_0(u), F_i(u) are arbitrary functions of u. The last two terms in H^{(0)} correspond to the Weyl type O reduction of the higher dimensional Kundt waves. This particular form of Φ is likely to be the most general one compatible with a vanishing Weyl tensor. It remains to clarify the associated type of matter field for this conformally flat spacetime and the given Ricci tensor. Null Maxwell fields and massless scalar fields can already be excluded, as is the case in four dimensions [15].

The case ϵ = 0:

H^{(0)} = 1 8 ∑ C^2_m(x^1)^2 + ∑ m≤n C_mC_nx^mx^n + 1 2 x^1x^m(C^′_m + B_{mn}C_n)

+ 1 2 B_{ml}B_{nl}x^mx^n + x^iF_i(u) − 1 16 Φ [ (x^1)^2 + (x^m)^2 ] . (96)

Here^′ means derivative with respect to u and l ≠ m, n; F_i(u) are arbitrary functions of u. The term x^iF_i(u) corresponds to the Weyl type O reduction of generalized pp-waves with W_m = 0. In the case of matter depending on the spatial coordinates as well, Φ(u, x^i), the last term on the right-hand side of equation (96) has to be replaced by some H^0_Φ such that:

H^0_{Φ,ii} = − 1 8 Φ, H^0_{Φ,ij} = 0, i, j = 1, . . . , 8. (97)

2.4. Ricci type O - vacuum. In the vacuum case and Weyl type III or N, equations are the same as for Ricci type N except Φ is now zero. Finally, in the case of Weyl type O, we simply have N-dimensional Minkowski space.

3. Discussion

In Table 1 we collect together the results of our analysis, listing the metric functions (and any remaining constraints for the higher dimensional V SI spacetimes) according to the algebraic classification of the Weyl tensor.

In higher dimensions the spacetimes with vanishing zeroth order curvature invariants, called VSI_0, have Ricci and Weyl type III, N or O [1]. Spacetimes with vanishing zeroth and first order invariants, called VSI_1 spacetimes, were discussed in the case of four dimensions in [16]. It is plausible that in higher dimensions the proper VSI_1 spacetimes (i.e., not VSI), have Weyl type N, Ricci type N or O, and admit an aligned geodesic null congruence. More specifically, consider the null frame e_a = {ℓ, n, m_i} where i = 2, . . . , N − 2. Then assuming the aligned geodesic null congruence has been affinely parametrized, we can write its covariant derivative [1] as ℓ_{α;β} = L_{11}ℓ_αℓ_β + L_{1i}ℓ_αm^i_β + L_{i1}m^i_αℓ_β + L_{ij} m^i_αm^j_β . A decomposition of L_{ij} into symmetric and antisymmetric parts gives the expansion, shear, and twist of ℓ. The VSI_1 subclasses will arise from the vanishing of certain combinations of these optical scalars. However, unlike the four dimensional result [16], VSI_1 spacetimes do not exist in the higher dimensional Robinson-Trautman class [8, 17]. We expect the corresponding metrics to be contained in the higher dimensional analogue of the Plebański class along with a class containing the higher dimensional Hauser solution [18].

As noted earlier, the aligned, repeated, null vector ℓ of (8) is a null Killing vector (KV) if and only if H_{,v} = 0 and W_{i,v} = 0 (ϵ = 0) (whence the metric no longer has any v dependence). Furthermore, since L_{AB} := ℓ_{A;B} = ℓ_{(A;B)} it follows that

ϵ Weyl type Metric functions

III W_1 = 0 W_m = W^{(0)}_m (u, x^k ) H = H^{(0)} (u, x^i) +^1_2 ( F − W^{(0)m}_{,m} ) v; F (u, x^i) defined by (52)

Eq. (53)

0 N

Generalized pp waves:

W_1 = 0 W_m = x^1 C_m(u) + x^nB_{nm}(u) H = H^{(0)} (u, x^i)

Eq. (93)

O W_1 , W_m as in type N; H^{(0)} given by (96), (97)

III W_1 = −^2_{x1} v W_m = W^{(0)}_m (u, x^k ) H = H^{(0)} (u, x^i) +^1_2 ( F̃ − W^{(0)m}_{,m} ) v +^{v2}_{2(x1 )2} ; F̃ (u, x^i) defined by (47)

