arXiv:gr-qc/0612094v4 1 May 2007

gr-qc/yymmnnn

Formation of Three-Dimensional Black Strings from Gravitational Collapse of Dust Cloud

Seungjoon Hyun^{a,c∗}, Jaehoon Jeong^{a†}, Wontae Kim^{b,c‡}, and John J. Oh^{a§}

a Institute of Physics and Applied Physics, Yonsei University, Seoul, 120-749, Korea b Department of Physics, Sogang University, Seoul, 121-742, Korea c Center for Quantum Space-time, Sogang University, Seoul, 121-742, Korea

Abstract We study the formation of black strings from a gravitational collapse of cylindrical dust clouds in the three-dimensional low-energy string theory. New junction conditions for the dilaton as well as two junction conditions for metrics and extrinsic curvatures between both regions of the clouds are presented. As a result, it is found that the collapsing dust cloud always collapses to a black string within a finite collapse time, and then a curvature singularity formed at origin is cloaked by an event horizon. Moreover, it is also shown that the collapse process can form a naked singularity within finite time, regardless of the choice of initial data.

PACS numbers: 04.20.Jb, 04.50.+h, 04.90.+e

Typeset Using L^ATEX

∗email:hyun@phya.yonsei.ac.kr †email:jejechi@gmail.com ‡email:wtkim@sogang.ac.kr §email:john5@yonsei.ac.kr

1 Introduction

One of important questions in general relativity is on the final fate of gravitationally collapsing compact objects such as massive stars. This question, to some extent, was answered by the singularity theorems in late sixties [1], in which the gravitationally collapsing physically reasonable matter always gives rise to an emergence of spacetime singularities. However, they did not present any informations on their physical properties - for example, how about their energy densities, spacetime curvatures, and causal structures. The answers on these issues can be provided by means of the study of gravitational collapse in the context of general relativity. The first theoretical study of collapsing homogeneous dust ball was achieved by Oppenheimer and Snyder [2]. They considered the interior metric describing the evolution of homogeneous dust as the Friedmann-Robertson-Walker (FRW) metric and matched it with the exterior Schwarzschild black hole solution on the edge of the dust cloud. As a result, they examined the dynamical evolution of spherically collapsing dust clouds and found that the collapse forms a Schwarzschild black hole as an outcome of the gravitational collapse. Many extensive studies on the gravitational collapse and a naked singularity have been done for more realistic case of inhomogeneous dust [3, 4, 5], matters with pressure [6], non-spherical symmetric matters [7], and scalar fields [8, 9, 10], which are based on the context of general relativity in four dimensions.

On the other hand, after the discovery of the black hole solution in (2+1) dimensions [11], the issue on the gravitational collapse became more intriguing in connection with the black hole formation and the naked singularity in anti-de Sitter (AdS) spacetimes. In the context of general relativity, several issues of the gravitational collapse have been extensively studied for a disk of pressureless dust ball [12], a formation of conical singularities [13], a black hole formation from colliding point particles [14], the critical phenomena of black hole formation [15], collapsing shell of radiation [16], and thinshells of various sorts of matter including presureless dust, polytropic fluids (and perfect fluids), and the generalized Chaplygin gas (GCG) [17], which are consistent with other results in four and two dimensions as well [18]. However, very little study on this issue in the framework of string theory has been done to date, despite it has been regarded as a promising candidate of quantum gravity. The central reason of this might be due to the difficulty of solving equations of motion with the dilaton and other charges. The gravitational collapse in two-dimensional dilaton gravity and matching conditions were investigated in ref. [18], which is the only study on the relevant issue in the viewpoint of the string theory. In this sense, it is interesting to study the issues on the gravitational collapse in the framework of string theory.

