arXiv:gr-qc/0611069v2 23 Jul 2007

Metric Fluctuations from a NKK theory of gravity in a de Sitter Expansion

José Edgar Madriz Aguilar^∗ Instituto de Física y Matemáticas, AP: 2-82, (58040) Universidad Michoacana de San Nicolás de Hidalgo, Morelia, Michoacán, México.

Mauricio Bellini^† Departamento de Física, Facultad de Ciencias Exactas y Naturales, Universidad Nacional de Mar del Plata, Funes 3350, (7600) Mar del Plata, Argentina. Consejo Nacional de Ciencia y Tecnología.

En estas notas se presenta un formalismo recientemente introducido por los presentes autores para describir fluctuaciones escalares de la métrica invariantes de norma en el contexto de una teoría de Kaluza-Klein no-compacta pentadimensional. En este análisis se recupera uno de los resultados obtenidos típicamente bajo un tratamiento 4D semi-clásico de inflación para las fluctuaciones en la densidad de energía δρ/ρ ≃ 2Φ. Algo a resaltar es que el espectro para estas fluctuaciones es dependiente de la quinta coordenada. Este hecho nos permite establecer cotas para el número de onda asociado a la quinta dimensión.

Descriptores: fluctuaciones escalares de la métrica, vacío aparente 5D, ecuaciones de Einstein linearizadas, quinta dimensión no-compacta.

A gauge invariant scalar metric fluctuations formalism from a Noncompact Kaluza-Klein (NKK) theory of gravity is presented in this talk notes. In this analysis we recover the well-known result δρ/ρ ≃ 2Φ obtained typically in the standard 4D semiclassical approach to inflation and also the spectrum of these fluctuations become dependent of the fifth (space-like) coordinate. This fact allows to establish an interval of values for the wave number associated with the fifth dimension.

Key words: scalar metric fluctuations, 5D apparent vacuum, linearized Einstein’s equations, noncompact fifth dimension.

PACS numbers: 04.20.Jb;11.10Kk;98.80.Cq;01.30.Cc

I. INTRODUCTION

These talk notes are based on our recent work [1]. The goal is to study gauge invariant scalar metric fluctuations from a NKK theory of gravity in a de Sitter expansion. As we know the inflationary theory of the universe provides a physical mechanism to generate primordial energy density fluctuations. This is studied in the framework of the relativistic theory of cosmological perturbations. The theory of linearized gravitational perturbations in an expanding universe is used to describe the process of structure formation in the early universe [2] and it is indispensable to relate inflationary scenarios with observational evidences mainly with the Cosmic Microwave Background (CMB) anisotropies. In the most widely accepted inflationary scenarios the dynamics is described by a quantum scalar field φ named inflaton that is splitted into a homogeneous and an inhomogeneous components. Usually the homogeneous one is interpreted as a classical field that drives the expansion, while the second one is responsible of the

∗E-mail address: edgar@ifm.umich.mx †E-mail address: mbellini@mdp.edu.ar

quantum fluctuations that originate the primordial energy density fluctuations [3].

On the other hand, physical theories in more than four dimensions have played an important role in modern physics including cosmology. The idea of extra dimensions in physics was proposed firstly by Gunnar Nordström in 1914 [4] and subsequently by Kaluza in 1921 [5] and Klein in 1926 [6]. They attempted to unify gravity with electromagnetism by introducing an extra dimension. Since then, the possible existence of extra dimensions got strong motivation and many interesting attempts to incorporate gravity and gauge interactions in an unique scheme have been made. Currently one of the theories with more impact in cosmology is the brane world scenario. In such framework the question about how large could extra dimensions be without getting into conflict with observational evidences, has a lot relevance. However for many researchers a more interesting question is how could this extra dimensions manifest themselves. According to brane world scenario matter should be localized onto an hypersurface (the brane) embedded in a higher dimensional space-time (the bulk) [7]. The main motivation of these models comes from string theories and their extension M-theory, which have suggested another approach to compactify extra dimensions. The proposal of great interest in cosmology is that our universe may be such a brane-like object where the standard model of particles is confined on a brane and only gravity and other exotic matter as some scalar fields (like the dilaton) can propagate in the bulk [8].

