arXiv:gr-qc/0611125 v1 23 Nov 2006

November 2006, Preprint UTM-706

Some recent results in linear scalar quantum field theory in globally hyperbolic asymptotically flat spacetimes

Valter Moretti

Dipartimento di Matematica, Università di Trento, and Istituto Nazionale di Alta Matematica “F.Severi” unità locale di Trento, and Istituto Nazionale di Fisica Nucleare Gruppo Collegato di Trento, via Sommarive 14 I-38050 Povo (TN), Italy. E-mail: moretti@science.unitn.it

Abstract. The content of this paper is that of an invited plenary talk at the XVII SIGRAV Conference held in Torino, September 4-7, 2006.

Some recent results obtained by the author and collaborators about QFT in asymptotically flat spacetimes at null infinity are reviewed. In particular it is shown that bosonic QFT can be defined on the null boundary ℑ^+ of any asymptotically flat spacetime M. This theory admits a state λ which is uniquely determined from invariance under BMS group and a BMS-energy positivity requirement. There is a nice interplay with bosonic (massless, conformally coupled) QFT defined in the bulk spacetime. In particular, under suitable further requirements, the universal state λ induces in the bulk spacetime M a state, λ_M , which enjoys the following remarkable properties. It reduces to standard Minkowski vacuum whenever M is Minkowski spacetime and in the general case, it is invariant under the group of isometries of the spacetime M, it is a ground state (i.e. it satisfies the positive energy condition) with respect to any timelike Killing time of M without zero-modes, finally λ_M enjoys the global Hadamard property so that it is suitable for locally covariant perturbative renormalization procedures.

1 Asymptotically Flat Spacetimes and BMS group

Asymptotically flat spacetimes – by definition – have a certain asymptotic structure. The main motivation of the works in the references [1, 2, 3] has been investigating if that asymptotic structure determines canonically preferred states in every asymptotically flat spacetime for (linear) scalar quantum field theory. The properties of those states have been also focused. Let us remind the main definition [4] (See [5] for further discussions and references).

Definition 1. (Asymptotically flat vacuum spacetime at future null infinity) A four dimensional spacetime (M, g) is called asymptotically flat vacuum spacetime at future null infinity if: (a) (M, g) can be seen as an embedded submanifold of a larger spacetime (M̃, g̃) with g̃↾_M = Ω^2g, Ω being a smooth function on M̃, strictly positive on M.

(b) ℑ^+ := ∂M, called future null infinity of M, is a 3-dim M̃-submanifold satisfying (i) Ω↾_ℑ+ = 0 but dΩ↾_ℑ+ ≠ 0,

(ii) ℑ^+ ∩ J̃^−(M) = ∅, (iii) ℑ^+ diffeomorphic to S^2 ×R, and it is union of the null curves tangent to n := ∇Ω. These curves are complete null geodesics for a certain choice of Ω. (c) About ℑ^+, (M, g) is strongly causal and satisfies Ric(g) = 0.

In fact ℑ^+ is a 3-dim. null submanifold of M̃ with degenerate metric h̃ induced by g̃. ℑ^+ is the conic surface indicated by I^+ in the figure. The tip is not a point of M̃.

Figure 1: Asimptotically flat spacetime.

There are gauge transformations permitted by the definition: Ω → ωΩ with ω > 0 in a neighborhood of ℑ^+, ℑ^+ → ℑ^+ , h̃ → ω^2h̃ , n → ω^{−1}n .

For a fixed a.f. spacetime (M, g), C_{(M,g)} is the class of all triples {(ℑ^+, h̃, n)} connected by gauge transformations. C_{(M,g)} encodes the whole geometric extent of ℑ^+.