In this paper, the gravitationally collapsing cylindrical dust clouds in (2+1)-dimensional low-energy string theory is considered. As is well-known, there are two classes of solutions - one is the Banados- Teitelboim-Zanelli (BTZ) type black hole solution with a constant dilaton, another is the asymptotically flat black string solution with a nontrivial dilaton configuration, which are connected by T -dual symmetry [19]. In order to deal with the collapse problem in string theory appropriately, apart from the study in general relativity, one must require some additional matching conditions for the field contents in string theory (for example, the dilaton field and the Neveu-Schwarz (NS) two-form field), which will alter the equation of motion and determine the dynamical evolution of the collapsing matter.

The main interest in our study is to see if the cylindrical pressureless dust collapses to either a black string solution or a naked singularity, comparing it with the results in AdS spacetimes and BTZ black holes [12, 17]. In section 2, the black string solution is taken as an exterior spacetime and junction conditions on the edge regarding various fields in string theory are derived. In section 3, this solution is matched to the exterior metric and exact solutions describing the evolution of the radius of edge are found. In section 4, the time-dependent collapsing solutions in the interior space are found on the edge. In section 5, the collapse of dust clouds in Minkowski spacetimes is investigated. Finally, we summarize and discuss our results in section 6.

2 The Exterior Black String Metric and Matching Conditions

Let us start with the neutral sector of the three-dimensional low-energy string theory, S_{tot} = 1 2κ^2 ∫ dx^3 √ −ge^{−2ϕ} [ R + 4(∇ϕ)^2 + 4 ℓ^2 ] + S_M, (2.1)

where κ^2 ≡ 8πG_{(3)}, ℓ^{−2} = −Λ is a negative cosmological constant, and S_M is a matter action. Varying (2.1) yields equations of motion,

e^{−2ϕ}(R_{μν} + 2∇_μ∇_ν ϕ) = κ^2T^M_{μν} , (2.2) R − 4(∇ϕ)^2 + 4□ϕ + 4 ℓ^2

= 0, (2.3)

where T^M_{μν} ≡ 2δS_M/ √ −gδg^{μν} = ρu_μu_ν . Equations of motion (2.2) and (2.3) lead to a set of static uncharged black string solutions,

(ds)^2 = −F(R)dT^2 + ℓ^2dR^2 4R^2F (R)

+ dx^2, (2.4) ϕ(R) = − 1 2 ln(Rℓ), (2.5)

where F(R) = 1 − M R , (2.6)

which are dual to the three-dimensional BTZ black hole solution with the constant dilaton field [19]. Note that {T, R, x} is a coordinate system describing the exterior spacetime.

To derive junction conditions on the edge, let us define a distribution function as Θ(L) ≡ 1 (0) for L > 0 (L < 0), where L is a geodesic coordinate. This distribution function has the following properties,

Θ(L)Θ(−L) = 0, Θ^2(±L) = Θ(±L), d dL Θ(L) = δ(L), (2.7)

where δ(L) is a Dirac’s delta function. Decomposing the metric and the dilaton, g_{μν} = Θ(L)g^+_{μν} + Θ(−L)g^−_{μν} and ϕ = Θ(L)ϕ^+ + Θ(−L)ϕ^−, where (+) and (−) denote the outer and the inner spacetimes, respectively, then the first junction conditions from the continuity of their first derivatives are found,

[g_{ij} ] = 0, [ϕ] = 0, (2.8) where [A] ≡ A^+ −A^−. The second derivatives of the metric and the dilaton field will produce the second junction conditions . Since the second derivative of the metric depends on the extrinsic curvature along the hypersurface of the edge, the second junction condition becomes

[K_{ij} ] = 0, (2.9)

while the second junction condition for the dilaton field to the tangential direction identically vanishes since its first derivative is normal to the hypersurface.^{12} However, the condition to the normal direction is given by [n^α∂_αϕ] = 0, (2.10) in the absence of the dilaton source on the hypersurface.^3

First of all, we need to investigate the junction condition of the dilaton to the normal direction, eq. (2.10), which is expressed in the form of 2 ℓ F Ṫ = n^r∂_rϕ, (2.11)

where n^α is a normal vector to the hypersurface. Since there exists a nontrivial dilaton radiation toward the normal direction [25], the inner configuration of the dilaton field cannot have a homogeneous one such as ϕ = ϕ(t), instead it should be at least ϕ = ϕ(t, r). Otherwise, Ṫ = 0 leads to a strong restriction to the equation of motion, which admits a solution, starting to collapse only from the inside an event horizon and this is not what we wish.

