arXiv:gr-qc/0611151 v1 29 Nov 2006

Casimir stress on parallel plates in de Sitter space with signature change

M.R. Setare^∗ Department of Science, Payame Noor University. Bijar. Iran

Abstract

The Casimir stress on two parallel plates in a de Sitter background corresponding to different metric signatures and cosmological constants is calculated for massless scalar fields satisfying Robin boundary conditions on the plates. Our calculation shows that for the parallel plates with false vacuum between and true vacuum outside, the total Casimir pressure leads to an attraction of the plates at very early universe.

∗E-mail: rezakord@ipm.ir

1 Introduction

The Casimir effect is one of the most interesting manifestations of non-trivial properties of the vacuum state in quantum field theory [1,2]. Since its first prediction by Casimir in 1948[2] this effect has been investigated for different fields having different boundary geometries [3, 8, 9, 10, 11, 12, 13, 14]. The Casimir effect can be viewed as the polarization of vacuum by boundary conditions or geometry. Therefore, vacuum polarization induced by a gravitational field is also considered as a Casimir effect.

Casimir effect may have interesting implications for the early universe. In [15] the Casimir effect of a massless scalar field with Dirichlet boundary condition in a spherical shell having different vacua inside and outside, which represents a bubble in the early universe with false/true vacuum inside/outside, has been investigated. The Casimir stress on two concentric spherical shells with constant comoving radius having different vacua inside and outside in de Sitter space, which corresponds to a spherically symmetric domain wall with thickness, has been calculated in [16].

In the context of hot big bang cosmology, the unified theories of the fundamental interactions predict that the universe passes through a sequence of phase transitions. Different types of topological objects may have been formed during these phase transitions, these include domain walls, cosmic strings and monopoles [17, 18, 19]. These topological defects appear as a consequence of breakdown of local or global gauge symmetries of a system composed by self-coupling iso-scalar Higgs fields Φ^a.

On the other hand, signature changing space-times have recently been of particular importance as the specific geometries with interesting physical effects. The original idea of signature change was due to Hartle, Hawking and Sakharov [20, 21]. This interesting idea would make it possible to have both Euclidean and Lorentzian metrics in path integral approach to quantum gravity. Latter it was shown that the signature change may happen even in classical general relativity, as well [22]-[32]. The issue of propagation of quantum fields on signature-changing space-times has also been of some interest [33]-[38]. For example, Dray et al have shown that the phenomenon of particle production may happen for scalar particles propagation in space-time with heterotic signature. They have also obtained a rule for propagation of massless scalar fields on a two- dimensional space-time with signature change. Dynamical determination of the metric signature in space-time of nontrivial topology is another interesting issue which has been studied in Ref.[39]. To the author knowledge, no attempt has been done to study the Casimir effect within the geometries with signature change. A relevant work to the present paper is Ref. [40]. In this work the Casimir effect for the free massless scalar field propagating on a twodimensional cylinder with a signature-changing strip has been studied. Motivated by this new element in studying the Casimir effect we have paid attention to study such a nontrivial effect in a model of two parallel plates in de Sitter space with different cosmological constants and metric signatures between and outside.

2 Parallel Plates with Robin boundary conditions in de Sitter Space

Consider a massless scalar field coupled conformally to a de Sitter background space. The scalar field satisfies the following Robin boundary conditions on two parallel plates within an arbitrary space-time [41]:

(1 + β_m(−1)^{m−1}∂_x)ϕ(x^ν )|_{x=am} = 0, m = 1, 2, (1)

Here we have assumed that the two plates are normal to the Cartesian x-axis at x = a_{1,2}. The Robin boundary condition may be interpreted as the boundary condition on a thick plate [42]. Rewriting(1) in the following form:

∂_xϕ(x^ν ) = (−1)^m 1 β_m ϕ(x^ν ), (2)

where |β_m|, having the dimension of a length, may be called the skin-depth parameter. This is similar to the case of penetration of an electromagnetic field into a real metal, where the tangential component of the electric field is proportional to the skin-depth parameter.

