arXiv:gr-qc/0612155v3 10 Apr 2007

Galileo Symmetries in Polymer Particle Representation

Dah-Wei Chiou^{1, 2} 1Department of Physics, University of California, Berkeley, CA 94720, USA 2Institute for Gravitational Physics and Geometry, Department of Physics, The Pennsylvania State University, University Park, PA 16802, USA

To illustrate the conceptual problems for the low-energy symmetries in the continuum of spacetime emerging from the discrete quantum geometry, Galileo symmetries are investigated in the polymer particle representation of a non-relativistic particle as a simple toy model. The complete Galileo transformations (translation, rotation and Galileo boost) are naturally defined in the polymer particle Hilbert space and Galileo symmetries are recovered with highly suppressed deviations in the low-energy regime from the underlying polymer particle description.

PACS numbers: 04.60.Pp, 04.60.Ds, 04.60.Nc, 03.65.Sq

I. INTRODUCTION

The non-perturbative, background-independent approach to the quantum theory of general relativity has been successfully formulated in the loop quantum gravity (LQG) and many of the long-standing challenges are resolved. However, the non-perturbative feature of background independence makes it very difficult to relate the spin network states of LQG to the Fock states normally used in the perturbative field theory for the low-energy physics, leaving the important question unsolved: What is the connection between the discrete geometry of LQG and the smooth structure of physical geometry we perceive around us? To bridge the gap between the background-independent quantum gravity and the familiar lowenergy physics, the analysis of semiclassical issues was proposed in [1]. The relation between polymer and Fock excitations was then investigated in [2, 3, 4] for Maxwell field and in [5] for linearized gravity.

Based on the key ideas introduced in [4], to illustrate the conceptual problems through a toy model, the polymer particle representation of quantum mechanics of a non-relativistic particle was constructed in [6], where it is demonstrated that the relevant low-energy physics can be extracted from elements of Cyl^⋆ (the dual of the space of the cylindrical functions of connections) by examining their shadows in the polymer particle Hilbert space H_{Poly}, even though Cyl^⋆ does not admit a natural inner product.

Another related question regarding the low-energy description of LQG is: How and in what precise sense does the low-energy symmetry in the continuum of spacetime (e.g. Poincaré symmetry in Minkowski space) arise from the discrete geometry of the full theory? (For the attempt to derive the Minkowski vacuum in background-independent quantum gravity, see [7]. See also [8] for the invariance of U(1) holonomies.) To illuminate the conceptual issues about low-energy symmetries, the polymer particle representation of quantum mechanics constructed in [6] can again serve as a simple toy model. In this paper, we study the non-relativistic quantum mechanics and thus focus on the Galileo symmetries. The notions of Galileo transformations (translation, rotation and Galileo boost) are naturally defined in the polymer particle Hilbert space via the polymer coherent states. On top of these notions, the Galileo symmetries and their consequences (e.g. conservation laws) are investigated in the polymer particle description, showing that the Galileo symmetries in the Schrödinger representation of the standard quantum mechanics are recovered with negligible deviations in the low-energy regime. The investigation also suggests that the temporal discreteness may somehow descend from the spatial discreteness when the dynamics is probed by a boosted reference.

This paper is organized as follows. In Section II, the formulation of the polymer particle description is briefly outlined. Section III is devoted to the definition and analysis of the finite Galileo transformations in the polymer particle framework. Section IV then shows that, when probed on shadow states, these transformations reproduce the desired classical results in the appropriate low-energy approximation. The dynamical aspects of the Galileo symmetries in the standard and polymer quantum mechanics are investigated in Section V. The results and their implications are summarized in Section VI.

II. OUTLINE OF THE POLYMER PARTICLE DESCRIPTION

The formulation and notations of the polymer particle framework are outlined in this section; the details can be found in [6]. The real line R on which the particle moves is now straightforwardly extended to R^3 to include the rotation.

In the polymer particle representation, Cyl_γ is the space of complex-valued functions f(⃗k) of the type f(⃗k) = ∑ j f_j e^{−i⃗xj ·⃗k} (2.1) on R^3 , where f_j are complex numbers with a suitable fall-off and the graph γ consists of a countable set {⃗x_j } of points on R^3 with some technical conditions.^1 The functions f(⃗k) is said to be cylindrical with respect to γ.

Let Cyl := ⋃ γ Cyl_γ for all possible graphs; Cyl is the infinite-dimensional vector space of functions on R^3 which are cylindrical with respect to some graph. The polymer particle Hilbert space H_{Poly} underlying the polymer particle representation is the Cauchy completion of Cyl with respect to the Hermitian inner product on Cyl: ⟨e^{−i⃗xi·⃗k}|e^{−i⃗xj ·⃗k}⟩ = δ_{⃗xi,⃗xj} , (2.2) where the right-hand side is the Kronecker δ (not Dirac distribution) and the uncountable basis {|e^{−i⃗xi·⃗k}⟩} of Cyl is labeled by arbitrary real vectors ⃗x_i.

The Weyl-Heisenberg algebra is represented on H_{Poly} as: Ŵ (⃗ζ)f(⃗k) = [ e^{i2 ⃗λ·⃗μ} Û(⃗λ)V̂ (⃗μ) ] f(⃗k) for ⃗ζ := d_0⃗λ + i(⃗μ/d_0), (2.3)

where the length scale d_0 is introduced to make ⃗ζ dimensionless and the actions of Û and V̂ are given by Û(⃗λ)f(⃗k) = f(⃗k − ⃗λ) and V̂ (⃗μ)f(⃗k) = e^{i⃗μ·⃗k}f(⃗k). (2.4) 1 Aside from countability, the set {⃗x_j } has to satisfy two additional conditions, which ensure convergence of certain series of {⃗x_j }. See [6] for the details.

When acting on the orthonormal basis {|⃗x_i⟩}, the fundamental operators Û and V̂ yield Û(⃗λ)|⃗x_i⟩ = e^{i⃗λ·⃗x}i |⃗x_i⟩ and V̂ (⃗μ)|⃗x_i⟩ = |⃗x_i − ⃗μ⟩. (2.5) The position operator ^⃗x is also well-defined: ^⃗x|⃗x_i⟩ = ⃗x_i|⃗x_i⟩. (2.6) In contrast, the momentum operator ^⃗p ≡ ℏ^⃗k does not exist; instead, V̂ (⃗μ) is used as the “holonomy” of the momentum. (^⃗x is analogous to the electric flux operators and its eigenstates provides the analogue of spin network states; V̂ (⃗μ) is analogous to the holonomy of connections.)

The (algebraic) dual of Cyl is denoted as Cyl^⋆ and the inclusions give the “Gel’fand-type” triplet:

Cyl ⊂ H_{Poly} ⊂ Cyl^⋆. (2.7)

The Schwartz space S of the Schrödinger Hilbert space H_{Sch} is embedded in Cyl^⋆. The fact that S ⊂ Cyl^⋆ is used to define a unique element (Ψ| in Cyl^⋆ for each element |ψ⟩ ∈ S. In particular, consider the standard coherent state |ψ_{⃗ζ0} ⟩ given by ψ_{⃗ζ0} (⃗x) ≡ ψ_{⃗x0,⃗p0} (⃗x) = c e^{− (⃗x−⃗x0)} 2 2d2 e^{i⃗k0·(⃗x−⃗x0)} for ⃗ζ_0 := 1 √ 2 d (⃗x_0 + i⃗k_0d^2), (2.8)

which is peaked at ⃗x_0 for position ^⃗x and ⃗p_0 ≡ ℏ⃗k_0 for momentum ^⃗p. To specify the “tolerance” (i.e. the uncertainties in x_i and p_i) of the coherent state, the length scale d is introduced to give the uncertainty Δx_i = d/ √ 2 in x̂_i and Δp_i = ℏ/( √ 2d) in p̂_i.^{2,3} The standard coherent state |ψ_{⃗ζ0} ⟩ uniquely gives the corresponding polymer coherent state:

(Ψ_{⃗ζ0} | = c̄ ∑ ⃗x [ e^{− (⃗x−⃗x0)} 2 2d2 e^{−i⃗k0·(⃗x−⃗x0)} ] (⃗x|, (2.9) where c is a normalization constant and {(⃗x|} is a basis of Cyl^⋆ dual to {|⃗x_i⟩} defined in the obvious fashion: (⃗x|⃗x_j⟩ = δ_{⃗x,⃗xj} . (2.10) The juxtaposed notation (Ψ|f⟩ denotes the action of (Ψ| ∈ Cyl^⋆ on |f⟩ ∈ Cyl; i.e., (Ψ| maps |f⟩ to the complex number (Ψ|f⟩.

