arXiv:gr-qc/0611105 v1 20 Nov 2006

Gravitational waveforms from a Lense-Thirring system

János Majár and Mátyás Vasúth^∗

KFKI Research Institute for Particle and Nuclear Physics, Budapest 114, P.O.Box 49, H-1525 Hungary

November 20, 2006

Abstract

The construction of ready to use templates for gravitational waves from spinning binaries is an important challenge in the investigation of detectable gravitational wave signals. Here we present a method to evaluate the gravitational wave polarization states for inspiralling compact binaries in the extreme mass ratio limit. We discuss the effects caused by the rotation of the central massive object for eccentric orbits in the Lense- Thirring approximation and give the formal expressions of the polarization states including higher order corrections. Our results are in agreement with existing calculations for the spinless and circular orbit limits.

1 Introduction

Compact objects forming binary systems are among the possible sources of gravitational radiation, whose detection is expected by gravitational wave observatories, i.e. LIGO [1], VIRGO [2], GEO600 [3], TAMA [4] and LISA [5]. Under radiation reaction the orbit of the binary slowly decays and the frequency and amplitude of the emitted signal increase over time. For the evaluation of the the noisy output of the detector, the method of matched filtering [6] is employed, whose effectiveness depends on the precise knowledge of the gravitational waveform.

One of the commonly used approximation schemes for the computation of the dynamics and the emitted gravitational wave signal is the post-Newtonian (PN) expansion [7, 8, 9]. In this weak field approximation, the velocities and the gravitational potential involved are small, but there is no restriction on the mass ratio of the components. This approach is considered to be a precise tool to describe the motion of an inspiralling binary up to the innermost stable circular orbit, which is determined with high accuracy in [10]. Close to the merger phase the PN approximation becomes less accurate, known as the intermediate binary black hole problem [11, 12], therefore one has to use different techniques.

The computation of the gravitational wave polarization states was carried out e.g. in [13, 14, 15] and [16, 17, 18] for quasi-circular and elliptic orbits, respectively. For spinning binaries the evaluation of the wave pattern has been discussed by several authors, see e.g. [9, 19, 20]. In most cases the gravitational waveform is expressed formally, i.e. in terms of the dynamical quantities of the motion. Up to now different calculations which have determined the explicit time dependence of the emitted waves analytically are restricted to the circular orbit or spinless cases.

Here we present a method to express the gravitational waveforms of a binary system using the PN approximation. The motion of the binary is described in the Lense-Thirring approach [21], when we consider the geodesic motion around a central spinning body. We give the formal expressions of the wave polarization states h_+ and h_× up to 1.5 relative PN order beyond the leading order Newtonian expressions in the case of eccentric orbits. To describe the effects of rotation we focus on terms linear in the spin of the central, massive body. Moreover, we reproduce the circular orbit case in order to determine the influence of the eccentricity on the detectable gravitational waves.

Our work is based on the results of Kidder, Will and Wiseman [9, 19]. With the use of the general definition of the mass and current multipole moments they have determined the form of the transverse-traceless tensor h^{ij}_{T T} representing metric perturbations up to 1.5 relative PN order in the case of a spinning compact binary in terms of the constants of the motion, the separation and relative velocity vectors and the vector representing the direction of the line of sight. Since the expressions contain these quantities in a formal way, their results can be

∗Electronic addresses: majar@rmki.kfki.hu, vasuth@rmki.kfki.hu

used both in the eccentric and circular orbit cases. They have given a very useful form of the transverse-traceless tensor in the circular orbit case with the decomposition of the relative velocity vector into components parallel and perpendicular to the separation vector. We give a similar decomposition of h^{ij}_{T T} in the eccentric orbit case and we use their results to check our formulae.

To discuss the motion of the orbiting bodies we use the results of Gergely et. al. [22], where the complete radial and angular description of the motion is given in the Lense-Thirring approximation. The Lagrangian formalism was chosen as the starting point in determining the equations of motion. They have given an appropriate parameterization of the orbit (for further details see [23]), which can be the basis of the integration of the dynamics.

In order to avoid long and complicated expressions we use the comoving coordinate system, where the x axis is aligned with the separation vector r and the z axis with the newtonian angular momentum L_N = μr×v. Here v is the relative velocity vector. We describe the motion in the comoving system since the transverse-traceless tensor, h^{ij}_{T T} , and the projection formulae are simple in this case. For a convenient description of the motion we introduce a coordinate system which does not change over time, called invariant system. We can fix the z axis of this coordinate system to the spin vector of the massive body, since the precession of the spin can be neglected in the Lense-Thirring approximation.

We organize our paper as follows. In Sec. II we describe the dynamical elements of the motion in the Lense-Thirring approximation, in the invariant and comoving coordinate systems. For the description of the time evolution of these elements we introduce a third coordinate system where the x and z axes are aligned with the separation and angular momentum vectors, r and L. The transformation between the invariant and comoving systems is parametrized with Euler-angles. In Sec. III we compute the explicit form of the vectors which describe the relative position of the binary and the detector in order to express the polarization states. Moreover we give the components of the spin vector in the comoving system. Sec. IV contains our main results, namely the splitting of the detectable gravitational wave signal into two polarization states h_+ and h_× and their derivation from h^{ij}_{T T} . To complete the general description of the method we show explicit contributions to the gravitational wave signal which belong to the different polarizations, PN orders and spin effects. In Secs. V and VI we discuss the spinless and circular orbit limits of our calculations.

