arXiv:gr-qc/0612172v2 13 Aug 2008

Paths of Friedmann-Robertson-Walker brane models

Marek Szydłowski^∗ Astronomical Observatory, Jagiellonian University, Orla 171, 30-244 Kraków, Poland and Marc Kac Complex Systems Research Center, Jagiellonian University, Reymonta 4, 30-059 Kraków, Poland

Orest Hrycyna^† Department of Theoretical Physics, Faculty of Philosophy, The John Paul II Catholic University of Lublin, Al. Racławickie 14, 20-950 Lublin, Poland (Dated: August 13, 2008)

Dynamics of brane-world models of dark energy is reviewed. We demonstrate that simple dark energy brane models can be represented as 2-dimensional dynamical systems of a Newtonian type. Hence a fictitious particle moving in a potential well characterizes the model. We investigate the dynamics of the brane models using methods of dynamical systems. The simple brane-world models can be successfully unified within a single scheme – an ensemble of brane dark energy models. We characterize generic models of this ensemble as well as exceptional ones using the notion of structural stability (instability). Then due to the Peixoto theorem we can characterize the class of generic brane models. We show that global dynamics of the generic brane models of dark energy is topologically equivalent to the concordance ΛCDM model. We also demonstrate that the bouncing models or models in which acceleration of the universe is only transient phenomenon are non-generic (or exceptional cases) in the ensemble. We argue that the adequate brane model of dark energy should be a generic case in the ensemble of FRW dynamical systems on the plane.

PACS numbers: 98.80.Bp, 98.80.Cq, 11.25.-w

I. INTRODUCTION

Recent observations of distant supernovae type Ia (SNIa) [1, 2] as well as other current observations of cosmic microwave background radiation (CMBR) anisotropies indicate that our universe is almost flat and stay in the accelerated phase of expansion [3, 4]. Principally there are two alternatives of explanation properties of current universe. In the first approach the universe is accelerating due to presence of mysterious energy called dark energy X, of unknown origin, which violates the strong energy condition ρ_X + 3p_X > 0, where ρ_X and p_X are energy density and pressure of dark energy, respectively. Alternative to the dark energy idea is the explanation of acceleration of the universe based on some modification to the Friedmann-Robertson-Walker (FRW) dynamics arising from new physics (i.e., extra dimensions). In this approach dark energy is the manifestation of modified gravitational dynamics of the 4-dimensional brane leading to a self-accelerated universe. In this conception which is called brane dark energy new physics mimic on the phenomenological level dark energy or effects of extra dimensions manifest themselves as a modification to the Friedmann equation which govern the evolution of the 4-dimensional brane localized in the higher-dimensional bulk space. In contrast to the classical Kaluza-Klein theories (when extra dimensions, which manifest themselves at high energies, are either compact and have finite volume), theories with infinite volume of extra dimensions modify the late time cosmological evolution of the universe and gravitational dynamics is preserved at short distances.

The hierarchy problem [5, 6, 7] and the problem of present acceleration of the Universe [8, 9] also motivate all theories with large extra dimensions. In the literature of the subject there are many different propositions of dark energy of brane origin (for review see [10]). Different brane-world scenarios were tested by recent astronomical measurements of distant supernovae Ia [11] as well as other observations from Type IIb radio galaxies and X-ray gas mass fraction [12, 13]. The stringent constraint on the model parameters can be also obtained from baryon oscillation peak measurements [14, 15, 16].

The main aim of this paper is to investigate dynamics of the most popular brane dark energy models using methods of dynamical systems. We investigate a class of the simplest brane models in which our observable universe is a (3 + 1)-dimensional brane and a 3-space is homogeneous and isotropic. The physical space is embedded in a (4 + 1)- dimensional space called a bulk space. For all these models we obtain an analog of the classical Friedmann equation

∗Electronic address: uoszydlo@cyf-kr.edu.pl †Electronic address: hrycyna@kul.lublin.pl

with some additional terms which are functions of both the scale factor a and energy density of matter on the brane (see Table I). If we assume that the energy density satisfies the conservation condition ρ̇ = −3H(ρ + p), where p = wρ is the equation of state, then ρ = ρ(a) and the modified FRW equation on the brane can be represented by

H^2 + k a^2 ≡ ρ_{eff} 3 , (1)

where H = (ln a)˙ is Hubble’s function, k is the curvature index, ρ_{eff} = ρ_{eff}(a) is the effective energy density. For the concordance ΛCDM model ρ_{eff} = ρ_{m,0}(a/a_0)^{−3} + Λ, p_{eff} = 0 − Λ. Without lost of degree of generality one can choose a_0 = 1 – as the present value of the scale factor; 1 + z = a_0/a, where z is redshift.

