arXiv:gr-qc/0611106 v1 20 Nov 2006

Preprint typeset in JHEP style - HYPER VERSION

The Friedman Universe with the stochastic cosmological constant

R. Manka

University of Silesia, Institute of Physics, Katowice, Poland E-mail:manka@us.edu.pl

D. Panchyrz

University of Silesia, Institute of Physics, Katowice, Poland

Abstract: The Friedman Universe with the remnant stochastic scalar field in the hybrid inflation model is examined. It is shown that the small effective cosmological constant δΩ_Λ appears which increases the cosmological expansion.

Keywords: Classical Theories of Gravity, Stochastic Processes.

Contents

1. Introduction 1

2. The classical cosmology 1

3. The stochastic solution 5

4. Conclusion 6

1. Introduction

The recent astrophysical observation of the accelerating expansion [1, 2] of the Universe indicates that the cosmological constant Λ has a small nonzero value. However, the origin of the cosmological constant Λ is still unclear [3]. Its origin may be connected, for example, with the presence of some scalar fields [4]. The string inspired gravity is much richer than the Einstein one including several types of scalar fields (dilaton or moduli fields). What is more, the interaction with the background strings may also a produce chaos [5]. Similarly, the cosmological constant may gain small stochastic component [6].

The main aim of this work is to examine how small stochastic fluctuation influence the cosmological expansion.

2. The classical cosmology

Let us start with the general gravity with some scalar field ϕ and ordinary dustlike matter. The scalar field ϕ may be the remnant of the hybrid inflation model [7] (the “waterfall” field). In the original hybrid inflation model [7] we have two scalar fields: the inflation field φ and the “waterfall” field ϕ described by the potential U(φ, ϕ) = 1 2 λ ( ϕ^2 − ϕ^2_0 ) + 1 2 m^2φ^2 + 1 2 λ^′ ϕ^2φ^2. (2.1)

Fluctuations of the φ late in the inflation period deminishes and ϕ goes to ϕ_0. However, they may be a source of the chaotic fluctuation at the present time. The Lagrange function of the system has correspondingly three terms

L = L_g + L_ϕ + L_m (2.2) L_g = −^1_{2κ} R (2.3) L_ϕ =^1_2 ∂_μϕ∂^μϕ − U(ϕ) (2.4)

– 1 – which describes the Einstein gravity L_g, the “waterfall” field L_ϕ and the dustlike matter L_m The scalar potential U(ϕ) = U_0(ϕ) + ϵJ_sϕ (2.5)

consists of the nonlinear part U_0(ϕ) with a local minimum at ϕ_0 and a scalar external source J_s with a scalar charge ϵ. The scalar potential U_0(ϕ) is the remnant from the inflation epoch. The main assumption of this work is that the scalar external source J_s has the stochastic nature.

The Euler-Lagrange equations of the system (2.2) give the Einstein’s equation R_{μν} − 1 2 Rg_{μν} = −κT_{μν} = −κ ( T^m_{μν} + T^ϕ_{μν} ) (2.6)

where κ = 8πG (in c = ℏ = 1 units) together with the equation for the scalar field ϕ. In this equation the fluid is described by the energy-momentum tensor in the standard form T^m_{μν} = (ρ + p)u_μu_ν + P g_{μν} ( u^μ is the fluid four-velocity, ρ is the energy density in the rest frame of the fluid and P is the pressure in that same frame). For scalar field the energy-momentum tensor has the form T^ϕ_{μν} = ∂_μϕ∂_ν ϕ − g_{μν} L_ϕ.

The Lagrange-Euler equation of the ϕ field is □ϕ = − ∂L_ϕ ∂ϕ = ∂U_0 ∂ϕ + ϵJ_s (2.7)

where □f = −^{1√}_{−g} ∂_μ( √ −gg^{μν} ∂_ν f) is the d’Alembert operator in a curved space-time. In vacuum (when J_s = 0) the static local extremum ϕ_0 generates the effective cosmological constant Λ^0 with Ω^0_Λ = ρ^0_ϕ/ρ_c, with ρ^0_ϕ = U(ϕ_0).

The space-time interval ds of the Friedman-Robertson-Wolker (FRW) metric is written in the standard way

ds^2 = g_{μν} dx^μdx^ν = c^2dt^2 − a^2(t) [ dr^2 1 − kr^2 + r^2 ( dθ^2 + sin^2 θdϕ^2 )] (2.8)

Calculating the Einstein’s equations (2.6) for the metric (2.8) we get two independent equations. The first is known as the Friedman equation,

H^2 ≡ ( ȧ a )_2 = 8πG 3 ρ_m + Λ 3 − kc^2 a^2 = 8πG 3 (ρ_m + ρ_Λ) − kc^2 a^2

(2.9)

Here the over-dot denotes a derivative with respect to cosmic time t . This equation is a constraint equation, in the sense that we are not allowed to freely specify the time derivative ȧ; it is determined in terms of the energy density and curvature. The second equation, which is an evolution equation, is often combined with the first one (2.9) to obtain the acceleration equation ä a = − 4πG 3 ( ρ + 3 P c^2 ) + Λ 3 (2.10)