In general, the collapse of dust ball with a non-trivial dilaton field is expected to have a timedependent exterior solution since there obviously exists a dilaton radiation as it collapses. This can be obtained by assuming the homogeneous dust distribution inside the cloud. However, we wish to see the gravitational collapse of dust to the static black string solution as a final state of the collapse. In this case, the inhomogeneous setup inside the cloud is inevitable. In addition, the interior metric should have the same topological structure of R^2 ⊗ S^1 to the exterior metric, eq. (2.4) since they should be smoothly matched on the edge of the cloud. From these facts, the interior space of inhomogeneous dust clouds is chosen to be the cylindrical form of the three-dimensional metric, comparing to the exterior metric, eq. (2.4), (ds)^2 = −dt^2 + a^2(t, r)dr^2 + dx^2, (2.12) where a(t, r) is a scale factor and {t, r, x} is a comoving coordinate system.

3 Matching on the Edge

In the exterior coordinates, the energy-momentum tensor, T^M_{μν} , vanishes and the exterior metric is governed by the metric (2.4). In the interior metric, the edge of the dust cloud is located at r = r_0 while

1See the chapter 3 in ref. [23] for the explicit derivation.

2Adding NS-field needs an additional junction condition, [B_{ij} ] = 0 and the solutions for NS field between inside and outside should be matched. This requires that the only non-vanishing component of the NS-field inside should be B_{xt} and furthermore it depends only on the time t, i.e. B_{xt} = B_{xt}(t). Due to the antisymmetricity, the field strength for this configuration vanishes inside the clouds. See ref. [24] for cosmology of antisymmetric tensor fields on D-brane.

3Detailed analyses of the singular hypersurfaces for the scalar-tensor theories of gravity are shown in ref. [25]

it is located at R = R(t) in the exterior metric. Then the exterior metric on the edge of the cloud is

(ds)^2_{edge} = −F(R)dT^2 + dR^2 F(R)Ω(R) + dx^2, (3.1)

where Ω(R) ≡ 4R^2/ℓ^2. Since the boundary on the edge should be connected smoothly, matching conditions for metrics and dilaton (2.8) and (2.10) will be required [20, 21]. Then, the induced metric on the edge at r = r_0 is (ds)^2_{edge} = −dt^2 + dx^2, (3.2)

and the first junction condition [g_{ij} ] = 0 gives

Ṫ = 1 F √ Ṙ2 Ω + F (3.3)

for the successful matching of both metrics.

On the other hand, the extrinsic curvature tensor is defined by K_{ij} = −n_σ δe^σ_{(i)} δξ^j = −n_σ(∂_j e^σ_{(i)} + Γ^σ_{μν} e^μ_{(i)}e^ν_{(j)}), (3.4)

where n_σ is the normal to the edge of the dust clouds, e^σ_{(i)} are the basis vectors on the edge, and ξ^j refer to the coordinates on the edge. In the interior coordinates, we have basis vectors,

e^σ_{(0)} = (1, 0, 0), e^σ_{(1)} = ( 0, 0, 1 a(t) ) , (3.5)

and the unit normal vector, n_σ = (0, a(t), 0) while in the exterior coordinates, one finds

e^σ_{(0)} = (Ṫ , Ṙ, 0), e^σ_{(1)} = (0, 0, 1) , (3.6)

and n_σ = ( −Ṙ/ √ Ω, Ṫ / √ Ω, 0 ) . It is found that all components of the extrinsic curvature tensor vanish in the interior coordinates while the nonvanishing component of the extrinsic curvature tensor in the exterior coordinates is given by

K^+_{tt} = − √ Ω d dR √ Ṙ2 Ω + F. (3.7)

Thus the second matching condition for the extrinsic curvature, [K_{ij} ] = 0, leads to a equation of motion for R(t), d dR √ Ṙ2 Ω + F = 0, (3.8)

which has a solution of Ṙ2 Ω + F = η^2, (3.9)

where η is an integration constant.

