arXiv:gr-qc/0612026v3 15 Aug 2007

UFIFT-QG-06-19, CRETE-06-20

Quantum Stability of a w < −1 Phase of Cosmic Acceleration

E. O. Kahya^∗ and V. K. Onemli^† ∗Department of Physics, University of Florida, Gainesville, Florida 32611, USA and †Department of Physics, University of Crete, Heraklion, GR-76003, Greece

We consider a massless, minimally coupled scalar with a quartic self-interaction which is released in Bunch-Davies vacuum in the locally de Sitter background of an inflating universe. It was shown, in this system, that quantum effects can induce a temporary phase of super-acceleration, causing a violation of the Weak Energy Condition on cosmological scales. In this paper, we investigate the system’s stability by studying the behavior of linearized perturbations in the quantum-corrected effective field equation at one- and two-loop order. We show that the amplitude of the quantum-corrected mode function is reduced in time, starting from its initial classical (Bunch-Davies) value. This implies that the linear perturbations do not grow, hence the model is stable. The decrease in the amplitude is in agreement with the system developing a positive (growing) mass-squared due to quantum processes. The induced mass, however, remains perturbatively small and does not go tachyonic. This ensures the stability.

PACS numbers: 98.80.Cq, 04.62.+v

∗Electronic address: emre@phys.ufl.edu †Electronic address: onemli@physics.uoc.gr

I. INTRODUCTION

Present cosmological observations [1] do not exclude the possibility of an evolving dark energy equation of state w ≡ p/ρ whose current value is less than minus one [2], i.e., a phase of super-acceleration. Although the data are consistent with w = −1, which can be explained by a simple cosmological constant, the possibility of w < −1 has been an area of great interest in recent years [3].

Super-acceleration is difficult to explain with classical models on account of the problem with stability [4]. One can achieve models exhibiting w < −1, by postulating scalar fields, for example. Such models, however, decay irrespective of how this is achieved. The observed persistence of the universe, therefore, can only be consistent with a relatively brief self-limiting phase of super-acceleration. One way to get such a self-limiting phase, without violating classical stability, is via quantum effects [5–11]. The energy-time uncertainty principle requires virtual particles to emerge from the vacuum and then disappear back into it. The inflationary expansion of spacetime, however, causes the virtual particles persist longer than the flat spacetime [12]. In fact, any sufficiently long wavelength virtual particleantiparticle pairs, which are massless on the Hubble scale, are pulled apart by the Hubble flow before they find time to annihilate each other. Hence, they become real and may persist forever; recalling the analogy with the Hawking radiation. The rate at which the virtual particles emerge from the vacuum, on the other hand, is suppressed by the inverse of the scale factor for conformally invariant particles. Thus, quantum effects are enhanced during inflation for particles that are effectively massless (with respect to the Hubble parameter H) and classically conformally noninvariant. Gravitons and massless minimally coupled (MMC) scalars are unique in possessing zero mass without having classical conformal invariance. One is lead, naturally, to a self-limiting quantum effect in a classically stable theory, such as the MMC scalar with a quartic self-interaction in the locally de Sitter background of an inflating universe. The Lagrangian density that describes this system is L = − 1 2 √ −gg^{μν} ∂_μφ∂_ν φ − λ 4! √ −gφ^4 + counterterms . (1)

The dynamical variable in the model is the scalar field φ(x). The metric g_{μν} is a nondynamical background which is taken to be a D-dimensional locally de Sitter geometry. The invariant element can be expressed conveniently either in comoving or conformal coordinates ds^2 = −dt^2 + e^{2Ht}d⃗x · d⃗x = a^2(η) [ −dη^2 + d⃗x · d⃗x ] , (2)

respectively. The conformal factor and the transformation which relate the two coordinate systems are a(η) = − 1 Hη = e^{Ht} . (3)

The Hubble constant H is related to the cosmological constant Λ = (D − 1)H^2. It is the cosmological constant that drives inflation in the model. The scalar is a spectator to Λ-driven (de Sitter) inflation. We adopt the following notations: x^μ = (x^0, ⃗x), x^0 ≡ η, ∂_μ = (∂_0, ⃗∇).

We release the state in Bunch-Davies vacuum at t = 0, corresponding to conformal time η = η_i ≡ −H^{−1}. Hence, the scale factor is normalized to a = 1 when the state is released so that a > 1 throughout the evolution. Note that the infinite future corresponds to η → 0^−, so the possible variation of causally related conformal coordinates in either space or time is at most Δx = Δη = H^{−1}. Applying the Schwinger-Keldish formalism [13, 14] and using dimensional regularization, the fully renormalized vacuum expectation value (VEV) of the stress-energy tensor, ⟨Ω|T_{μν} (x)|Ω⟩, is calculated [8, 9] in this system. The energy density ρ = ⟨Ω|T_{00}|Ω⟩/a^2(η) and pressure pδ_{ij} = ⟨Ω|T_{ij}|Ω⟩/a^2(η) are obtained as

ρ_{ren} = Λ 8πG + λH^4 2^6π^4 { 1 2 ln^2 (a) + 2 9 a^{−3} − 1 2 ∞∑ n=1 n + 2 (n + 1)^2 a^{−(n+1)} } + O(λ^2) , (4)

p_{ren} = − Λ 8πG − λH^4 2^6π^4 { 1 2 ln^2 (a) + 1 3 ln (a) + 1 6 ∞∑ n=1 n^2 − 4 (n + 1)^2 a^{−(n+1)} } + O(λ^2) . (5)

Notice that ρ_{ren} and p_{ren} obey [8, 9] the covariant conservation law T_{μν} (x)^{;ν} = 0, i.e., ρ̇_{ren} = −3H(ρ_{ren} +p_{ren}), where the dot denotes derivative with respect to the comoving time t. Their sum, however, violates the Weak Energy Condition (WEC) ρ+p≥0 on cosmological scales

ρ_{ren} + p_{ren} = λH^4 2^6π^4 { − 1 3 ln (a) + 2 9 a^{−3} − 1 6 ∞∑ n=1 n + 2 n + 1 a^{−(n+1)} } + O(λ^2) . (6)

Although the value for w + 1 is unobservably small in this model, the calculation shows that quantum effects can induce a self-limiting phase of super-acceleration in which a classically stable theory violates the WEC on cosmological scales in the average of ρ+p, not just in fluctuations about an average that obeys the condition ρ + p = 0. This is because inflationary particle production causes the scalar to undergo a random walk such that its average distance from the minimum of the potential^λ_{4!} φ^4 increases. In our model, ⟨Ω|φ^2(x)|Ω⟩ = (UV divergence) + H^2 ln(a)/4π^2 + O(λ) [15]; recall that ln(a) = Ht. (See the calculations in Sec. IV for the O(λ) and O(λ^2) corrections.) Hence, after the ultraviolet divergence is removed, the VEV of φ^2 gets pushed up its potential by inflationary particle production. This increases the vacuum energy which leads to the violation of the WEC by virtue of the covariant conservation ρ̇ =−3H(ρ + p); since ρ̇ > 0 due to inflationary particle production, ρ + p has to be less than zero.

The process, however, must be self-limiting because (i) as the scalar rises up its potential, the classical restoring force −λφ^3/6 pushes it back down, and (ii) the curvature λφ^2/2 associated with being away from the minimum of the potential acts like a positive “masssquared” to reduce the inflationary particle production responsible for pushing the scalar away from the configuration φ = 0 where the potential is minimum. (In quantum field theory (QFT) the mass-squared is calculated via self-energy diagrams as is rigourously done in Ref. [10]. The VEV of the curvature of the potential provides a heuristic picture to understand the effect.) Since the classical restoring force (i) gets bigger as the field rolls up its potential and the mass generation (ii) cuts off particle production, the field cannot continue rolling up its potential. It must eventually come to a halt. Indeed, Starobinsky and Yokoyama showed [7] that ⟨Ω|φ^2(x)|Ω⟩ asymptotes to the constant 3H^2Γ(3/4)/πΓ(1/4) √ λ in this model, which proves that the field strength does not grow forever. The curvature of the potential, that acts like mass-squared, should asymptote to λ/2 times this expectation value. They also estimated the time scale for the process as T ≈ 18.7/H √ λ. Thus, by choosing λ ≪ 1, it is possible to have long duration for the effect. We assume λ ≪ 1 in this paper.

We study the stability of the system in this paper. To decide whether the system is stable [15] or not, one needs to check (i) if the VEV ⟨Ω|φ^2(x)|Ω⟩ continues to grow without a bound, and (ii) if the small, position-dependent perturbations grow. If neither happens, the system is stable; otherwise, it is unstable. The above arguments show that ⟨Ω|φ^2(x)|Ω⟩ cannot continue to grow forever in the interacting theory (it asymptotes to a constant). Checking criterion (ii) is the main object of this paper. To do that, one solves the quantum-corrected effective field equation at linearized order φ(x) − ∫ d^4x^′M^2(x; x^′)φ(x^′) = 0 , (7) and obtains the quantum-corrected mode function. Although the scalar is classically massless in our model, quantum processes generate a nonzero self-mass-squared M^2(x; x^′). Potential instabilities would come from the field developing a negative mass-squared. In that case, the amplitude of the mode function would be an increasing function of time, indicating growth of perturbations and, hence, the instability. The fully renormalized scalar self-mass-squared M^2(x; x^′) is calculated rigorously in Ref. [10] at one- and two-loop order, using the Schwinger-Keldish formalism. M^2(x; x^′) is indeed positive at one-loop. However, one must go to two-loop order to see corrections of the derivative terms. To interpret the two-loop result, and hence to check the stability of the system, one needs to investigate how the self-mass-squared M^2(x; x^′) modifies the effective field equations and its solution, i.e., the quantum-corrected mode function. If the amplitude of the solution is a decreasing function of time, one can conclude that perturbations do not grow; therefore, the model is stable.

The outline is as follows. In Sec. II, we define the effective mode equation, summarize the Schwinger-Keldish formalism, and discuss our limitations in solving the effective mode equation. In Sec. III, we solve the effective mode equation in late time limit and obtain the mode function in leading logarithm approximation. Late time, for us, means ln(a) ≫ 1. In Sec. IV, we alternatively compute the same mode function using Starobinsky’s stochastic inflation technique, and compare it with the result obtained in Sec. III. Our conclusions are summarized in Sec. V.