In the polymer particle framework, the momentum operators p̂_i do not exist. Therefore, to approximate p̂_i of the Schrödinger representation, the “fundamental operators” K̂_{i,μ0} on H_{Poly} are defined by introducing the fundamental length μ_0. Correspondingly, the angular momentum operators L̂_i are replaced by L̂_{i,μ0} . These are discussed in Section III E.

2 In the case of a harmonic oscillator, d is generally taken to be √ ℏ/(mω). 3 In fact, we could consider the more generic form of coherent states |ψ_{⃗x0 ,⃗p0,A}⟩ given as ψ_{⃗x0,⃗p0,A}(⃗x) = c e^{− 12 (⃗x−⃗x0)T A−1 (⃗x−⃗x0)}e^{i⃗k0 ·(⃗x−⃗x0)} with an arbitrary (positive-definite and symmetric) matrix A for the covariance of x̂_i (and ℏ^2A^{−1} for the covariance of p̂_i). All the results discussed in this paper can be easily extended for the generic case and thus for simplicity we only consider the restricted states given by (2.8), in which A = d^21_{3×3}.

Also note that Cyl^⋆ does not admit a natural inner product, which make it difficult to define expectation values for physical observables. The strategy to extract physical information from the elements (Ψ| of Cyl^⋆ by the use of shadow states will be addressed in Section IV.

III. THE COMPLETE GALILEO TRANSFORMATIONS

In this section, we study the complete Galileo transformations in the polymer particle framework including the spatial translation, rotation and the pure Galileo transformation (Galileo boost).

A. Defining Transformations in the Polymer Particle Framework

Continuous transformations are well studied in the standard Schrödinger framework. In particular, spatial translation, rotation and Galileo transformation can be readily realized in the Schrödinger Hilbert space H_{Sch} by requiring the expectation values of the position and momentum behave the same as the transformations act on the classical phase space. To study the transformations in polymer particle Hilbert space H_{Poly}, however, we cannot follow the standard strategy, since the momentum operator ^⃗p fails to be well-defined in H_{Poly}. Furthermore, the transformation cannot be defined by specifying its infinitesimal action because the associated generator does not exist.

Nevertheless, we can exploit the fact that S is embedded in Cyl^⋆ to extract the information of transformations in the polymer particle framework. In [6], it is shown that each element |ψ⟩ ∈ S defines a unique element (Ψ| in Cyl^⋆; in particular, the standard coherent state |ψ_{⃗ζ0} ⟩ gives the polymer coherent state (Ψ_{⃗ζ0} |.

If the finite transformation Ω̂ maps |ψ_{⃗ζ0} ⟩ to |ψ_{⃗ζ′0} ⟩, which is again a coherent state,^4 then

we can define the operation of Ω̂ on Cyl^⋆ via^5

Ω̂ : (Ψ_{⃗ζ0} | −→ (Ψ^′_{⃗ζ0} | ≡ (Ψ_{⃗ζ0} |Ω̂^† = (Ψ_{⃗ζ′0} |. (3.1)

Equipped with the transformation on the polymer coherent state: (Ψ| → (Ψ^′| = (Ψ|Ω̂^†, we can then define the operation of Ω̂ on any state of Cyl: |f⟩ → |f^′⟩ = Ω̂|f⟩ by requiring

(Ψ^′|f⟩ = (Ψ|f^′⟩ or [ (Ψ|Ω̂^† ] |f⟩ = (Ψ| [ Ω̂|f⟩ ] . (3.2)

This strategy serves as a sound definition to carry out the transformations in the polymer particle description.

On the other hand, Cyl itself carries one-parameter groups Û(⃗λ) and V̂ (⃗μ) defined in (2.5). We expect that some of the (finite) Galileo transformations in Cyl can be expressed

4 We will see later that it is the case for the complete Galileo transformations.

5 The daggered notation here merely means Ω̂ acts on the left and satisfies (aΨ_1 + bΨ_2|Ω̂^† = ā (Ψ_1|Ω̂^† + b̄ (Ψ_2|Ω̂†. The notation is reminiscent of the resemblance between the inner product ⟨ · | · ⟩ and the action

( · | · ⟩, but Ω̂^† is not the adjoint of Ω̂ (since there is no inner product structure in Cyl^⋆).

in terms of Û(⃗λ) and V̂ (⃗μ). In particular, V̂ (⃗μ) is in fact the spatial translation operator. (Although this seems obvious, we will prove it as a consequence of the above prescription.) In the following subsections, we will derive the explicit expressions for translation, rotation and the Galileo boost.

B. Translation In a classical system, the spatial translation is defined as ⃗x → ⃗x^′ = ⃗x + ⃗μ, ⃗p → ⃗p^′ = ⃗p. (3.3) In the standard quantum mechanics, the corresponding translation operator gives T̂ (⃗μ)|⃗x⟩ = |⃗x + ⃗μ⟩ (3.4) or equivalently T̂ (⃗μ)ψ(⃗x) = ψ(⃗x − ⃗μ). (3.5) Given a coherent state of S peaked at ⃗x_0 and ⃗p_0 as defined in (2.8), under the translation, it is transformed via ψ_{⃗x0,⃗p0} (⃗x) → ψ^′_{⃗x0,⃗p0} (⃗x) = T̂ (⃗μ)ψ_{⃗x0,⃗p0} (⃗x) = c e^{− (⃗x−⃗μ−⃗x0)} 2 2d2 e^{i⃗p0·(⃗x−⃗μ−⃗x0)/ℏ} = ψ_{⃗x0+⃗μ,⃗p0} (⃗x), (3.6) which is again a coherent state peaked at ⃗x_0 + ⃗μ and ⃗p_0 as expected. Therefore, by (3.1), translation acting on the polymer coherent state gives (Ψ_{⃗x0,⃗p0} | → (Ψ^′_{⃗x0,⃗p0} | = (Ψ_{⃗x0,⃗p0} |T̂^†(⃗μ) = (Ψ_{⃗x0+⃗μ,⃗p0} | (3.7) or, in terms of the dual basis in Cyl^⋆, (⃗x|T̂^†(⃗μ) = (⃗x + ⃗μ|, (3.8) which together with (3.2) yields the translation acting on the basis of Cyl: T̂ (⃗μ)|⃗x_i⟩ = |⃗x_i + ⃗μ⟩ (3.9) by the identity (⃗x|⃗x_i⟩ = δ_{⃗x,⃗xi} . As expected, this shows T̂ (⃗μ) = V̂ (−⃗μ). (3.10)

C. Rotation In the classical phase space, rotation is specified by a rotational matrix R such that ⃗x → ⃗x^′ = R⃗x, ⃗p → ⃗p^′ = R⃗p. (3.11)

Under the rotation, the standard coherent state is transformed via^6 ψ_{⃗x0,⃗p0} (⃗x) → ψ^′_{⃗x0,⃗p0} (⃗x) = D̂(R)ψ_{⃗x0,⃗p0} (⃗x) = c e^{− (R} −1⃗x−⃗x 0) 2 2d2 e^{i⃗p0·(R−1⃗x−⃗x0)/ℏ} = ψ_{R⃗x0,R⃗p0} (⃗x), (3.12) from which we deduce the rotation acting on Cyl^⋆ and Cyl as (⃗x| → (⃗x|D̂^†(R) = (R⃗x| (3.13) and |⃗x_i⟩ → D̂(R)|⃗x_i⟩ = |R⃗x_i⟩ (3.14) by following the same argument in Section III B.

Note that D̂(R) cannot be expressed in terms of the fundamental operators Û(⃗λ) and V̂ (⃗μ), unlike the cases for translation and Galileo boost (the latter will be studied in Section III D). Nevertheless, the space Cyl serves as a good carrier space and is closed for all finite group elements of rotation, although the infinitesimal rotation and thus the generator (angular momentum) cannot be represented in the polymer particle framework, which will cause some problems when we study the rotational symmetry in Section V B.