Throughout the paper we use the c = G = 1 convention.

2 Description of the motion

The components of the h^{ij}_{T T} tensor have the simplest form in a comoving system, where the x axis lies in the direction of the separation vector r and the z axis in the direction of the Newtonian angular momentum L_N. Since the polarization states are scalar quantities, we can choose this comoving system to determine their form.

In the Lense-Thirring approximation let M and S denote the mass and the spin vector of the rotating central body and m the mass of the particle (m ≪ M) orbiting it.

When the two bodies have comparable masses the evolution of the spin is governed by the spin precession equations [25]. Since the length of the spin vector S is constant the relative order of the change of the spin is Ṡ ∼ m M ϵ , (1)

where ϵ is the PN parameter. When the mass ratio is negligible the precession of the spin vanishes. In this case the z and y axes of the invariant system can be aligned with the direction of S and S × N, respectively, where N denotes the direction of the line of sight.

To describe the transformation between the comoving and the invariant systems we use Euler angles [22, 24]. The vector u in the comoving system can be parametrized in the invariant system as

u^′ = R_z (Φ)R_x(ι_N )R_z(Ψ)u , (2)

where ι_N is the angle between S and L_N, Φ represents the precession of the orbit (precession of L_N over S), and Ψ is the polar angle in the orbital plane. In the invariant system the separation vector has the form

r = r cos Φ cos Ψ − cos ι_N sin Φ sin Ψ sin Φ cos Ψ + cos ι_N cos Φ sin Ψ sin ι_N sin Ψ . (3) Using the notation of [22] the radial equation of motion can be written as

ṙ^2 = 2E m + 2M r − L^2 m^2r^2 − 4L_zS mr^3 , (4) where the total energy E, the magnitude L = |L| and the z component L_z of the angular momentum L = L_N + L_{SO} are constants of the motion (the expression for the spin-orbit part L_{SO} of L can be found in [22]).

In order to get the equations for the angles, we introduce a third coordinate system called secondary system, similar to the comoving one. In this system the x axis is aligned with the separation vector r and z with the angular momentum L. Again, every vector u of this new coordinate system in the invariant one become

u^′ = R_z(Φ^′)R_x(ι^′)R_z (Ψ^′)u . (5)

Here ι^′ is the angle between S and L. Since the magnitude and the z component of L (L and L_z respectively) are constants of the motion, ι^′ is constant up to 1.5 PN order. The angle Φ^′ corresponds to the precession of L over S, and Ψ^′ shows the direction of r in the plane perpendicular to L. The equations of the motion for these angles are given as

Ψ̇′ = L mr^2 , Φ̇^′ = 2S r^3

. (6)

The solutions of Eq. (6) determine the equations of motion for the original angles (for further details see [22]):

Ψ̇ = L mr^2 + S cos ι^′ Lr^3 (2L − mrṙ sin 2Ψ^′)

Φ̇ = 2S sin Ψ^′ Lr^3 (mrṙ cos Ψ^′ + 2L sin Ψ^′)

ι̇_N =

2S sin ι^′ cos Ψ^′ Lr^3 (mrṙ cos Ψ^′ + 2L sin Ψ^′) . (7)

For later convenience we decompose the relative velocity vector as

v = ṙn + v_⊥m , (8)

where n = r/r is the direction of the x axis of the comoving system and m denotes the direction of its y axis. The relative velocity vector in this system is v = ṙ r(cos ι_N Φ̇ + Ψ̇) 0 . (9)

From the expressions of the constants of motion we can determine the magnitude and the components of the relative velocity vector (see [24]). Using the decomposition of the length of the separation vector r = r_0 + r_1S these components are

v = v_0 − Mr_1 r^2_0 v_0

S , ṙ = (ṙ)_0 −

Mr_1m^2r_0 − L^2r_1 + 2L_zm m^2r^3_0 (ṙ)_0 S , v_⊥ = √ v^2 − ṙ^2 = v_{⊥0} +

L^2r_1 − 2L_zm Lmr^2_0 S , (10)

where we have introduced the short-hand notations

v_0 = √ 2E m + 2M r_0

, (ṙ)_0 = √ 2E m + 2M r_0 − L^2 m^2r^2_0

, v_{⊥0} = L mr_0 . (11)

3 Basic vectors in the comoving system

To describe the projections of h^{ij}_{T T} for the calculation of the polarization states h_+(t) and h_×(t), we determine the components of the orthonormal triad (N, p, q). The vector N denotes the direction of the line of sight, p is chosen to be perpendicular to the Newtonian angular momentum (this way p lies in the direction of the node line, the intersection of the orbital plane of the source and the plane perpendicular to N called plane of the sky), and q = N × p.