II. EFFECTIVE MODE EQUATION FOR THE MMC SCALAR

In this section, we describe the operator formalism and effective field equation correspondence. Then, we review the Schwinger-Keldish formalism that one must use to calculate expectation values. We use the one- and two-loop results [10] for the scalar self-mass-squared M^2(x; x^′), obtained by applying the Schwinger-Keldish formalism in our model, to write down the effective (quantum-corrected) mode equation and discuss how we “solve” it.

A. Relation to Fundamental Operators

The relation between the fundamental Heisenberg operator of scalar field φ(x), and the C -number plane wave mode solution Φ(x; ⃗k) of the linearized effective field equation can be given [16, 17] as

Φ(x; ⃗k) = ⟨ Ψ_f | | | [ φ(x), α^†(⃗k) ]| |Ψi ⟩ . (8)

Here |Ψ_i⟩ and |Ψ_f ⟩ are the states, and α^†(⃗k) is the free creation operator. In flat space scattering problems, |Ψ_i⟩ and |Ψ_f ⟩ correspond to the states whose wave functionals are free vacuum in the asymptotic past and future, respectively. The universe, however, begins at a finite time, and evolves to some unknown state in the asymptotic future. Therefore, in cosmology, we release the universe from a prepared state at a given time and then let it evolve. We seek to know expectation values in the presence of this state. This corresponds to the choice |Ψ_f ⟩ = |Ψ_i⟩. For computational convenience, we assume that both of the states are free vacuum at η = η_i. Had the choices of flat space scattering theory been used, acausal effective field equations would have been obtained. The matrix elements of Hermitian operators would also be complex in that case.

To define the free creation and annihilation operators, recall that the full Lagrangian density L of the MMC scalar is L = − (1 + δZ) 2 √ −gg^{μν} ∂_μφ∂_ν φ − (λ + δλ) 4! √ −gφ^4 − δm^2 2 √ −gφ^2 . (9)

The field strength (δZ), coupling constant (δλ), and mass (δm^2) counterterms are needed to remove divergences at one- and two-loop order in the scalar self-mass squared. It turns out that δZ and δλ are of order λ^2, whereas δm^2 has contributions of order λ and λ^2 [10].

Let us now integrate the invariant field equation of the MMC scalar ∂_μ (√ −gg^{μν} ∂_ν φ ) − √ −g 1+δZ [ (λ + δλ) 6 φ^3 + δm^2φ ] = 0 . (10)

The result is

φ(x) = φ_0(x) +

∫_0 η_i dη^′ ∫ d^{D−1}x^′G(x; x^′)I[φ(x^′)] , (11)

where φ_0(x) is the free field. We define the interaction term as I[φ] ≡ √ −g 1+δZ [ (λ + δλ) 6 φ^3 + δm^2φ ] . (12)

The Green’s function G(x; x^′) is any solution of the equation ∂_μ (√ −gg^{μν} ∂_ν G(x; x^′) ) = δ^D(x−x^′) . (13)

Although the Green’s functions would obey Feynman boundary conditions for flat space scattering problems, it is more natural to use retarded boundary conditions in cosmology. The fundamental field operator φ(x), on the other hand, is unique. It does not depend on the choices of the boundary conditions for the Green’s functions or on η_i. What changes with those choices is the free scalar φ_0(x). Because φ_0(x) obeys the linearized equations of motion and agrees with the full fields at η =η_i, it can be expanded in terms of free creation and annihilation operators α(⃗k) and α^†(⃗k) as φ_0(x) = ∫ d^{D−1}k (2π)^{D−1} { u(η, k)e^{i⃗k·⃗x}α(⃗k) + u^∗(η, k)e^{−i⃗k·⃗x}α^†(⃗k) } , (14) where the Bunch-Davies mode function [18] u(η, k) = H √ 2k^3 ( 1 + ikη ) e^{−ikη} . (15) Although the creation and annihilation operators change as different Green’s functions are used in Eq. (11), their nonzero commutation relation remains fixed [α(⃗k), α^†(⃗k^′)] = (2π)^{D−1}δ^{D−1}(⃗k−⃗k^′) . (16) By iterating Eq. (11), one can expand the full field φ(x) in terms of the free field φ_0(x) as φ(x) = φ_0(x) +

∫_0 η_i dη^′ ∫ d^{D−1}x^′G_{ret}(x; x^′)I[φ(x^′)] (17)

= φ_0(x) +

∫_0 η_i dη^′ ∫ d^{D−1}x^′G_{ret}(x; x^′)I[φ_0(x^′)] + . . . . (18) Hence, choosing |Ψ_f ⟩ = |Ψ_i⟩ as free vacuum at η_i, one can see [16, 17] that the quantumcorrected plane wave mode solution (8) yields Φ(x; ⃗k) = ⟨ Ω | | [ φ(x), α^†(⃗k) ]| |Ω ⟩ = u(η, k)e^{i⃗k·⃗x} + O(λ) . (19) The O(λ) and O(λ^2) corrections in Eq. (19) are obtained in Sec. III, by “solving” the quantum-corrected effective field equation at one- and two-loop order. In Sec. IV, we obtain the same corrections by calculating commutator (8) stochastically. The results yielded by the two approaches are in perfect agreement.

B. Schwinger-Keldish Formalism

Because of the fact that “in” (t → −∞) vacuum is not equal to the “out” (t → ∞) vacuum in de Sitter background, we need to calculate expectation values, rather than inout matrix elements. This is done by applying the Schwinger-Keldish formalism [13, 14].

The endpoints of propagators acquire a ± polarity, in this formalism. Hence, every propagator iΔ(x; x^′) of the in-out formalism generalizes to four Schwinger-Keldysh propagators: iΔ_{++}(x; x^′), iΔ_{+−}(x; x^′), iΔ_{−+}(x; x^′) and iΔ_{−−}(x; x^′). Each propagator can be obtained from the Feynman propagator by replacing the de Sitter conformal coordinate interval

Δx^2(x, x^′) = Δx^2_{++}(x; x^′) ≡ ‖ ‖⃗x−⃗x^′ ‖ ‖^2 − ( |η−η^′|−iδ )_2 (20)

with the appropriate coordinate interval,

Δx^2_{+−}(x; x^′) ≡ ‖ ‖ ‖⃗x−⃗x^′ ‖ ‖ ‖^2 − ( η−η^′ +iδ )_2 = (Δx^2_{−+}(x; x^′))^∗ , (21)

Δx^2_{−−}(x; x^′) = (Δx^2_{++}(x; x^′))^∗ . (22)

Vertices are either all + or all −. A + vertex is the usual one of the in-out formalism, whereas the − vertex is its conjugate.

Because each external line can be either + or − in the Schwinger-Keldysh formalism, each N-point 1PI function of the in-out formalism corresponds to 2^N Schwinger-Keldysh N-point 1PI functions. The Schwinger-Keldysh effective action is the generating functional of these 1PI functions, so it depends upon two background fields φ_+(x) and φ_−(x). For example, there are four Schwinger-Keldysh 2-point 1PI functions M^2_{±±}(x; x^′). The ++ one is the same as the in-out self-mass-squared and the others are related as the propagators

−iM^2_{−−}(x; x^′) = ( −iM^2_{++}(x; x^′) )_∗ , −iM^2_{−+}(x; x^′) = ( −iM^2_{+−}(x; x^′) )_∗ . (23)

The various self-mass-squared terms enter [14] the effective action as follows:

Γ[φ_+, φ_−] = S[φ_+] − S[φ_−] − 1 2 ∫ d^Dx ∫ d^Dx^′ { φ_+(x)M^2_{++}(x; x^′)φ_+(x^′) + φ_+(x)M^2_{+−}(x; x^′)φ_−(x^′) +φ_−(x)M^2_{−+}(x; x^′)φ_+(x^′) + φ_−(x)M^2_{−−}(x; x^′)φ_−(x^′) } + O(φ^3_±), (24)

where S[φ] is the classical scalar action. The effective field equations of the Schwinger- Keldysh formalism are obtained by varying with respect to either polarity, and then setting the two polarities equal [14]. Up to order O(φ^2), we have

δΓ[φ_±] δφ_+(x) | | | |_{φ±=φ}= ∂^μ (√ −gg^{μν}∂_ν φ(x) ) − ∫_0 η_i dη^′ ∫ d^3x^′ { M^2_{++}(x; x^′) + M^2_{+−}(x; x^′) } φ(x^′) . (25)

Note that we have taken the regularization parameter D to its unregulated value of D = 4, in view of the fact that the self-mass-squared is assumed to be fully renormalized. It is this linearized effective field equation which Φ(x; ⃗k) (Eq. (8)) obeys [16, 17] ∂_μ (√ −gg^{μν}∂_ν Φ(x; ⃗k) ) − ∫_0 η_i dη^′ ∫ d^3x^′ { M^2_{++}(x; x^′) + M^2_{+−}(x; x^′) } Φ(x^′; ⃗k) = 0 . (26)

Thus, the two renormalized 1PI 2-point functions we need are M^2_{++}(x; x^′) and M^2_{+−}(x; x^′). At one-loop order, we have [10]

M^2_{1++}(x; x^′) = λH^2 8π^2 a^4 ln(a)δ^4(x − x^′) + O(λ^2) . (27)

The +− case vanishes at this order because there is no mixed interaction. Fully renormalized two-loop results for the ++ and +− cases are [10]

M^2_{2++} = iλ^2 2^9π^6 { aa^′ 24 ∂^4 [ ln ( μ^2Δx^2_{++} ) Δx^2_{++} ] −H^2(aa^′)^2∂^2 [ ln (He^3_4 2μ )ln (μ2Δx2_{++}) Δx^2_{++} + ln^2 ( μ^2Δx^2_{++} ) 4Δx^2_{++} ]

−H^4(aa^′)^3 ln^2 (_{√e} 4 H^2Δx^2_{++} ) Δx^2_{++} + H^6 6 (aa^′)^4ln^3 (√e 4 H^2Δx^2_{++} )}