It is important to stress that there is no physically preferred element of C_{(M,g)} therefore it is mathematical convenient to pass from Ω to Ω_B = ω_B Ω such that (ℑ^+, h̃_B , n_B ) reads

ℑ^+ = R × S^2 , h̃_B = dθ ⊗ dθ + sin^2 θdφ ⊗ dφ , n_B = ∂ ∂u in coordinates u ∈ R (futuredirected), (θ, φ) ∈ S^2. (u, θ, φ) is a Bondi frame on ℑ^+. Notice that if (M_1, g_1) ≠ (M_2, g_2), for a suitable choice of (ℑ^+_1 , h̃_1, n_1) ∈ C_{(M1 ,g1 )} and (ℑ^+_2 , h̃_2, n_2) ∈ C_{(M2 ,g2 )}, ∃ diffeomorphism γ : ℑ^+_1 → ℑ^+_2 with

γ(ℑ^+_1 ) = ℑ^+_2 , γ^∗h̃_1 = h̃_2 , γ^∗n_1 = n_2

In this sense the class C = C_{(M,g)} is universal for all a.f. spacetimes. We have the following subsequent definition [6]:

Definition 2. (Bondi-Metzner-Sachs (BMS) group.) G_{BMS} is the group of diffeomorphisms χ : ℑ^+ → ℑ^+ preserving the universal structure of ℑ^+, i.e. χ are isometries up to gauge transformations:

χ(ℑ^+) = ℑ^+ , χ^∗h̃ = ω^2_χh̃ , χ^∗n = ω^{−1}_χ n for some ω_χ > 0.

Let us examine the structure of G_{BMS} . Fix a Bondi frame (u, φ, θ) on ℑ^+ and pass to complex coordinates on the sphere S^2 (u, φ, θ) ↔ (u, ζ, ζ), with ζ := e^{iφ} cot(θ/2) ∈ C ∪ {+∞} , the usual Riemann sphere. In this framework G_{BMS} has the structure of a semi-direct product, G_{BMS} = SO(3, 1)↑ ×C^∞(S^2), where the group composition law is defined in this way: G_{BMS} ∋ (Λ, f) : (u, ζ, ζ) → (u^′, ζ^′, ζ^′) , u^′ := K_Λ(ζ, ζ)(u + f(ζ, ζ)) , ζ^′ := a_Λζ + b_Λ c_Λζ + d_Λ , K_Λ(ζ, ζ) :=

(1 + ζζ) |a_Λζ + b_Λ|^2 + |c_Λζ + d_Λ|^2 and Π [ a_Λ b_Λ c_Λ d_Λ ] = Λ .

Above SO(3, 1)↑ is the special orthochronous Poincaré group and Π : SL(2, C ) → SO(3, 1)↑ is the standard covering homomorphism.

It is worth stressing that pairs of Bondi frames are connected by transformations of a subgroup of G_{BMS} . Moreover notice that the decomposition G_{BMS} = SO(3, 1)↑ ×C^∞(S^2) depends on the used frame, however the subgroup:

T^4 := real span of the first 4 spheric harmonics ⊂ C^∞(S^2)

is a normal G_{BMS} -subgroup. It is called the subgroup of 4-translations. Thus T^4 is BMS-invariant, i.e. independent from used reference (Bondi) frames, and so it may have physical interest. Another

important fact is that there is a Minkowskian decomposition T^4 ∋ α = 3∑ μ=0 α^μY_μ where {Y_μ} is a certain

real basis of T^4. In this framework, if α, α^′ ∈ T^4 the Minkowskian scalar product (α, α^′) := ∑ μ,ν η_{μν} α^μα^{′ν} turns out to be BMS-invariant, i.e. invariant under α →:= g ∘ α ∘ g^{−1}, g ∈ G_{BMS} and α ∈ C^∞(S^2). (η = diag(−1, 1, 1, 1).) We conclude that there is a BMS-invariant decomposition of T^4 and thus we have spacelike, (fut./past. directed) timelike, (fut./past. directed) null 4-translations. Time orientation is induced by that of (M, g) (see [3] for details.)

Remarks.

(1) A timelike future-directed direction {λα}_{λ∈R} in T^4 individuates a Bondi frame (u, ζ, ζ) uniquely: that where the action of {λα}_{λ∈R} is u → u + λ.