In the invariant system N = (sin γ, 0, cos γ), where γ is the constant angle between N and S. This way the components of N in the comoving system are: N = cos Ψ cos Φ sin γ − sin Ψ cos ι_N sin Φ sin γ + sin Ψ sin ι_N cos γ − sin Ψ cos Φ sin γ − cos Ψ cos ι_N sin Φ sin γ + cos Ψ sin ι_N cos γ sin ι_N sin Φ sin γ + cos ι_N cos γ . (12)

There are three conditions for the vector p. It is a unit vector which is perpendicular to N and L_N . From the last condition we get that p_z = 0 in the comoving system. With the use of the other conditions, the form of p in the comoving system becomes p = 1 N sin Ψ cos Φ sin γ + cos Ψ cos ι_N sin Φ sin γ − cos Ψ sin ι_N cos γ cos Ψ cos Φ sin γ − sin Ψ cos ι_N sin Φ sin γ + sin Ψ sin ι_N cos γ 0 , (13)

where N = √ N^2_x + N^2_y = √ 1 − N^2_z = √ 1 − (sin ι_N sin Φ sin γ + cos ι_N cos γ)^2 . (14)

In order to determine the polarization states, we will also need the form of the spin vector in the comoving system,

S = S sin Ψ sin ι_N cos Ψ sin ι_N cos ι_N . (15)

In this way we have determined all the components of the basic vectors needed to evaluate the projections of the transverse-traceless tensor in terms of the elements of the motion.

4 The formal expressions of the polarization states

The signal h(t) of a laser-interferometric gravitational wave detector can be decomposed into two polarization states [20] h_+(t) and h_×(t)

h(t) = F_+(α, β, ξ)h_+(t) + F_×(α, β, ξ)h_×(t) . (16)

The beam-pattern functions F_+ and F_× depend on the direction of the source (angles α and β) and the polarization angle (ξ):

F_+ = 1 2 (1 + cos α^2) cos 2β cos 2ξ + cos α sin 2β sin 2ξ , (17)

F_× = − 1 2 (1 + cos α^2) cos 2β sin 2ξ + cos α sin 2β cos 2ξ . (18)

The independent polarization states of the waveform can be projected out from h^{ij}_{T T} as

h_+ = P_{+ij} h^{ij}_{T T} , h_× = P_{×ij} h^{ij}_{T T} . (19)

The components of the projectors have the form:

P_{+ij} = 1 2 (p_ip_j − q_iq_j ) , P_{×ij} = 1 2 (p_iq_j + q_ip_j ) . (20)

In the post-Newtonian approximation up to 1.5 PN order h^{ij}_{T T} has the form [19] h^{ij}_{T T} = 2μ D [ Q^{ij} + P^{0.5}Q^{ij} + P Q^{ij} + P Q^{ij}_{SO} + P^{1.5}Q^{ij} + P^{1.5}Q^{ij}_{SO} ] T T , (21)

where μ = m_1m_2/(m_1 +m_2) is the reduced mass of the binary, and D is the distance between the source and the observer. Q^{ij} is the quadrupole (or Newtonian) term, P^{0.5}Q^{ij} , P Q^{ij} and P^{1.5}Q^{ij} are corrections corresponding to higher PN orders, P Q^{ij}_{SO} and P^{1.5}Q^{ij}_{SO} are the spin-orbit terms [19, 9].

Now we evaluate the polarization states of the detectable gravitational waveform. In order to avoid long expressions, we use the components of the vectors N, p, q, v and S in a formal way. After substituting them into Eq. (19) and with the use of the transverse-traceless tensor given by Kidder [19] in the Lense-Thirring case we can determine the contributions to the polarization states. To do this we use the decomposition of the relative velocity vector (8), which suggests a natural structure to h^{ij}_{T T} (see Appendix), and helps us to describe the projection in the comoving system. Similarly to h^{ij}_{T T} , the polarization states can be decomposed as

h+_× = 2m D [ h+_×^N + h+_×^{0.5} + h+_×^1 + h+_×^{1SO} + h+_×^{1.5} + h+_×^{1.5SO} ] , (22) where we have used the fact that μ ≈ m in the Lense-Thirring approximation. In this way the expressions for the ”plus” polarization are:

h^N_+ = ( ṙ^2 − M r ) (p^2_x − q^2_x) + 2v_⊥ṙ(p_xp_y − q_xq_y) + v^2_⊥(p^2_y − q^2_y) (23)

h^{0.5}_+ = [( 2Mṙ r − ṙ^3 2 ) N_x + v_⊥ ( M 2r − ṙ^2 ) N_y ] (p^2_x − q^2_x) + v_⊥ [( 3M 2r − 2ṙ^2 ) N_x − 2v_⊥ṙN_y ] (p_xp_y − q_xq_y)

− v^2_⊥ [ṙN_x + v_⊥N_y] (p^2_y − q^2_y) (24)

h^1_+ = 1 6 [( − 21ṙ^2M r + 3Mv^2 r + 6ṙ^4 +

7M^2 r^2 ) N^2_x + 4v_⊥ṙ ( − 6M r + 3ṙ^2 ) N_xN_y + 2v^2_⊥ ( 3ṙ^2 − M r ) N^2_y + ( 19ṙ^2M r + 3v^2ṙ^2 −