Alternatively, eq. (3.8) can be rewritten in the form of an effective potential as

Ṙ^2 + V_{eff} (R) = 0, (3.10) where V_{eff} (R) = Ω(F − η^2) =

4R^2 ℓ^2 ( 1 − η^2 − M R ) . (3.11)

Note that η is an integration constant determined by an initial condition as

η^2 = 1 − M R_0 + u^2_0ℓ^2 4R^2_0

, (3.12)

where u_0 ≡ Ṙ_0 is an initial velocity of the cloud edge and R_0 is an initial position of the edge of the dust cloud. The plot of the effective potential is depicted in Fig. 1.

Figure 1: A cartoon view of the effective potential for the formation of the black string. Once the initial position is fixed, R0 < Rmax = R0 +^{u20ℓ2}_{4MR0} unless u0 = 0, then the edge of dust clouds collapses to a black string.

An exact solution of eq. (3.10) is R(t) = M η^2 − 1 sinh^2 [ √ η^2 − 1 ℓ (t − t_c) ] , (3.13)

where the collapse time t_c is found to be

t_c = ℓ √ η^2 − 1 arcsinh √ (η^2 − 1)R_0 M , (3.14)

which is clearly finite and positive for all allowed R_0 and u_0. The behavior of collapsing dust edge is depicted for varying black string masses and initial velocities in Fig. 2. One of interesting properties of this solution is that the final velocity of the edge, Ṙ_c ≡ Ṙ(t_c) vanishes, which implies that the dust edge will stop at the end of the collapse. This is drastically different from the results in refs. [12, 17].

On the other hand, an event horizon will form around the collapsing dust at R_h and the comoving time t_h at which the event horizon and the dust edge coincide can be found at a position of an event horizon, R_h,

Figure 2: a) LHS: Plots of the collapsing dust egde for various values of M for u0 = 1 when ℓ = 1 and R0 = 5. b) RHS: Plots of the collapsing dust edge for various values of u0 for M = 2 when ℓ = 1 and R0 = 5.

t_h = t_c − ℓ √ η^2 − 1 arcsinh √ η^2 − 1 M R_h, (3.15)

which is clearly finite and positive. However, the coordinate time at which an observer outside the dust clouds will observe the collapse differs from the comoving time. A light signal coming from the dust surface at T_f should satisfy the null condition, dR/dT = 2(R − M)/ℓ and it arrives at R_f at time,

T_f = T_0 + ∫_{Rf} R_0 ℓdR 2(R − M) = T_0 + ℓ 2 ln ( R_f − M R_0 − M ) , (3.16)

which clearly diverges as t → t_h (R_f → M = R_h). Therefore, the collapse of dust cloud is unobservable from the outside observer when it coincides with the black string horizon.

The ratio of the comoving time interval dt between wave crests from the dust and the interval dT̃ between arrived wave crests to observers is equal to that of the natural wavelength λ emitted with no gravitation and the observed wavelength λ̃, which defines the redshift from the dust edge by

z = λ̃ λ − 1 = dT̃ dt − 1 = √ ℓ^2Ṙ^2 4(R − M)^2

+ 1 − ℓṘ 2(R − M) − 1. (3.17)

The redshift diverges when t approaches to t_h (i.e. R → M = R_h), which implies that the dust cloud fades from the observer’s eyesight.