(2) The orthochronous proper Poincaré group P := SO(3, 1)↑ ×T^4 is not a normal subgroup of G_{BMS} , hence there is no physical way to pick out a preferred Poincaré subgroup of G_{BMS} . (3) It is known that G_{BMS} encodes the bulk symmetries of each fixed asymptotically flat vacuum at null infinity spacetime (M, g) as well as all the asymptotic symmetries of all bulk spacetimes. Indeed the following result holds true [7].

Theorem 1. Let (M, g) be asymptotically flat vacuum at null infinity spacetime. The following holds. (a) If ξ is a Killing vector field of the bulk M, then ξ smoothly extends to a vector field ξ̃, different from the zero vector field and tangent to ℑ^+, which generates a one-parameter subgroup of G_{BMS} . (b) In that way, the isometry group of M is mapped into a subgroup G_M ⊂ G_{BMS} with:

(i) G_M is isomorphic to a subgroup of a certain Poincaré group P ⊂ G_{BMS} where P generally depends on the particular spacetime M,

(ii) only proper 4-translations are admitted in G_M ∩ C^∞(S^2).

(c) ξ̃ generates an one-parameter subgroup of G_{BMS} , if and only if it smoothly extends back to a field ξ in M with Ω^2£_ξg → 0 smoothly approaching ℑ^+.

The item (c) states, in fact, that G_{BMS} contains the so called so-called asymptotic symmetries of the physical spacetime M [5]. The BMS group is the group of invariance of any physical theory defined on ℑ^+: mathematical objects defined on ℑ^+ may have physical sense only if they are invariant under G_{BMS} .

2 Weyl quantization on ℑ^+ and interplay with QFT in the bulk:

the state λ_M .

In [1] it has been established that it is possible to define a bosonic QFT for a field defined on ℑ^+. The approach is that algebraic based on Weyl quantization [8]. The ingredients are the following ones. A real symplectic space: (S(ℑ^+), σ), where σ nondegenerate symplectic form, whereas the real vector space S(ℑ^+) is defined as (for a fixed Bondi frame):

S(ℑ^+) := { ψ ∈ C^∞(ℑ^+) | | ψ , ∂_uψ ∈ L^2(R × S^2, du ∧ ϵ_{S2}(ζ, ζ))} , (1) whereas the explicit form of σ is the following:

σ(ψ_1, ψ_2) := ∫ R×S^2 ( ψ_2 ∂ψ_1 ∂u − ψ_1 ∂ψ_2 ∂u ) du ∧ ϵ_S2(ζ, ζ) , (2) where ϵ_S2 is the standard measure on a unit 2-sphere. There is a weighted representation of G_{BMS} , A_g : C^∞(ℑ^+) → C^∞(ℑ^+), g ∈ G_{BMS} , acting on the considered symplectic space:

(A_g ψ)(u, ζ, ζ) := (K^{−1}_Λ · ψ)(g^{−1}(u, ζ, ζ)) (notice the weight K^{−1}_Λ , g = (Λ, f)) . (3)

Notice that A_g ↾_{S(ℑ}+_)⊂ S(ℑ^+), moreover, due to the weight K^{−1}_Λ , the G_{BMS} representation A preserves the symplectic form of σ, so that, in particular, the mentioned structure does not depend on the used Bondi frame.

With those ingredients one defines the (unique) Weyl C^∗-algebra W(S(ℑ^+), σ) with generators W (ψ) ≠ 0, ψ ∈ S(ℑ^+), satisfying Weyl relations (also known as CCR): W (−ψ) = W (ψ)^∗ , W (ψ)W (ψ^′) = e^{iσ(ψ,ψ′ )/2}W (ψ + ψ^′) . Moreover the representation A induces a ∗-automorphism G_{BMS} -representation

α : W(S(ℑ^+), σ) → W(S(ℑ^+), σ) (4)

uniquely individuated by the requirement α_g(W (ψ)) := W (A_g−1 ψ).