The corresponding field equation has the form

(∇_μ∇^μ + ξR)ϕ = 0, ∇_μ∇^μ = 1 √ −g ∂_μ( √ −gg^{μν} ∂_ν ), (3) where ∇_μ is the covariant derivative operator, and R is the Ricci scalar for de Sitter space. In the conformally coupled case, the corresponding stress-energy tensor is defined as [43] T_{μν} = (1 − 2ξ)∂_μϕ∂_ν ϕ + (2ξ − 1/2)g_{μν} ∂^λϕ∂_λϕ − 2ξϕ∇_μ∇_ν ϕ + 1 12 g_{μν} ϕ∇_λ∇^λϕ, (4) where ξ =^1_6 . It is known that in the Minkowski space-time for the conformally coupled scalar field the perpendicular pressure, P , is uniform in the region between the plates and is given by [41] P = 3ε_c, (5) where ε_c is the Casimir energy density. This Casimir energy has been calculated to be

ε = ε_c = −A 8Γ(5/2)π^{3/2}a^4

, (6)

where A depends on β_{1,2} and a may be inferred from Eq.(4.15) of [41]. It has also been shown that for β_1 = −β_2

ε = ε_c =

−ζ_R(4)Γ(2)

(4π)^2a^4 = −π^2 1440a^4

, (7)

which is the same as for the Dirichlet and Neumann boundary conditions. Consider now two parallel plates in a de Sitter space-time. To make the maximum use of the flat-space calculations we use the de Sitter metric in the conformally flat form:

ds^2 = α^2 η^2

[dη^2 − 3∑ i=1 (dx^i)^2], (8)

where η is the conformal time: −∞ < η < 0. (9)

The relation between the parameter α and the cosmological constant Λ is given by

α^2 = 3 Λ . (10)

The quantization of a scalar field on background of the metric (8) is straightforward. Let {ϕ_k(x), ϕ^⋆_k(x)} be a complete set of orthonormalized positive and negative frequency solutions to the field equation (3), obeying boundary condition (1). By expanding the field operator over these eigenfunctions, using the standard commutation rules and the definition of the vacuum state for the vacuum expectation values of the energy-momentum tensor one obtains [43] ⟨0|T^ν_μ |0⟩ = ∑ k T^ν_μ {ϕ_k, ϕ^∗_k}, (11) where |0 > is the amplitude for the corresponding vacuum state, and the bilinear form T^ν_μ {ϕ, ϕ^∗} on the right is determined by the classical energy-momentum tensor (4). In the problem under consideration we have a conformally trivial situation, namely a conformally invariant field on background of the conformally flat spacetime. Instead of evaluating Eq.(11) directly on background of the curved metric, the vacuum expectation values can be obtained from the corresponding flat spacetime results for a scalar field ϕ by using the conformal properties of the problem under consideration. Under the conformal transformation g̃_{μν} = Ω^2g_{μν} the ϕ field will be changed by the rule

ϕ̃(x) = Ω^{−1}ϕ(x). (12)

Using the standard relation between the energy-momentum tensor for conformally coupled situations [43]

< T^μ_ν [g̃_{αβ}] >= ( g g̃ )^{12} < T^μ_ν [g^{(M)}_{αβ} ] > − 1 2880π^2 [ 1 6 H̃^{(1)μ}_ν − H̃^{(3)μ}_ν ], (13)

where g_{μν} and g̃_{μν} are conformal to each other, with their respective determinants g and g̃. We are going to assume that g_{μν} is the Minkowski metric. Now, < T^μ_ν [g^{(M)}_{αβ} ] >, the regulatized energy- momentum tensor for a conformally coupled scalar field in the case of a parallel plate configuration in flat space-time is given by < T^μ_ν [g^{(M)}_{αβ} ] >= diag(ε, −P, −P_⊥, −P_⊥) = diag(ε, 3ε, −ε, −ε). (14) The second term in (13) is the vacuum polarization due to the gravitational field, without any boundary conditions. The functions H^{(1,3)μ}_ν are some combinations of curvature tensor components (see [43]). For a massless scalar field in de Sitter space, the term is given by [43, 46] − 1 2880 [ 1 6 H̃^{(1)μ}_ν − H̃^{(3)μ}_ν ] = 1 960π^2α^4 δ^μ_ν . (15)

From(5,7,10,13,14) one can obtain the vacuum pressure due to the boundary acting on the plates:

P^{(1,2)}_B = P_B(x_{1,2}) = ( g g̃ )^{12} ( −3π^2 1440a^4 ) = η^4 α^4 ( −3π^2 1440a^4 ) = −η^4Λ^2 3 π^2 1440a^4

, (16) which is attractive. It has been shown that this pressure is zero for x < a_1 and x > a_2 [44, 45]. The gravitational part of the pressure according to (15) is equal to

P_G = − < T^1_1 >= −1 960π^2α^4

. (17)

This is the same from both sides of the plates, and hence leads to zero effective force. Therefore, the effective force acting on the plates is only given by the boundary part.