Another theory of great relevance and on which the present work is based is the Space-Time-Matter theory or Induced Matter theory. This theory can be thought as a noncompact Kaluza-Klein theory due to the fifth dimension is extended. In the 90’s Paul Wesson, J. Ponce de Leon and collaborators, based in the Campbell-Magaard’s theorem, showed that it is possible to interpret most properties of matter in 4D as a result of the 5D Riemannian geometry. This formalism allows dependence on the fifth coordinate and does not make assumptions about the topology of the fifth dimension. In other words, they proposed that 4D field equations with sources can be locally embedded in 5D field equations without sources [9]. The Campbell-Magaard’s theorem establishes that any analytic N-dimensional Riemannian manifold can be locally embedded in a (N+1)-dimensional Ricci-flat manifold. In the cosmological context there is a class of 5D cosmological models which are reduced to the usual 4D ones by taking a foliation on the extra coordinate. These ideas will be implemented to develop the new formalism presented in this notes.

II. FORMALISM

We consider the action I = − ∫ d^4x dψ √| | | | (5)ḡ (5)ḡ_0 | | | | [_{(5)}¯ R 16πG +^{(5)} L(φ, φ_{,A}) ] , (1)

for a scalar field φ, which is minimally coupled to gravity. Since we are aimed to describe a manifold in apparent vacuum the Lagrangian density L in (1) should be only kinetic in origin (5)L(φ, φ_{,A}) = 1 2 g^{AB} φ_{,A}φ_{,B} , (2) where A, B can take the values 0,1,2,3,4 and the perturbed line element dS^2 = g_{AB} dx^Adx^B is given by

dS^2 = ψ^2 (1 + 2Φ) dN^2−ψ^2 (1 − 2Ψ) e^{2N} dr^2−(1 − Q) dψ^2. (3) Here, the fields Φ, Ψ and Q are functions of the coordinates [N, ⃗r(x, y, z), ψ], where N, x, y, z are dimensionless and the fifth coordinate ψ has spatial units. Note that (5)R̄ in the action (1) is the Ricci scalar evaluated on the background metric ( dS^2 ) b = ḡ_{AB} dx^Adx^B . In our case we consider the background canonical metric ( dS^2 ) b = ψ^2dN^2 − ψ^2e^{2N} dr^2 − dψ^2, (4) which is 3D spatially isotropic, homogeneous and flat[10]. Moreover, the metric (4) is globally flat (i.e., R̄^A_{BCD} = 0) and describes an apparent vacuum Ḡ_{AB} = 0. The energy-momentum tensor is given by T_{AB} = φ_{,A}φ_{,B} − 1 2 g_{AB} φ_{,C} φ^{,C} , (5) which is obviously symmetric. Hence, using the fact that the metric (3) is also symmetric we obtain that Ψ = Φ and Q = 2Φ. Thus, the line element (3) now becomes

dS^2 = ψ^2 (1 + 2Φ) dN^2−ψ^2 (1 − 2Φ) e^{2N} dr^2−(1 − 2Φ) dψ^2, (6) where the field Φ(N, ⃗r, ψ) is the scalar metric perturbation of the background 5D metric (4). For the metric (6), |^{(5)}ḡ| = ψ^8e^{6N} is the absolute value of the determinant for the background metric (4) and |^{(5)}ḡ_0| = ψ^8_0 e^{6N0} is a dimensionalization constant, where ψ_0 and N_0 are constants. Besides, G = M^{−2}_p is the gravitational constant and M_p = 1.2 10^{19} GeV is the Planckian mass. In this work we consider N_0 = 0, therefore | |(5)ḡ_0 | | = ψ8_0 . Here, the index “0” denotes the value at the end of inflation.

On the other hand, the contravariant metric tensor, after a Φ-first order approximation, is given by g^{NN} = (1 − 2Φ) ψ^2 , g^{ij} = − e^{−2N} (1 + 2Φ) ψ^2

, g^{ψψ} = −(1+2Φ), (7) which can be written as g^{AB} = ḡ^{AB} + δg^{AB} , being ḡ^{AB} the contravariant background metric tensor and δg^{AB} their corresponding fluctuations. The dynamics for φ and Φ are well described by the Lagrange and Einstein equations, which we shall study in the following subsections.