D. Galileo Boost

The pure Galileo transformation (Galileo boost) of the standard quantum mechanics is discussed in [9]. We follow the steps thereof and extend the notions to the polymer particle framework.

Let F be an inertial frame, in which the position and momentum of a particle are ⃗x and ⃗p. Given a second inertial frame F^′, which at t = 0 coincides with F and is moving with velocity −⃗v as seen from F . The same particle will have the position ⃗x + ⃗v t and momentum ⃗p + m⃗v as seen from F^′. Both frames have the same temporal lapse. The Galileo transformation is defined in classical phase space as the boost: ⃗x → ⃗x^′ = ⃗x + ⃗v t, ⃗p → ⃗p^′ = ⃗p + m⃗v, t^′ = t, (3.15) where m is the mass of the particle.

Because pure Galileo transformations form a continuous group, in standard quantum mechanics, they are carried out by unitary operators Ĝ(⃗v, t) which are to produce^7 Ĝ^†(⃗v, t) ^⃗x Ĝ(⃗v, t) = ^⃗x + ⃗v t, Ĝ^†(⃗v, t) ^⃗p Ĝ(⃗v, t) = ^⃗p + m⃗v. (3.16) 6 As mentioned in Footnote 3, if we consider the generic coherent state ψ_{⃗x0 , ⃗p0,A}(⃗x), we will have ψ_{⃗x0, ⃗p0,A}(⃗x) → ψ^′_{⃗x0, ⃗p0 ,A}(⃗x) = ψ_{R⃗x0,R ⃗p0,RAR}T (⃗x) under rotation. This still leads to the same result in (3.14).

7 Here, we treat t as a pure parameter and thus consider a family of Galileo transformations parameterized by ⃗v and t. We freeze the state in the Hilbert space by dismissing t as the temporal variable in order to study the instantaneous transformation at time t and disregard the dynamics, which will be studied in Section V C.

As with other continuous transformations, Ĝ can be written as the exponential of its generator Ĝ(⃗v, t) = e^{−i⃗v· ^⃗N(t)/ℏ}, (3.17) where the Hermitian operator ^⃗N will be called the boost. By requiring the infinitesimal transformation (1 − iδ⃗v · ^⃗N/ℏ) to produce (3.16), we have i ℏ [N̂_i, x̂_j] = δ_{ij} t, i ℏ [N̂_i, p̂_j] = δ_{ij}m, (3.18)

which gives ^⃗N(t) = ^⃗p t − m^⃗x. (3.19) By the Baker-Campbell-Hausdorff formula for the case of two operators A and B whose commutator is a c-number: e^Ae^B = e^{A+B}e^12^{[A,B]}, (3.16) and (3.19) lead to Ĝ(⃗v, t) = e^iℏ^{mv2}2^te^{−t⃗v·^⃗p/ℏ}e^{im⃗v·^⃗x/ℏ} (3.20) or equivalently when acting on the wave functions Ĝ(⃗v, t) : ψ(⃗x) −→ ψ^′(⃗x) = e^{im(⃗v·⃗x− 1}2^{v2 t)/ℏ}ψ(⃗x − ⃗vt). (3.21) The result of (3.20) and (3.21) suggests that Ĝ(⃗v, t) = e^iℏ^{mv2}2^t V̂ (−⃗vt) Û(m⃗v/ℏ) when it acts on Cyl, but again we will see that this is a consequence of the prescription for defining transformations mentioned in Section III A.

Given a coherent state in (2.8), the wave function is transformed under Galileo transformation by (3.21): ψ_{⃗x0,⃗p0} (⃗x) → ψ^′_{⃗x0,⃗p0} (⃗x) = Ĝ(⃗v, t)ψ_{⃗x0,⃗p0} (⃗x) = c e^{im(⃗v·⃗x− 12 v2t)/ℏ}e^{− (⃗x−⃗x0−⃗vt)} 2 2d2 e^{i⃗p0·(⃗x−⃗x0−⃗vt)/ℏ} = c e^{im⃗v·(⃗x0+ 12 ⃗vt)/ℏ}e^{− (⃗x−⃗x0−⃗vt)} 2 2d2 e^{i(⃗p0+m⃗v)·(⃗x−⃗x0−⃗vt)/ℏ} = e^{im⃗v·(⃗x0+ 12 ⃗vt)/ℏ}ψ_{⃗x0+⃗vt,⃗p0+m⃗v} (⃗x), (3.22) which is again a coherent state.^8

By (3.1), the result of (3.22) gives the transformation on the polymer coherent state as (Ψ_{⃗x0,⃗p0} | → (Ψ^′_{⃗x0,⃗p0} | = (Ψ_{⃗x0,⃗p0} |Ĝ^†(⃗v, t) = e^{−im⃗v·(⃗x0+ 12 ⃗vt)/ℏ}(Ψ_{⃗x0+⃗vt,⃗p0+m⃗v}| (3.23) 8 The reason why coherent states remain coherent under Galileo transformation can be understood as follows. Compute the commutator of the boost and annihilation operators: [â_i, N̂_j ] =^{δij√}_{2d} (iℏt − d^2m), where the annihilation operator ^⃗a =^{1√}_{2d} (^⃗x + i^{d2}_ℏ ^⃗p). The identity [B̂, e^{xÂ}] = e^{xÂ}[B̂, Â]x then leads to [â_i, Ĝ(⃗v, t)] =^{vi√}_{2d} (t +^i_ℏ d^2m)Ĝ(⃗v, t). If ^⃗a|ψ_{⃗ζ0} ⟩ = ⃗ζ_0|ψ_{⃗ζ0} ⟩, consequently ^⃗a Ĝ(⃗v, t)|ψ_{⃗ζ0} ⟩ = ( ⃗ζ_0 +^{⃗v}_{√2d} (t +^i_ℏ d2m) ) Ĝ(⃗v, t)|ψ_{⃗ζ0} ⟩. Therefore, Ĝ(⃗v, t)|ψ_{⃗ζ0} ⟩ is again an eigenstate of ^⃗a with the eigen-

value ⃗ζ^′_0 = ⃗ζ_0 +^{⃗v√}_{2d} (t +^i_ℏ d^2m) =^{1√}_{2d} ( (⃗x_0 + ⃗vt) + i^{d2}_ℏ (⃗p + m⃗v) ) as expected. Similar argument can be applied to translation and rotation as well.

or, in terms of the dual basis in Cyl^⋆, (⃗x|Ĝ^†(⃗v, t) = e^{−im⃗v·(⃗x+ 12 ⃗vt)/ℏ}(⃗x + ⃗vt|. (3.24) According to (3.2) and the identity (⃗x|⃗x_i⟩ = δ_{⃗x,⃗xi} , we obtain the Galileo transformation on the basis of Cyl: Ĝ(⃗v, t)|⃗x_i⟩ = e^{im⃗v·(⃗x}i^{+ 1}2^{⃗vt)/ℏ}|⃗x_i + ⃗vt⟩. (3.25) Compared with (2.5), the transformation can be written in terms of Û and V̂ as expected: Ĝ(⃗v, t) = e^iℏ^{mv2}2^t V̂ (−⃗vt) Û(m⃗v/ℏ). (3.26)

E. Commutation Relations of the Modified Galileo Algebras

We have shown that the finite transformations of the complete Galileo transformations are well-defined in the polymer particle framework. However, the infinitesimal transformations are ill-defined and the corresponding generators (momentum, angular momentum and boost) do not exist in H_{Poly}. In this subsection, we define the modified generators by introducing the fundamental length μ_0 as suggested in [6] and study the commutation relations of the modified Galileo algebras.