The equation (2.7) for the scalar field ϕ now takes the form

ϕ̈ + 3ȧ a ϕ̇ = ∂U^0 ∂ϕ + ϵJ_s (2.11)

– 2 –

The substitution a(t) = exp(σ(τ)) (2.12)

transforms the Friedman equation (2.9) into the following equation ( dσ dτ )_2 = Ω_me^{−3σ} + Ω_Λ (2.13)

where t = t_H τ = H^{−1}_0 τ and H_0 is the Hubble constant at the present time t_0 and Ω = ρ/ρ_c is the density parameter (in case of the flat universe (k = 0) in dust era (P = 0)). The acceleration equation (2.10) together with the first Friedman equation (2.13) give

d^2σ dτ^2 = − 3 2 Ω_me^{−3σ} (2.14)

Close to the minimum the potential U_0(ϕ) ∼^1_2 m^2_s(ϕ − ϕ_0)^2 with m^2_s = 2λϕ^2_0. Equation for the scalar field (2.7) now takes the form

d^2ϕ dτ^2 + 3 dσ dτ dϕ dτ = − 1 H^2_0 ∂U_0 ∂ϕ − ϵη ∼ −μ^2(ϕ − ϕ_0) − ϕ_0η (2.15)

where μ = m_s H_0 , η = J_s ϕ_0H^2_0

(2.16)

is the dimensionless scalar mass and source term. The main assumption of this work is that the scalar field close to the local extremum has partly small stochastic contribution coming from the stochastic source η. In the result the effective cosmological term with a small stochastic contribution originated from the stochastic part of the scalar density δρ = ϵJ_sϕ_0

Ω_Λ = Ω^0_Λ + ϵλη (2.17)

appears with the dimensionless factor λ = 8π 3 ( ϕ_0 M_{P l} )_2 (2.18)

In cosmology the equation (2.15) plays the role of the Lagrange equation. The stochastic fluctuations of the cosmological constant will produce the change of scalar field

ϕ = ϕ_0 + ϵϕ_0F (τ) (2.19)

and metric σ (t) = σ_0 (t) + ϵ ( dσ_0(τ) dτ ) X (τ) . (2.20)

Here ϵ is a small perturbation parameter (ϵ ≪ 1). The fluctuation of the σ(t) field around the classical σ_0(t) means that also the scale factor will fluctuate around the classical one (a_0(t) = exp(σ_0(τ))) a (t) = a_0 (t) (1 + ϵX (t))

– 3 – together with metric g_{μν} = g^0_{μν} + ϵh_{μν} where h_{μν} = 0 −2a_0(t)X(t) −2a_0(t)X(t) −2a_0(t)X(t) describes the space fluctuation around the classical metric

g^0_{μν} = 1 −a^2_0(t) −a^2_0(t) −a^2_0(t)

The linearization of the equation for the scalar field (2.15) gives

d^2F dτ^2 + 3 dσ_0(τ) dτ dF dτ + μ^2F = −η (2.21)

The linearization (eqs. 2.17 and 2.20) using the equation (2.13) leads to the stochastic differential equation dX dτ = λ 2 (_{dσ(τ )} dτ )_2 η (2.22)

When η represents the white noise (δΩ_Λ = η) its correlation function obeys

< η(τ)η(τ^′) >= Dδ(τ − τ^′) (2.23)

with δ(τ) being the Dirac distribution.

The solution of the deterministic differential equation ( dσ_0 dτ )_2

= Ω_me^{−3σ0 (τ )} + Ω^0_Λ (2.24)

with the present time t_0 ( or τ_0) defined as (a_0(τ_0) = 0 or a_0(t_0) = 1)

τ_0 = t_0 t_H = H_0t_0 = 2 3 √ Ω^0_Λ arcsinh( √ ω_0) (2.25)

and ω_0 = Ω^0_Λ/Ω_m defined by the deterministic cosmological constant Ω^0_Λ =< Ω_Λ >. The deterministic solution is

σ_0(τ) = 2 3 ln ( 1 √ ω_0 sinh ( 3 2 √ Ω_Λτ )) (2.26) and a_0(τ) = ( sinh(^3_2 √ Ω_Λτ) √ ω_0

) 2_3 (2.27)

– 4 –

3. The stochastic solution

The linear stochastic differential equation (SDE) [8] (2.22) may be rewritten in the following form dX (τ) = f(τ)X (τ) dτ + d(τ)dW_τ (3.1) where f(σ_0(τ) is the drift coefficient , d(τ) is the diffusion coefficient and W_τ is a Wiener process which represents intrinsic noise (white noise) (δΩ_Λdt → dW_t). These differential equations are easy to solve numerically [9]. The formal solution of the equation (3.1) has the following form