A. 5D Dynamics

The Lagrange equations for the fields φ and Φ are respectively given by

∂^2φ ∂N^2 + 3 ∂φ ∂N − e^{−2N} ∇^2_rφ − ψ ( ψ ∂^2φ ∂ψ^2 + 4 ∂φ ∂ψ )

− 2Φ [ ∂^2φ ∂N^2 + 3 ∂φ ∂N − e^{−2N} ∇^2_r φ + ψ ( ψ ∂^2φ ∂ψ^2 + 4 ∂φ ∂ψ )]

− 2 ( ∂φ ∂N ∂Φ ∂N + ψ^2 ∂Φ ∂ψ ∂φ ∂ψ ) = 0, (8) ( ∂φ ∂N )_2

+ e^{−2N} (∇φ)^2 + ψ^2 ( ∂φ ∂ψ )_2

= 0. (9)

Now, we can make the semi classical approximation φ(N, ⃗r, ψ) = φ_b(N, ψ) + δφ(N, ⃗r, ψ), such that φ_b is the solution of eq. (8) in absence of the metric fluctuations [i.e.,for Φ = δφ = 0] and δφ represents the quantum fluctuations of the inflaton field φ. Hence, the Lagrange equations for φ_b and δφ are

∂^2φ_b ∂N^2 + 3 ∂φ_b ∂N − ψ [ ψ ∂^2φ_b ∂ψ^2 + 4 ∂φ_b ∂ψ ] = 0, (10) ∂^2δφ ∂N^2 + 3 ∂δφ ∂N − e^{−2N} ∇^2_r δφ − ψ [ 4 ∂δφ ∂ψ + ψ ∂^2δφ ∂ψ^2 ]

− 2 ∂φ_b ∂N ∂Φ ∂N − 2ψ^2 [ ∂φ_b ∂ψ ∂Φ ∂ψ + ( ∂^2φ_b ∂ψ^2 + 4 ψ ∂φ_b ∂ψ ) Φ ] = 0.

(11)

Note that for Φ = δφ = 0, the eq. (9) transforms in ( ∂φ_b ∂N )_2 + ψ^2 ( ∂φ_b ∂ψ )_2

= 0, (12)

which will be useful later.

Considering the linearized field equations δG_{AB} = −8πGδT_{AB}, after some algebra we reduce them to the form ∂^2Φ ∂N^2 + 3 ∂Φ ∂N − e^{−2N} ∇^2_rΦ − 2ψ^2

∂^2Φ ∂ψ^2 + 16πG 3 Φ [( ∂φ_b ∂N )_2

+ ψ^2 ( ∂φ_b ∂ψ )_2]

= 0. (13)

From eq. (12), the eq. (13) we obtain

∂^2Φ ∂N^2 + 3 ∂Φ ∂N − e^{−2N} ∇^2_rΦ − 2ψ^2

∂^2Φ ∂ψ^2 = 0, (14)

that is the equation of motion for the 5D scalar metric fluctuations Φ(N, ⃗r, ψ).

III. EFFECTIVE 4D DE SITTER EXPANSION

In this section we study the effective 4D Φ-dynamics in an effective 4D de Sitter background expansion of the universe, which is considered 3D (spatially) flat, isotropic and homogeneous.

A. Ponce de Leon metric

We consider the coordinate transformation [11]

t = ψ_0N, R = ψ_0r, ψ = ψ. (15)

Hence, the 5D background metric (4) becomes ( dS^2 ) b = ( ψ ψ_0

)_2 [ dt^2 − e^{2t/ψ0} dR^2 ] − dψ^2, (16)

which is the Ponce de Leon metric[12], that describes a 3D spatially flat, isotropic and homogeneous extended (to 5D) Friedmann-Robertson-Walker metric in a de Sitter expansion. Here, t is the cosmic time and dR^2 = dX^2 + dY^2 +dZ^2. This Ponce de Leon metric is a special case of the separable models studied by him, and is an example of the intensely studied class of canonical metrics dS^2 = ψ^2g_{μν} dX^μdX^ν − dψ^2 with μ, ν = 0, 1, 2, 3 [13]. Now we can take a foliation ψ = ψ_0 in the metric (16), such that the effective 4D metric results ( dS^2 ) b → ( ds^2 ) b = dt^2 − e^{2t/ψ0} dR^2, (17)

that describes a 4D expansion of a 3D spatially flat, isotropic and homogeneous universe that expands with a constant Hubble parameter H = 1/ψ_0 and a 4D scalar curvature^{(4)}R = 12H^2. Hence, the effective 4D metric of (6) on hypersurfaces ψ = 1/H, is

dS^2 → ds^2 = (1 + 2Φ) dt^2 − (1 − 2Φ) e^{2Ht}dR^2. (18)

This metric describes the perturbed 4D de Sitter expansion of the universe, where Φ( ⃗R, t) is gauge-invariant.