We note that the only spacetime singularity is at R = 0, which is easily seen by evaluating the Kretschmann scalars, K = 16M^2/R^2ℓ^4 in the exterior coordinates and K = 4 [ 2ä^2 + ȧ^4 ] /a^4 in the interior coordinates.

4 The Interior Collapsing Dust Solutions

In the interior spacetime, the Eintein equations given by the use of the interior metric ansatz, eq. (2.12), are e^{−2ϕ} ( − 2ä a + 2ϕ̈ ) = κ^2ρ, (4.1)

aä + 2 ( ϕ^{′′} − aȧϕ̇ − a^′ a ϕ^′ ) = 0, (4.2)

a^2ϕ̇^2 − ϕ^{′2} − a^2ϕ̈ + a^2 ℓ^2

= 0, (4.3)

where the first two equations are the ones from the variation with respect to the metric while the last one is the dilaton equations. The conservation of the energy-momentum tensor, ∇_μT^{μν} = 0, yields ρ(t, r)a(t, r) = ρ_0(r)a_0(r). The matching conditions for the dilaton, [ϕ] = 0 and [n^α∂_αϕ] = 0, yield e^{−2ϕe(t,r0)} = R(t)ℓ (4.4) ϕ^′_e(t, r_0) = − a_e 2R √ Ṙ2 + 4R^2

ℓ^2 ( 1 − M R ) , (4.5)

where ϕ_e ≡ ϕ_e(t, r_0). Plugging these into eq. (4.3), one finds Ṙ^2 − RR̈ − 2MR ℓ^2

= 0, (4.6)

which is equivalent to eq. (3.10). This implies that the combination of the second junction condition and the dilaton equation are nothing but the equation of motion from the second junction condition with respect to the extrinsic curvature. Therefore, the second junction condition for the dilaton gives no additional constraint to the equation of motion, (3.10).

Eqs. (4.3), (4.4), and (4.5) yield a solution for R(t) on the edge at r = r_0, which will be used as a boundary condition in solving the interior equation of motion. The remaining equations are eqs. (4.1), (4.2), and the energy-momentum conservation law as seen above. Generically, they cannot be solved because of the deficiency of the number of equations since there are six unknowns but only three independent equations. However, on the edge at r = r_0, eqs. (4.4) and (4.5) can be used as a boundary condition and we already know the edge solution of R(t). More precisely, substituting eq. (4.4) into eq. (4.1) on the edge, r = r_0 yields Rℓ ( − 2ä_e a_e + Ṙ2 R^2 − R̈ R ) = κ^2ρ_e = κ^2 ρ_0a_0 a_e , (4.7)

where a_e ≡ a(t, r_0). Using eqs. (3.13), eq. (4.7) can be solved by setting some parameters in a numerical manner.^4 Indeed, we used a collapsing initial condition, ȧ < 0 and Ṙ < 0, in solving the equations of motion. It is easily checked that the scale factor a^e(t) vanishes at the collapse time, eq. (3.14), by setting these initial conditions appropriately. In general, one finds a certain relation between parameters inside and outside the cloud such as ρ_0 and M, which might be obtained by identifying the collapse

4The fourth-order Runge-Kutta method was used here.

time of the edge, eq. (3.14) with the collapse time at which the scale factor vanishes. However, in this analysis, it is not easy to find the precise relation between those initial conditions since we do not know the analytic solution inside the cloud. Instead some numerical searches find that there exists the relation by fixing some initial conditions.

Numerical plots for the scale factor, the energy density, and the dilaton field are illustrated in Fig. 3.

Figure 3: Some numerical solutions of the dust cloud in the interior spacetimes: the lhs describes a collapsing dust cloud solution while the rhs shows the diverging energy density and dilaton field. We set parameters for this numerical analysis as κ = 100, ρ_0 = 1, ℓ = 1, R_0 = 5, a^e_0 = 5, M = 952, ȧ^e_0 = −30, and Ṙ_0 = −30.