10v^2M r + 29M^2 r^2 )] (p^2_x − q^2_x) + 1 6 [ 6v_⊥ṙ ( − 5M r + 2ṙ^2 ) N^2_x + 8v^2_⊥ ( −4 M r + 3ṙ^2 ) N_xN_y + 12v^3_⊥ṙN^2_y

+ 6v_⊥ṙ ( 2M r + v^2 )] (p_xp_y − q_xq_y) + 1 6 [ 2v^2_⊥ ( − 7M r + 3ṙ^2 ) N^2_x + 12v^3_⊥ṙN_xN_y + 6v^4_⊥N^2_y + v^2_⊥ ( − 4M r + 3v^2 )] (p^2_y − q^2_y ) (25)

h^{1SO}_+ = 1 r^2

[(qS)p_x + (pS)q_x] (26)

h^{1.5}_+ = [ ṙ ( 3ṙ^2M 4r − v^2M r − 41M^2 12r^2 − ṙ^4 ) N^3_x + v_⊥ ( 85ṙ^2M 8r − 9v^2M 8r − 7M^2 2r^2

− 3ṙ^4 ) N^2_x N_y

+ 3ṙv^2_⊥ ( 2M r − ṙ^2 ) N_xN^2_y + v^3_⊥ ( M 4r − ṙ^2 ) N^3_y + ṙ ( − 5ṙ^2M r + v^2M r − 59M^2 12r^2 − 1 2 v^2ṙ^2 ) N_x + v_⊥ ( − 25ṙ^2M 8r + 7v^2M 8r − 13M^2 3r^2 − 1 2 v^2ṙ^2 ) N_y ] (p^2_x − q^2_x) + v_⊥ [( ṙ^2M 4r − 7v^2M 4r − 11M^2

r^2

− 2ṙ^4 ) N^3_x + 2v_⊥ṙ ( 8M r − 3ṙ^2 ) N^2_x N_y

+ 3v^2_⊥ ( 5M 2r − 2ṙ^2 ) N_xN^2_y − 2v^3_⊥ṙN^3_y + ( − 49ṙ^2M 4r + 11v^2M 4r − 32M^2 3r^2

− v^2ṙ^2 ) N_x − v_⊥ṙ ( 2M r − 2v^2 ) N_y ] (p_xp_y − q_xq_y)

+ v^2_⊥ [ −ṙ ( 5M 4r + ṙ^2 ) N^3_x + v_⊥ ( 29M 4r − 3ṙ^2 ) N^2_x N_y − 3v^2_⊥ṙN_xN^2_y − v^3_⊥N^3_y − ṙ ( 7M r + v^2 2 ) N_x + v_⊥ ( 3M 4r − v^2 2 ) N_y ] (p^2_y − q^2_y ) (27) h^{1.5SO} + = 2 r^2 [ 3v_⊥S_z(p^2_x − q^2_x) + ṙ[S × (p_xp − q_xq)]_x − 2v_⊥[S × (p_xp − q_xq)]_y ] . (28)

For the ”cross” polarization we obtain:

h^N_× = 2 ( ṙ^2 − M r ) p_xq_x + 2v_⊥ṙ(p_xq_y + q_xp_y) + 2v^2_⊥p_yq_y (29)

h^{0.5}_× = [( 4Mṙ r − ṙ^3 ) N_x + v_⊥ ( M r − 2ṙ^2 ) N_y ] p_xq_x + v_⊥ [( 3M 2r − 2ṙ^2 ) N_x − 2v_⊥ṙN_y ] (p_xq_y + q_xp_y)

− 2v^2_⊥ [ṙN_x + v_⊥N_y] p_yq_y (30)

h^1_× = 1 3 [( − 21ṙ^2M r + 3Mv^2 r + 6ṙ^4 +

7M^2 r^2 ) N^2_x + 4v_⊥ṙ ( − 6M r + 3ṙ^2 ) N_xN_y

+ 2v^2_⊥ ( 3ṙ^2 − M r ) N^2_y + ( 19ṙ^2M r + 3v^2ṙ^2 −

10v^2M r + 29M^2 r^2 )] p_xq_x + 1 6 [ 6v_⊥ṙ ( − 5M r + 2ṙ^2 ) N^2_x + 8v^2_⊥ ( −4 M r + 3ṙ^2 ) N_xN_y + 12v^3_⊥ṙN^2_y

+ 6v_⊥ṙ ( 2M r + v^2 )] (p_xq_y + q_xp_y) + 1 3 [ 2v^2_⊥ ( − 7M r + 3ṙ^2 ) N^2_x + 12v^3_⊥ṙN_xN_y + 6v^4_⊥N^2_y + v^2_⊥ ( − 4M r + 3v^2 )] p_yq_y (31)

h^{1SO}_× = 1 r^2

[(qS)q_x − (pS)p_x] (32)

h^{1.5}_× = [ ṙ ( 3ṙ^2M 2r − 2v^2M r − 41M^2 6r^2

− 2ṙ^4 ) N^3_x + v_⊥ ( 85ṙ^2M 4r − 9v^2M 4r − 7M^2 r^2

− 6ṙ^4 ) N^2_x N_y

+ 6ṙv^2_⊥ ( 2M r − ṙ^2 ) N_xN^2_y + v^3_⊥ ( M 2r − 2ṙ^2 ) N^3_y + ṙ ( − 10ṙ^2M r + 2v^2M r − 59M^2 6r^2