Equation (1) can be rewritten to the new form analogous to the first integral of the energy for a unit mass particle moving in the potential well

ȧ^2 2 + V (a) ≡ 0, (2)

where a dot denotes the differentiation with respect to the rescaled time t → τ : |H_0|dt = dτ and V (a) = −^1_2 {Ω_{m,0}a^{−1}+ Ω_{k,0} + Ω_{Λ,0}a^2}; Ω_{m,0} =^{ρm,0}_{3H20} , Ω_{Λ,0} =^Λ_{3H20} are density parameters for matter and the cosmological constant on the

brane, V (a) = −^{ρeff a2}_6 .

Equation (2) reduces the problem of dynamics of a cosmological model to the standard problem of classical mechanics – motion of a particle of a unit mass in the potential well V (a) on the distinguished “zero energy level”.

For the FRW brane cosmological models there is a counterpart of the Friedmann first integral (2) in the form

ȧ^2 2 + V (a) + V_{brane}(a) = 0, (3)

where V_{brane}(a) = −^{ρbrane a2}_6 , V (a) = −^{ρeff a2}_6 .

Both relations (2) and (3) play the role of a first integral of motion for the system ẋ = y, ẏ = −^{∂V}_{∂x} , (4) which has the form of a 2-dimensional dynamical system of a Newtonian type and x = a/a_0.

The classical motion of the system is restricted to the domain admissible for motion:

D_0 = {x: V ≤ 0}. (5)

The evolution of the system has been visualized in 2-dimensional phase space (x, ẋ). There are two types of solutions of (4): 1) a singular one which corresponds to the critical points of system (4) such that y_0 = 0, and (∂V/∂x)_{x0} = 0; 2) a nonsingular one which lies on the algebraic curves determined by the Friedmann first integral y^2/2 + V (x) = 0. It is convenient to extract the curvature term from the potential function. Then we can regard evolution of the system on a constant energy level E =^1_2 Ω_{k,0}.

An advantage of dynamical system methods is a investigation of all admissible solutions for all initial conditions. A picture of all evolutional paths represented by phase curves and critical points form phase portrait – global visualization of dynamics. The trajectory of the flat model Ω_{k,0} = 0 divides phase portrait in to two subsets occupied by open models (Ω_{k,0} > 0) and by closed models (Ω_{k,0} < 0).

The character (type) of the critical points is, following the Hartman-Grobman theorem, determined from the linearized system

(x − x_0)˙ = y, (y − 0)˙ = −(^{∂2V}_{∂x2} )_{x=x0} (x − x_0), (6) around the critical point (which is a static critical point in any case in a finite domain of the phase space). Therefore the characteristic equation of the linearization matrix is

λ^2 + det A = 0, (7)

where tr A = 0, det A = V_{xx}(x_0).

From equation (7) we obtain that only two types of critical points are admissible for the system of a Newtonian type, namely saddles if V_{xx}(x_0) < 0 or centers in opposite case of V_{xx}(x_0) > 0. The case of V_{xx}(x_0) = 0 (a inflection

TABLE I: Classification of simple dark energy brane models in terms of H(x) relation and V_{brane} = −^{ρbrane a2}_6 = −^1_2 Ω_{brane}(a)a^2. case model (^H_{H0} )^2 = f(x) V_{brane} I Dvali-Turner model [17] (1 − Ωm,0)(^H_{H0} )^α + Ωm,0x^{−3}

II Deffayet-Dvali-Gabadadze

model p = wρ [18]

Ω_{k,0}x^{−2} + (√ Ωr_c + √ Ωr_c + Ωm,0x^{−3(1+w)}

)_2 −^1_2 ( √ Ωrc + √ Ωrc + Ωm,0x^{−3(1+w)} )_2 x^2

III Shtanov-Sahni model w =

0, 1/3, ϵ = ±1 [19]