The commutator between the basic operators x̂_i and V̂ (μ⃗e_j) is

[x̂_i, V̂ (μ⃗e_j)] = −μ δ_{ij}V̂ (μ⃗e_j ). (3.27)

On the other hand, the momentum operator is not well-defined in polymer particle description. Instead, we introduce the fundamental length μ_0, which is to be sufficiently small (ℓ ≪ μ_0 ≪ d)^9, and define the analogue of the momentum operator in H_{Poly} as ℏ ^⃗K_{μ0} with

K̂_{i,μ0} := 1

2μ_0i ( V̂ (μ_0⃗e_i) − V̂ (−μ_0⃗e_i) ) , (3.28)

where ⃗e_i are the unit vectors in x-, y- or z-direction. The commutator between the position and momentum becomes

[x̂_i, K̂_{j,μ0} ] = i 2 δ_{ij} ( V̂ (μ_0⃗e_j ) + V̂ (−μ_0⃗e_j) ) ≡ iδ_{ij}ξ̂_{j,μ0} , (3.29) where we define ξ̂_{j,μ0} :=

V̂ (μ_0⃗e_j ) + V̂ (−μ_0⃗e_j ) 2 (3.30)

and note that ξ̂_{j,μ0} → 1 when μ_0 → 0 as the space becomes continuous. By (3.27), We have

[x̂_i, ξ̂_{j,μ0} ] = −iμ^2_0δ_{ij}K̂_{j,μ0} . (3.31)

Meanwhile, we also list the obvious commutation relations:

[x̂_i, x̂_j ] = 0, [K̂_{i,μ0} , K̂_{j,μ0} ] = 0, [K̂_{i,μ0} , ξ̂_{j,μ0} ] = 0 and [ξ̂_{i,μ0} , ξ̂_{j,μ0} ] = 0 (3.32)

9 As defined in [6], ℓ is the spacing of the regular lattices on which the shadow states are defined, and d is the characteristic length scale which defines our tolerance.

In the same spirit, the modified angular momentum for the rotation is defined in the similar way: L̂_{i,μ0} := ℏ ∑ j,k ϵ_{ijk} x̂_jK̂_{k,μ0} . (3.33)

By (3.29), (3.31) and (3.32), we then have^{10} [L̂_{i,μ0} , x̂_j] = iℏ ∑ k ϵ_{ijk}x̂_k ξ̂_{j,μ0} , (3.34)

[L̂_{i,μ0} , K̂_{j,μ0} ] = iℏ ∑ k ϵ_{ijk}K̂_{k,μ0} ξ̂_{j,μ0} , (3.35) [L̂_{i,μ0} , L̂_{j,μ0} ] = iℏ ∑ k ϵ_{ijk}L̂_{k,μ0}ξ̂_{k,μ0} (3.36) and [L̂_{i,μ0} , ξ̂_{j,μ0} ] = −iℏμ^2_0K̂_{j,μ0} ∑ k ϵ_{ijk}K̂_{k,μ0} . (3.37) Finally, analogous to (3.19), we defined the modified boost generator as

N̂_{i,μ0} (t) := ℏK̂_{i,μ0} t − mx̂_i. (3.38)

This leads to [K̂_{j,μ0} , N̂_{j,μ0} (t)] = im δ_{ij} (3.39) and [L̂_{i,μ0} , N̂_{j,μ0} (t)] = iℏ ∑ k ϵ_{ijk}N̂_{k,μ0} (t) ξ̂_{j,μ0} . (3.40) The algebra of the modified generators of the complete Galileo group is the same as its counterpart in the standard quantum mechanics if we take the fundamental length μ_0 to be vanishing (i.e. the continuous limit).

Finally, we also define ^⃗L_{2μ0} := L̂_{2x,μ0} + L̂_{2y,μ0} + L̂_{2z,μ0} , (3.41)

and we have [^⃗L^2_{μ0} , L̂_{z,μ0} ] = iℏ ( L̂_{x,μ0}L̂_{y,μ0} + L̂_{y,μ0}L̂_{x,μ0} ) ( ξ̂_{x,μ0} − ξ̂_{y,μ0} ) (3.42)

and so on. Thus, ^⃗L^2_{μ0} does not commute with L̂_{i,μ0} , unless in the continuous limit.

Note that the position operator x̂_i, modified momentum K̂_{i,μ0} , and modified boost N̂_{i,μ0} (t) form a closed algebra together with ξ̂_{i,μ0} . In contrast, the modified angular momenta L̂_{i,μ0} do not form a closed algebra even with x̂_i, K̂_{i,μ0} , N̂_{i,μ0} (t) and/or ξ̂_{i,μ0} included, since the right-hand sides of (3.34)–(3.37) and (3.40) are not the sum of generators but the sum of the products of two operators.

To reflect the discreteness of area and volume in LQG, as a toy model, we impose the fundamental length μ_0 in the polymer particle framework. The way the fundamental length is imposed is however very specific: We modify the momentum operator as in (3.28) by

10 Note: The index j is not summed (no Einstein convention).

introducing μ_0 only in the three orthogonal directions (x-, y- and z-directions). The rotational transformation does not leave this particular set-up invariant. This is the underlying reason why the modified angular momenta do not give a closed algebra. Related to this issue, when the symmetry is taken into account, we will see that the rotational symmetry is respected only approximately while the translational symmetry still holds exactly in the polymer particle description. (This will be the topic in Section V A and Section V B.)

IV. CLASSICAL CORRESPONDENCE ON THE SHADOW STATES

We have successfully defined the complete Galileo transformation in the polymer particle framework. A natural question is to ask whether these transformations defined in the polymer particle description reproduce the desired classical behaviors, namely, whether (3.3), (3.11) and (3.15) will hold as some kind of classical limit when we focus on the polymer coherent states.

To circumvent the difficulty that the operator ^⃗p is not defined in the polymer particle framework and there is no inner product in Cyl^⋆, we follow the strategy introduced in [6]. To begin with, define the shadow state |Ψ^{shad}_γ ⟩ as the element (Ψ| of Cyl^⋆ projected to the subspace Cyl_γ by the projection operator p̂_γ :

(Ψ|p̂_γ := ∑ ⃗x_i∈γ Ψ(⃗x_i)|⃗x_i⟩ ≡ |Ψ^{shad}_γ ⟩, (4.1)

with (Ψ| = ∑ ⃗x Ψ̄(⃗x)(⃗x|. Then, we say that the “expectation values” of the operator Â is given by ⟨Â⟩ = (Ψ|Â|Ψ^{shad}_γ ⟩

‖Ψ^{shad}_γ ‖^2

, (4.2)

when the state (Ψ| is probed by a sufficiently refined graph γ. We restrict ourselves to the shadows on the regular lattices with sufficiently small lattice spacing ℓ (ℓ ≪ d). We also adopt (3.28) as the momentum operator.

The expectation values ⟨^⃗x⟩ and ⟨^⃗p⟩ have been investigated for polymer coherent states in [6]. The results are ⟨x̂_i⟩_{⃗ζ} := (Ψ_{⃗ζ} |x̂_i|Ψ^{shad}_{⃗ζ,γ} ⟩

‖Ψ^{shad}_{⃗ζ,γ} ‖^2 = x_i [ 1 + O ( e^{− π2d2}ℓ^2 )] (4.3)

and ⟨p̂_i⟩_{⃗ζ} ≡ ℏ⟨K̂_{i,μ0} ⟩_{⃗ζ} := ℏ (Ψ_{⃗ζ} |K̂_{i,μ0} |Ψ^{shad}_{⃗ζ,γ} ⟩ ‖Ψ^{shad}_{⃗ζ,γ} ‖^2 = p_i [ 1 + O ( k^2μ^2_0 ) + O ( ℓ^2 d^2 )] , (4.4)

where (Ψ_{⃗ζ} | is peaked at ⃗ζ =^{1√}_{2d} (⃗x + id^2⃗k) and p_i = ℏk_i.

We have shown that under the complete Galileo transformations the coherent states remain coherent and peaked at the values as the classical counterparts transfer positions and momenta; i.e up to a phase factor, (Ψ_{⃗x,⃗p}| → (Ψ_{⃗x′,⃗p′} | with the corresponding transformation in the classical phase space (⃗x, ⃗p) → (⃗x^′, ⃗p^′). Therefore, the transformation of the expectation values is given by ⟨x̂_i⟩_{⃗x,⃗p} → ⟨x̂_i⟩_{⃗x′,⃗p′} and ⟨p̂_i⟩_{⃗x,⃗p} → ⟨p̂_i⟩_{⃗x′,⃗p′} , which are different from its classical counterpart (⃗x, ⃗p) → (⃗x^′, ⃗p^′) according to (4.3) and (4.4).