+ λ^2 2^93 π^4 a^2 { − ln(a)∂^2 + ( 2 ln(a)+1 ) Ha∂_0 } δ^4(x−x^′) + λ^2H^2 2^7π^4 { − 4 9 ln^3(a)− 23 18 ln^2(a)+ [ 13 3 +3 ln ( H 2μ ) − 2 9 π^2 ] ln(a) } a^4δ^4(x−x^′) + λ^2H^2 2^7π^4 { a^{−3} 81 − ∞∑ n=1 n + 5 (n + 1)^3 a^{−(n+1)} +4 ∞∑ n=1 a^{−(n+2)} (n + 2)^3 +4 ∞∑ n=1 a^{−(n+3)} n(n + 3)^3 } a^4δ^4(x−x^′) . (28)

M^2_{2+−} = − iλ^2 2^9π^6 { aa^′ 24 ∂^4 [ ln ( μ^2Δx^2_{+−} ) Δx^2_{+−} ] −H^2(aa^′)^2∂^2 [ ln (He^3_4 2μ )ln (μ2Δx2_{+−}) Δx^2_{+−} + ln^2 ( μ^2Δx^2_{+−} ) 4Δx^2_{+−} ]

−H^4(aa^′)^3 ln^2 (_{√e} 4 H^2Δx^2_{+−} ) Δx^2_{+−} + H^6 6 (aa^′)^4ln^3 (√e 4 H^2Δx^2_{+−} )} . (29)

The ++ and +− terms in (26) exactly cancel for η^′ > η and also, in the limit δ → 0, for x^{′μ} outside the light-cone of x^μ. This is how the Schwinger-Keldysh formalism gives causal effective field equations. In the next section, we discuss what we mean by “solving” the quantum-corrected effective mode equation (26). The one- and two-loop corrected mode solution is obtained in late time limit, i.e., for ln(a) ≫ 1, in Sec. III.

C. Solving the quantum-corrected effective mode equation

Here we discuss the limitations that one has in solving the effective mode equation (26). The full scalar self-mass-squared can be expressed, as a series, in powers of the loop counting parameter λ M^2_{++}(x; x^′) + M^2_{+−}(x; x^′) = ∞∑ ℓ=1 λ^ℓM^2_ℓ (x; x^′) . (30)

The first limitation is that we have only the ℓ=1 and ℓ=2 terms

M^2_{1++}(x; x^′) = λ M^2_1(x; x^′) , (31) M^2_{2++}(x; x^′) + M^2_{2+−}(x; x^′) = λ^2 M^2(x; x^′) , (32)

which are given by Eqs. (27), (28) and (29), respectively. So we can only solve the effective mode equation perturbatively. We first substitute a series solution of the form Φ(x; ⃗k) ≡ u(η, k)e^{i⃗k·⃗x} + ∞∑ ℓ=1 λ^ℓΦ_ℓ(η, k)e^{i⃗k·⃗x} (33) into Eq. (26) and then solve the equation order by order in powers of λ and λ^2. The zeroth order (ℓ = 0) solution of Φ_ℓ is the well-known Bunch-Davies mode function u(η, k) (Eq. (15)) times the exponential e^{i⃗k·⃗x}.

The second limitation is due to the lower bound “η_i” on the temporal integration in Eq. (26). We release the universe in free vacuum at time η = η_i. Little is known about the wave functionals of interacting QFTs in curved space, but free vacuum can hardly be realistic. In fact, all of the finite energy states of interacting flat space QFTs have important corrections. Similar corrections are expected in curved space, too. Although it is possible to correct the free state functionals perturbatively as in nonrelativistic quantum mechanics, the usual procedure in flat space QFT is to release the system in free vacuum at asymptotic past, and let the infinite time evolution resolve the difference between free vacuum and true vacuum into shifts of the mass, field strength and background field [19]. In cosmology, however, one cannot typically apply this procedure, for the reasons noted in Sec. II A. One can still correct the state wave functionals perturbatively, though. Corrections to the initial state would appear as new interaction vertices on the initial value surface. They are expected to have a large effect on the expectation values of operators near the initial value which would decay in the late time limit. For example, it is the exponentially falling portions of the renormalized stress-energy tensor (4) and (5)

ρ_{falling} = λH^4 2^6π^4 { 2 9 a^{−3} − 1 2 ∞∑ n=1 n+2 (n+1)^2 a^{−(n+1)} } + O(λ^2) , (34)

p_{falling} = λH^4 2^6π^4 { − 1 6 ∞∑ n=1 n^2 −4 (n+1)^2 a^{−(n+1)} } + O(λ^2) (35) that it is conjectured [9] can be absorbed into an order λ correction of the initial (a = 1) free Bunch-Davies vacuum state. The fact that they fall off as one evolves away from the initial value surface suggests that they can be absorbed into a kind of local interaction there, leaving only the infrared logarithms ρ_{conj} = Λ 8πG + λH^4 2^6π^4 { 1 2 ln^2 (a) } + O(λ^2) , (36)

p_{conj} = − Λ 8πG − λH^4 2^6π^4 { 1 2 ln^2 (a) + 1 3 ln (a) } + O(λ^2) . (37) Notice that they are separately conserved, i.e., ρ̇_{conj} = −3H(ρ_{conj} + p_{conj}) and ρ̇_{falling} = −3H(ρ_{falling} + p_{falling}). This is exactly what would be the case if they could be cancelled by a new interaction vertex. Note that Eqs. (34) and (35) diverge on the initial value surface at a=1 which indicates that free vacuum is very far away from any physically accessible state. Thus, although Eq. (26) determines the quantum corrections to the mode function (19) for free vacuum, that mode function has little physical relevance, because free vacuum is inaccessible. To find physically relevant mode functions, which are also valid for initial times, the corrections to the state wave functional must be included. Unfortunately, we have neither order λ nor order λ^2 corrections to the state wave functional. It therefore makes no sense to solve Eq. (26) for all times. The effects of the state corrections, however, must fall off at late times (ln(a) ≫ 1) as in Eqs. (34) and (35). Because of time evolution, initially free vacuum and true vacuum become indistinguishable, as in flat space QFT [19]. Hence, we may obtain valid information from Eq. (26) by solving it in late time limit. That is the subject of the next section.

III. EFFECTIVE MODE FUNCTION FOR THE MMC SCALAR

The linearized effective field equation that the MMC scalar mode solution Φ(x, ⃗k) obeys is given in Eq. (26). Using Eq. (30), (31) and (33), one obtains the integro-differential equation for the one-loop correction Φ_1(η, ⃗k) to the classical mode function u(η, k)

a^2[∂^2_0 +2Ha∂_0 +k^2]Φ_1(η, k) = −

∫_0 η_i dη^′ ∫ d^3x^′M^2_1(x; x^′)u(η^′, k)e^{−i⃗k·(⃗x−⃗x ′)} = − ∫_0 η_i dη^′ ∫ d^3x^′

H^2 8π^2 a^4 ln(a)δ^4(x−x^′)u(η^′, k)e^{−i⃗k·(⃗x−⃗x ′)} = − H^2 8π^2 u(η, k) a^4 ln(a) . (38) As is discussed in Sec. II C, the only sensible and physically interesting regime in which we can solve the effective mode equation is the late time limit ln(a) ≫ 1. The zeroth order mode function u(η, k) can be replaced by its limit u(0, k) = H/ √ 2k^3 in this regime. Solving Eq. (38) in late time limit, we find

Φ_1(η, k) ∼ − 1 2^43π^2 u(0, k) { ln^2(a) − 2 3 ln(a) } , (39)

in leading logarithm orders.

The order λ^2 correction Φ_2(η, k), on the other hand, has contributions due to both oneand two-loop self-mass-squared terms. It obeys

a^2[∂^2_0 + 2Ha∂_0 + k^2]Φ_2(η, k) = − ∫_0 η_i dη^′ ∫ d^3x^′ { M^2_1(x; x^′)Φ_1(η^′, k) + M^2(x; x^′)u(η^′, k) } e^{−i⃗k·(⃗x−⃗x ′)} . (40) The first integral is evaluated, in leading logarithm order, by inserting Eqs. (27) and (39) into Eq. (40). We find − ∫_0 η_i dη^′ ∫ d^3x^′M^2_1(x; x^′)Φ_1(η^′, k) ∼

H^2 2^7 3π^4 u(0, k)a^4 [ ln^3(a) − 2 3 ln^2(a) ] . (41)

The second integral is evaluated, in late time limit, in Appendix A. Expanding in terms of powers of infrared logarithms, we find − ∫_0 η_i dη^′ ∫ d^3x^′M^2(x; x^′)u(η^′, k)e^{−i⃗k·(⃗x−⃗x ′)} −→ −u(0, k) ∫_0 η_i dη^′ ∫ d^3x^′M^2(x; x^′) ∼ H^2 2^4 3^2π^4 u(0, k)a^4 [ ln^3(a) + 23 16 ln^2(a) + ( 27 8 ln (2μ H ) − 189 32 + π^2 2 ) ln(a) ] . (42)

Using Eqs. (41) and (42) in Eq. (40) yields

a^2[∂^2_0 + 2Ha∂_0 + k^2]Φ_2(η, k) → H^2 2^73^2π^4 u(0, k)a^4 [ 11 ln^3(a) + 19 2 ln^2(a) + ( 27 ln (2μ H ) − 189 4 + 4π^2 ) ln(a) ] . (43)

In leading orders, the solution for Φ_2(η, k) is

Φ_2(η, k)∼ 1 2^83^3π^4 u(0, k) { 11 2 ln^4(a)−ln^3(a)+ [ 27 ln (2μ H ) − 185 4 +4π^2 ][ ln^2(a)− 2 3 ln(a) ]} . (44)

Thus, keeping the leading logarithm terms at each order of perturbation (i.e., in Φ_1 and Φ_2), we find that the quantum-corrected mode solution (33) asymptotes to Φ(x, ⃗k) ∼ u(0, k)e^{i⃗k·⃗x} { 1 − 1 2^43π^2 λ ln^2(a) + 11 2^93^3π^4 λ^2 ln^4(a) } + O(λ^3) . (45)

One can immediately see from Eq. (45) that perturbation theory breaks down when ln (a(t)) is of order 1/ √ λ. This, however, does not invalidate the reliability of our late time (ln(a)≫1) solution, because by choosing λ ≪ 1, as we assume in this paper, one can have a long period of time during which 1 ≪ ln(a) ≪ 1/ √ λ. Equation (45) also shows that, at t = 0, the mode solution Φ(x, ⃗k) is equal to the wellknown (Bunch-Davies) classical result u(0, k)e^{i⃗k·⃗x}. As time goes on, it decreases proportional to the factor 1 − λH^2t^2/48π^2 + O(λ^2) (the stochastic calculation of Sec. IV yields the same result). Thus, the amplitude of quantum-corrected mode function (hence, of the field) is reduced (consistent with the model developing a positive mass-squared, as one- and twoloop self-mass-squared terms and the VEV of the curvature of the potential imply; see the discussion in the next section). This means that linear perturbations do not grow in this system; therefore, it is stable.