Eq. (48)

1 N

Generalized Kundt waves:

W_1 = −2^v_{x1} W_m = x^nB_{nm}(u) + C_m(u) H =^{v2}_{2(x1 )2} + H^{(0)} (u, x^i)

Eq. (89)

O W_1, W_m as in type N; H^{(0)} given by (95) and Φ = Φ_0(u)x^1

Table 1: All higher dimensional V SI spacetimes of Ricci type N. In the above, m = 2, . . . , N − 2. Ricci type O (vacuum) spacetimes occur for Φ = 0 in (48), (53), (89), (93).

in this case if ℓ is a null KV then it is also covariantly constant. Without any further restrictions, the higher dimensional V SI metrics (8) admitting a null KV have Ricci and Weyl type III. The V SI spacetimes are recurrent if ϵ = 0 in ℓ.

Therefore, in higher dimensions a V SI spacetime which admits a covariantly constant null vector (CCNV) has a metric of the form (76)-(78) and, in general, is of Ricci type III and Weyl type III. These V SI spacetimes are summarized in Table 2 (however, these spacetimes are not the most general spacetimes with a CCNV; see [19]). The subclass of Ricci type N CCNV spacetimes are related to the (F = 1) chiral null models (satisfying eqn. (2.14) subject to eqns. (2.15)-(2.16)) of [11]. The subclass of Ricci type N and Weyl type III(a) spacetimes in which the functions W_m in (77) satisfy the conditions (73), (74), (79) includes the relativistic gyratons [5], as was noted above. The subclass of Ricci type N and Weyl type N spacetimes are the generalized pp-wave spacetimes. These are the analogues of the four-dimensional Brinkmann pp-waves [20] (which are always of PP-type O (Ricci

ϵ Ricci type Weyl type Metric functions

III III

W_1 = 0 W_m = W^{(0)}_m (u, x^k ) H = H^{(0)} (u, x^i)

−△H^{(0)} +^1_4 W_{mn}W^{mn} + W^{(0)m}_{,mu} = Φ + δ^{mn}W^0_mΦ_{(n+1)} W^{(0)m}_{,m1} = 2Φ_2 −ΔW^{(0)}_n + W^{(0)m}_{,mn} = 2Φ_{n+1} 0

N III(a)

W_1 = 0 W_m = W^{(0)}_m (u, x^k ) H = H^{(0)} (u, x^i)

Eq. (53), ( H^{(1)} = 0 )

W_m satisfy (73), (74), (79)

N Generalized pp waves; Eqns. (90) - (93)

Table 2: All higher-dimensional V SI spacetimes with a covariantly constant null vector are presented. The Φ_i, where i = 2, ...N − 1, are given in equation (32).

type N) and Petrov (Weyl) type N). We emphasise that, unlike in four-dimensions, in higher dimensions V SI spacetimes with a CCNV are, in general, of Ricci type III and Weyl type III.

It is the higher dimensional (generalized) pp-wave spacetimes that have been most studied in the literature. It is known that such spacetimes are exact solutions in string theory [21]. Recently, type-IIB superstrings in pp-wave backgrounds with an R-R five-form field were also shown to be exactly solvable [10]. In the context of string theory, higher dimensional generalizations of pp-wave backgrounds have been considered [11, 12], including string models corresponding not only to the NS-NS but also to certain R-R backgrounds [13, 14], and pp-waves in elevenand ten-dimensional supergravity theory [22]. In four-dimensions, a wide range of V SI spacetimes have been shown to be exact solutions in string theory [23]. The same is expected in higher dimensions. Indeed, V SI supergravity solutions can be constructed [11, 24] (although attention has been mainly focussed on the plane wave versions of generalized pp-waves), and it is likely that all V SI spacetimes are solutions of superstring theory when supported by appropriate bosonic fields. In addition, the V SI CCNV metrics preserve supersymmetry when embedded in N = 1, D = 10 supergravity [25]. Whether this is also the case for other supergravity theories and/or more general V SI spacetimes remains to be studied. We shall return to this in future work.

———————- Acknowledgements: This work was supported by NSERC (AC and NP), the Killam Foundation and AARMS (SH) and the programme FP52 of the Foundation for Research of Matter, FOM (AF).