5 Collapse in Minkowski Spacetimes

The main interest of this section is to see if the collapse can form a naked singularity in a finite collapse time. The exterior metric is assumed to be the Minkowskian metric, F = 1, which is equivalent to M = 0.^5 Then the equation of motion is written as

Ṙ^2 + V_{eff} (R) = 0, (5.1)

where the effective potential is V_{eff} (R) = −u^2_0R^2/R^2_0. Because of the shape of the potential (see Fig. 4), there are two sorts of collapse scenarios, depending on its initial velocity, u_0.

5Rigorously speaking, the spacetime is the linear dilaton vacuum (LDV) since there still exists a dilaton solution, eventhough the metric solution describes Minkowski spacetimes.

Figure 4: A cartoon view of the effective potential when the exterior spacetime is Minkowskian. The collapse scenarios depend on the initial velocity of the edge.

An exact solution is evaluated by R(t) = R_0e^{±|u0|t/R0} , which shows that if the positive sign is chosen, then the edge will expand indefinitely while the edge will collapse to a point for the negative sign. This feature is shown in the Fig. 4. At this stage, one may have a question on the final state after the collapse. Since there is no even horizon, if the dust cloud collapses to a point and forms a curvature singularity, then a naked singularity will appear. Indeed, the Kretschmann scalar K (or Ricci curvature scalar) diverges at the origin. However, the collapse time that R(t_c) = 0 also diverges, which implies that the comoving observer never meet a curvature singularity at the origin within finite time. This feature is also shown in the limit of M = 0 in eq. (3.14). However, the preceding discussion is the case in string frame. Taking into account a transformation, g_{μν} → e^{4ϕ}g^E_{μν} , where g_E is an Einstein metric, the collapse time in the Einstein frame is

τ_c = ∫_{tc} 0 e^{−2ϕ}dt = ∫_{tc} 0 R(t)ℓdt = R^2_0ℓ |u_0| ( 1 − |u_0|e^{− |u0|R}0^{tc} ) . (5.2)

Since the collapse time in string frame, t_c, is infinite, one finds τ_c = R^2_0ℓ/|u_0|. Notice that except for u_0 = 0, the collapse time is clearly finite.

We, therefore, conclude that a naked singularity appears from the collapse of dust clouds in Minkowski spacetimes (or LDV) in Einstein frame, which agrees to the previous results in refs. [12, 17].

6 Discussions

We have demonstrated the formation of (2+1)-dimensional black string from the gravitationally collapsing cylindrical dust ball in the viewpoint of the low-energy string theory. Provided the dust clouds collapse and form an event horizon at a certain position, the curvature singularity at R = 0 - rigorously speaking, a singular string at the origin along x-direction - is cloaked by an event horizon and the dust cloud collapses to a three-dimensional black string. Once an initial position of the edge of dust clouds is fixed, the effective potential has a negative value within a region, R_{max}, which gives rise to a contraction of the edge, regardless of its initial velocity and the edge will collapse to a point at t_c, at which the dilaton field and the energy density diverge, respectively. However, unlike the previous works [12, 17], the edge (or the scale factor) has a zero velocity at t = t_c, which implies that the edge will stop contracting after the collapse, where a black string along x-direction forms. On the other hand, there is no expanding scenario due to the shape of the potential, which is one of main differences from the previous results.

An alternative choice of the exterior metric is to take a Minkowski spacetime, which definitely describes a LDV solution. In this case, the collapsing behavior relies on the choice of the initial velocity of the edge, which yields two parallel collapse scenarios - contracting and expanding clouds. Provided it contracts, the clouds will not form an event horizon and one might expect an emergence of a naked singularity as an outcome of the collapse. But, the curvature singularity at R = 0 appears in infinite collapse time and the comoving observers will not experience it forever in the string frame. However, an appropriate physical interpretation should be addressed in Einstein frame, notifying an appearance of a naked singularity within finite time. In this sense, the collapse scenario includes a violation of the cosmic censorship hypothesis, which coincides with the results in refs. [12, 17].