ΩΛ,0 + Ωm,0x^{−3} + Ω_{dr,0}x^{−4} + ϵ|Ω_{λ,0}|x^{−6(1+w)} −^1_2 ( ΩΛ,0 + Ωm,0 x^{−3} + Ω_{dr,0}x^{−4} + ϵ|Ω_{λ,0}|x^{−6(1+w)} ) x^2

IV Sahni-Shtanov Brane I (+) and

Brane II (−) models [20]

Ωm,0x^{−3} + Ωσ + 2Ω_l ± 2 √ Ω_l √ Ωm,0x^{−3} + Ωσ + Ω_l + ΩΛ_b −^1_2 ( Ωm,0 x^{−3}+Ωσ +2Ω_l ±2 √ Ω_l √ Ωm,0x^{−3} + Ωσ + Ω_l + ΩΛ_b ) x^2 point) is a degenerated case. In the first case eigenvalues of the linearization matrix are real of opposite sings. In the case of centers (non-hyperbolic critical points) eigenvalues are purely imaginary.

For the conservative system it is useful to develop methods of qualitative investigations of differential equations [21]. The main aim of this approach is to construct phase portraits of the system which contain global information about the dynamics. The phase space (x, y) offers a possibility of natural geometrization of the dynamical behavior. It is in a simple 2-dimensional case structuralized by critical points or non-point closed trajectories (limit cycles) and trajectories joining them. Two phase portraits are equivalent modulo homeomorphism preserving orientation of the phase curves (or phase trajectories). From the physical point of view critical points (and limit cycles) represent asymptotic states (equilibria) of the system. Equivalently, one can look at the phase flow as a vector field f = [ y, − ∂V ∂x ]_T , (8)

whose integral curves are the phase curves.

Thanks to Andronov and Pontryagin [22], the important idea of structural stability was introduced into the ensemble [23] of all dynamical systems. A vector field, say f, is a structurally stable vector field if there is an ε > 0 such that for all other vector fields g, which are close to f (in some metric sense) ‖f − g‖ < ε, f and g are topologically equivalent. The notion of structural stability is mathematical formalization of intuition that physically realistic models in applications should posse some kind of stability, therefore small changes of the r.h.s. of the system (i.e. vector field) doesn’t disturb the phase portrait. For example motion of pendulum is structurally unstable because small changes of vector field (constructed from r.h.s. of the system) of a friction type g = [y, −∂V/∂x + ky]^T dramatically changes the structure of phase curves. While for the pendulum, the phase curves are closed trajectories around the center, in the case of pendulum with friction (constant) they are open spirals converging at the equilibrium after infinite time. We claim that the pendulum without friction is structurally unstable. Many dynamicists believe that realistic models of physical processes should be typical (generic) because we always try to convey the features of typical garden variety of the dynamical system. The exceptional (non-generic) cases are treated in principle as less important because they interrupt discussion and do not arise very often in applications [24].

In the 2-dimensional case, the famous Peixoto theorem gives the characterization of the structurally stable vector field on a compact two dimensional manifold [25]. They are generic and form open and dense subsets in the ensemble of all dynamical systems on the plane. If a vector field f is not structurally stable it belongs to the bifurcation set.

The space of all conservative dark energy models can be equipped with the structure of the Banach space with the C^1 metric.

Let V_1 and V_2 be two dark energy models. Then C^1 distance between them in the ensemble is

d(V_1, V_2) = max { sup_{x∈E} |V_{1,x} − V_{2,x}|, sup_{x∈E} |V_{1,xx} − V_{2,xx}| } , (9)

where E is a closed subset of configuration space. Of course, ensemble of all dynamical systems of Newtonian type on the plane is infinite dimensional functional space and the introduced metric is a so-called Sobolev metric.

While there is no counterpart of the Peixoto theorem in higher dimensions it can be easy to test whether planar polynomial systems, like in considered case, have structurally stable phase portraits. For this aim the analysis of behavior of trajectories at infinity should be performed. One can simply do that using the tools of Poincarè S^2 construction, namely by projection trajectories from the center of the unit sphere S^2 = { (X, Y, Z) ∈ R^3 :

X^2 + Y^2 + Z^2 = 1 } onto the (x, y) plane tangent to S^2 at either the north or south pole.

The vector field f is structurally unstable if:

1. there are non-hyperbolic critical points on the phase portrait,

2. there is a trajectory connecting saddles on the equator of S^2.