References

[1] A. Coley, R. Milson, V. Pravda and A. Pravdova, Class. Quant. Grav. 21, 5519 (2004). [2] A. Coley, R. Milson, V. Pravda and A. Pravdova, Class. Quant. Grav. 21, L35 (2004). [3] V. Pravda, A. Pravdova, A. Coley and R. Milson, Class. Quant. Grav. 19, 6213 (2002). [4] A. Coley, R. Milson, N.Pelavas, V. Pravda, A. Pravdova and R. Zalaletdinov, Phys. Rev. D 67, 104020 (2003).

[5] V. P. Frolov and D. V. Fursaev, Phys. Rev. D 71, 104034 (2005); V. P. Frolov, W. Israel, A.

Zelnikov, Rev. D 72, 084031 (2005).

[6] A. Coley, S. Hervik and N. Pelavas, CSI spacetimes, Class. Quant. Grav. 23, 3053 (2006).

[gr-qc/0509113].

[7] R. Milson, A. Coley, V. Pravda, A. Pravdová, Int. J. Geom. Meth. Mod. Phys. 2, 41 (2004) [gr-qc/0401010].

[8] V. Pravda, A. Pravdová, A. Coley and R. Milson, Class. Quant. Grav. 21, 2873 (2004) [gr-qc/0401013].

[9] A. Fuster and N. Pelavas, in preparation (to be published in the proceedings of the Eleventh Marcel Grossmann meeting).

[10] R.R. Metsaev, Nucl. Phys. B625, 70 (2002); R. R. Metsaev and A. A. Tseytlin, Phys. Rev.

D 65, 126004 (2002).

[11] G. T. Horowitz and A. A. Tseytlin, Phys. Rev. D 51, 2896 (1995).

[12] J. G. Russo and A. A. Tseytlin, Nucl. Phys. B 448, 293 (1995); A. A. Tseytlin, Class. Quant.

Grav. 12, 2365 (1995).

[13] A. A. Tseytlin, Nucl. Phys. B 390, 153 (1993); J. G. Russo and A. A. Tseytlin, JHEP 0204, 021 (2002); M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos JHEP 0201, 047 (2002); P. Meessen, Phys. Rev. D 65, 087501 (2002).

[14] J. G. Russo and A.A. Tseytlin, JHEP 0209, 035 (2002); J. Maldacena and L. Maoz, JHEP 0212, 046 (2002).

[15] S.B. Edgar and G. Ludwig, Gen. Rel. Grav. 29, 1309 (1997).

[16] N. Pelavas, A. Coley, R. Milson, V. Pravda, A. Pravdova, J. Math. Phys. 46, 063501 (2005) [gr-qc/0503040].

[17] J. Podolsky and M. Ortaggio, 2006, To appear in Class. Quant. Grav. 23 [gr-qc/0605136]. [18] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers and E. Herlt, Exact Solutions of Einstein’s Field Equations: 2nd Edition (Cambridge University Press, Cambridge 2003).

[19] A. Coley, A. Fuster, D. McNutt and N. Pelavas; in progress. [20] H. Brinkmann, Math. Ann. 94, 119 (1925).

[21] D. Amati and C. Klimčík, Phys. Lett. B 219, 443 (1989); G.T. Horowitz and A.R. Steif, Phys. Rev. Lett. 64 260 (1990).

[22] R. Gueven, Phys. Lett. B 191, 275 (1987); J. Kowalski-Glikman, Phys. Lett. B150, 125 (1985).

[23] A.A. Coley, Phys. Rev. Letts, 89, 281601 (2002). [24] V. P. Frolov and Feng-Li Lin Phys. Rev. D 73 104028 (2006). [25] E.A. Bergshoeff, R. Kallosh and T. Ortin, Phys. Rev. D 47 5444 (1993)

Department of Mathematics and Statistics, Dalhousie University, Halifax, Nova Scotia, Canada B3H 3J5 (AC, SH and NP); National Institute for Nuclear and High-Energy Physics (NIKHEF), Kruislaan 409, 1098 SJ, Amsterdam, The Netherlands (AF) E-mail address: fuster@nikhef.nl; aac,herviks,pelavas@mathstat.dal.ca