IV. STOCHASTIC ANALYSIS

Starobinsky developed a stochastic inflation technique [6, 7] which gives the leading infrared logarithms at each order in perturbation theory. Recently, his technique was proven to all orders and extended to various models [20]. In this section, we introduce the stochastic technique briefly, and use it to calculate the quantum-corrected plane wave mode solution (8) and the VEV of the curvature (associated with the field being away from the minimum) of the potential which acts like a mass-squared in the classical action.

The equation of motion for the scalar field with quartic self-interaction in D = 3 + 1 dimensional de Sitter background is φ̈(t, ⃗x) + 3Hφ̇(t, ⃗x) − ∇^2 a^2 φ(t, ⃗x) + λ 6 φ^3(t, ⃗x) = 0 . (46)

The solution of Eq. (46) can be obtained by iterating φ(t, ⃗x) = φ_0(t, ⃗x) − λ 6 ∫_t 0 dt^′a^3(t^′) ∫ d^3x^′G_{ret}(t, ⃗x; t^′, ⃗x^′)φ^3(t^′, ⃗x^′) , (47)

where the retarded Green’s function [20] is

G_{ret} ≡

H^2 4π Θ(t−t^′) [δ(H‖⃗x−⃗x′‖ +a−1(t)−a−1(t′)) a(t)a(t^′)H‖⃗x−⃗x^′‖ +Θ(H‖⃗x−⃗x^′‖+a^{−1}(t)−a^{−1}(t^′)) ] . (48)

As in Eq. (14), the free field φ_0(t, ⃗x) can be expanded in terms of mode function u(t, k) and annihilation and creation operators α(⃗k) and α^†(⃗k), satisfying the canonical commutation relation (16) in D = 3 + 1 dimensions. Starobinsky’s stochastic technique cuts out the ultraviolet modes k > Ha of the field and applies the following rules to the equation of motion: (i) retain only the term with the smallest number of derivatives of the field, (ii) replace the field variable by a stochastic variable, and (iii) subtract the stochastic source term f for each time derivative of the field. Applying these rules to Eq. (46) yields φ̈ + 3Hφ̇ − ∇^2 a^2 φ + λ 6 φ^3 = 0 −→ 3Hφ̇ + λ 6 φ^3 = 0 −→ 3H ( ϕ̇ − f_ϕ ) + λ 6 ϕ^3 = 0 . (49)

(The scalar field φ became a stochastic field ϕ.) The source term f_ϕ is the time derivative of the infrared truncated free field (14) ϕ_0(t, ⃗x) ≡ ∫ d^3k (2π)^3 θ(Ha(t) − k) H √ 2k^3 { e^{i⃗k·⃗x} α(⃗k) + e^{−i⃗k·⃗x} α^†(⃗k) } . (50)

Here the leading infrared limit of the Bunch-Davies mode function (15) u(t, k) ∼ H/ √ 2k^3 is used. Hence, f_ϕ(t, ⃗x) ≡ ϕ̇_0(t, ⃗x) = ∫ d^3k (2π)^3 δ(k−Ha(t)) H^2 √ 2k { e^{i⃗k·⃗x} α(⃗k) + e^{−i⃗k·⃗x} α^†(⃗k) } . (51)

In Eq. (49), we obtained a Langevin-like equation which can be recast as ϕ̇(t, ⃗x) = f_ϕ(t, ⃗x) − λ 18H ϕ^3(t, ⃗x) . (52)

In this section, we use this equation to stochastically calculate (i) the VEV of the curvature associated with being away from the minimum of the potential, i.e., λ⟨Ω|ϕ^2(x)|Ω⟩/2, which acts like field-dependent mass-squared, and (ii) the quantum-corrected mode function (8), i.e., ⟨Ω|[ϕ(x), α^†(⃗k)]|Ω⟩. As a check, we calculate (i) also using perturbative QFT at oneand two-loop order and show that the two realizations agree perfectly in leading logarithm order. The quantum-corrected mode function was already obtained in Sec. III by applying QFT. Comparing Eq. (45) of Sec. III with the stochastic result for (ii) will show that the agreement is again perfect in leading logarithm order.

In stochastic calculations (i) and (ii), we express ϕ(x) in terms of the infrared truncated free field ϕ_0 perturbatively, by first integrating Eq. (52) and then iterating the result up to the desired power of λ: ϕ(t, ⃗x) = ϕ_0(t, ⃗x)− λ 18H ∫_t 0 dt^′ϕ^3(t^′, ⃗x) = ϕ_0(t, ⃗x)− λ 18H ∫_t 0 dt^′ϕ^3_0(t^′, ⃗x)+ λ^2 2^23^3H^2 ∫_t 0 dt^′ϕ^2_0(t^′, ⃗x) ∫_t′ 0 dt^{′′}ϕ^3_0(t^{′′}, ⃗x)+O(λ^3) . (53)

In the noninteracting (free) theory, ϕ(t, ⃗x) = ϕ_0(t, ⃗x). Hence, using Eq. (50), the VEV of the scalar field-strength-squared is obtained trivially in this (λ = 0) limit

⟨Ω|ϕ^2_0(x)|Ω⟩ =

H^2 4π^2 ln(a) . (54)

This stochastic result is the same as the results of Refs. [15] applying QFT.

Now we start calculating (i) the VEV λ⟨Ω|ϕ^2(x)|Ω⟩/2 in the interacting (λ ≠ 0) theory. Using Eq. (53) we find λ 2 ⟨Ω|ϕ^2(x)|Ω⟩ = λ 2 [ ⟨Ω|ϕ^2_0(x)|Ω⟩− λ 9H ∫_t 0 dt^′⟨Ω|ϕ_0(t, ⃗x)ϕ^3_0(t^′, ⃗x)|Ω⟩ ] +O(λ^3) = λ 2 [ ⟨Ω|ϕ^2_0(x)|Ω⟩− λ 3H ∫_t 0 dt^′⟨Ω|ϕ_0(t, ⃗x)ϕ_0(t^′, ⃗x)|Ω⟩⟨Ω|ϕ^2_0(t^′, ⃗x)|Ω⟩ ] +O(λ^3) . (55)

Inserting Eq. (50) into Eq. (55) yields the stochastic result λ 2 ⟨Ω|ϕ^2(x)|Ω⟩ = λ 2 [ H^2 4π^2 ln(a)− λ 3H ∫_t 0 dt^′ H^4 16 π^4 ln^2(a^′)+O(λ^2) ]

= H^2 2^3π^2 λ ln(a) [ 1− 1 2^23^2π^2 λ ln^2(a) ] +O(λ^3) . (56)

Next, we want to calculate the same VEV λ⟨Ω|ϕ^2|Ω⟩/2 using QFT. Figure 1 depicts the oneloop contribution. Hence, at one-loop order, the VEV is given in terms of the coincident

FIG. 1: Generic one-loop diagram with mass counterterm

limit of the scalar propagator and the mass counterterm δm^2: λ 2 ⟨Ω|ϕ^2|Ω⟩ = λ 2 iΔ(x; x) + δm^2 + O(λ^2) . (57)

The scalar propagator in D-dimensional locally de Sitter background is [8, 9]

iΔ(x; x^′) = H^{D−2} (4π)^D2 { − ∞∑ n=0 1 n −^D_2 + 1

Γ(n +^D_2 ) Γ(n + 1) (y 4 )_{n−} D_{2 +1} − Γ(D − 1)

Γ(^D_2 ) π cot (π D 2 )

+ ∞∑ n=1 1 n Γ(n + D − 1) Γ(n +^D_2 ) (y 4 )_n + Γ(D − 1)

Γ(^D_2 ) ln (aa^′) } . (58)

Here the modified de Sitter length function y(x; x^′) is given in terms of the de Sitter conformal coordinate interval Δx^2 (Eq. (20))

y(x; x^′) = H^2aa^′Δx^2 = H^2aa^′ [ ‖⃗x − ⃗x^′‖^2 − (|η − η^′| − iδ)^2 ] . (59)

To facilitate dimensional regularization, we express the dimension of spacetime in terms of its deviation from four: D = 4 − ϵ. Therefore, the coincident limit of the scalar propagator

iΔ(x; x) = lim_{x′→x} iΔ(x; x^′) = H^{2−ϵ} (4π)^{2− ϵ}2 Γ(3−ϵ) Γ(2−^ϵ_2 ) { 2 ln(a) + π cot (πϵ 2 )} . (60)

Because of the finite, time-dependent term in Eq. (60), we cannot make the one-loop VEV (57) vanish for all time. Our renormalization condition is that it should be zero at t = 0, which implies

δm^2 = − λH^{2−ϵ} 2^{5−ϵ}π^{2− ϵ}2

Γ (3−ϵ) Γ ( 2−^ϵ_2 )π cot (πϵ 2 ) + O(λ^2) . (61)

Therefore, Eq. (57) yields λ 2 ⟨Ω|ϕ^2|Ω⟩_{1−loop} = λH^2 8π^2 ln(a) . (62) The two-loop diagram that contributes to the VEV is known as the snowman diagram depicted on the left of Fig. 2. The right-hand side diagram depicts the one-loop mass

FIG. 2: Generic snowman diagram with mass counterterm.

counterterm which naturally combines with it (δm^2 denotes mass counterterm vertex). In Schwinger-Keldish formalism (Sec. II B) the internal vertices are summed over both + and − polarities. A simple application of Feynman rules gives λ 2 ⟨Ω|ϕ^2|Ω⟩_{2−loop} = λ 2 ∫ d^Dx^′a^{′D} { [iΔ_{++}(x; x^′)]^2 −[iΔ_{+−}(x; x^′)]^2 }{ (−iλ) 2 iΔ(x^′; x^′)−iδm^2 } . (63)

Both ++ and +− propagators are the same function (58) of the appropriate version of the modified de Sitter length function y(x; x^′). By definition (20), y_{++}(x; x^′) ≡ H^2aa^′Δx^2_{++} = y(x; x^′), given in Eq. (59). On the other hand, y_{+−}(x; x^′) ≡ H^2aa^′Δx^2_{+−}, where the coordinate interval Δx^2_{+−} is given in Eq. (21). The coincident propagator and the mass counterterm are calculated in Eqs. (60) and (61), respectively. Because both diagrams in Fig. 2 have the same lower loop, they posses the common factor given in the first curly bracket of Eq. (63). The first term in the second curly bracket comes from the left-hand side diagram, whereas the second term comes from the right-hand side diagram.