Although the expectation values do not reproduce the classical result exactly, the discrepancy is highly negligible as long as ℓ ≪ d and kμ_0 ≪ 1. For kμ_0 ≳ 1, however, the transformation in polymer particle framework no longer agree with the classical counterpart, but the non-relativistic approximation breaks down long before one reaches such high momenta. Also note that however small k is, by the boost with a large ⃗v, one can always get a large momentum (⃗k^′ = ⃗k + m⃗v/ℏ) and hence the agreement fails to hold. This is again due to the fact that we should take relativistic effect into account when the boost velocity is very fast and therefore Galileo boost should be replaced by Lorentz transformation.

It is remarkable to know that all the finite Galileo transformations can be exactly represented in the polymer particle framework whereas they agree with the classical results only approximately when the expectation values are probed by refined graphs.

V. GALILEO SYMMETRIES AND THEIR CONSEQUENCES

In standard quantum mechanics, a dynamic system is said to be invariant or symmetric under a continuous transformation Ω̂(ρ) if its Hamiltonian Ĥ remains unchanged by the transformation; i.e. Ω̂(ρ)^†Ĥ Ω̂(ρ) = Ĥ for all possible values of ρ, which parameterizes the transformation. There are three important consequences if Ĥ respects a continuous symmetry:

1. If |Ψ(t)⟩ satisfies the Schrödinger equation, so does |Ψ^′(t)⟩ := Ω̂|Ψ(t)⟩.

2. If ĝ is the generator corresponding to the infinitesimal transformation, it commutes with Ĥ and thus we can find the eigenstates both for energy and ĝ simultaneously.

3. The expectation value of ĝ is conserved; i.e. ⟨Ψ(t)| ĝ |Ψ(t)⟩ is a constant of motion.

To study the dynamics in the polymer particle Hilbert space, due to nonexistence of the momentum operator, we first replace the standard Hamiltonian Ĥ =^1_{2m} ^⃗p^2 + V (^⃗x)^{11} by the modified one in terms of fundamental operators [6]:

Ĥ_{μ0} = ℏ^2 2m ( ^K2_{xμ0} + ^K2_{yμ0} + ^K2_{zμ0} ) + V (^⃗x) (5.1)

with ^K2_{i μ0} = 1 μ^2_0 ( 2 − V̂ (μ_0⃗e_i) − V̂ (−μ_0⃗e_i) ) ≡ 2 μ^2_0

(1 − ξ̂_{i,μ0} ), (5.2)

and cast the Schrödinger equation in the polymer particle representation as iℏ d dt |f(t)⟩ = Ĥ_{μ0} |f(t)⟩ for |f(t)⟩ ∈ Cyl. (5.3) If Ĥ_{μ0} is independent of t, then the solution is |f(t)⟩ = e^{−iĤμ0 t/ℏ}|f(0)⟩. (5.4) 11 Note: Do not confuse the potential V (^⃗x) with the fundamental operator V̂ (⃗μ).

Since the motivation to impose the fundamental length μ_0 is to give the underlying discreteness analogous to that in quantum geometry, we will adopt the viewpoint that the dynamics modified with μ_0 is fundamental (whereas the continuous limit is effective) and hence only ^⃗x and those V̂ (⃗μ) with ⃗μ = μ_0(N_1⃗e_1 + N_2⃗e_2 + N_3⃗e_3) for N_i integers are observationally relevant. (See [6] for more details.)

With the fundamental dynamics defined, we can now say that the system respects the continuous symmetry if and only if

Ω̂^†(ρ)Ĥ_{μ0}Ω̂(ρ) = Ĥ_{μ0} (5.5)

for all possible values of ρ. It can be easily shown that (5.5) is the sufficient and necessary condition for Ω̂^†(ρ) e^{−iĤ}μ0^{t/ℏ} Ω̂(ρ) = e^{−iĤ}μ0^{t/ℏ}. (5.6)

The meaning of (5.6) is that Consequence 1 is automatically satisfied in the polymer particle representation once we adopt (5.5) as the definition of invariance.

On the other hand, opposed to the standard quantum mechanics, (5.5) does not necessarily imply [ĝ_{μ0} , Ĥ_{μ0} ] = 0 (5.7)

where ĝ_{μ0} is the associated modified generator (ĝ_{μ0} = ℏK̂_{i,μ0} for translation and ĝ_{μ0} = L̂_{i,μ0} for rotation). Hence, Consequence 2 may not hold for the modified generator in the polymer particle description.

In order to examine the analogue of Consequence 3, again, we define the expectation value with respect to the state (Ψ| of Cyl^⋆ probed on the graph γ as

⟨ĝ_{μ0} ⟩_γ (t) := (Ψ(t)|ĝ_{μ0} |Ψ^{shad}_γ (t)⟩, (5.8)

where (Ψ(t)| = (Ψ(0)|e^{iĤμ0 t/ℏ} and |Ψ^{shad}_γ (t)⟩ ≡ (Ψ(t)|p̂_γ . (5.9)

Note that (Ψ(t)| may not remain as a coherent polymer state even if (Ψ(0)| is. Also notice that |Ψ^{shad}_γ (t)⟩ ≠ e^{−iĤμ0 t/ℏ}|Ψ^{shad}_γ (0)⟩ since Ĥ_{μ0} and p̂_γ do not commute in general.

As discussed in [6], let α^{⃗x0} be the regular lattice consisting of points ⃗x_0 +μ_0(N_1⃗e_1 +N_2⃗e_2 + N_3⃗e_3) with ⃗x_0 ∈ [0, μ_0)^3. The full polymer particle Hilbert space can be decomposed as a direct sum of separable Hilbert spaces H^{⃗x0}_{Poly} based on the graph α^{⃗x0} :

H_{Poly} = ⨁ ⃗x_0∈[0,μ_0)^3

H^{⃗x0}_{Poly}. (5.10)

Since the observable algebra is now generated by ^⃗x and V̂ (μ_0(N_1⃗e_1 + N_2⃗e_2 + N_3⃗e_3)), observables cannot mix states belonging to distinct H^{⃗x0}_{Poly} and each of these Hilbert spaces is superselected. Therefore, restricted to a single H^{⃗x0}_{Poly}, Ĥ_{μ0} and p̂_γ commute with each other and we then have |Ψ^{shad}_{⃗x0} (t)⟩ = e^{−iĤμ0 t/ℏ}|Ψ^{shad}_{⃗x0} (0)⟩ (5.11)

and consequently

⟨ĝ_{μ0} ⟩_{⃗x0} (t) = (Ψ(0)|e^{iĤμ0 t/ℏ} ĝ_{μ0} e^{−iĤμ0 t/ℏ}|Ψ^{shad}_{⃗x0} (0)⟩. (5.12)

Therefore, the expectation value ⟨ĝ_{μ0} ⟩_{⃗x0} (t) is a constant if and only if (5.7) holds.

Note that while Consequence 1 is simply the result of (5.5), Consequences 2 and 3 are different from it. Either of the consequences could fail while its counterpart in the standard quantum mechanics holds.

The description of Galileo symmetry is somewhat different from the above and only the analogue of Consequence 1 makes sense because Galileo boost involves the temporal variable t. We will treat it in a separate manner in Section V C.

A. Translational Symmetry

To study the translational symmetry, we study a system with the potential invariant in some spatial direction specified by the unit vector ⃗n; i.e. V (⃗x) = V (⃗x+λ⃗n) for any arbitrary λ. Classically, we will have the symmetry under the translation in the ⃗n-direction. Let us check if this system admits the symmetry in the polymer particle Hilbert space.

In Section III B, we have shown that the translation operator in ⃗n-direction is T̂ (μ⃗n) = V̂ (−μ⃗n) and the action is given by (3.9). It is easy to show that T̂ (μ⃗n) commutes with ^K2_{i μ0} and the potential V (^⃗x). Hence, it admits the translational symmetry in the polymer particle framework and Consequence 1 is true.

Next, let the generator be ĝ_{⃗n,μ0} = ℏ ^⃗K_{μ0}· ⃗n ≡ ℏ

∑_3 i=1 K̂_{i,μ0}· n_i with K̂_{i,μ0} defined in (3.28).

It can be readily shown that (5.7) is satisfied and therefore Consequences 2 and 3 also hold.