3 Parallel plates with different cosmological constants and signatures between and outside

Now, assume that there are different vacua between and outside of the plates, corresponding to α_{betw} and α_{out} in the metric(8). As we have seen in the previous section, the vacuum pressure due to the boundary is only non-vanishing between the plates. Therefore, we have for the pressure due to the boundary

P^{(1,2)}_B = η^4 α^4_{betw} −3π^2 1440a^4 = −η^4Λ^2_{betw} 3 π^2 1440a^4

. (18)

Now, we obtain the pure effect of vacuum polarization due to the gravitational field without any boundary conditions in Euclidean (outside) region with the following metric

ds^2 = − α^2 η^2

[dη^2 + 3∑ i=1 (dx^i)^2]. (19)

To this end, we calculate the renormalized stress tensor for the massless scalar field in de Sitter space with Euclidean signature. We use Eq.(13), then we obtain < T^μ_ν [g^{(M)}_{αβ} ] >= 0, and_{(1)} H^μ_ν = 0,

(3)H^μ_ν = 3 α^4 δ^μ_ν . Therefore < T^μ_ν [g̃_{αβ} ] >= 1 960π^2α^4 δ^μ_ν , (20)

which is exactly the same result for the Lorentzian case [43]. The corresponding effective pressures for the Euclidean (outside) and Lorentzian (between) regions with α_{out} and α_{betw}, due to pure effect of gravitational vacuum polarization without any boundary condition, are given respectively by

P^E_{out} = − < T^1_1 >_{out}= −1 960π^2α^4_{out} = −Λ^2_{out} 9 1 960π^2

. (21)

P^L_{betw} = − < T^1_1 >_{betw}= −1 960π^2α^4_{betw} = −Λ^2_{betw} 9 1 960π^2

, (22)

The corresponding gravitational pressure on the plates is then given by P_G = P^L_{betw} − P^E_{out} = −1 9 × 960π^2

(Λ^2_{betw} − Λ^2_{out}). (23)

We now proceed to calculate the stress due to the boundary effects P_B . The stress on the plates due to boundary effects for the Lorentzian metric (8) has been obtained as (16). In signature changing case we have correspondingly P^{L−E}_B = ⟨0|T^x_x |0⟩|^L_{betw} − ⟨0|T^x_x |0⟩|^E_{out}. (24) The scalar field ϕ(⃗x, η) in the Lorentzian de Sitter space satisfies (□ + ξR)ϕ(⃗x, η) = 0, (25) where □ is the Laplace-Beltrami operator for de Sitter metric, and ξ is the coupling constant. For conformally coupled field in four dimension ξ =^1_6 , and R , the Ricci scalar curvature, is given by R = 12α^{−2}. (26) Taking into account the separation of variables as ϕ(⃗x, η) = A(⃗x)T (η), (27) for the inside Lorentzian domain with

T_L(η) = 1 √ 2ω(2π)^3 exp^{−iωη}, (28)

the corresponding Euclidean η-dependence takes on the form

T_E(η) = 1 √ 2ω(2π)^3 exp^{−ωη}, (29)

for the scalar field to be normalizable in η. Based on the following mode expansion ϕ = ∑ i (a^−_i φ^−_i + a^+_i φ^+_i ), (30)

and normal ordering ⟨0|a^−_i a^+_i |0⟩ = 1, the detailed calculations, using Eqs.(11),(28) and (29) in Eq.(24), lead to P^{L−E}_B = −η^4Λ^2_{betw} 3 π^2 1440a^4 + η^2 576π^5

(Λ^2_{betw} − Λ^2_{out})ζ(2). (31)

where ζ(2) is the Zeta function and Abel-Plana summation formula has been used to regularize the infinite sum ∑ i ω_i. Taking into account the gravitational pressure on the plates we obtain the total result

P = P_G +P_B = −1 9 × 960π^2

(Λ^2_{betw} −Λ^2_{out})− η^4Λ^2_{betw} 3 π^2 1440a^4 + η^2 576π^5

(Λ^2_{betw} −Λ^2_{out})ζ(2) (32)