The integral in Eq. (63) is calculated explicitly in Ref. [10]. The result can be read off directly from its Eq. (61). After renormalizing the overlapping divergence −^{λ2 H2}_{27π4} (^{2π}_{Hμ} )^{ϵ ln(a)}_ϵ of the snowman diagram by the two-loop mass counterterm, one obtains λ 2 ⟨Ω|ϕ^2|Ω⟩_{2−loop} = λ^2H^2 2^7π^4 { − 4 9 ln^3(a)+ 13 18 ln^2(a)+ [ ln ( H 2μ ) + 8 3 −γ− 2 9 π^2 ] ln(a)− 238 81 + 13 54 π^2 + 4 3 ζ(3)+ a^{−3} 81 − ∞∑ n=1 n + 5 (n + 1)^3 a^{−(n+1)} +4 ∞∑ n=1 a^{−(n+2)} (n + 2)^3 +4 ∞∑ n=1 a^{−(n+3)} n(n + 3)^3 } +O(λ^3) , (64)

where the Euler’s constant γ ≃ 0.577. (The constants and exponentially decaying terms may be subsumed into the definition of the vacuum state.) Combining one- and two-loop results, Eqs. (62) and (64), we find λ 2 ⟨Ω|ϕ^2|Ω⟩ = H^2 2^3π^2 λ ln(a) [ 1− 1 2^23^2π^2 λ ln^2(a) ] +O(λ^3) , (65)

in leading logarithm order. This QFT result is exactly the same as stochastic result Eq. (56).

Until the breakdown of the perturbation theory —that occurs around λ ln^2(a) ∼ 1, as was pointed out earlier— expectation value (56) remains positive. This means that, the curvature associated with the scalar being away from the minimum of the potential assumes a growing positive expectation value which acts like a positive “mass-squared” during the process. This agrees with the decreasing mode function obtained in Eq. (45) by solving the one- and two-loop corrected effective field equation, in the context of QFT.

Next, in calculation (ii), we recompute the very same mode solution Φ(x; ⃗k) obtained in Eq. (45) using QFT. This time, however, we calculate Φ(x; ⃗k) = ⟨Ω|[ϕ(x), α^†(⃗k)]|Ω⟩ (Eq. (8)) by applying the stochastic technique to show that the two realizations yield exactly the same result, in leading logarithm order. The commutator [ ϕ(x), α^†(⃗k) ] =u(0, k)e^{i⃗k·⃗x} { 1− λ 6H ∫_t 0 dt^′ϕ^2_0(t^′, ⃗x)+ λ^2 2^2 3^2H^2 ∫_t 0 dt^′ϕ^2_0(t^′, ⃗x) ∫_t′ 0 dt^{′′}ϕ^2_0(t^{′′}, ⃗x) + λ^2 2 3^3H^2 ∫_t 0 dt^′ϕ_0(t^′, ⃗x) ∫_t′ 0 dt^{′′}ϕ^3_0(t^{′′}, ⃗x) } +O(λ^3) , (66) which implies

Φ(x; ⃗k) = ⟨ Ω | | | [ ϕ(x), α^†(⃗k) ]| |Ω ⟩ = u(0, k)e^{i⃗k·⃗x} { 1− λ 6H ∫_t 0 dt^′⟨Ω|ϕ^2_0(t^′, ⃗x)|Ω⟩ + λ^2 2^2 3^2H^2 [ ∫_t 0 dt^′ ∫_t′ 0 dt^{′′}⟨Ω|ϕ^2_0(t^′, ⃗x)|Ω⟩⟨Ω|ϕ^2_0(t^{′′}, ⃗x)|Ω⟩ +2 ∫_t 0 dt^′ ∫_t′ 0 dt^{′′} ( ⟨Ω|ϕ_0(t^′, ⃗x)ϕ_0(t^{′′}, ⃗x)|Ω⟩ )_2]

+ λ^2 2 3^2H^2 ∫_t 0 dt^′ ∫_t′ 0 dt^{′′}⟨Ω|ϕ_0(t^′, ⃗x)ϕ_0(t^{′′}, ⃗x)|Ω⟩⟨Ω|ϕ^2_0(t^{′′}, ⃗x)|Ω⟩ } + O(λ^3) . (67)

Using Eq. (50) in Eq. (67), yields Φ(x; ⃗k) = u(0, k)e^{i⃗k·⃗x} { 1− λ 6H ∫_t 0 dt^′ H^2 4π^2 ln(a^′) + λ^2 2^23^2H^2 ∫_t 0 dt^′ H^2 4π^2 ln(a^′) ∫_t′ 0 dt^{′′} H^2 4π^2 ln(a^{′′})+ λ^2 3^2H^2 ∫_t 0 dt^′ ∫_t′ 0 dt^{′′} H^4 16 π^4 ln^2(a^{′′}) } +O(λ^3) = u(0, k)e^{i⃗k·⃗x} { 1− 1 2^43π^2 λ ln^2(a)+ 11 2^93^3π^4 λ^2 ln^4(a) } + O(λ^3) . (68)

This result is in perfect agreement with Eq. (45), which is obtained by lengthy and highly nontrivial calculation using quantum field theory.

V. CONCLUSIONS

Massless, minimally coupled^λ_{4!} φ^4 on a locally de Sitter background can induce enhanced quantum effects causing super-accelerated phase of cosmic expansion, a possibility not excluded by present observations. In this paper, we have studied the stability of this system for λ ≪ 1. In Sec. II, we have obtained the quantum-corrected effective field equations at linearized order, using the fully renormalized Schwinger-Keldish self-mass-squared terms at one- and two-loop orders. In Sec. III, we have solved the effective field equations in the late time limit, i.e., for ln(a) ≫ 1, and obtained the scalar mode function in leading powers of infrared logarithms at each order of perturbation. In Sec. IV, we have used Starobinsky’s stochastic inflation technique to compute the mode function in the leading logarithm approximation and compared it with the quantum field theory result of Sec. III.

There are three main conclusions that we draw: (i) perturbation theory breaks down for ln(a(t)) ∼ 1/ √ λ. This, however, does not invalidate the reliability of our late time solutions since one can have long period of time during which 1 ≪ ln(a) ≪ 1/ √ λ for λ ≪ 1. (ii) The quantum-corrected mode function decreases in time —consistent with the field developing a positive (nontachyonic) mass-squared— starting from its initial classical (Bunch-Davies) value. This means that linear perturbations do not grow in this model. Thus, the model is stable. (iii) The results of quantum field theory and Starobinsky’s stochastic technique are in perfect agreement.

The effect can be understood physically as follows. Heisenberg’s energy-time uncertainty principle implies that virtual particle-antiparticle pairs continually emerge from the vacuum and then disappear back into it. However, massless particles which are also conformally noninvariant have a certain amplitude for appearing with wavelength greater than the inverse of the Hubble parameter. In an inflating universe, these virtual pairs are pulled apart by the Hubble flow before they find time to annihilate each other. Hence, they become real, recalling the analogy with the Hawking radiation. Therefore, one gains particles out of nothing which also means that the scalar field strength grows. In fact ⟨Ω|φ^2|Ω⟩ =^{H2}_{4π2} Ht + O(λ) in our model. Thus, inflationary particle production causes the scalar to undergo a random walk such that its average distance from the minimum of the quartic potential increases. This makes the vacuum energy larger; hence ρ̇ > 0. Now recall the covariant stress-energy conservation law ρ̇ = −3H(ρ + p). Because inflationary particle production causes ρ̇ > 0, we must have ρ + p < 0 to satisfy this law. Hence, the Weak Energy Condition is violated and the equation of state parameter w < −1. Will this effect be terminated? If the growing of the field, which generates the effect, stops, then the effect terminates. There are two causes, in the interacting theory, which would yield the growing of the field come to a halt eventually. The first cause is the classical restoring force −^λ_6 φ^3. This force pushes the field back down to the configuration where the potential is minimum, i.e., to φ = 0, as the scalar rises up its potential. The second cause is the curvature associated with field being away from the minimum of the potential, i.e.,^λ_2 φ^2 which acts like a “mass-squared.” Because^λ_2 ⟨Ω|φ^2|Ω⟩ is a growing positive real number, the scalar develops a growing positive mass. That cuts off particle production, since inflationary particle production requires effective masslessness (with respect to the Hubble parameter). Because of these two causes, the field can not continue to roll up its position. It must eventually come to a halt. In fact, Starobinsky and Yokoyama showed [7] that ⟨Ω|φ^2|Ω⟩ does asymptote to a positive constant.