B. Dynamics of Φ in an effective 4D de Sitter expansion

In order to study the 4D dynamics of the gaugeinvariant scalar metric fluctuations Φ( ⃗R, t) in a background de Sitter expansion we transform the eq.(14) using the expressions (15) with the foliation ψ = ψ_0 = 1/H, eq.(14) acquires the form

∂^2Φ ∂t^2 + 3H ∂Φ ∂t − e^{−2Ht}∇^2_RΦ − 2

∂^2Φ ∂ψ^2 | | | |_{ψ=H−1} = 0, (19)

where^{∂2Φ}_{∂ψ2} | | |_{ψ=H−1} = k^2_{ψ0} Φ. To simplify the structure of this equation we propose the redefined quantum metric fluctuations χ( ⃗R, t) = e^{3Ht/2}Φ( ⃗R, t), thus eq.(19) can be expressed in terms of χ as χ̈ − e^{−2Ht}∇^2_Rχ − [ 9 4 H^2 + 4k^2_{ψ0} ] χ = 0. (20)

Furthermore the redefined field χ( ⃗R, t) can be expanded as χ = 1 (2π)^{3/2} ∫ d^3kRdk_ψ [ a_{kRkψ} e^{i⃗kR. ⃗R}ξ_{kRkψ} (t) + cc ] δ(k_ψ−k_{ψ0} ), (21) being a_{kRkψ} and a^†_{kRkψ} the annihilation and creation operators respectively, and cc denoting the complex conjugate of the first term in brackets. These operators satisfy the commutator relations [ a_{kRkψ} , a^†_k′_{Rk}′_ψ ] = δ^{(3)} ( ⃗k_R − ⃗k^′_R ) δ ( ⃗k_ψ − ⃗k^′_ψ ) , [ a_{kRkψ} , a_k′_{Rk}′_ψ ] = [ a^†_{kRkψ} , a^†_k′_{Rk}′_ψ ] = 0.

Hence, the dynamics of the time dependent modes ξ_{kR kψ0} (t) is given by ξ̈_{kR kψ0} (t) + [ k^2_Re^{−2Ht} − ( 9 4 H^2 + 4k^2_{ψ0} )] ξ_{kR kψ0} (t) = 0, (22) which has a general solution

ξ_{kRkψ0} (t) = A_1H^{(1)}_μ [y(t)] + A_2H^{(2)}_μ [y(t)], (23)

where μ =^1_2 √ 9 + 16k^2_{ψ0} /H^2 and y(t) =^1_H k_Re^{−Ht}.

Using the Bunch-Davies vacuum condition [14], we obtain ξ_{kRkψ0} (t) = i √ π 4H H^{(2)}_μ [y(t)], (24)

which are the normalized time dependent modes of the field χ( ⃗R, t).

C. Energy density fluctuations

In order to obtain the energy density fluctuations on the effective 4D FRW metric, we calculate δρ ⟨ρ⟩ = δT^N_N ⟨ T^N_N ⟩ | | | | |_{t=ψ0N,R=ψ0r,ψ=1/H} , (25)

being δT_{NN} = −^1_2 δg_{NN} φ_{,L}φ^{,L} linearized and where the brackets < ... > denote the expectation value on the 3D hypersurface R(X, Y, Z). Using the semiclassical expansion φ( ⃗R, t) = φ_b(t) + δφ( ⃗R, t), after some algebra we obtain δρ ⟨ρ⟩ ≃ 2Φ { 1 − ⟨ (δφ̇)^2 + e^{−2Ht} (∇Rδφ)^2 + 2V (δφ) ⟩ (φ̇_b)^2 + 4H^2 (φ_b)^2 } ≃ 2Φ, (26) where we have considered the approximation ⟨ (δφ̇)^2 + e^{−2Ht} (∇_Rδφ)^2 + 2V (δφ) ⟩ (φ̇_b)^2 + 4H^2 (φ_b)^2

≪ 1, (27)

being V (δφ) = V (φ) − V (φ_b) V (δφ) = − 1 2 [ g^{ψψ} ( ∂φ ∂ψ )_2 − ḡ^{ψψ} ( ∂φ_b ∂ψ )_2]| | | ψ=H^{−1} ,

with V (φ_b) = −^1_2 ḡ^{ψψ} (_{∂φb} ∂ψ )_2| | ψ=H^{−1} = 2H^2 (φ_b)^2.