B. Rotational Symmetry

To study the rotational symmetry, consider a system with the axial symmetry, say, in the z-direction; i.e. the potential satisfies V (⃗x) = V (R_z⃗x), where R_z is the rotation about the z-axis.

In Section III C, we have known that the rotation operator acting on the polymer particle Hilbert space behaves as (3.14). It is then easy to show that

D̂(R_z)^†V (^⃗x) D̂(R_z) = V (^⃗x) (5.13) and D̂(R_z)^† ^K2_{zμ0}D̂(R_z) = ^K2_{zμ0} . (5.14)

On the other hand, denoting R_z⃗x = (x cosϕ − y sinϕ, x sinϕ + y cosϕ, z) ≡ (x^′, y^′, z), we have

D̂(R_z)^† ( ^K2_{xμ0} + ^K2_{yμ0} ) D̂(R_z)|x, y, z⟩ = D̂(R_z)^† ( ^K2_{xμ0} + ^K2_{yμ0} ) |x^′, y^′, z⟩ = 1 μ^2_0

D̂(R_z)^† { 2|x^′, y^′, z⟩ − |x^′ + μ_0, y^′, z⟩ − |x^′ − μ_0, y^′, z⟩ +2|x^′, y^′, z⟩ − |x^′, y^′ + μ_0, z⟩ − |x^′, y^′ − μ_0, z⟩ }

= 1 μ^2_0 { 4|x, y, z⟩ − |x + μ_0 cosϕ, y − μ_0 sinϕ, z⟩ − |x − μ_0 cosϕ, y + μ_0 sinϕ, z⟩ −|x + μ_0 sinϕ, y + μ_0 cosϕ, z⟩ − |x − μ_0 sinϕ, y − μ_0 cosϕ, z⟩ } , (5.15) which is different from ( ^K2_{xμ0} + ^K2_{yμ0} ) |x, y, z⟩ = 1 μ^2_0 { 4|x, y, z⟩ − |x + μ_0, y, z⟩ − |x − μ_0, y, z⟩ − |x, y + μ_0, z⟩ − |x, y − μ_0, z⟩ } , (5.16)

unless the rotation angle ϕ about z-axis is a multiple of π/2, in which case the rotation transforms the regular lattice α^{⃗x0} to itself. Therefore, (5.5) fails to be satisfied and Consequence 1 does not hold in general!

The problem occurs due to the fact that although the finite rotation can be carried out in the polymer particle framework, the operator D̂(R) cannot be decomposed into the fundamental operators as commented in the end of Section III C. In particular, it cannot be generated by ^⃗x and V̂ (μ_0(N_1⃗e_1 + N_2⃗e_2 + N_3⃗e_3)) and spoils the superselection of each H^{⃗x0}_{Poly}. (See also the comment in the end of Section III E.) In a sense, the continuous rotation D̂(R) is not totally observationally relevant when the operator Ĥ_{μ0} modified with μ_0 is to govern the “fundamental dynamics” on H_{Poly}.

Let us then investigate Consequences 2 and 3. First, by (3.37) and (5.2), we note that

[L̂_{i,μ0} , ^K^2_{jμ0} ] = 0 (5.17)

and thus L̂_{i,μ0} commutes with the kinematic part of the Hamiltonian defined in (5.1).

On the other hand, by induction based on (3.34), we have [L̂_{z,μ0} , x̂^n] = iℏ n x̂^{n−1} ŷ ξ̂_{x,μ0} and [L̂_{z,μ0} , ŷ^n] = −iℏ n ŷ^{n−1} x̂ ξ̂_{y,μ0} . (5.18) Because of the presence of ξ̂_{i,μ0} in (5.18), even if L̂_z commutes with the potential in the standard quantum mechanics, [L̂_{z,μ0} , V (x̂, ŷ, ẑ)] fails to vanish except for the case when V (x̂, ŷ, ẑ) = V (ẑ). To estimate how bad the violation of the angular momentum conservation is, we consider a simple harmonic oscillator with z-axial symmetry:

Ĥ_{μ0} = ℏ 2m 3∑ i=1 ^K2_{i μ0} + 1 2 mω^2(x̂^2 + ŷ^2). (5.19)

This Hamiltonian gives us

[L̂_{z,μ0} , Ĥ_{μ0} ] = iℏω^2 ( x̂ŷξ̂_{x,μ0} − ŷx̂ξ̂_{y,μ0} ) . (5.20)

By (5.12), the time variation of the expectation value of L̂_{z,μ0} is given by d dt ⟨L̂_{z,μ0} ⟩_{⃗x0} (t) = − i ℏ (Ψ(t)|[L̂_{i,μ0} , Ĥ_{μ0} ]|Ψ^{shad}_{⃗x0} (t)⟩

= mω^2(Ψ(t)| ( x̂ŷξ̂_{x,μ0} − ŷx̂ξ̂_{y,μ0} ) |Ψ^{shad}_{⃗x0} (t)⟩

= mω^2(Ψ(t)| ( x̂ŷ ( 1 − μ^2_0 ^K^2_{xμ0} /2 ) − ŷx̂ ( 1 − μ^2_0 ^K^2_{yμ0} /2 )) |Ψ^{shad}_{⃗x0} (t)⟩

∼ mω^2O(k^2μ^2_0)(Ψ(t)|x̂ŷ|Ψ^{shad}_{⃗x0} (t)⟩ ∼ mω^2⟨x̂ŷ ⟩O(k^2μ^2_0), (5.21) where (5.2) has been used and ⟨x̂ŷ⟩ := ⟨Ψ(t)|x̂ŷ|Ψ(t)⟩ is the expectation value of x̂ŷ in the standard quantum mechanics. The result is non-vanishing but highly suppressed if kμ_0 ≪ 1. For kμ_0 ≳ 1, the violation of the angular momentum conservation is noticeable, but again the relativistic correction needs to be taken into account long before such high momentum is reached.

By introducing the discreteness μ_0 to the momentum operator in (3.28) and to the Hamiltonian in (5.1) and (5.2), we explicitly break the rotational symmetry. Since the modified Hamiltonian is used for the “fundamental dynamics” on H_{Poly}, Consequence 1 can no longer hold exactly even for a free particle. Nevertheless, we can still probe the associated angular momentum and the conservation law still makes sense with high accuracy in the low energy regime.

C. Galileo Symmetry

When we say a dynamical system respects Galileo symmetry, it means two reference frames F and F^′ with a constant relative velocity are physically equivalent. In the standard quantum mechanics, that means a state evolved by t and then followed by a boost instantaneously is the same as the state boosted at time zero and followed by the evolution with t. More precisely, that is Ĝ(⃗v, t)Û_F (t, 0)|ψ⟩ = Û_{F ′} (t, 0)Ĝ(⃗v, 0)|ψ⟩ for all |ψ⟩, (5.22) where Û_F (t^′, t) is the time evolution operator based on the Hamiltonian Ĥ_F (t) viewed in the reference F ; the Hamiltonians are^{12}

Ĥ_F (t) = ^⃗p 2 2m + V (^⃗x) for frame F (5.23) and Ĥ_{F ′} (t) = ^⃗p 2 2m + V (^⃗x − ⃗vt) for frame F^′. (5.24)

Taking the time derivative on both sides of (5.22) yields ( d dt Ĝ(⃗v, t) ) Û_F (t, 0) − i ℏ Ĝ(⃗v, t)Ĥ_F (t)Û_F (t, 0) = − i ℏ Ĥ_{F ′} (t)Û_{F ′} (t, 0)Ĝ(⃗v, 0). (5.25)

By (3.20) (or (3.26) for both the standard and polymer particle frameworks), we have d dt Ĝ(⃗v, t) = { i mv^2 2ℏ + ( d dt V̂ (−⃗vt) ) V̂^†(−⃗vt) } Ĝ(⃗v, t), (5.26) and then imposing Û_F ′ (t, 0)Ĝ(⃗v, 0)Û^†_F (t, 0)Ĝ^†(⃗v, t) = 1 (from (5.22)) on (5.25), we can show − 1 2 mv^2 + iℏ ( d dt V̂ (−⃗vt) ) V̂^†(−⃗vt) + Ĝ(⃗v, t)Ĥ_F (t) Ĝ^†(⃗v, t) = Ĥ_{F ′} (t). (5.27)

12 Here, we adopt the convention that the transformation operator acts on the states instead of the observable operators; i.e. |Ψ⟩ → |Ψ^′⟩ = Ĝ(⃗v, t)|Ψ⟩ while ^⃗x and ^⃗p are kept the same for the two frames. However, The potential experienced by the moving frame F^′ is different from that by F .