− v^2ṙ^2 ) N_x + v_⊥ ( − 25ṙ^2M 4r + 7v^2M 4r − 26M^2 3r^2

− v^2ṙ^2 ) N_y ] p_xq_x + v_⊥ [( ṙ^2M 4r − 7v^2M 4r − 11M^2

r^2

− 2ṙ^4 ) N^3_x + 2v_⊥ṙ ( 8M r − 3ṙ^2 ) N^2_x N_y

+ 3v^2_⊥ ( 5M 2r − 2ṙ^2 ) N_xN^2_y − 2v^3_⊥ṙN^3_y + ( − 49ṙ^2M 4r + 11v^2M 4r − 32M^2 3r^2

− v^2ṙ^2 ) N_x − v_⊥ṙ ( 2M r − 2v^2 ) N_y ] (p_xq_y + q_xp_y)

+ v^2_⊥ [ −ṙ ( 5M 2r + 2ṙ^2 ) N^3_x + v_⊥ ( 29M 2r − 6ṙ^2 ) N^2_x N_y − 6v^2_⊥ṙN_xN^2_y − 2v^3_⊥N^3_y − ṙ ( 14M r + v^2 ) N_x + v_⊥ ( 3M 2r − v^2 ) N_y ] p_yq_y (33) h^{1.5SO} × = 2 r^2

[6v_⊥S_zp_xq_x + ṙ[S × (p_xq + q_xp)]_x − 2v_⊥[S × (p_xq + q_xp)]_y] . (34)

Eqs. (23)-(34) are the basics of our main results to determine the time (or an appropriate parameter) dependence of the polarization states. After solving the radial equation of motion (4) it can be used to solve the angular equations (6) and (7), and determine the components of the relative velocity vector. Having in hand the full description of the motion (up to 1.5 PN order and linear in spin) one can express the components of the vectors N, p, q and S in the comoving coordinate system. With the substitution of these vector components into Eqs. (23)-(34) one can determine the explicit dependence of the polarization states on time (or an appropriate parameter).

To collect all the contributions due to spin effects one has to substitute the decomposition of r, v, ṙ and v_⊥, as given in Eqs. (10), into the expressions of the polarization states, which results

h^{1SO}_+ = 1 r^2_0

[(qS)p_x + (pS)q_x] h^{1.5SO} + = 2 r^2_0 [ 3v_{⊥0}S_z(p^2_x − q^2_x) + (ṙ)_0[S × (p_xp − q_xq)]_x − 2v_{⊥0}[S × (p_xp − q_xq)]_y ]

+ 2 [( (ṙ)_0(ṙ)_1 + Mr_1 2r^2_0 ) (p^2_x − q^2_x) + (v_{⊥0}(ṙ)_1 + v_{⊥1}(ṙ)_0)(p_xp_y − q_xq_y) + v_{⊥0}v_{⊥1}(p^2_y − q^2_y) ] S (35)

h^{1SO}_× = 1 r^2_0

[(qS)q_x − (pS)p_x] h^{1.5SO} × = 2 r^2_0

[6v_{⊥0}S_zp_xq_x + (ṙ)_0[S × (p_xq + q_xp)]_x − 2v_{⊥0}[S × (p_xq + q_xp)]_y] + 2 [( 2(ṙ)_0(ṙ)_1 + Mr_1 r^2_0 ) p_xq_x + (v_{⊥0}(ṙ)_1 + v_{⊥1}(ṙ)_0)(p_xq_y + q_xp_y) + 2v_{⊥0}v_{⊥1}p_yq_y ] S , (36)

where (ṙ)_1 and v_{⊥1} denote the coefficients of the terms linear in spin in Eqs. (10). We note that other terms linear in S arise when we consider the evolution of the angles appearing in p and q which are not listed here explicitly.

5 The S = 0 case

In the S = 0 case the description of the motion can be reformulated. Since the direction of L_N do not change, it is useful to choose the z axis of the invariant and the comoving systems to be the same. Formally it means that the angle ι_N is zero, and the separation vector in the invariant system becomes

r = r cos Φ cos Ψ − sin Φ sin Ψ sin Φ cos Ψ + cos Φ sin Ψ 0 = r cos (Φ + Ψ) sin (Φ + Ψ) 0 . (37)

It is convenient to introduce the angle Υ = Φ + Ψ. The equation of motion for it is

Υ̇ = L mr^2 . (38)

The radial equation of the motion becomes ṙ^2 = (ṙ)^2_0, while the relative velocity vector is

v = ṙ rΥ̇ 0 = ṙ_L mr 0 . (39)

The x and y axes of the invariant system are again determined by the vector N. Since N = sin γ in the comoving system, the vectors N, p and q become:

N = cos Υ sin γ − sin Υ sin γ cos γ , p = sin Υ cos Υ 0 , q = − cos Υ cos γ sin Υ cos γ sin γ . (40)

Although some of the formal expressions do not change in the spinless limit as compared to the general case, one has to substitute S = 0 into the different expressions. Also the spin-orbit terms in h_+ and h_× automatically vanish.