In opposite cases if additionally the number of critical point and limit cycles is finite, f is structurally stable on S^2.

Let us consider 2-dimensional dynamical system of a Newtonian type (5). There are three cases of behavior of the system admissible in the neighborhood of the critical point (x_0, 0): − ∂V/∂x|_{x0} = 0:

• If (x_0, 0) is a strict local maximum of V (x), it is a saddle point;

• If (x_0, 0) is a strict local minimum of V (x), it is a center;

• If (x_0, 0) is a horizontal inflection point of V (x), it is a cusp.

FIG. 1: Three possible types of behavior in the neighborhood of a critical point (from left to right): a saddle, a center and a cusp.

All these cases are illustrated in Fig. 1.

It is a simple consequence of the fact that characteristic equation for linearization matrix at the critical point (tr A = 0) is λ^2 + det A = 0, where det A = ∂^2V/∂x^2|_{x0} . Therefore the eigenvalues are real of opposite sign for saddle point, and for centers – if they are non-hyperbolic critical points – purely imaginary and conjugated.

In Fig. 2 the phase portrait for the ΛCDM model is presented on compactified projective plane by circle at infinity. Of course it is structurally stable. Therefore, following the Peixoto theorem, it is generic in the ensemble M of all dark energy models with 2-dimensional phase space because such systems form open and dense subsets.

It is also interesting that the phase space of dark energy model can be reconstructed from SN Ia data set and is topologically equivalent to the ΛCDM model. Fig. 3 represents the potential function

V (a(z)) = − 1 2 (1 + z)^2 [ d dz d_L(z) 1 + z ]_{−2} , (10)

reconstructed from the relation d_L(z) – the luminosity distance d_L as a function of redshift z : 1 + z = a^{−1}. Such a reconstruction is possible due to the existence of the universal formula d_L(z) 1 + z = ∫ dz^′ H(z^′) , (11)

for the flat model.

The main aims of presented discussion is searching for generic cases of brane-world models which are generic in the ensemble of brane-world models. We argue that adequate brane models should be located in the near ε-neighborhood of the ΛCDM model which is structurally stable. Therefore the global structure of their dynamics equivalent to the ΛCDM model is required. This implies that structural stability becomes requirement which contain model parameter.

II. BRANE DARK ENERGY MODELS AS A DYNAMICAL SYSTEMS. CONCLUDING REMARKS

Different brane models which offer explanations of acceleration of the current Universe can be characterized in terms of an additional term V_{brane}(a) as a function of the scale factor. In Table I we complete most popular brane models. They might provide answers to a number of cosmological puzzles including the issue of dark energy or type of the cosmological singularity. Model called Sahni-Shtanov was introduced in [20]. There are two classes of such models

FIG. 2: The phase portrait for the ΛCDM model. In the phase portrait we have a single saddle point in the finite domain and four critical points located on the circle at infinity. They represent an initial singularity (x = 0, ẋ = ∞) or a de Sitter universe (deS). The trajectory of the flat model (k = 0) divides all models in to two disjoint classes: closed and open. The trajectories situated in region II confined by the upper branch of the k = 0 trajectory and by the separatrix going to the stable de Sitter node deS+ and by the separatrix going from the initial singularity to the saddle point S correspond to the closed expanding universe. The trajectories located in regions I and II (which corresponds to the open universes) are called inflectional. Quite similarly, the trajectories situated in region III correspond to the closed universes contracting from the unstable de Sitter node towards the stable de Sitter node. The trajectories running in this region describe the closed bouncing universes. The trajectories located in the region between ẋ axis and separatices of the critical point S correspond to the oscillating closed universes expanding from the initial singularity located at (x = 0, ẋ = ∞) towards the final singularity at (x = 0, ẋ = −∞).

Brane I and Brane II. Model called Shtanov-Sahni which describe bouncing model with timelike extra dimensions was introduced in [19].