In order to find a possible physical meaning of the theory constructed above, a natural question arises: Spacetime physics is BMS-invariant so, are there BMS-invariant (quasifree) algebraic states on W(S(ℑ^+), σ)? An answer has been found in [1]. There it has demonstrated that, in fact, there is a (quasifree pure) BMS-invariant state. Let us summarize this result. Consider the quasifree pure state λ on W(S(ℑ^+), σ) uniquely induced by linearity and continuity from:

λ(W (ψ)) = e^{−μλ(ψ,ψ)/2} , μ_λ(ψ_1, ψ_2) := −iσ(ψ_{1+}, ψ_{2+}) , ψ ∈ S(ℑ^+) , (5)

where ψ_+ is the positive u-frequency part of ψ, with respect to any (arbitrarily fixed) Bondi frame defined on ℑ^+. The positive frequency part is obtained performing the usual Fourier transform with respect to the variable u considered as a “time” coordinate (see [1] for details). Then we pass to focus on the GNS representation (H_λ, Π_λ, Υ_λ). It turns out that the Hilbert space H_λ is a bosonic Fock space F_+(H) with 1-particle Hilbert space H ≡ L^2(R^+ × S^2; dE ⊗ ϵ_S2) (containing u-Fourier transforms ^ψ_+), the GNS Cyclic vector is the Fock vacuum Υ_λ. Since the GNS representation is a Fock representation, λ is a regular state and symplectically-smeared field operators Ψ(ψ) with Π_λ(W (ψ)) = e^{−iΨ(ψ)} can be defined using Stone theorem directly (see e.g. [8] for the general theory). In this context we have the following theorem established in [1].

Theorem 2. Referring to the Weyl algebra W(S(ℑ^+), σ), its GNS representation (H_λ, Π_λ, Υ_λ), the BMS representation α (4), and the state λ (5), the following facts are valid. (a) λ is G_{BMS} -invariant: λ(α_g (a)) = λ(a) if g ∈ G_{BMS} and a ∈ W(S(ℑ^+), σ). (b) The unique unitary representation of G_{BMS} leaving Υ_λ invariant (that is U_gΥ_λ = Υ_λ) and implementing α (i.e. U_g Π_λ(a)U^∗_g = Π_λ(α_g (a))) is that induced by: ( U_{(Λ,f )} ^ψ_+ ) (E, ζ, ζ) = e^{iEKΛ(Λ−1 (ζ,ζ))f (Λ−1(ζ,ζ))} √ K_Λ(Λ^{−1}(ζ, ζ))

^ψ_+ (EK_Λ (Λ^{−1}(ζ, ζ)) , Λ^{−1}(ζ, ζ)) . (6)

^ψ_+ being the positive-frequency part of ψ ∈ S(ℑ+) in Fourier representation (E being the conjugate variable with u).

(c) Making G_{BMS} topological equipping C^∞(S^2) ⊂ G_{BMS} with test-function Fréchet topology, consider the representation G_{BMS} ∋ g → U_g, then one has:

(i) it is irreducible and strongly continuous, (ii) it is a Wigner-Mackey-like representation associated with a scalar representation of the little group, Δ ⊂ SL(2, C ), the double covering of the 2D Euclidean group,

(iii) it is defined on an orbit in space of characters χ with m^2_{BMS} (χ) = 0.

To make a comment to (c) we stress that the Abelian G_{BMS} -subgroup C^∞(S^2) is infinite dimensional and non-locally-compact, but Mackey machinery works anyway as proved in [9]. Moreover, concerning (iii) notice that the characters, χ_β , are labeled by distributions (here D^′(S^2) is the dual space of C^∞_0 (S^2)) β ∈ D^′(S^2), χ_β(α) = e^{iβ(α)}, ∀α ∈ C^∞(S^2). Therefore, in the space of characters can be defined a BMSinvariant mass: m^2_{BMS} (β) := −η^{μν} β(Y_μ)β(Y_ν ) which turns out to be invariant with respect to the dual action (g(β))(α) := β(g(α)), ∀g ∈ G_{BMS} . This is a notion of mass which is a priori independent from that invariant under the action of Poincaré group.