APPENDIX A: INTEGRATING THE TWO-LOOP TERMS

In this appendix we calculate the integral − ∫_0 η_i dη^′ ∫ d^3x^′M^2(x; x^′)u(η^′, k)e^{−i⃗k·(⃗x−⃗x ′)} , (A1) which is a part of Eq. (40). M^2(x; x^′) is defined in Eq. (32). In the late time regime of physical interest, we replace u(η^′, k) (Eq. (15)) with its constant limit u(0, k). Moreover, as can be seen below, when ++ and +− terms are added, factors of the Heaviside function Θ(Δη − Δr) arise. They require ‖⃗x − ⃗x^′‖ ≤ η − η^′, ensuring casuality in the Schwinger- Keldish formalism. In the late time limit this means that the spatial plane wave factor e^{i⃗k·(⃗x−⃗x′)} can also be dropped in Eq. (A1), since η −η^′ → 0 in that regime. We, therefore, break the integral (A1) into a sum of six terms of the general form

∑_6

n=1 I_n(η), with I_n(η) ≡ −u(0, k) ∫_0 η_i dη^′ ∫ d^3x^′M^2_{,n}(x; x^′) . (A2)

Here, we define the integrands

M^2_{,1}(x; x^′) = i 2^{12} 3π^6 aa^′∂^4 [ ln ( μ^2Δx^2_{++} ) Δx^2_{++} − ln ( μ^2Δx^2_{+−} ) Δx^2_{+−} ] , (A3)

M^2_{,2}(x; x^′) = − iH^2 2^9π^6

(aa^′)^2∂^2 [ ln (He^3_4 2μ )(ln (μ2Δx2_{++}) Δx^2_{++} − ln ( μ^2Δx^2_{+−} ) Δx^2_{+−} )] , (A4)

M^2_{,3}(x; x^′) = − iH^2 2^{11}π^6

(aa^′)^2∂^2 [ ln^2 ( μ^2Δx^2_{++} ) Δx^2_{++} − ln^2 ( μ^2Δx^2_{+−} ) Δx^2_{+−} ] , (A5)

M^2_{,4}(x; x^′) = − iH^4 2^9π^6

(aa^′)^3

[ln2 (_{√e} 4 H^2Δx^2_{++} ) Δx^2_{++} − ln^2 (_{√e} 4 H^2Δx^2_{+−} ) Δx^2_{+−} ] , (A6)

M^2_{,5}(x; x^′) = iH^6 2^{10} 3π^6

(aa^′)^4 [ ln^3 (√e 4 H^2Δx^2_{++} ) − ln^3 (√e 4 H^2Δx^2_{+−} )] , (A7)

M^2_{,6}(x; x^′) = − 1 2^93 π^4 a^2 { ln(a)∂^2 − ( 2 ln(a)+1 ) Ha∂_0 } δ^4(x−x^′) − H^2 2^7 3^2π^4 a^4 { 4 ln^3(a)+ 23 2 ln^2(a)− [ 39+27 ln ( H 2μ ) −2π^2 ] ln(a) } δ^4(x−x^′) + H^2 2^7π^4 a^4 { a^{−3} 81 − ∞∑ n=1 n + 5 (n + 1)^3 a^{−(n+1)} +4 ∞∑ n=1 a^{−(n+2)} (n + 2)^3 +4 ∞∑ n=1 a^{−(n+3)} n(n + 3)^3 } δ^4(x−x^′) . (A8)

We evaluate I_1(η) and I_3(η) explicitly to illustrate the relevant calculation techniques and give only the final answers for the remaining four that can be obtained similarly. The first integral is I_1(η) ≡ −u(0, k) ∫_η η_i dη^′ ∫ d^3x^′M^2_{,1}(x; x^′) . (A9)

It is useful to break up the logarithms in M^2_{,1} as

ln(μ^2Δx^2) = ln (H 2Δx2 4 ) + 2 ln (2μ H ) . (A10)

We then partially integrate the inverse powers of Δx^2, using the identities ln (H^2Δx^2) Δx^2 = ∂^2 8 ln^2 ( H^2Δx^2 ) − 1 Δx^2

, (A11) 1 Δx^2 = ∂^2 4 ln ( H^2Δx^2 ) . (A12)

Because the integral is over x^{′μ}, the derivatives with respect to x^μ can be taken outside the integral. The remaining integrand possesses only logarithmic singularities. There is no distinction between the ++ and +− terms at this stage. We define the temporal and spatial intervals Δη ≡ η − η^′ and Δr ≡ ‖⃗x − ⃗x^′‖, respectively. The ++ and +− terms cancel for Δη < 0, so we can restrict the integration to Δη > 0. Then, the logarithms can be expanded as ln (H 2 4 Δx^2_{+±} ) = ln (H 2 4 (Δη^2 −Δr^2) ) ± iπΘ(Δη^2 −Δr^2) . (A13)

Making the change of variables ⃗r = ⃗x − ⃗x^′ and performing the angular integrals yield

I_1(η) =− 1 2^{11} 3π^4 u(0, k)a ∂^6_0 ∫_η η_i dη^′a^′ ∫_{Δη} 0 dr r^2 [ ln (H 2 4 (Δη^2 −Δr^2) ) +2 ln (2μ H ) −1 ] , where the initial time η_i ≡ −H^{−1}. Next, we make the change of variables r ≡ Δη z and perform the integration over z, using ∫_1 0 dzz^2 ln (1−z2 4 ) = − 8 9 . (A14)

The result is

I_1(η) =− 1 2^{10} 3^2π^4 u(0, k)a ∂^3_0 ∫_η η_i dη^′a^′∂^3_0 [ Δη^3 ( ln(HΔη)+ln (2μ H ) − 11 6 )] . (A15)

Note that, owing to the factor Δη^3, three of the external derivatives were brought inside the integral. This cubic derivative gives 6 ln(2μΔη), when it acts upon the terms inside the square bracket. At this stage, one makes the change of variables η^′ = −(Ha^′)^{−1} and looks up the relevant integral, Eq. (B1), from Appendix B. Acting on the remaining derivatives using ∂_0 = Ha^{2 ∂}_{∂a} , one obtains

I_1(η) =

H^2 2^8 3π^4 u(0, k)a^4 { ln(a) − ln (2μ H ) + 3 2 + ∞∑ n=1 (n − 1)(n − 2) 2n a^{−n} } . (A16)

Evaluation of I_2(η), defined by Eqs. (A2) and (A4), is similar to that of I_1(η). Using Eqs. (A10)-(A14) and (B2) yields

I_2(η) =

H^2 2^6π^4 ln (He^3_4 2μ ) u(0, k)a^4 { ln(a) − ln (2μ H ) + 1 − ln ( 1− 1 a ) − a^{−1} } . (A17)

Next, we explicitly evaluate I_3(η) ≡ −u(0, k) ∫_η η_i dη^′ ∫ d^3x^′M^2_{,3}(x; x^′) , (A18)

where M^2_{,3} is given in Eq. (A5). We break up the logarithm squared in M^2_{,3} as

ln^2(μ^2Δx^2) = ln^2 (H 2Δx2 4 ) + 4 ln (2μ H ) ln (H 2Δx2 4 ) + 4 ln^2 (2μ H ) . (A19)

Then, we use the identity ln^2 (H^2Δx^2) Δx^2 = ∂^2 12 ln^3 ( H^2Δx^2 ) − ∂^2 4 ln^2 ( H^2Δx^2 ) + 2 Δx^2

(A20)

and Eqs. (A12), (A13). To evaluate the radial integral, we make the change of variables r ≡ Δηz and use Eq. (A14) and the integral ∫_1 0 dzz^2 ln^2 (1−z2 4 ) = 104 27 − π^2 9 . (A21)

We find

I_3(η) =−

H^2 2^8 3π^4 u(0, k)a^2 ∂_0 ∫_η η_i dη^′a^{′2}∂^3_0 [ Δη^3 ( ln^2(HΔη)+A ln(HΔη) + B )] , (A22)

where A ≡ 2 ln (2μ/H)−11/3 and B ≡ ln^2 (2μ/H) − (11/3) ln (2μ/H) + 85/18 − π^2/6. The cubic derivative in the integrand yields 6 ln^2(2μΔη) − π^2, when it acts upon the terms inside the square bracket. Making the change of variables η^′ = −(Ha^′)^{−1} and using Eqs. (B2)-(B6) and ∂_0 = Ha^{2 ∂}_{∂a} , one obtains

I_3(η) =

H^2 2^6π^4 u(0, k)a^4 { − 1 2 ln^2(a)+ [ ln (2μ H ) −1 ] ln(a) − [1 2 ln (2μ H ) −1+a^{−1} ] ln (2μ H ) − π^2 12 − [ ln (2μ H ) +a^{−1} ] ln ( 1− 1 a ) − 1 2 ln^2 ( 1− 1 a ) − ∞∑ n=1 (n − 1) n^2 a^{−n} } . (A23)

Evaluation of I_4(η), defined by Eqs. (A2) and (A6), is similar to that of I_3(η). Using Eqs. (A12)-(A14), (A19)-(A21), (B2), (B3), (B6) and (B7) yields

I_4(η)=

H^2 2^6π^4 u(0, k)a^4 { ln^2(a) − 1 2 ln(a)+ 1 16 + π^2 6 + [1 2 +a^{−1} − 3 2 a^{−2} ] ln ( 1− 1 a )

+ [ 1−2a^{−1} +a^{−2} ] ln^2 ( 1− 1 a ) − [13 8 − π^2 3 ] a^{−1} + [25 16 − π^2 6 ] a^{−2} − 2 ∞∑ n=1 a^{−n} n^2 } . (A24)

To evaluate I_5(η), we expand ln^3 (√ eH^2Δx^2/4 ) = [ ln ( H^2Δx^2/4 ) + (1/2)

]_3

and use Eqs. (A13), (A14), (A21) and (B5)-(B8). The result is

I_5(η)=

H^2 2^5 3^2π^4 u(0, k)a^4 { ln^3(a) − 9 4 ln^2(a) + [15 16 + π^2 2 ] ln(a)− 2035 288 + π^2 6 + [71 12 − 25 2 a^{−1} + 35 4 a^{−2} − 13 6 a^{−3} ] ln ( 1− 1 a ) − [11 2 −9a^{−1} + 9 2 a^{−2} −a^{−3} ] ln^2 ( 1− 1 a )

+ [671 48 − 3π^2 2 ] a^{−1} − [883 96 − 3π^2 4 ] a^{−2} +

[329 144 − π^2 6 ] a^{−3} −6 ∞∑ n=1 a^{−n} n^2 [ ψ(n)+γ− 3 4 − 1 n ]} , (A25)

where the Digamma function ψ(n) ≡ −γ + ∑_{n−1} k=1 k^{−1} and Euler’s gamma γ ≃ 0.577. It is straightforward to show that the remaining integral

I_6(η) =

H^2 2^53^2π^4 u(0, k)a^4 { ln^3(a)+ 23 8 ln^2(a)+ [27 4 ln (2μ H ) − 39 4 + π^2 2 ] ln(a)− 1 36 a^{−3} + 9 4 ∞∑ n=1 n + 5 (n + 1)^3 a^{−(n+1)} −9 ∞∑ n=1 a^{−(n+2)} (n + 2)^3 −9 ∞∑ n=1 a^{−(n+3)} n(n + 3)^3 } . (A26)