6 The circular orbit case

A general decomposition of the relative velocity vector is used to describe the circular orbit case:

v = ṙn + rωm . (41)

Using Euler angles the frequency ω has the form

ω = cos ι_N Φ̇ + Ψ̇ . (42)

The circular orbit case corresponds to ṙ = 0 and ω̇ = 0. If we use these rules and the method given in [19] for the length of the relative velocity vector we get the following formula

v^2 = v^2_⊥ = r^2ω^2 = M r [ 1 − 3 ( M r ) − 2 M^2

(n × m)S ( M r )_{3/2} + 6 ( M r )_2] . (43)

Substituting Eq. (43) for the components of the relative velocity vector into Eqs. (23)-(34), we get the polarization states of the detectable gravitational waves in the circular orbit limit. Again, we use the decomposition of h_+ and h_× as given in Eq. (22). The individual terms which correspond to different PN orders and spin effects are

h^N_+ = − ( M r ) [ (p^2_x − p^2_y) − (q^2_x − q^2_y) ] (44) h^{0.5}_+ = ( M r )_{3/2} [ 1 2 N_y(p^2_x − q^2_x) + 3N_x(p_xp_y − q_xq_y) − N_y(p^2_y − q^2_y) ] (45)

h^1_+ = 1 6 ( M r )_2 [( 10N^2_x − 2N^2_y + 19 ) (p^2_x − q^2_x) − 32N_xN_y(p_xp_y − q_xq_y) + ( −14N^2_x + 6N^2_y − 19 ) (p^2_y − q^2_y) ] (46)

h^{1SO}_+ = − ( M r )_2 1 M^2

[(qS)p_x + (pS)q_x] (47)

h^{1.5}_+ = ( M r )_{5/2} [( − 37 8 N^2_x + 1 4 N^2_y − 101 24 ) N_y(p^2_x − q^2_x) + ( − 65 12 N^2_x + 15 2 N^2_y − 149 12 ) N_x(p_xp_y − q_xq_y) + ( 29 4 N^2_x − N^2_y + 19 4 ) N_y(p^2_y − q^2_y) ] (48) h^{1.5SO} + = ( M r )_{5/2} 2 M^2 [( 2(p^2_x − q^2_x) − (p^2_y − q^2_y ) ) S_z − q_xq_z S_x ] (49) and h^N_× = −2 ( M r ) [p_xq_x − p_yq_y] (50)

h^{0.5}_× = ( M r )_{3/2} [N_yp_xq_x + 3N_x(p_xq_y + q_xp_y) − 2N_yp_yq_y] (51)

h^1_× = 1 3 ( M r )_2 [( 10N^2_x − 2N^2_y + 19 ) p_xq_x − 16N_xN_y(p_xq_y + q_xp_y) + ( −14N^2_x + 6N^2_y − 19 ) p_yq_y ] (52) h^{1SO}_× = − ( M r )_2 1 M^2

[(qS)q_x − (pS)p_x] (53)

h^{1.5}_× = ( M r )_{5/2} [( − 37 4 N^2_x + 1 2 N^2_y − 101 12 ) N_yp_xq_x + ( − 65 12 N^2_x + 15 2 N^2_y − 149 12 ) N_x(p_xq_y + q_xp_y) + ( 29 2 N^2_x − 2N^2_y + 19 2 ) N_yp_yq_y ] (54) h^{1.5SO} × = ( M r )_{5/2} 4 M^2

[S_z(p_xq_x − p_yq_y) + p_xq_zS_x] . (55)

In the circular orbit case one can make the time dependence explicit since the length of the separation vector is constant. The equations of motion can be solved and the polarization states can be given in terms of time following the method described in the general case.

Eqs. (44)-(55) are found to be in agreement with the results given in [19]. To see this one has to reexpress Eqs. (4.8) and (4.9) of [19], using the Lense-Thirring approximation and evaluate the projections given in (19).

7 The relation to existing results

The properties of gravitational waves generated by compact binaries have been studied extensively. Typical parameters of the binary, masses, eccentricity and spins, etc. are included in these descriptions. To find the relation between our results and the ones known in the literature, we compare the method presented here with integrated expressions of the waveforms depending explicitly on time or a chosen parameter. In some cases the metric perturbations h^{ij}_{T T} are given formally in terms of the separation vector, the relative velocity and spin vectors and N [19, 9]. To express the polarization states h_+ and h_× one has to introduce suitable coordinate systems and integrate the equations of the motion for the angle variables. For this purpose we have used Euler angles and the results of [22].

Gopakumar and Iyer have obtained the polarization states for eccentric binaries up to 2 PN order. To the required accuracy they have included all radiative moments [26] and employed the 2 PN accurate generalized quasi-Keplerian parameterization for non-spinning bodies [18]. Here we have used the 1.5 PN expression of h^{ij}_{T T} and the lowest order spin contributions to the motion of the binary in the Lense-Thirring approximation. Higher order corrections to the waveform which arise from an appropriate parameterization of the motion can be investigated by substituting the result of the PN expansion of the motion into the quadrupole formula [28, 29].