The first term P_G which is pure gravitational effect without boundary is η-independent, but is sensitive to the initial (in terms of η) values of Λ_{betw} and Λ_{out}. Given a false vacuum between the plates, and true vacuum out-side, i.e. Λ_{betw} > Λ_{out}, then the gravitational part is negative, the second term is always negative, but in this case the last term is positive. At very early universe, namely η ≃ 0 the constant first term dominates and there is an attraction between the plates. On the other hand, at times η > 1, the first term is ignorable and there is a competition between the second (negative) and third (positive) terms. For the case of true vacuum between the plates and false vacuum outside, i.e. Λ_{betw} < Λ_{out}, the gravitational pressure is positive, and another terms are negative. Therefore, the total pressure may be either negative or positive. In this case, at very early universe, i.e. η ≃ 0, the total pressure P > 0, this initial repulsion of the parallel plates will stopped at times η > 1.

4 Conclusion

In the present paper we have investigated the Casimir effect for a conformally coupled massless scalar field confined in the region between two parallel plates in a de Sitter background corresponding to different metric signatures and cosmological constants between and outside of the plates. The general case of the mixed(Robin) boundary conditions is considered. The vacuum expectation values of the energy-momentum tensor are derived from the corresponding flat spacetime results by using the conformal properties of the problem. Previously this method has been used in [14] to investigate the vacuum characteristics of the Casimir configuration on a background of conformally flat brane-world geometries for a massless scalar field with Robin boundary conditions on plates. Also this method has been used in [44] to derive the vacuum characteristics of the Casimir configuration on a background of static domain wall geometry for a scalar field with Dirichlet boundary condition on plates. (For investigations of the Casimir energy in brane-world models with de Sitter branes, see Refs. [48]-[53]).

Our calculation shows that for the parallel plates with false vacuum between and true vacuum outside, the total Casimir pressure leads to an attraction of the plates at very early universe, namely η ≃ 0. The boundary term is proportional to the fourth power of the inverse distance between the plates, and is always negative, which means a huge attractive force for small distances. In contrast, plates with a true vacuum between them may repel each other to a maximum distance and attract again. The result may be of interest in the case of formation of cosmic domain walls in the early universe, where the wall orthogonal to the x−axis is described by the function ϕ_i(x) interpolating between two different minima at x → ±∞ [47]. Also our calculations may be of interest in the braneworld cosmological scenarios. The brane-world corresponds to a manifold with boundaries and all fields which propagate in the bulk will give Casimir-type contributions to the vacuum energy, and as a result to the vacuum forces acting on the branes. In dependence of the type of a field and boundary conditions imposed, these forces can either stabilize or destabilize the brane-world. In addition, the Casimir energy gives a contribution to both the brane and bulk cosmological constant and, hence, has to be taken into account in the self-consistent formulation of the brane-world dynamics. In general, we believe the idea of Casimir effect in signature-changing space-time is novel and interesting. Therefore, the study of Casimir effect in the present model may provide important results relevant to the study of cosmological brane-world scenarios.

References

[1] G. Plunien, B. Mueller, W. Greiner, Phys. Rep. 134, 87, (1986).

[2] H. B. G. Casimir, proc. K. Ned. Akad. Wet. 51, 793,(1948).

[3] E. Elizalde, S. D. Odintsov, A. Romeo, A. A. Bytsenko and S. Zerbini, zeta regularization techniques with applications(World Scientific, Singapore, 1994).

[4] E. Elizalde, Ten physical applications of spectral zeta functions, lecture notes in physics, (Springer-Verlage, Berlin, 1995).

[5] V. M. Mostepanenko and N. N. Trunov. The Casimir effect and its applications.

(Oxford Science Publications New York, 1997).

[6] The Casimir Effect. 50 Years Later edited by M. Bordag (World Scientific, Singapore, 1999).

[7] K. A. Milton, The Casimir Effect: Physical Manifestation of Zero–Point Energy (World Scientific, Singapore, 2002).