It is important to notate that the approximation (27) is valid only during inflation on super Hubble scales (on the infrared sector), on which the inflaton field fluctuations are very “smooth”. Finally, we can compute the amplitude of Φ( ⃗R, t) for a de Sitter expansion on the infrared sector (k_R ≪ e^{Ht}H) through the expression ⟨ Φ^2 ⟩ = e^{−3Ht} (2π)^3 ∫_{ϵe}Ht_H 0 d^3k_R ξ_{kR} ξ^∗_{kR} , (28)

where ϵ ≃ 10^{−3} is a dimensionless constant. Hence the squared Φ-fluctuations has a power-spectrum P(k_R) given by

P(k_R) ∼ k^{3−} √ 9+16k^2_{ψ0} /H^2

R , (29)

which is nearly scale invariant for k^2_{ψ0} ψ^2_0 = k^2_{ψ0} /H^2 ≪ 1. In other words, the 3D power-spectrum of the gaugeinvariant metric fluctuations depends of the wave number k_{ψ0} related to the fifth coordinate on the hypersurface ψ = ψ_0 ≡ H^{−1}. This 3D power spectrum corresponds to the spectral index

n_s = 4 − √ 9 + 16k^2_{ψ0} /H^2. (30)

On the other hand it is well known from observational data [15] that n_s = 0.97 ± 0.03. This fact allows to establish that 0 ≤ k_{ψ0} < 0.15 H, which is the main result of this paper.

IV. FINAL COMMENTS

In this notes, based on our recent work [1], we have studied 4D gauge-invariant metric fluctuations from a NKK theory of gravity. In particular we have examined these fluctuations in an effective 4D de Sitter expansion for the universe using a first-order expansion for the metric tensor. A very important result of this formalism is the confirmation of the well known 4D result δρ/ρ ≃ 2Φ [2], during inflation. Furthermore, the spectrum of the energy fluctuations depends of the fifth coordinate. This fact allows to establish the interval k_{ψ0} < 1.5 × 10^{−10} M_p, where we have used the typical inflationary value H = 10^{−9} M_p. Finally, an advantage of this formalism is that it could be extended to other inflationary and cosmological models where the expansion of the universe is governed by a single scalar field.

[1] J. E. Madriz A., M. Anabitarte and M. Bellini, Phys.

Lett. B632, 6-12 (2006).

[2] V. F. Mukhanov, H. A. Feldman, R. Brandenberger,

Phys. Rept. 215, 203 (1992); P. H. Lyth, A. Riotto, Phys. Rept. 314, 1 (1999); A. Riotto. E-print: hep-ph/0210162.

[3] for a review about inflation, the reader can see for example: A.D.Linde, Particle Physics and Inflationary Cosmology (Harwood, Chur, Switzerland, 1990) and references therein.

[4] G. Nordström, Phys. Zeitschr 15 504 (1914). [5] Th. Kaluza, Sitz. Preuss. Akad. Wiss. Phys. Math. K1 996 (1921).

[6] O. Klein, Z. F. Physik 37 895 (1926).

O. Klein, Nature 118 516 (1926).

[7] Abdel Pérez Lorenzana, hep-ph/0406279. [8] Philippe Brax and Carsten van de Bruck hep-ph/0303095.

[9] P. S. Wesson, Space-Time-Matter (World Scientific, Singapore 1999).

[10] see, for example: E. M. Aguilar, M. Bellini, Eur. Phys.

J. C38, 123 (2004).

[11] Mauricio Bellini. Physics Letters B609, 187 (2005). [12] J. Ponce de Leon, Gen.Rel. Grav. 20, 539 (1988). [13] the reader can see, for example: M. Mashhoon, H. Liu, P. Wesson, Phys. Lett. B331, 305 (1994).

[14] T. S. Bunch and P. C. W. Davies, Proc. Roy. Soc. A360, 117 (1978).

[15] Review of Particle Physics: Phys. Lett. B592, 207 (2004).