The effects caused by the rotation of the bodies on the waveform are studied e.g. for circular orbits [20, 27] or in the case of binaries with equal masses and one spinning body [28].

Most of the results containing explicit time dependent contributions to the waveforms are valid in the circular orbit limit. To check our formulae in this case we have used the results of Kidder [19], where the h^{ij}_{T T} tensor is given after the decomposition of the velocity vector, Eq. (41). As an other check we have integrated the equations of the motion in the circular orbit limit. With the use of the method presented above we have determined the lowest order contributions to the detectable waveforms. Our expressions reproduce the well known result of the quadrupole formalism, namely that the frequency of gravitational waves is twice the orbital frequency. It is worth mentioning that the eccentricity of the orbit and the lowest order PN perturbation give rise to higher harmonics.

8 Conclusions and remarks

We have presented a method to obtain the detectable gravitational wave signals generated by a spinning compact binary system in the Lense-Thirring approximation. This is useful for the investigation of the effects caused by the rotation of the components in the case of eccentric orbits. We have introduced a comoving coordinate system and shown how to express the wave polarizations in this system. Our formal expressions are determined in terms of the components of the separation vector, the relative velocity, the spin and the orthonormal triad (N, p, q). We have calculated these vector components in terms of the angles describing the motion and the relative position of the source and the detector.

We have clarified all the steps needed to determine the explicit parameter dependence of h_+ and h_× up to 1.5 PN relative order. To do this one can use the generalized true anomaly parameterization of the radial motion [23], which is a natural parameterization of an eccentric orbit in the case of a spinning binary.

We have investigated the main characteristics of the spinless and the circular orbit limits of our general method. We have explored the effects of the spin and the eccentricity of the orbit. The results in the circular orbit limit can help one to describe the emitted waves near the innermost stable circular orbit and provide initial information for the methods investigating the coalescence of the binary.

After calculating the time dependence of the detectable gravitational waves following the method given above one can construct an experimental receipt to determine the main properties of a compact binary system with the detection of the waves it emits. Although recent experiments cannot detect waves emitted by a Lense-Thirring system, the method can be useful starting point to investigate the description of the gravitational wave signals in more general cases analytically.

Acknowledgments

The authors thank Péter Forgács and László Á. Gergely for discussions and helpful remarks on the manuscript. This work was supported by OTKA grants no. TS044665, T046939 and F049429.

A The h^{ij}_{T T} tensor in the Lense-Thirring case

If we use the Lense-Thirring approximation, and decompose the relative velocity vector according to Eq. (8), the various contributions of the h^{ij}_{T T} tensor, given in [19], representing different PN orders and effects become

Q^{ij} = 2 ([ ṙ^2 − M r ] n^in^j + 2v_⊥ṙm^{(i}n^{j)} + v^2_⊥m^im^j ) (56)

P^{0.5}Q^{ij} = ( ṙ [ 4M r − ṙ^2 ] (nN) + v_⊥ [ M r − 2ṙ^2 ] (mN) ) n^in^j + v_⊥ ( 2 [ 3M r − 2ṙ^2 ] (nN) − 4v_⊥ṙ(mN) ) m^{(i}n^{j)} − 2v^2_⊥ (ṙ(nN) + v_⊥(mN)) m^im^j (57)

P Q^{ij} = 1 3 ([ − 21ṙ^2M r + 3Mv^2 r + 6ṙ^4 +

7M^2 r^2 ] (nN)^2 + 4v_⊥ṙ [ − 6M r + 3ṙ^2 ] (nN)(mN)

+ 2v^2_⊥ [ 3ṙ^2 − M r ] (mN)^2 + [ 19ṙ^2M r + 3v^2ṙ^2 −

10v^2M r + 29M^2 r^2 ]) n^in^j + v_⊥ 3 ( 6ṙ [ − 5M r + 2ṙ^2 ] (nN)^2 + 8v_⊥ [ −4 M r + 3ṙ^2 ] (nN)(mN) + 12v^2_⊥ṙ(mN)^2

+ 6ṙ [ 2M r + v^2 ]) m^{(i}n^{j)} + v^2_⊥ 3 ( 2 [ − 7M r + 3ṙ^2 ] (nN)^2 + 12v_⊥ṙ(nN)(mN) + 6v^2_⊥(mN)^2 + [ − 4M r + 3v^2 ]) m^im^j (58) P Q^{ij}_{SO} = − 2 r^2

[S × N]^{(i}n^{j)} (59)

P^{1.5}Q^{ij} = ( ṙ [ 10ṙ^2M r − 2v^2M r − 41M^2 6r^2

− 2ṙ^4 ] (nN)^3 + v_⊥ [ 85ṙ^2M 4r − 9v^2M 4r − 7M^2 r^2

− 6ṙ^4 ] (nN)^2(mN)