Now a question arises naturally: Is there any relation with massless particles propagating in the bulk spacetime? The answer is positive as established in [1]: the fields ψ on ℑ^+ are “extensions” of linear, massless, conformally coupled fields in the bulk spacetime and the action of symmetries on the fields in the bulk is equivalent to the action of G_{BMS} on the associated fields on ℑ^+.

Theorem 3. Let (M, g) be an asymptotically flat vacuum at future null infinity spacetime with associated unphysical spacetime (M̃, g̃ = Ω^2g). Assume that both M, M̃ are globally hyperbolic. Consider Weyl QFT in (M, g) based on the symplectic space (S(M), σ_M ). S(M) is the space of real smooth, compactly supported on Cauchy surfaces, solutions ϕ of massless, conformally-coupled, K-G equation □ϕ − 1 6 Rϕ = 0 in M.

with isometry-invariant symplectic form:

σ_M (ϕ_1, ϕ_2) := ∫ Σ (ϕ_2∇_N ϕ_1 − ϕ_1∇_N ϕ_2) dμ^{(S)}_g ,

Σ being any Cauchy surface of M. Then:

(a) ϕ vanishes approaching ℑ^+ but Ω^{−1}_B ϕ extends to a smooth field ψ := Γϕ on ℑ^+ uniquely, Γ being linear.

(b) If {g_t} is a 1-parameter group of M-isometries and {g^′_t} the associated G_{BMS} -subgroup: the action of {g_t} on ϕ (ϕ → α_{gt} (ϕ) := ϕ ∘ g_{−t}) is equivalent to the action of A_g′_t on ψ = Γϕ,

A_g′_t (ψ) = Γ(α_{gt} (ϕ)) if ψ = Γϕ .

Remark. The more usual point of view in considering QFT in globally hyperbolic spacetimes (M, g) is that based on field operators Φ(f) smeared with smooth compactly supported functions f ∈ C^∞_0 (M), instead of with solutions of Klein-Gordon equation of S(M). Actually the two points of view, for linear theories, are completely equivalent, see [8] for instance. If ϕ ∈ S(M), the Weyl generators W (ϕ) are to be formally understood as W (ϕ) := e^{−iσM (Φ,ϕ)}, where σ_M (Φ, ψ) is the field operator symplectically smeared with elements of S(M). In this context, it turns out that Φ(f) := σ_M (Φ, Ef) where E = A − R : C^∞_0 (M) → S(M) is the causal propagator (or “advanced-minus retarded” fundamental solution) of Klein-Gordon operator [8].

To go on, assume that furthermore Γ : S(M) → S(ℑ^+) is an injective symplectomorphism i.e. (H1) Range[Γ] ⊂ S(ℑ^+) (H2) σ^+_ℑ (Γϕ_1, Γϕ_2) = σ_M (ϕ_1, ϕ_2).

In this case one finds that the field observables of the bulk M can be identified with observables of the boundary ℑ^+. More precisely [1]: ∃! a (isometric) ∗-homomorphism from the Weyl algebra W(S(M), σ_M ) of field observables of the bulk, to the Weyl-algebra W(S(ℑ^+), σ):

ı_Γ : W(S(M), σ_M ) → W(S(ℑ^+), σ)

determined by the requirement on Weyl generators:

ı_Γ(W_M (ϕ)) = W_ℑ+ (Γϕ) .