X(τ) = exp (∫_τ τ_0 ds f (s) ) ( X (τ_0) + ∫_τ τ_0

dW_s exp ( − ∫_τ τ_0 ds f (s) ) d(s) ) (3.2)

The linearized equation (2.22) is the generalized stochastic equation (3.1) with:

f(τ) = 0 d(τ) =^λ_{2( dσ0(τ )dτ )2} (3.3)

where the diffusion coefficient depends straightforward on σ_0(τ) (2.26). The solution for X (τ) takes the simple form:

X (τ) = X (τ_0) + λ 2 ∫_τ τ_0 1 (_{dσ0(s)} ds )_2 dWs

The mean value of X (τ) takes the form:

⟨X (τ)⟩ = X (τ_0)

According to the equation (2.20) the perturbative solution for σ(τ) may be rewritten as

σ (τ) = σ_0 (τ) + ϵ^{dσ0(τ )}_{dτ} ( X (τ_0) +^λ_2 ∫_τ τ_0 1 (_{dσ0(s)} ds )_2 dWs )

= σ_0 (τ) + ϵ^{H0(τ )}_{H0} ( X (τ_0) +^λ_2 ∫_τ τ_0 1 (_{dσ0(s)} ds )_2 dWs )

where a_0(τ) = exp(σ_0(τ)) is the deterministic scale factor and H_0(τ) = ȧ_0(τ)/a_0(τ) is the deterministic Hubble parameter.

dσ_0(τ) dτ = √ Ω_Λ 1 tanh (_3 2 √ Ω_Λτ ) When the stochastic fluctuations are small enought (δa(τ)) we get

a(τ) = a_0(τ) + δa(τ) = a_0(τ) + ϵa_0(τ)

H_0 (τ) H_0 X (τ0) + λ 2 ∫_τ τ_0 1 (_{dσ0(s)} ds )_2 dWs + ... (3.4)

– 5 –

Figure 1: The scale factor variation with time for deterministic (the black curve) and stochastic expansions (the red one (3.5)). (X(τ_0) = 0, ϵ = 0.5, D = 5.0, λ = 0.5 for example)

The average calculated with respect to the stochastic process gives

< a(τ) >= a_0(τ)(e^{ϵX0} + + 1 4 (ϵλ)^2 ( H_0 (τ) H_0

)_2 ∫_τ τ_0 ds (_{dσ0(s)} ds )_2 ∫_τ τ_0 dz (_{dσ0(z)} dz )_2 < η(s)η(z) > +... Using (2.23) and assuming that X_0 = X(τ_0) = 0 we get

< a(τ) >= a_0(τ) 1 + 1 4 (ϵλ)^2D ( H_0 (τ) H_0

)_2 ∫_τ

τ_0 ds (_{dσ0(s)} ds )_4 + ... (3.5)

For late evolutionary times

< a(τ) >= a_0(τ) ( 1 + 1 4 (ϵλ)^2D 1 Ω^2_Λ ( H_0 (τ) H_0

)_2 (τ − τ_0) + ... )

So, if the cosmological constant Λ has a stochastic component δΩ_Λ then the average scale factor < a(τ) > will grow more strongly than in the deterministic case (Fig. 1).

4. Conclusion

In conclusion, the “waterfall” field in the hybrid inflation model as a source of the stochastic process will influence and increase the Universe expansion. It is also a source of the small effective cosmological constant Λ (2.17).

– 6 –

References

[1] S.Perlumutter et al. “Supernova Cosmology Project Collaboration”, Astrophys. J. 517 (1999) 564, arXiv:astro-ph/9812133, T. Padmanabhan “Advanced Topics in Cosmology: A Pedagogical Introduction”, arXiv:astro-ph/0602117.

[2] A. G. Riess et all. “Supernova Search Team Collaboration”, Astron. J. 116 (1998) 1009, arXiv:astro-ph/9805201.

[3] For reviews, see S. Weinberg, “The Cosmological Constant Problems”, arXiv:astro-ph/0005265. [4] Edmund J. Copeland, M. Sami and Shinji Tsujikawa, “Dynamics of dark energy” arXiv:hep-th/0603057.

[5] Thibault Damour and Alexander Vilenkin, “Gravitational wave bursts from cosmic strings”, Phys. Rev. Lett. 85 (2000) 3761 [6] J. Martin and M. A. Musso “Stochastic Quintessence”, Phys. Rev. D71 (2005) 063514, arXiv:astro-ph/0410190 [7] Edmund J Copeland, Andrew R Liddle, David H Lyth, Ewan D Stewart and David Wands, “False Vacuum Inflation with Einstein Gravity”, Phys. Rev. D 49 (1994) 6410.

[8] T.C. Gard, “Introduction to Stochastic Differential Equations”, Marcel Dekker, New York, 1988 [9] Sasha Cyganowski, Peter E. Kloeden and Jerzy Ombach, “From Elementary Probability to Stochastic Differential Equations with MAPLE”, Springer Verlag (2001).

– 7 –