(In fact, conversely, (5.27) also implies (5.22). This can be proven by the fact that Û(t, 0) = T e^{−i ∫ t}0^{dtĤ(t)/ℏ} and the uniqueness theorem of the differential equation.)

In the standard quantum mechanics, the momentum operator is well-defined and we have V̂ (⃗vt) = ei^^⃗p·⃗vt/ℏ, Ĝ(⃗v, t) ^⃗p Ĝ†(⃗v, t) = ^⃗p−m⃗v and Ĝ(⃗v, t) ^⃗x Ĝ†(⃗v, t) = ^⃗x−⃗vt. (5.27) then implies Ĥ_{F ′} (t) = Ĥ_F (t) | | ^⃗x→^⃗x−⃗vt, ^⃗p→^⃗p−m⃗v + ^⃗p · ⃗v − 1 2 mv^2. (5.28)

It is obvious to see that (5.23) and (5.24) satisfy the condition of (5.28). That means most systems respect Galileo symmetry as long as their Hamiltonians are of the standard form (kinematic energy plus an arbitrary potential).

To study the Galileo symmetry in the polymer particle framework, due to absence of the momentum operator, we have to first replace the Hamiltonians in (5.23) and (5.24) with the modified form of (5.1); that is

Ĥ_{F,μ0} (t) = ℏ^2 2m ( ^K2_{xμ0} + ^K2_{yμ0} + ^K2_{zμ0} ) + V (^⃗x) for frame F (5.29) and Ĥ_{F ′,μ0} (t) = ℏ^2 2m ( ^K2_{xμ0} + ^K2_{yμ0} + ^K2_{zμ0} ) + V (^⃗x − ⃗vt) for frame F^′. (5.30)

Second, in the same spirit, we also adopt the prescription for the time derivative of V̂ : ( d dt V̂ (−⃗vt) ) V̂^†(−⃗vt) −→ −i ^⃗K_{μ0}· ⃗v ≡ −i ( K̂_{x,μ0} v_x + K̂_{y,μ0} v_y + K̂_{z,μ0} v_z ) . (5.31)

But this is equivalent to modify the Galileo transformation operator Ĝ(⃗v, t) in (3.26) to Ĝ(⃗v, t) −→ Ĝ_{μ0} (⃗v, t) := e^iℏ^{mv2}2^t V̂_{μ0} (−⃗vt) Û(m⃗v/ℏ) (5.32) with the operator V̂_{μ0} regularized from V̂ : V̂ (−⃗vt) −→ V̂_{μ0} (−⃗vt) := e^{−i ^⃗K}μ0^{· ~⃗vt} V̂ (−[⃗vt]), (5.33) where [v_it] := max {nμ_0|n ∈ Z, nμ_0 ≤ v_it} and the remainder ~v_it := v_it − [v_it]. Because we require (5.22) to be true for any t, we have to specify Ĝ(⃗v, t + Δt) for the infinitesimal Δt; while the infinitesimal transformation of V̂ is ill-defined, we regularize it by (5.33) and this prescription correspondingly gives rise to (5.31).^{13}

Notice that we have

Ĝ_{μ0} (⃗v, t)V̂ (μ_0⃗e_i) Ĝ^†_{μ0} (⃗v, t) = Ĝ(⃗v, t)V̂ (μ_0⃗e_i) Ĝ^†(⃗v, t) = e^{− i}ℏ^{mμ}0^viV̂ (μ_0⃗e_i) (5.34)

13 To give (5.31), we can simply regularize V̂ (−⃗vt) to V̂_{μ0} (−⃗vt) := e^{−i ^⃗Kμ0·⃗vt} rather than (5.33). However, this naive prescription leads to Ĝ_{μ0} (⃗v, t) ^⃗x Ĝ^†_{μ0} (⃗v, t) = ^⃗x − ^⃗ξ_{μ0} ⃗vt, which causes growing discrepancy with t when compared to the result of the standard quantum mechanics. With the tamed regularization instead, (5.33) gives (5.35) and the deviation in x_i is (1 − ξ̂_{i,μ0} )~v_it ≲ μ_0O(k^2μ^2_0), which is highly negligible in the low-energy regime.

and Ĝ_{μ0} (⃗v, t) x̂_i Ĝ^†_{μ0} (⃗v, t) = x̂_i − [v_it] − ξ̂_{i,μ0} ~v_it. (5.35) To prove (5.35), we have used V̂ (−[v_it]) x̂_jV̂^†(−[v_it]) = x̂_j −δ_{ij} [v_it] and e^{−iK̂iμ}0^{~vit} x̂_j e^{iK̂iμ}0^{~vit} = x̂_j − δ_{ij} ~v_it (by (3.29) and the identity [B̂, e^{xÂ}] = e^{xÂ}[B̂, Â]x). (Also note that (5.34) means Galileo transformation and translation commute geometrically, but there is an irremovable phase factor quantum mechanically.)

The condition for the Galileo symmetry (5.27) is now modified to − 1 2 mv^2 + ℏ ^⃗K_{μ0}· ⃗v + Ĝ_{μ0} (⃗v, t) Ĥ_{F,μ0} (t) Ĝ^†_{μ0} (⃗v, t) = Ĥ_F ′_{,μ0} (t). (5.36)

With (5.34) and (5.35), the left-hand side of (5.36) becomes − 1 2 mv^2 + ℏ ^⃗K_{μ0}· ⃗v + ℏ^2 2mμ^2_0 3∑ i=1 [ 2 − e^{− iℏ mμ0vi}V̂ (μ_0⃗e_i) − e^{iℏ mμ0 vi}V̂ (−μ_0⃗e_i) ]

+V (^⃗x − [⃗vt] − ^⃗ξ_{μ0} ~⃗vt), (5.37) which can be expressed as − 1 2 3∑ i=1 mv^2_i ( 1 − ξ̂_{i,μ0} ) + ℏ^2 2mμ^2_0 3∑ i=1 [ 2 − V̂ (μ_0⃗e_i) + −V̂ (−μ_0⃗e_i) ]

+ ℏ^2 mμ^2_0 O (( mμ_0v ℏ )_3) + V (^⃗x − ⃗vt) + ~⃗vt · ⃗∇V O(k^2μ^2_0) = ℏ^2 2mμ^2_0 3∑ i=1 [ 2 − V̂ (μ_0⃗e_i) − V̂ (−μ_0⃗e_i) ] + V (^⃗x − ⃗vt) + ℏ^2 mμ^2_0 O (( mμ_0v ℏ )_3) + ( 1 2 mv^2 + μ_0|⃗∇V | ) O(k^2μ^2_0), (5.38)

where ⃗∇V is the gradient of potential and ℏ⃗k is the momentum of the moving particle in the frame F . The result of (5.38) agrees with the right-hand side of (5.36) (i.e. (5.30)) with minuscule discrepancy. In conclusion, the Galileo symmetry in the polymer particle framework is still respected by most systems, but only approximately; however, the disagreement is highly negligible as long as mμ_0v/ℏ ≪ 1 and kμ_0 ≪ 1. When the boost velocity v or the momentum of the particle k is too big, the Galileo symmetry does not hold anymore, but again the relativistic effect should take place far before the breakdown.^{14}

The pathological trait in the above investigation is the ad hoc modification in (5.32) and (5.33). This procedure is necessary because we need the time derivative of V̂ (−⃗vt) in (5.27). While the fundamental dynamics is governed by the new Hamiltonians (5.29) and (5.30), the time t is not discretized. However, this problem can be circumvented if we interchange the

14 We can adopt the different perspective to say that when we modify the Hamiltonian in the frame F from (5.23) to (5.29), correspondingly, we should modified the Hamiltonian in the moving frame F^′ as (5.37) instead of (5.30). If we take (5.37) as the viable Hamiltonian for F^′, the Galileo symmetry will be respected exactly. However, this prescription is difficult to be justified.