As a consequence of the existence of the ∗-homomorphism ı_Γ, one may induce a preferred state λ_M on the observables in the bulk M form the natural state λ defined on the observables on the boundary ℑ^+. In other words, the boundary state λ can be pulled back to a quasifree state λ_M acting on observables for the field ϕ propagating in the bulk spacetime M:

λ_M (a) := λ(ı_Γ(a)) for all a ∈ W(S(M), σ_M ) (7)

In [1] it has been shown that If (M, g) is Minkowski spacetime (so that (M̃, g̃) is Einstein closed universe), hypotheses H1 and H2 are fulfilled so that ı_M exists and λ_M coincides with Minkowski vacuum. This is not the only case. To illustrate it we recall an important notion. Let (M, g) be an asymptotically flat vacuum at future null infinity spacetime. One says that it admits future time infinity i^+ if ∃i^+ ∈ M̃ ∩ I^+(M) (i^+ ∉ ℑ^+) such that the geometric extent of ℑ^+ ∪ {i^+} about i^+ “is the same as that in a region about the tip i^+ of a light cone in a (curved) spacetime”. The rigorous definition has been given by Friedrich [10].

We stress that there are lots of Einstein eq.s solutions admitting i^+ as established by Friedrich (actually he considered the past time infinity i^−, but the extend is completely symmetric). With this notion we may state the following result [2] whose proof is based on fine estimations of the behaviour

Figure 2: Asimptotically flat spacetime with future time infinity i^+.

about i^+ of Γϕ. The difficult point is to show that Range[Γ] ⊂ S(ℑ^+). Then, barring technicalities, σ(Γϕ_1, Γϕ_2) = σ_M (ϕ_1, ϕ_2) is a consequence of divergence theorem.

Theorem 4. If (M, g) is asymptotically flat at future null infinity, (M, g) and (M̃, g̃) are both globally hyperbolic and (M, g) admits future time infinity i^+, then hypotheses H1 and H2 are fulfilled so that ı_M exists and λ_M can be induced in the bulk form the BMS-invariant state on ℑ^+, λ.

3 Uniqueness of λ and remarkable properties of λ_M .

The state λ is universal: it does not depend on the particular bulk spacetime M, but it induces a preferred state λ_M on the observables in the bulk in any considered asymptotically flat spacetime (provided that relevant hypotheses on asymptotic flatness and existence of i^+ be fulfilled). Let us investigate some properties of λ and λ_M [2, 3].

Theorem 5. Assume that hypotheses (H1) and (H2) hold for the globally hyperbolic a.f. spacetime (M, g) (with (M̃, g̃) globally hyperbolic as well) so that the state λ_M exists.

(a) λ_M is invariant under under the (unit component Lie) group of isometries of M, {g_t}. (b) If the Killing generator ξ of {g_t} is timelike and future directed, then the associated unitary 1-parameter group in the GNS representation of λ_M admits positive self-adjoint generator and in the one-particle space there are no zero modes for that generator.

Comments on the proofs.

(a) Let {β_{gt} } and {β_g′_t } be, respectively, the groups of ∗-automorphisms induced by {g_t} and {g^′_t} ⊂ G_{BMS} , acting on bulk and boundary observables a ∈ W(M, σ_M ), b ∈ W(ℑ^+, σ) respectively. The action of {β_{gt} } on λ_M is equivalent to the action of {β_g′_t } on λ and λ is G_{BMS} -invariant. Therefore: λ_M (β_{gt} (a)) = λ(β_g′_t (Γ(a))) = λ(Γ(a)) = λ_M (a).

(b) If the Killing generator of {g_t} is timelike and future directed then {g^′_t} ⊂ G_{BMS} is generated by a single causal, future directed 4-translation of T^4. Then passing to GNS Hilbert spaces, using {U_{(Λ,α)}}, one sees, by direct inspection, that {U_{βg′t} } has positive self-adjoint generator. The analog holds in the GNS representation of λ_M .

Positivity of self-adjoint generators of timelike future-directed 4-translation of T^4 holds true also for λ. It is a remnant of energy positivity condition in the bulk. Positivity condition on energy is a stability requirement: it guarantees that, under small (external) perturbations, the system does not collapse to lower and lower energy states. Actually positive energy condition determines uniquely λ. In fact the subsequent result is valid [2, 3].