+ 6ṙv^2_⊥ [ 2M r − ṙ^2 ] (nN)(mN)^2 + v^3_⊥ [ M 2r − 2ṙ^2 ] (mN)^3 + ṙ [ − 10ṙ^2M r + 2v^2M r − 59M^2 6r^2

− v^2ṙ^2 ] (nN) + [ − 25v_⊥ṙ^2M 4r + 7v^2v_⊥M 4r − 26v_⊥M^2 3r^2

− v^2v_⊥ṙ^2 ] (mN) ) n^in^j + v_⊥ ([ 35ṙ^2M 2r − 7v^2M 2r − 22M^2 r^2

− 4ṙ^4 ] (nN)^3 + v_⊥ṙ [ 32M r − 12ṙ^2 ] (nN)^2(mN)

+ 3v^2_⊥ [ 5M r − 4ṙ^2 ] (nN)(mN)^2 − 4v^3_⊥ṙ(mN)^3 + [ − 49ṙ^2M 2r + 11v^2M 2r − 64M^2 3r^2

− 2v^2ṙ^2 ] (nN) − 4v_⊥ṙ [ M r − v^2 ] (mN) ) m^{(i}n^{j)} + v^2_⊥ ( 2ṙ [ 3M r − ṙ^2 ] (nN)^3 + v_⊥ [ 29M 2r − 6ṙ^2 ] (nN)^2(mN) − 6v^2_⊥ṙ(nN)(mN)^2 − 2v^3_⊥(mN)^3 − ṙ [ 14M r + v^2 ] (nN) + v_⊥ [ 3M 2r − v^2 ] (mN) ) m^im^j (60)

P^{1.5}Q^{ij}_{SO} = 4 r^2 ( 3v_⊥[n × m]Sn^in^j + ṙn^{(i}[n × S]^{j)} − 2v_⊥n^{(i}[m × S]^{j)} ) . (61)

References

[1] A. Abramovici et al., Science 256, 325 (1992).

[2] B. Caron et al., Class. Quantum Grav. 14, 1461 (1997).

[3] B. Willke et al., Class. Quantum Grav. 19, 1377 (2002).

[4] K. Kuroda et al., in Proceedings of International Conference on Gravitational Waves: Sources and Detectors, eds. I. Ciufolini and F. Fidecaro (World Scientific, Singapore, 1997), p. 100.

[5] K. Danzmann et al., LISA - Laser Interferometer Space Antenna, Pre-Phase A Report, Max-Planck Institut für Quantenoptik, Report MPQ 233 (1998).

[6] C. W. Helstrom, Statistical Theory of Signal Detection (Pergamon Press, London, 1968).

[7] L. Blanchet, T. Damour, and B. R. Iyer, Phys. Rev. D51, 5360 (1995).

[8] T. Damour, P. Jaranowski, and G. Schäfer, Phys. Rev. D63, 044021 (2001).

[9] C. M. Will and A. G. Wiseman, Phys. Rev. D54, R4813 (1996).

[10] L. Blanchet, Phys. Rev. D65, 124009 (2002).

[11] A. Buonanno, Y. Chen, and M. Vallisneri, Phys. Rev. D67, 024016 (2003).

[12] P. R. Brady, J. D. E. Creighton, and K. S. Thorne, Phys. Rev. D58, 061501(R) (1998). [13] C. W. Lincoln and C. M. Will, Phys. Rev. D42, 1123 (1990).

[14] L. Blanchet, B. R. Iyer, C. M. Will, and A. G. Wiseman, Class. Quantum Grav. 13, 575 (1996). [15] L. Blanchet, T. Damour, G. Esposito-Farése, and B. R. Iyer, Phys. Rev. Lett. 93, 091101 (2004). [16] W. Junker and G. Schäfer, Mon. Not. R. Astron. Soc. 254, 146 (1992). [17] L. Blanchet and G. Schäfer, Class. Quantum Grav. 10, 2699 (1993). [18] A. Gopakumar and B. R. Iyer, Phys. Rev. D65, 084011 (2002). [19] L. E. Kidder, Phys. Rev. D52, 821 (1995).

[20] T. A. Apostolatos, C. Cutler, G. J. Sussman, and K. S. Thorne, Phys. Rev. D49, 6274 (1994). [21] H. Thirring and S. Lense, Phys. Zeitschr. 19, 156 (1918), English translation: Gen. Relativ. Gravit. 16, 727 (1984).

[22] L. Gergely, Z. Perjés, and M. Vasúth, Phys. Rev. D57, 876 (1998). [23] L. Gergely, Z. Perjés, and M. Vasúth, Astrophys. J., Suppl. Ser. 126, 79 (2000). [24] L. Gergely, Z. Perjés, and M. Vasúth, Phys. Rev. D57, 3423 (1998). [25] B.M. Barker and R.F. O’Connell, Phys. Rev. D2, 1428 (1970). [26] A. Gopakumar and B. R. Iyer, Phys. Rev. D56, 7708 (1997). [27] A. Vecchio, Phys. Rev. D70, 042001 (2004).

[28] C. Königsdörffer and A. Gopakumar, Phys. Rev. D71, 024039 (2005). [29] C. Königsdörffer and A. Gopakumar, Phys. Rev. D73, 124012 (2006).