arXiv:gr-qc/0612132v1 21 Dec 2006

BROKEN SCALE INVARIANCE AND QUINTESSENCE (a quarter of a century ago)

GIOVANNI VENTURI Dipartimento di Fisica, Università degli Studi di Bologna, and INFN, via Irnerio 46, 40126 Bologna, Italy. armitage@bo.infn.it

The cosmological consequences of a simple scalar field model for the generation of Newton’s constant through the spontaneous breaking of scale invariance in a curved spacetime are again presented and discussed. Such a model leads to a consistent description wherein the introduction of matter introduces a small perturbation on a de Sitter universe and a time dependence of the gravitational coupling.

A quarter of a century ago we suggested a simple scalar field model for the generation of the gravitational coupling (Newton’s constant) through the spontaneous breaking of scale invariance in a curved space time.^1 In this brief note we wish to revisit the model which consisted of the following globally scale invariant Lagrangian density for a scalar filed σ L = − 1 2 g^{μν} ∂_μσ∂_ν σ − λ 4 σ^4 + γ 2 σ^2R + L_m (1)

where γ, λ are dimensionless positive constants (λ > 0 for stability), L_m is the matter Lagrangian density (does not contain σ) and R the curvature scalar. In flat space one can have a non-zero vacuum expectation value for σ (⟨σ⟩_0 ≠ 0), in our case we assume the vacuum is a scalar particle condensate and examine the cosmological consequences. We consider a Robertson-Walker line element

ds^2 = −dt^2 + a^2(t) ( dr^2 1 − kr^2 + r^2dθ^2 + r^2 sin^2 θdϕ^2 ) (2) and matter behaving like an isentropic perfect fluid having energy-momentum tensor

T^{αβ}_m = pg^{αβ} + (ρ + p)u^αu^β (3)

where ρ(t), p(t) and u^α are the energy density, pressure, and velocity four-vector, respectively. The Einstein equations obtained from Eq. (1) are

ρ̇ = −3 ȧ a (ρ + p) (4)

ȧ^2 a^2 + k a^2 = ρ 3γσ^2 + 1 6γ σ̇^2 σ^2 − 2 ȧ a σ̇ σ + 1 12γ λσ^2 (5)

d dt (σσ̇a^3) = (ρ − 3p) 6γ + 1 a^3. (6)

where the dot denotes differentiation with respect to the time t. 1

2 In the absence of matter (ρ = p = 0) one obtains a time independent ”vacuum” solution given by

σ = σ_0 = ( γR_0 λ )_{1/2} (7) where R_0 is a constant and corresponds to a flat space (k = 0) of constant curvature R_0/12 (de Sitter),

a = a_0(t) = a_0(0)exp(H_0t) (8)

H_0 = ( λ 12γ σ^2_0 )_{1/2} = ( R_0 12 )_{1/2} . (9)

Further, from the weak-field limit,^2 Newton’s coupling constant G is given by: 1 8πG_0 = γσ^2_0

6γ + 1 8γ + 1

(10)

One now treats the introduction of matter as a small perturbation and writes

σ = σ_0[1 + χ(t)], (11)

a = a_0(t) + δa(t), (12)

where χ and δa are assumed small. We keep k = 0 and assume an equation of state p = wρ(t) where w is a positive or zero constant.

To lowest order Eqs. (4-6) become ρ̇ ρ = −3(w + 1) ȧ_0 a_0

= −3(w + 1)H_0, (13)

2H_0 a_0 (δ̇a − H_0δa) = ρ 3γσ^2_0

− 2H_0χ̇ + 2H^2_0 χ, (14)

χ̈ + 3χ̇H_0 = 1 6γ + 1 (1 − 3w)ρ σ^2_0

, (15)

and their solutions are

ρ(t) = ρ(0)e^{−3(1+w)H0t}, (16) χ = 1 6γ + 1

(1 − 3w) σ^2_0 ρ(0) 9H^2_0 w ( e^{−3(1+w)H0 t} 1 + w

− e^{−3H0 t} + w w + 1 ) (17)

δa = (1 − 3w) 6γ + 1 ρ(0)a_0(t) 9σ^2_0 H^2_0 w [( 1 − e^{−3H0 t(1+w)}

) (4 + 3w)

3(1 + w)^2 − 4 3 ( 1 − e^{3H0 t} ) + wH_0t w + 1 ]

+ ρ(0)a_0(t) 18γ(1 + w)H^2_0 σ^2_0 ( 1 − e^{−3H0 t(1+w)} ) , (18)

where we have imposed the boundary conditions χ(0) = χ̇(0) = δa(0) = 0.

3 As a consequence of the above, the gravitational constant G acquires a time dependence given by Ġ G ≈ −2χ̇ = − (1 − 3w) 6γ + 1 2ρ(t) 3H_0wσ^2_0 ( −1 + e^{+3wH0 t} ) , (19)

from which:

G(t) = G_0exp [ − (1 − 3w) 6γ + 1 2ρ(t) 9H^2_0 wσ^2_0 ( 1 1 + w

− e^{+3wH0 t} + we^{+3(1+w)H0 t}

w + 1 )] (20)

On setting w = 0 (dust), taking ρ(t_0) = 2 × 10^{−30} g/cm^3, t_0 ≈ 2 · 7 × 10^{17} sec and H_0 ≃^2_{3t0} one has Ġ G | | | |_{t=t0} ≈ −10^{−18} 2γ 8γ + 1 sec^{−1}, (21)

and at present |^Ġ |_{t=t0} < 2 × 10^{−18} sec^{−1}. Further, again for w = 0 and γ small (actually from solar system measurements γ ≪ 1), it is sufficient to just consider the last term in Eq. (18) obtaining:

H_T (t_0) = ä a | | | |_{t=t0} = ȧ_0(t_0) a_0(t_0) ( 1 + δȧ(t_0) ȧ_0(t_0) − δa_0(t_0) a_0(t_0) ) ≃ H_0(1 + 0.1) (22)

where δa(t_0) ≈ 0.2a(t_0). Finally one obtains for the deceleration parameter

q_0(t_0) ≈ − äa ȧ^2 | | | |_{t=t0} ≈ −0.7 (23)

We thus see that, at the present time (just as a quarter of a century ago!), it is consistent to introduce matter as a perturbation on a de Sitter universe.

References 1. F. Cooper and G. Venturi, Phys. Rev. D 24 (1981) 3338. 2. G. Turchetti and G. Venturi, Nuovo Cim. A 66 (1981) 221.