Theorem 6. In the hypotheses of theorem 5, fix a timelike future-directed 4-translation in T^4 and let {g_t} be the generated 1-parameter G_{BMS} -subgroup. Under those hypotheses the following facts are true. (a) If ω is a pure quasifree algebraic state on W(S(ℑ^+), σ) satisfying both:

(i) it is invariant under {g_t}, (ii){g_t} admits positive self-adjoint generator in the GNS representation of ω, then ω must be invariant under the whole BMS group and ω must coincide with λ. (b) If ω is a pure (not necessarily quasifree) algebraic state on W(S(ℑ^+), σ) and it is invariant under {g_t}, the folium of ω cannot contain other {g_t}-invariant states.

Comments on the proofs.

(a) consequence of cluster property: lim_{t→+∞} ω(aβ_{gt} (b)) → ω(a)ω(b), ∀a, b ∈ W(S(ℑ^+), σ) valid for a {g_t}-invariant pure state, and a uniqueness results by B.S.Kay [11].

(b) consequence of of weak asymptotic commutativity valid for a {β_{gt} }-invariant pure state ω: w- lim_{t→+∞} [U(g_t)AU(g_t)^∗, B] = 0, ∀A ∈ Π_ω(W(S(ℑ^+), σ)), B ∈ B(H_ω).

4 The Hadamard property.

Does λ_M satisfy the Hadamard property? if the answer is positive, λ_M is a good starting point for generally covariant and local renormalization procedure, in particular it determines a well-behaved renormalized stress-energy tensor [12, 13]. Let ω be a regular state on W(M, σ_M ). Let us denote by ω(x, y) the integral kernel of the two-point function of the state ω: ω(Φ(f)Φ(g)) = ω(Ef, Eg) where Φ(f) is the standard field-operator smeared with a test function f ∈ C^∞_0 (M), E = A − R : C^∞_0 (M) → S(M) being the causal propagator (or “advanced-minus retarded” fundamental solution) of Klein-Gordon operator [8]. The global Hadamard property states that in normal geodesically convex neighborhoods of every point of the spacetime:

ω(x, y) = Δ(x, y)σ(x, y)^{−1} + v(x, y) ln σ(x, y) + regular function

where σ(x, y) is the squared geodesic distance and Δ, v depend on the local geometry only. The global Hadamard property is similar, but it involves the (complicated) behaviour of the two-point function in a neighborhood of a Cauchy surface of M [12]. This is a condition very difficult to check directly for ω = λ_M !

Radzikowski found out a micro-local characterization of the (global) Hadamard condition [14]: If ω ∈ D^′(M × M), that is if ω is a distribution on M × M thus satisfying continuity with respect to the relevant seminorm topologies, the global Hadamard property is equivalent to a specific shape of wave front set of ω, W F (ω). More precisely W F (ω) is made of the elements (x, p_x, y, −p_y) ∈ T^∗(M × M) \ 0 such that: (1) p_x is future directed and (2) there is a null geodesic from x to y having there cotangent vectors p_x and −p_y respectively.)

Using Radzikowski framework as far as the item (b) has been concerned, the following final result has been recently obtained [3].

Theorem. Assume the hypotheses of theorem 5. The following facts are true. (a) λ_M ∈ D^′(M × M) also if there are bad compositions of distributions (S(ℑ^+) nonstandard space of test functions).

(b) λ_M is globally Hadamard on M.

Comments on the proof.

The proof of (b) has been performed establishing first the validity of the local Hadamard condition. Then the global Hadamard property has be reached using a “local-to-global” argument introduced by Radzikowski in the second paper in [14].