Summing the six terms gives the total two-loop contribution in Eq. (40) − ∫_η η_i dη^′ ∫ d^3x^′M^2(x; x^′)u(η^′, k)e^{−i⃗k·(⃗x−⃗x ′)} −→ 6∑ n=1 I_n(η) = H^2 2^4 3^2π^4 u(0, k)a^4 { ln^3(a)+ 23 16 ln^2(a)+ [ 27 8 ln (2μ H ) − 189 32 + π^2 2 ] ln(a) + [ 9 8 ln (2μ H ) − 15 8 ] ln (2μ H ) − 205 144 + 13 48 π^2 + [ 115 48 − 25 4 a^{−1} +a^{−2} − 13 12 a^{−3} ] ln ( 1− 1 a )

− [ 13 8 − a^{−3} 2 ] ln^2 ( 1− 1 a ) + 79 48 a^{−1} − 13 12 a^{−2} + [ 325 288 − π^2 12 ] a^{−3} + 9 8 ∞∑ n=1 n+5 (n+1)^3 a^{−(n+1)}

− 9 2 ∞∑ n=1 a^{−(n+2)} (n+2)^3 − 9 2 ∞∑ n=1 a^{−(n+3)} n(n+3)^3 + 3 8 ∞∑ n=1 [ n 4 − 3 4 − 11 2n − 8 n^2 ( ψ(n)+γ− 1 n )] a^{−n} } . (A27)

APPENDIX B: USEFUL INTEGRAL IDENTITIES

In Appendix A, to calculate the temporal integrations over η^′, we make the change of variables η^′ = −(Ha^′)^{−1}, and use the following integral identities: ∫_a 1 da^′ a^′ ln ( 1 a^′ − 1 a ) = − 1 2 ln^2(a)− ∞∑ n=1 (1−a^{−n}) n^2

, (B1) ∫_a 1 da^′ ln ( 1 a^′ − 1 a ) = −a ln(a) + (a − 1) ln ( 1− 1 a ) , (B2)

∫_a 1 da^′a^′ ln ( 1 a^′ − 1 a ) = − a^2 2 ln(a)− 1 2 (a^2 −a)+ 1 2 (a^2 −1) ln ( 1− 1 a ) , (B3) ∫_a 1 da^′a^{′2} ln ( 1 a^′ − 1 a ) = − a^3 3 ln(a)− a^3 2 + a^2 3 + a 6 + 1 3 (a^3 − 1) ln ( 1− 1 a ) , (B4) ∫_a 1 da^′ a^′ ln^2 ( 1 a^′ − 1 a ) = 1 3 ln^3(a)+ π^2 3 ln(a)+2 ∞∑ n=1 (1−a^{−n}) n^2 [ ψ(n)+γ− 1 n ] , (B5)

where ψ(n) is the Digamma function and γ is the Euler’s constant, as defined in Appendix A, ∫_a 1 da^′ ln^2 ( 1 a^′ − 1 a ) = a ln^2(a) + 2a ∞∑ n=1 (1 − a^{−n}) n^2

+ (a − 1) ln^2 ( 1− 1 a ) , (B6) ∫_a 1 da^′a^′ ln^2 ( 1 a^′ − 1 a ) = a^2 2 ln^2(a)+a^2 ln(a)+a^2 ∞∑ n=1 (1−a^{−n}) n^2 − a(a−1) ln ( 1− 1 a )

+ 1 2 (a^2 −1) ln^2 ( 1− 1 a ) , (B7) ∫_a 1 da^′a^{′2} ln^2 ( 1 a^′ − 1 a ) = a^3 3 ln^2(a)+a^3 ln(a)+ a^2 3 (a − 1) + 2 3 a^3 ∞∑ n=1 (1−a^{−n}) n^2 − a 3 (a−1)(3a + 1) ln ( 1− 1 a ) + 1 3 (a^3 −1) ln^2 ( 1− 1 a ) . (B8)

Acknowledgments

The authors thank Richard Woodard for his guidance and stimulating discussions. EOK is grateful to Nikolaos Tsamis for his hospitality during a recent visit to the University of Crete. EOK was supported by NSF grant PHY-0244714 and by the Institute for Fundamental Theory at the University of Florida. VKO was supported by European Commission Marie Curie Fellowship FP-6-012679 and by the Institute of Plasma Physics at the University of Crete.

[1] A. Riess et al., Astron. J. 116, 1009 (1998); S. J. Perlmutter et al., Astrophys. J. 517, 565

(1999); A. Riess et al., Astrophys. J. 607, 665 (2004); P. Astier et al., Astron. Astrophys. 447,

31 (2006); D. J. Eisenstein et al., Astrophys. J. 633, 560 (2005); D. N. Spergel et al., astro-

ph/0603449.

[2] R. R. Caldwell, Phys. Lett. B 545, 23 (2002); U. Alam, V. Sahni, T. D. Saini and A. A. Starobinsky, Mon. Not. R. Astron. Soc. 354, 275 (2004); T. R. Choudhury and T. Padmanabhan, Astron. Astrophys. 429, 807 (2005); Y. Wang and P. Mukherjee, Astrophys. J. 606, 654 (2004); 650, 1 (2006); astro-ph/0703780; Y. Gong, Int. J. Mod. Phys. D 14, 599 (2005); S. Nesseris and L. Perivolaropoulos, Phys. Rev. D 70, 043531 (2004); J. Cosmol. Astropart. Phys. 0701 (2007) 018; 0702 (2007) 025; B. Feng, X. Wang, and X. Zhang, Phys. Lett. B 607, 35 (2005); P. S. Corasaniti, M. Kunz, D. Parkinson, E. J. Copeland, and B. A. Bassett, Phys. Rev. D 70, 083006 (2004); M. C. Bento, O. Bertolami, N. M. C. Santos, and A. A. Sen, Phys. Rev. D 71, 063501 (2005); L. Perivolaropoulos, Phys. Rev. D 71, 063503 (2005); R. Lazkoz, S. Nesseris and L. Perivolaropoulos, J. Cosmol. Astropart. Phys. 0511 (2005) 010; X. Zhang and F-Q. Wu, Phys. Rev. D 72, 043524 (2005); A. Upadhye, M. Ishak, and P. J. Steinhardt, Phys. Rev. D 72, 063501 (2005); M. S. Movahed and S. Rahvar, Phys. Rev. D 73, 083518 (2006); Y. Wang, Astrophys. J. 647, 1 (2006); H. K. Jassal, J. S. Bagla, and T. Padmanabhan, Phys. Rev. D 72, 103503 (2005); J-Q. Xia, G-B. Zhao, B. Feng, H. Li, and X. Zhang, Phys. Rev. D 73, 063521 (2006); G-B. Zhao, J-Q. Xia, B. Feng, and X. Zhang, astro-ph/0603621; P-X. Wu and H-W. Yu, Phys. Lett. B 643, 315 (2006); 644, 16 (2007); H. Li, M. Su, Z. Fan, Z. Dai, and X. Zhang, astro-ph/0612060.

[3] S. M. Carroll, A. De Felice, and M. Trodden, Phys. Rev. D 71, 023525 (2005); A. Lue and G. D. Starkman, Phys. Rev. D 70, 101501 (2004); Z-K. Guo, R-G. Cai, and Y-Z. Zhang, J. Cosmol. Astropart. Phys. 0505 (2005) 002; E. Elizalde, S. Nojiri, and S. D. Odintsov, Phys. Rev. D 70, 043539 (2004); S. Nojiri, S. D. Odintsov, and S. Tsujikawa, Phys. Rev. D 71, 063004 (2005); F. Briscese, E. Elizalde, S. Nojiri, and S. D. Odintsov, Phys. Lett. B 646, 105 (2007); H. Wei, R-G. Cai, and D-F. Zeng, Classical Quantum Gravity 22, 3189 (2005); X-F. Zhang, H. Li, Y-S. Piao, and X-M. Zhang, Mod. Phys. Lett. A 21, 231 (2006); R. Curbelo, T. Gonzalez, and I. Quiros, Classical Quantum Gravity 23, 1585 (2006); B. Gumjudpai, T. Naskar, M. Sami, and S. Tsujikawa, J. Cosmol. Astropart. Phys. 0506 (2005) 007; F. S. N. Lobo, Phys. Rev. D 71, 084011 (2005); L. P. Chimento, Phys. Lett. B 633, 9 (2006); G. M. Hossain, Classical Quantum Gravity 22, 2653 (2005); N. Bilic, G. B. Tupper, and R. D. Viollier, J. Cosmol. Astropart. Phys. 0602 (2006) 013; R. Lazkoz and G. Leon, Phys. Rev. D 71, 123516 (2005); H-Y. Liu, H-Y. Liu, B-R. Chang, and L-X. Xu, Mod. Phys. Lett. A 20, 1973 (2005); M. Sami, A. Toporensky, P. V. Tretjakov, and S. Tsujikawa, Phys. Lett. B 619, 193 (2005);