The Einstein equations on the brane, in general, form a very complicated system of non-linear partial differential equations. However, the majority of most interesting models from the cosmological point of view belong to the class of homogeneous and isotropic ones, for which this complicated system of equations reduces to the form of a dynamical system. Hence in investigation of dynamics of these models the methods of dynamical systems seems to be natural. A main advantage of this methods is that we can obtain on the phase portraits global visualization of the dynamics, i.e., all evolutional paths admissible for all initial conditions. Hence we obtain asymptotic states of the system and we can analyze their type of stability (character of a critical point). The full knowledge of dynamics require analysis of dynamical behavior not only in a finite domain of the phase space but also at infinity. In our paper such an analysis was performed using the technique of Poincaré compactification of a plane by a circle at infinity. Although the application of qualitative methods in investigation of differential equations does not reveal unexpected properties of the brane models unnoticed until now, this methods offers a possibility of their classification in the terms of the evolutional paths. Moreover one detect in the phase space all global attractors and their insets. From the physical point of view it is interesting to know how large is inset or outset of limit states because the probability of an initial state of the observation to evolve asymptotically to a limit set is proportional to the volume of its inset. For example attractors have open insets, so they are probable (the inset of an attractor is called its basin).

In our analysis we mainly concentrate on the analysis of brane dynamics and its reduction to the dynamical system of a Newtonian type. But we also note that some alternative representation of the dynamics can be useful in the case of Dvali and Turner model. In some sense in this paper we extend previously introduced methods [21, 28] in large class of brane models.

Apart of detailed analysis of the brane dynamics using dynamical systems techniques we are looking for the generic dynamical systems of brane origin. Usually exceptional cases are more complicated from the mathematical point of view and they interrupt the discussion. Moreover dynamicists believe that they should not arise very often in the

FIG. 3: The potential function as a function of the scale factor expressed in its present value a0 = 1 for the reconstructed best fit model is given by the solid line. The confidence regions 1σ and 2σ are drawn around it. The phase portrait obtained from this potential (best fit) is equivalent to ΛCDM (see Fig. 2). The value of the redshift transition estimated from SNIa data (Gold sample) is about 0.38 (see [26]).

a) b)

FIG. 4: Structurally stable phase portraits of Deffayet-Dvali-Gabadadze model model with Ωm,0 = 0.3, Ωr_c = 0.15 and: a) w = 0, b) w = 1/3. Dotted trajectories represent flat model trajectories Ω_{k,0} = 0.

a) b)

c)

FIG. 5: Degenerated phase portraits of Deffayet-Dvali-Gabadadze model model with Ωm,0 = 0.3, Ωr_c = 0.15 and: a) w = −1/3, b) w = −1 and c) w = −4/3.

application, because they are exceptional ([24, p.349]). Abraham and Shaw pointed out in their famous book that a considerable portion of the history of the mathematical dynamics has been dominated by the search for generic properties. The idea was to characterize a class of phase portraits that are far simpler than arbitrary ones. The main motivation of the search is to complete classification of the complexity of the phase portraits (modulo exceptional cases).

This idea was achieved for dynamical systems on the plane by Peixoto due to fundamental results obtained by Russian mathematicians Andronov and Leontovich. Peixoto theorem characterize generic dynamical systems on the plane in tools of notion structural stability which was previously introduced by Andronov and Leontovich. This theorem states that structurally stable systems on the 2-dimensional closed space forms open and dense subsets in the functional space of the dynamical systems on the plane. The structurally unstable dynamical system are exceptional a) b)

FIG. 6: Sahni-Shtanov model for Ωm,0 = 0.3, ΩΛ,0 = 0.05, Ω_{l,0} = 0.2 and: a) brane I model (+), b) brane II model (-).

in this space.

The main goal of the search of structural stability of dynamical systems of brane origin on the compactified Poincaré sphere is to narrow down the complexity of the portraits enough to allow classification of generic cases. This was simply achieved because for dynamical systems on the plane with polynomial right hand sides we have simple test of structural stability (instability). The notion of structural stability is intuitively very simple: A vector field has the property of structural stability if all delta perturbations of it (sufficiently small) have epsilon equivalent phase portraits. The equivalence of the phase portraits is established by homeomorphism preserving the orientation of the phase curves (topological equivalence).

It is pointed out that the brane world models have certain features that distinguish them form the other models of dark energy. They can allow for a “transient” universe acceleration phenomena which is preceded and also followed by matter domination era. Also brane models admit strange type of singularities which are known as a “quiescent” cosmological singularities. It is also possible that initial singularity can be replaced by characteristic bounce. The question is: Whether these phenomenas are attributes of a generic brane dynamical systems? Our answer is No. Typical brane models (on the plane) have global dynamics represented by phase portraits which should be topologically equivalent to the ΛCDM model.