The analysis in this work has some limitation, despite of its simplicity of the calculations. For example, in our context, the anti-symmetric NS-field vanishes as noted before. The study on the formation of the black string with the NS-field might be achieved by assuming the inhomogeneity of the clouds as a source of the charge or the clouds of real charged particles in the low energy effective string theory.

Acknowledgments The authors are grateful to the referee of the journal for the crucial indications and the fruitful suggestions. J. J. Oh would like to thank R. B. Mann for invaluable comments and M. I. Park, H. Shin, and E. J. Son for helpful discussions. The work of S. Hyun was supported by the Korea Research Foundation Grant KRF-2005-070-C00030. W. Kim was supported by the Science Research Center Program of the Korea Science and Engineering Foundation through the Center for Quantum Spacetime of Sogang University with grant number R11-2005-021. J. Jeong and J. J. Oh were supported by the Brain Korea 21(BK21) project funded by the Ministry of Education and Human Resources of Korea Government.

References

[1] R. Penrose, Phys. Rev. Lett. 14 57 (1965); S. W. Hawking, Proc. Roy. Soc. Lond. A300 187 (1967);

S. W. Hawking and R. Penrose, Proc. Roy. Soc. Lond. A314 529 (1970).

[2] J. R. Oppenheimer and H. Snyder, Phys. Rev. 56 455 (1939).

[3] P. Yodzis, H.-J. Seifert, and H. Müller zum Hagen, Comm. Math. Phys. 34 135 (1973); ibid. 37 29 (1974); D. M. Eardley and L. Smarr, Phys. Rev. D19 2239 (1979).

[4] D. Christodoulou, Comm. Math. Phys. 93 171 (1984); B. Waugh and K. Lake, Phys. Rev. D38 1315 (1988).

[5] G. Grillo, Class. Quant. Grav. 8 739 (1991); I. H. Dwivedi and S. Dixit, Prog. Theor. Phys. 85 433 (1991); I. H. Dwivedi and P. S. Joshi, Class. Quant. Grav. 9 L69 (1992); P. S. Joshi and I. H. Dwivedi, Phys. Rev. D47 5357 (1993) [gr-qc/9303037]; P. S. Joshi and T. P. Singh, Phys. Rev. D51 6778 (1995) [gr-qc/9405036]; T. P. Singh and P. S. Joshi, Class. Quant. Grav. 13 559 (1996) [gr-qc/9604046]; C. S. Unnikrishnan, Phys. Rev. D53 R580 (1996); H. M. Antia, Phys. Rev. D53 3472 (1996).

[6] C. W. Misner and D. H. Sharp, Phys. Rev. 136 B571 (1964); A. Ori and T. Piran, Phys. Rev. D42 1068 (1990); P. S. Joshi and I. H. Dwivedi, Comm. Math. Phys. 146 333 (1992); P. S. Joshi and I. H. Dwivedi, Lett. Math. Phys. 27 235 (1993); P. Szekeres and V. Iyer, Phys. Rev. D47 4362 (1993).

[7] J. P. S. Lemos, Phys. Rev. D57 4600 (1998) [gr-qc/9709013].

[8] D. Chirstodoulou, Comm. Math. Phys. 105 337 (1986); ibid. 106 587 (1986);ibid. 109 591 (1987);

ibid. 109 613 (1987); Ann. Math. 140 607 (1994); M. D. Roberts, Gen. Rel. Grav. 21 907 (1989).

[9] M. W. Choptuik, Phys. Rev. Lett. 70 9 (1993); A. M. Abrahams and C. R. Evans, Phys. Rev. Lett.