roles of ^⃗x and ^⃗p and thus impose the “fundamental momentum” λ_0 (which is of dimension [length]^{−1}) in k-space instead of μ_0 in x-space. The momentum operator is well-defined and V̂ (⃗μ) = ei⃗μ·^^⃗p/ℏ.15 Following the same procedures as above, we introduce the modified position operator

X̂_{i,λ0} := 1 2λ_0i ( Û(λ_0⃗e_i) − Û(−λ_0⃗e_i) ) . (5.39)

Accordingly, the Hamiltonians in the frames F and F^′ are given by

Ĥ_{F,λ0} (t) = ^⃗p 2 2m + V (X̂_{i,λ0} ) (5.40) and Ĥ_{F ′,λ0} (t) = ^⃗p 2 2m + V (X̂_{i,λ0} − v_it). (5.41)

Since time derivative of V̂ is well-defined:^d_{dt}V̂ (−⃗vt) = −i^{⃗v·⃗p}_ℏ V̂ (−⃗vt), we do not need to modify the operator Ĝ(⃗v, t) and it keeps the same as (3.26). A simple calculation shows Ĝ(⃗v, t) ^⃗p Ĝ†(⃗v, t) = ^⃗p − m⃗v and Ĝ(⃗v, t) Û(λ_0⃗e_i) Ĝ†(⃗v, t) = e−iλ0vit Û(λ_0⃗e_i), which leads to Ĝ(⃗v, t) X̂_{i,λ0} Ĝ^†(⃗v, t) = e^{−iλ0vit} Û(λ_0⃗e_i) − eiλ0vitÛ(−λ_0⃗e_i) 2λ_0i

. (5.42)

Put all together, the left-hand side of (5.27) becomes − 1 2 mv^2 + ⃗p · ⃗v + (⃗p − m⃗v)^2 2m + V ( e^{−iλ0vit}Û(λ_0⃗e_i) − e^{iλ0vit}Û(−λ_0⃗e_i) 2λ_0i )

= ⃗p^2 2m + V ( X̂_{i,λ0} − v_it ) + ⃗vt · ⃗∇V O(λ^2_0x^2), (5.43)

which in general does not agree with the right-hand side of (5.27) (i.e (5.41)) if the spatial position of interest (⃗x or ⃗x + ⃗vt) is distant from the origin. In this alternative formulation, the Galileo symmetry holds only if the space range is confined in x ≪ λ^{−1}_0 .

In fact, exchanging the roles of ⃗x and ⃗p causes a more general problem. In the alternative framework, the transformations in the polymer particle representation fails to consistently reproduce their counterparts in the standard quantum mechanics. To see this, we perform the exchanges x ↔ k, μ_0 ↔ λ_0 and so on on (4.3) and (4.4), which then give ⟨p̂_i⟩_{⃗ζ} := (Ψ_{⃗ζ} |p̂_i|Ψ^{shad}_{⃗ζ,γ} ⟩ ‖Ψ^{shad}_{⃗ζ,γ} ‖^2 = p_i [ 1 + O ( e^{− π2ℓ2}d^2 )] (5.44) and ⟨x̂_i⟩_{⃗ζ} = (Ψ_{⃗ζ} |X̂_{i,λ0} |Ψ^{shad}_{⃗ζ,γ} ⟩ ‖Ψ^{shad}_{⃗ζ,γ} ‖^2 = x_i [ 1 + O ( x^2λ^2_0 ) + O ( d^2 ℓ^2 )] , (5.45)

15 The opposite ways of treating the canonical pair of variables in the phase space are sometimes referred as different choices of “polarization” by some authors.

where 1/d is the spread width in k-space of the coherent state and 1/ℓ is the spacing of the regular lattice γ which is embedded in k-space and 1/ℓ ≪ 1/d. We notice that (5.45) can be far deviated from x_i if x ≳ λ_0 and this discrepancy cannot attribute to relativistic effect.

The above discussion suggests that ⃗x and ⃗p are not on equal footing: To construct the polymer particle description, we should keep ^⃗x while dismiss ^⃗p and replace it by V̂ (⃗μ), not the other way around. It seems to be the non-relativistic physics that discriminates ⃗x and ⃗p and prevents the interchange. In LQG, perhaps the non-relativistic limit also plays a role in differentiating the canonical pair of SU(2) connections A^i_a and densitized triads E_i^a.

Furthermore, since interchanging the roles of ⃗x and ⃗p does not work, we are forced to modify the Galileo transformation operator as in (5.32) with the regularization in (5.33). This result tells that, even though we treat t as a continuous variable, the moving frame F^′ experiences the discreteness in time due to the irremovable regularization in accordance with the fundamental length μ_0. In a sense, the spatial discreteness gives rise to the temporal discreteness when probed by a boosted reference. At this moment, it is unclear whether this is only an artifact in the simple toy model or this observation can be generalized to the full theory of quantum geometry.

VI. CONCLUSION

The complete Galileo transformations and symmetries are investigated in the polymer particle representation of quantum mechanics of a non-relativistic particle constructed in [6]. By exploiting the fact that the standard coherent state in S uniquely gives a polymer coherent state in Cyl^⋆, all the finite Galileo transformations (translation, rotation and Galileo boost) can be naturally defined in the polymer particle Hilbert space. Furthermore, the spatial translation and Galileo boost can be expressed in terms of the fundamental operators Û(⃗λ) and V̂ (⃗μ), but the rotational operator cannot.

Three different consequences of continuous symmetries are explored in detail. It shows that in the polymer particle framework, these three consequences do not necessarily imply to one another. If a system is translationally symmetric in the standard quantum mechanics, all three consequences of the translational symmetry also hold in the polymer particle Hilbert space with the modified Hamiltonian Ĥ_{μ0} . For the case of rotational symmetry, Consequences 1 and 2 no longer hold in the polymer particle description due to the fact that the rotational symmetry is explicitly broken when the fundamental discreteness is imposed. Nevertheless, the change rate of the angular momentum is highly suppressed in the low energy regime and thus Consequence 3 is still respected with negligible deviation. Finally, Galileo symmetry is treated separately and shown to be an excellent approximation in the polymer particle framework as long as the momentum and boost velocity are small enough.

As with the Galileo symmetry, it also suggests that non-relativistic physics may explain why ⃗x and ⃗p are not on equal footing in the polymer particle representation. Furthermore, we also observe that the discreteness in space may give rise to the temporal discreteness when probed by a boosted reference. Further investigations in more sophisticated models are necessary for this observation.

Acknowledgments

The author is grateful for the warm hospitality during his visit at IGPG and thanks Abhay Ashtekar for initiating this work and useful discussions.

[1] M. Varadarajan and J. A. Zapata, “A proposal for analyzing the classical limit of kinematic loop gravity,” Class. Quant. Grav. 17, 4085 (2000) [arXiv:gr-qc/0001040].

[2] M. Varadarajan, “Fock representations from U(1) holonomy algebras,” Phys. Rev. D 61, 104001 (2000) [arXiv:gr-qc/0001050].

[3] M. Varadarajan, “Photons from quantized electric flux representations,” Phys. Rev. D 64, 104003 (2001) [arXiv:gr-qc/0104051].

[4] A. Ashtekar and J. Lewandowski, “Relation between polymer and Fock excitations,” Class.

Quant. Grav. 18, L117 (2001) [arXiv:gr-qc/0107043].

[5] M. Varadarajan, “Gravitons from a loop representation of linearised gravity,” Phys. Rev. D 66, 024017 (2002) [arXiv:gr-qc/0204067].

[6] A. Ashtekar, S. Fairhurst and J. L. Willis, “Quantum gravity, shadow states, and quantum mechanics,” Class. Quant. Grav. 20, 1031 (2003) [arXiv:gr-qc/0207106].

[7] F. Conrady, L. Doplicher, R. Oeckl, C. Rovelli and M. Testa, “Minkowski vacuum in background independent quantum gravity,” Phys. Rev. D 69, 064019 (2004) [arXiv:gr-qc/0307118].

[8] J. M. Velhinho, “Invariance properties of induced Fock measures for U(1) holonomies,” Commun. Math. Phys. 227, 541 (2002) [arXiv:math-ph/0107002].

[9] K. Gottfried and T. M. Yan, “Quantum Mechanics: Fundamentals,” Sec 7.3, (Springer, 2004).