5 Final comments.

The unique, positive energy, BMS-invariant, quasifree, pure state λ is completely defined using the universal structure of the class of asymptotically flat vacuum spacetimes at null infinity, no reference to any particular spacetime is necessary. In this sense λ is universal. On the other hand λ induces a wellbehaved quasifree state λ_M in each asymptotically flat spacetime M admitting i^+. λ_M is quite natural: it coincides with Minkowski vacuum when M is Minkowski spacetime, λ_M it is invariant under every isometry of M and fulfills the requirement of energy positivity with respect to every timelike Killing field in M. λ_M may have the natural interpretation of outgoing scattering vacuum. Finally λ_M has been showed to verify the Hadamard condition and therefore it may be used as background for perturbative procedures (renormalization in particular), and it provides a natural notion of massless particle also in absence of Poincaré symmetry but in the presence of asymptotic flatness. Indeed all the construction works for massless fields (with conformal coupling). What about massive fields? How to connect bulk massive fields to BMS-massive fields on ℑ^+ and to known unitary representations of G_{BMS} with m_{BMS} > 0? [15]. This is an open issue which deserves future investigation

References

[1] C. Dappiaggi, V. Moretti and N. Pinamonti: Rigorous Steps towards Holography in Asymptotically Flat Spacetimes, Rev. Math. Phys. 18, 349 (2006)

[2] V. Moretti, Uniqueness theorems for BMS-invariant states of scalar QFT on the null boundary of asymptotically flat spacetimes and bulk-boundary observable algebra correspondence, Commun. Math. Phys. 268, 727 (2006) (gr-qc/0512049)

[3] V. Moretti: Quantum ground states holographically induced by asymptotic flatness: Invariance under spacetime symmetries, energy positivity and Hadamard property. submitted (gr-qc/0610143)

[4] A. Ashtekar and R. O. Hansen, J. Math. Phys 19, 1542, (1978); A. Ashtekar in “General Relativity and Gravitation 2: One Hundred Years after the birth of Albert Einstein” edited by A. Held, (Plenum, New York, 1980), pages 37–70.

[5] R. M. Wald: “General Relativity”, Chicago University Press, Chicago (1984).

[6] R. Penrose, Phys. Rev. Lett. 10 (1963) 66, R. Penrose, in: A.O. Barut (Ed.), “Group Theory in Non-Linear Problems”, Reidel, Dordrecht (1974), p. 97 chapter 1; A. Ashtekar, M. Streubel, Proc. R. Lond. A 376 (1981) 585.

[7] R. Geroch, in: P. Esposito, L. Witten (Eds.) “Asymptotic Structure of Spacetime”, Plenum, New York (1977); A. Ashtekar, B.C. Xanthopoulos, J. Math. Phys 19, 2216, (1978).

[8] R. M. Wald: “Quantum field theory in curved space-time and black hole thermodynamics”, Chicago, USA: Univ. Pr. (1994).

[9] P.J. McCarthy Proc. R. Soc. London A330 (1972) 517, Proc. R. Soc. London A333 (1973) 317, Proc.

R. Soc. London A358 (1978) 141.

[10] H. Friedrich: Commun. Math. Phys. 103, 35 (1986), Commun. Math. Phys. 107, 585 (1986), Commun. Math. Phys. 119, 51 (1988).

[11] B. S. Kay, J. Math. Phys. 20, 1712 (1979).

[12] B. S. Kay, R. M. Wald, Phys. Rept. 207, 49 (1991).

[13] R. Brunetti, K. Fredenhagen, M. Kohler Commun. Math. Phys. 180, 633 , (1996); R.Brunetti, K. Fredenhagen, Commun. Math. Phys. 208, 623, (2000); R. Brunetti, K. Fredenhagen Commun. Math. Phys. 208 623 (2000); S. Hollands, R.M. Wald, Commun. Math. Phys. 223, 289 (2001), Commun. Math. Phys. 231, 309 (2002), Commun. Math. Phys. 237, 123 (2003), R. Brunetti, K. Fredenhagen, R. Verch Commun. Math. Phys. 237 31 (2003); V. Moretti, J. Math. Phys.40,3843 (1999), (gr-qc/9809006) Commun. Math. Phys. 232, 189 (2003) (gr-qc/0109048).

[14] M. J. Radzikowski, Commun. Math. Phys. 179, 529 (1996), Commun. Math. Phys. 180, 1 (1996).

[15] G. Arcioni and C. Dappiaggi, Nucl. Phys. B 674 (2003) 553; C. Dappiaggi, Phys. Lett. B 615 (2005) 291.