R. J. Scherrer, Phys. Rev. D 71, 063519 (2005); H. Stefancic, Phys. Rev. D 71, 084024 (2005); 71, 124036 (2005); X. Zhang, Int. J. Mod. Phys. D 14, 1597 (2005); J. Sola and H. Stefancic, Phys. Lett. B 624, 147 (2005); C. Armendariz-Picon and E. A. Lim, J. Cosmol. Astropart. Phys. 0508 (2005) 007; L. P. Chimento and D. Pavon, Phys. Rev. D 73, 063511 (2006); S. Nojiri and S. D. Odintsov, Phys. Lett. B 562, 147 (2003); Phys. Rev. D 71, 063004 (2005); 72, 023003 (2005); Gen. Relativ. Gravit. 38, 1285 (2006); I. Ya. Aref’eva, A. S. Koshelev, and S. Yu. Vernov, Phys. Lett. B 628, 1 (2005); Phys. Rev. D 72, 064017 (2005); C. Csaki, N. Kaloper, and J. Terning, Ann. Phys. (N.Y.) 317, 410 (2005); J. Cosmol. Astropart. Phys. 0606 (2006) 022; Y-H. Wei, Mod. Phys. Lett. A 20, 1147 (2005); L. A. Urena-Lopez, J. Cosmol. Astropart. Phys. 0509 (2005) 013; S. Das and N. Banerjee, Gen. Relativ. Gravit. 38, 785 (2006); B. McInnes, Nucl. Phys. B718, 55 (2005); B730, 50 (2005); U. Franca, Phys. Lett. B 641, 351 (2006); P-X. Wu and H-W. Yu, Nucl. Phys. B727, 355 (2005); Int. J. Mod. Phys. D 14, 1873 (2005); S. Hannestad, Phys. Rev. D 71, 103519 (2005); Phys. Rev. Lett. 95, 221301 (2005); Int. J. Mod. Phys. A 21, 1938 (2006); W. Zhao and Y. Zhang, Classical Quantum Gravity 23, 3405 (2006); G. Kofinas, G. Panotopoulos, and T. N. Tomaras, J. High Energy Phys. 0601 (2006) 107; A. A. Andrianov, F. Cannata, and A. Y. Kamenshchik, Phys. Rev. D 72, 043531 (2005); Int. J. Mod. Phys. D 15, 1299 (2006); E. J. Copeland, M. Sami, and S. Tsujikawa, Int. J. Mod. Phys. D 15, 1753 (2006); F. Cannata and A. Y. Kamenshchik, gr-qc/0603129; S. L. Cherkas and V. L. Kalashnikov, gr-qc/0604020; C. J. Gao and S. N. Zhang, hepth/0604114; W. Zhao and Y. Zhang, Phys. Lett. B 640, 69 (2006); W. Zhao, Phys. Rev. D 73, 123509 (2006); A. K. Sanyal, Int. J. Mod. Phys. A 22, 1301 (2007); D. Rapetti, S. W. Allen, M. A. Amin, and R. D. Blandford, Mon. Not. R. Astron. Soc. 375, 1510 (2007); I. Ya. Aref’eva and A. S. Koshelev, J. High Energy Phys. 0702 (2007) 041; M. Garny, Phys. Rev. D 74, 043009 (2006); M. P. Dabrowski, Phys. Lett. B 625, 184 (2005); Ann. Phys. (Leipzig) 15, 352 (2006); M. P. Dabrowski and T. Stachowiak, Ann. Phys. (N.Y.) 321, 771 (2006), M. P. Dabrowski, C. Kiefer, and B. Sandhofer, Phys. Rev. D 74, 044022 (2006); P. S. Apostolopoulos and N. Tetradis, Phys. Rev. D 74, 064021 (2006); R. Lazkoz, R. Maartens, and E. Majerotto, Phys. Rev. D 74, 083510 (2006); Z-K. Guo, Y-S. Piao, X. Zhang, and Y-Z. Zhang, Phys. Rev. D 74, 127304 (2006); S. K. Srivastava, Phys. Lett. B 619, 1 (2005); 643, 1 (2006); Int. J. Mod. Phys. A 22, 1123 (2007); H. Mohseni Sadjadi and M. Honardoost, Phys. Lett. B 647, 231 (2007); Z. G. Huang, H. Q. Lu, and W. Fang, Classical Quantum Gravity 23, 6215 (2006);

W. Fang, H. Q. Lu, Z. G. Huang, and K. F. Zhang, Int. J. Mod. Phys. D 15, 199 (2006); Z. G. Huang, X. H. Li, and Q. Q. Sun, hep-th/0610019; H. Mohseni Sadjadi and M. Alimohammadi, Phys. Rev. D 74, 103007 (2006); M. R. Setare, Phys. Lett. B 641, 130 (2006); 648, 329 (2007); Eur. Phys. J. C 50, 991 (2007); H. Zhang and Z-H. Zhu, Phys. Rev. D 75, 023510 (2007); astro-ph/0703245; S. Winitzki, gr-qc/0612164; L. Amendola, R. Gannouji, D. Polarski, and S. Tsujikawa, Phys. Rev. D 75, 083504 (2007); S. Yu. Vernov, astro-ph/0612487; H. Wei, N-N. Tang, and S. N. Zhang, Phys. Rev. D 75, 043009 (2007); Y-F. Cai, M. Li, J- X. Lu, Y-S. Piao, T. Qiu, and X. Zhang, hep-th/0701016; R. Lazkoz, G. Leon, and I. Quiros, Phys. Lett. B 649, 103 (2007); H. M. Sadjadi, J. Cosmol. Astropart. Phys. 0702 (2007) 026; A. S. Koshelev, J. High Energy Phys. 0704 (2007) 029; I. Ya. Aref’eva, L. V. Joukovskaya, and S. Yu. Vernov, J. High Energy Phys. 0707 (2007) 087; S. Fay, R. Tavakol, and S. Tsujikawa, Phys. Rev. D 75, 063509 (2007); A. Sheykhi, B. Wang, and N. Riazi, Phys. Rev. D 75, 123513 (2007); J. Ren, X-H. Meng, and L. Zhao, arXiv:0704.0672; Y-F. Cai, T. Qiu, Y-S. Piao, M. Li, and X. Zhang, arXiv:0704.1090; D. Samart and B. Gumjudpai, arXiv:0704.3414; T. Naskar and J. Ward, arXiv:0704.3606; L. Fernandez-Jambrina, arXiv:0704.3936; L. Amendola and S. Tsujikawa, arXiv:0705.0396; M. S. Movahed, S. Baghram, and S. Rahvar, arXiv:0705.0889; H. Wei and S. N. Zhang, arXiv:0705.4002; S. Capozziello, P. K. S. Dunsby, E. Piedipalumbo, and C. Rubano, arXiv:0706.2615; J. C. C. de Souza and V. Faraoni, Classical Quantum Gravity 24, 3637 (2007); S. Yin, B. Wang, E. Abdalla, and C-Y. Lin, arXiv:0708.0992.

[4] S. M. Carroll, M. Hoffman, and M. Trodden, Phys. Rev. D 68, 023509 (2003); J. M. Cline, S. Y. Jeon, and G. D. Moore, Phys. Rev. D 70, 043543 (2004); S. D. H. Hsu, A. Jenkins, and M. B. Wise, Phys. Lett. B 597, 270 (2004); A. Vikman, Phys. Rev. D 71, 023515 (2005); A. Dolgov and D. N. Pelliccia, Nucl. Phys. B734, 208 (2006); R. V. Buniy and S. D. H. Hsu, Phys. Lett. B 632, 543 (2006); R. V. Buniy, S. D. H. Hsu, and B. M. Murray, Phys. Rev. D 74, 063518 (2006); C. G. Boehmer and T. Harko, Gen. Relativ. Gravit. 39, 757 (2007); I. Ya. Aref’eva and I. V. Volovich, hep-th/0612098; Y. Gong and A. Wang, arXiv:0705.0996.

[5] L. Parker and A. Raval, Phys. Rev. D 60, 063512 (1999); Phys. Rev. Lett. 86, 749 (2001);

L. Parker and D. A. T. Vanzella, Phys. Rev. D 69, 104009 (2004); R. R. Caldwell, W. Komp, L. Parker, D. A. T. Vanzella, Phys. Rev. D 73, 023513 (2006).

[6] A. A. Starobinsky, in Field Theory, Quantum Gravity and Strings, edited by H. J. de Vega and N. Sanchez (Sringer-Verlag, Berlin, 1986), pp. 107-126.

[7] A. A. Starobinsky and J. Yokoyama, Phys. Rev. D 50, 6357 (1994). [8] V. K. Onemli and R. P. Woodard, Classical Quantum Gravity 19, 4607 (2002). [9] V. K. Onemli and R. P. Woodard, Phys. Rev. D 70, 107301 (2004). [10] T. Brunier, V. K. Onemli, and R. P. Woodard, Classical Quantum Gravity 22, 59 (2005). [11] R. P. Woodard, in Norman 2003, Quantum Field Theory under the Influence of External Conditions, (Rinton Press, Princeton, 2004) edited by K. A. Milton, pp. 325-330.

[12] Quantum effects of various particles during inflation include: T. Prokopec, N. C. Tsamis, and R. P. Woodard, Classical Quantum Gravity 24, 201 (2007); arXiv:0707.0847; S- P. Miao and R. P. Woodard, Classical Quantum Gravity 23, 1721 (2006); E. O. Kahya and R. P. Woodard, Phys. Rev. D 72, 104001 (2005); N. C. Tsamis and R. P. Woodard, Ann. Phys. (N.Y.) 321, 875 (2006); L. D. Duffy and R. P. Woodard, Phys. Rev. D 72, 024023 (2005); T. Prokopec and R. P. Woodard, Ann. Phys. (N.Y.) 312, 1 (2004); J. High Energy Phys. 0310 (2003) 059; Am. J. Phys. 72, 60 (2004); T. Prokopec, O. Tornkvist, and R. P. Woodard, Ann. Phys. (N.Y.) 303, 251 (2003); Phys. Rev. Lett. 89, 101301 (2002); L. R. Abramo and R. P. Woodard, Phys. Rev. D 65, 063516 (2002); S. Weinberg, Phys. Rev. D 72, 043514 (2005); 74, 023508 (2006); M. S. Sloth, Nucl. Phys. B748, 149 (2006); B775, 78 (2007); M. van der Meulen and J. Smit, arXiv:0707.0842; D. Seery, arXiv:0707.3377; arXiv:0707.3378.

[13] J. Schwinger, J. Math. Phys. 2, 407 (1961); L. V. Keldysh, Sov. Phys. JETP 20 1018 (1965). [14] R. D. Jordan, Phys. Rev. D 33, 444 (1986).

[15] A. Vilenkin and L. H. Ford, Phys. Rev. D 26, 1231 (1982); A. D. Linde, Phys. Lett. B 116, 335 (1982); A. A. Starobinsky, Phys. Lett. B 117, 175 (1982).

[16] S. P. Miao and R. P. Woodard, Phys. Rev. D 74 024021 (2006); S. P. Miao, arXiv:0705.0767. [17] E. O. Kahya and R. P. Woodard, Phys. Rev. D 74, 084012 (2006).

[18] N. D. Birrel and P. C. W. Davies, Quantum fields in curved space (Cambridge University Press, Cambridge, England, 1982).

[19] J. D. Bjorken and S. D. Drell, Relativistic Quantum Fields (McGraw-Hill, New York, 1965). [20] R. P. Woodard, Nucl. Phys. B, Proc. Suppl. 148, 108 (2005); N. C. Tsamis and R. P. Woodard, Nucl. Phys. B724, 295 (2005); S. P. Miao and R. P. Woodard, Phys. Rev. D 74, 044019 (2006).