70 2980 (1993); C. Gundlach, J. Pullin, and R. Price, Phys. Rev. D49 890 (1994) [gr-qc/9307010]; V. Husain, E. Martinez, and D. Nunez, Phys. Rev. D50 3783 (1994) [gr-qc/9402021]; J. Traschen, Phys. Rev. D50 7144 (1994) [gr-qc/9403016]; C. R. Evans and J. S. Coleman, Phys. Rev. Lett. 72 1782 (1994) [gr-qc/9402041]; Y. Oshiro, K. Nakmura, and A. Tomimatsu, Prog. Theor. Phys. 91 1265 (1994) [gr-qc/9402017]; P. R. Brady, Class. Quant. Grav. 11 1255 (1994).

[10] D. Garfinkle, Phys. Rev. D51 5558 (1995) [gr-qc/9412008]; P. R. Brady, Phys. Rev. D51 4168 (1995) [gr-qc/9409035]; C. Gundlach, Phys. Rev. Lett. 75 3214 (1995) [gr-qc/9507054]; E. W. Hirschmann and D. M. Eardley, Phys. Rev. D51 4198 (1995) [gr-qc/9412066]; R. S. Hamade and J. M. Stewart, Class. Quant. Grav. 13 497 (1996) [gr-qc/9506044].

[11] M. Banados, C. Teitelboim, and J. Zanelli, Phys. Rev. Lett. 69 1849 (1992) [hep-th/9204099].

[12] R. B. Mann and S. F. Ross, Phys. Rev. D47 3319 (1993) [hep-th/9208036].

[13] S. Giddings, J. Abbott, and K. Kuchar, Gen. Rel. Grav. 16 751 (1984).

[14] H. J. Matschull, Class. Quant. Grav. 16 1069 (1999) [gr-qc/9809087].

[15] F. Pretorius and M. W. Choptuik, Phys. Rev. D62 124012 (2000) [gr-qc/0007008]; V. Husain and M. Olivier, Class. Quant. Grav. 18 L1 (2001) [gr-qc/0008060]; D. Garfinkle, Phys. Rev. D63 044007 (2001) [gr-qc/0008023]; G. Clement and A. Fabbri, Nucl. Phys. B630 269 (2002)

[gr-qc/0109002]; E. W. Hirschmann, A. Wang, and Y. Wu, Class. Quant. Grav. 21 1791 (2004)
[gr-qc/0207121]; S. Gutti, Class. Quant. Grav. 22 3223 (2005).

[16] J. P. S. Lemos, Phys. Rev. D59 044020 (1999) [gr-qc/9812078]. [17] R. B. Mann and J. J. Oh, Phys. Rev. D74 124016 (2006) [gr-qc/0609094]. [18] R. B. Mann and S. F. Ross, Class. Quant. Grav. 9 2335 (1992) [hep-th/9205098]; R. B. Mann, M. S. Morris, and S. F. Ross, Class. Quant. Grav. 10 1477 (1993) [hep-th/9202068].

[19] J. H. Horne and G. T. Horowitz, Nucl. Phys. B368 444 (1992) [hep-th/9108001]; G. T. Horowitz and D. L. Welch, Phys. Rev. Lett. 71 328 (1993) [hep-th/9302126].

[20] W. Israel, Nuovo Cimento B44 1 (1966). [21] J. E. Chase, Nuovo Cimento B67 136 (1970).

[22] R. B. Mann and W. L. Smith, Phys. Rev. D56 4942 (1997) [gr-qc/9703007]. [23] E. Poisson, A Relativist’s Toolkit: The Mathematics of Black-Hole Mechanics, Cambridge University Press (2004).

[24] E. J. Chun, H. B. Kim, and Y. Kim, JHEP 0503 036 (2005) [hep-ph/0502051]; I. Cho, E. J.

Chun, H. B. Kim, and Y. Kim, Phys. Rev. D74 126001 (2006) [hep-th/0603174]. [25] C. Barrabes and G. F. Bressange, Class. Quant. Grav. 14 805 (1997) [gr-qc/9701026].