[8] M. R. Setare, Class. Quant. Grav. 18, 2097, (2001). [9] M. R. Setare and R. Mansouri, Class. Quant. Grav. 18, 2659, (2001). [10] A. A. Saharian and M. R. Setare, Phys. Lett. B584, 306, (2004). [11] M. R. Setare, Phys. Lett. B620, 111, (2005). [12] A. A. Saharian and M. R. Setare, Nucl. Phys. B406, (2005). [13] A. A. Saharian and M. R. Setare, Phys. Lett. B637, 51, (2006). [14] A. A. Saharian and M. R. Setare, Phys. Lett. B552, 119, (2003). [15] M. R. Setare and R. Mansouri. Class. Quant. Grav. 18, 2331, (2001). [16] M. R. Setare .Class. Quant. Grav.18, 4823, (2001) [17] Ya. B. Zel’dovich, I. Yu. Kobzarev and L. B. Okun, Sov. Phys. JETP 40, 1, (1975). [18] T. W. B. Kibble, J. Phys. A9, 1387, (1976). [19] A. Vilenkin, Phys. Reports 121, 263, (1985).

[20] J. B. Hartle and S. W. Hawking, Phys. Rev. D. 28, 2960, (1983). [21] A. D. Sakharov, Sov. Phys.-JETP. 60, 214, (1984).

[22] G. F. R. Ellis, A. Sumruk, D. Coule and C. Hellaby, Class. Quantum Grav. 9 , 1535, (1992).

[23] S. A. Hayward, Class. Quantum Grav. 9, 1851 (1992). [24] S. A. Hayward, Class. Quantum Grav. 10, L7, (1993). [25] S. A. Hayward, Phys. Rev. D. 52, 7331, (1995).

[26] T. Dereli, and R. W. Tucker, Class. Quantum Grav. 10, 365, (1993). [27] M. Kossowski and M. Kriele, Proc. R. Soc. Lond. A. 446 , 115, (1995). [28] M. Kossowski and M. Kriele, Class. Quantum Grav. 10,1157 (1993), . [29] M. Kossowski and M. Kriele ; Class. Quantum Grav. 10, 2363, (1993). [30] C. Hellaby and T. Dray, Phys. Rev. D. 49, 5096, (1994).

[31] C. Hellaby and T. Dray, J. Math. Phys. 35, 5922, (1994). [32] C. Hellaby and T. Dray, Phys. Rev. D. 52, 7333, (1995). [33] T. Dray, C. A. Manogue and R. W. Tucker, Phys. Rev. D. 48, 2587, (1993). [34] T. Dray, C. A. Manogue and R. W. Tucker, Gen. Rel. Grav. 23, 967, (1991). [35] T. Dray, C. A. Manogue and R. W. Tucker, Class. Quantum Grav. 12, 2767 (1995). [36] J. D. Romano, Phys. Rev. D, 47, 4328, (1993). [37] J. Gratus and R. W. Tucker, J. Math. Phys. 36, 3353, (1995). [38] J. Math. Phys. 37 6018, (1996).

[39] E. Elizalde, S. D. Odintsov and A. Romeo, Class. Quant. Grav. 11, L61 (1994). [40] F. Darabi, M. R. Setare, J. Math. Phys. 47, 032501, (2006). [41] A. Romeo and A. A. Saharian, J. Phys. A35, 1297, (2002). [42] S. L. Lebedev, Phys. Atom. Nucl. 64, 1337, (2001).

[43] N. D. Birrell and P. C. W. Davies, Quantum fields in curved space,( Chambridge University press, 1986).

[44] M. R. Setare and A. A. Saharian. Int. J. Mod. Phys. A16, 1463(2001). [45] M. R. Setare and A. H. Rezaeian. Mod. Phys. Lett. A15, 2159(2000). [46] J. S. Dowker, R. Critchley, Phys. Rev. D13, 3224 (1976).

[47] A. Vilenkin and E. P. S. Shellard. COSMIC STRINGS AND OTHER TOPOLOGI- CAL DEFFECTS,(Cambridge University Press, 1994).

[48] M. Fabinger and P. Horava, Nucl. Phys. B580, 243, (2000). [49] J. Garriga, O. Pujolas, T. Tanaka, Nucl. Phys. B605, 192, (2001). [50] S. Mukohyama, Phys. Rev. D63, 044008, (2001). [51] J. Garriga, O. Pujolas, T. Tanaka, Nucl. Phys. B655, 127,(2003). [52] G. Curio, A. Klemm, D. Luest, S. Theisen, Nucl. Phys. B609, 3, (2001). [53] W. Naylor, M. Sasaki, Phys. Lett. B542, 289, (2002).