The brane models which a topological structure of the phase space is equivalent to the ΛCDM phenomenological model provides a simple alternative to explanation of accelerating expansion of the current universe. In the concordance ΛCDM model parameter Λ is constant with respect to redshift z and matter density evolves with redshift like (1 + z)^3. Hence appear basic problem: Why do they approximately equal each other now ? This problem called coincidence conundrum is not solved in the frame of the Λ model. Alternatively there is a possibility that there is no dark energy, but instead an infrared modification of the Friedmann equation on very large scales. To solve this problem in the frame of the Deffayet-Dvali-Gabadadze (DDG) model it is required r_c ∼ H^{−1}_0 .

We show that the DDG(+) (Fig. 4) model has phase portrait equivalent to the ΛCDM model which is a purely phenomenological theory offering the description of acceleration of the current universe rather than its understanding (note that they does not explain why the vacuum energy does not gravitate [29]).

The notion of structural stability allows us to formulate some general assumptions about any adequate brane models offering the explanation of acceleration of the current universe in terms of the potential function:

• the potential function has a maximum at some finite value of the scale factor or redshift; it is a redshift transition value corresponding to switching a deceleration phase to an accelerating one,

• at the late time the potential function behaves like V ∝ −a^2 which guarantee the existence of deS_+ global attractor.

a) b)

c) d)

FIG. 7: Shtanov-Sahni model for Ωm,0 = 0.3, ΩΛ,0 = 0.45, Ω_{dr,0} = 0.15 and: a) w = 0, ϵ = 1, b) w = 0, ϵ = −1, c) w = 1/3, ϵ = 1, d) w = 1/3, ϵ = −1.

In our approach the dynamics is reduced to the 2-dimensional phase plane compactified by a circle at infinity. If the set of all vector fields f ∈ C^r(M^2) (r ≥ 1) having a certain property contains an open dense subsets of C^r(M^2) then the property is called generic.

In the zoo of brane-world models all discussed previously phenomenological models can be recovered. In this way we can find counterparts of phantom models within class of Sahni-Shtanov models as well as the Cardassian one within the DDG(-) (Fig. 5) brane models.

Most interesting brane-world models should be, similar to the ΛCDM model, structurally stable. Such a postulate is satisfied by the DDG(+) (Fig. 4) models as well as some Sahni-Shtanov models (Fig. 7) and Dvali-Turner models (Fig. 8). In our opinion they should be treated seriously as candidates for explanation of current SNIa data and other concordance astronomical observations. The advantage of this models is that they offer some physical mechanism of a) b)

FIG. 8: Phase portraits for Dvali-Turner model for Ωm,0 = 0.45. From Table I for α = 1 we receive a quadratic equation for the variable y = (H/H0)(a/a0) and hence two solutions for the potential function: a) with a plus sign, b) with a minus sign.

a) b)

FIG. 9: a) Phase portrait for Sahni–Shtanov brane I model with Ωm,0 = 0.2, ΩΛ,0 = 0 and Ω_{l,0} = 0.32. Dashed lines denote flat model trajectories Ω_{k,0} = 0. Solid line (blue in el. version) denotes maximal allowed value of scale factor a for which square root in case IV (see Table I) is positive [27] . b) Phase portrait for Shtanov–Sahni model with Ωm,0 = 0.3, Ω_{dr,0} = 0.47, ΩΛ,0 = 0.12 and w = 0, ϵ = −1. This class of brane–world models allows for a transient acceleration of the universe which is proceeded and followed by a matter domination era. Such models admit quiescent singularities. Model with time-like extra dimension can also avoid cosmological singularity by a bounce.

this acceleration in contrast to the ΛCDM model.

From the physical point of view it is interesting to know whether certain subsets of ensemble contain an open and dense subsets because it means that this property is typical.

Recently the Bayesian Information Criterion (BIC) was applied in the context of finding (choosing) adequate accelerating model of the universe [30]. The authors showed preferences for the models beyond standard FRW cosmology whose best fit parameters reduce them to the cosmological constant model. We characterize exotic cosmological models in the terms of structural stability and equivalence of phase portraits.

It was pointed out [31] that concepts of rigidity and fragility formulated in terms of structural stability may be very useful for cosmology which operates by models. Moreover, as put forward many years ago by Andronov and Pontryagin [22] the structural stability seams to be important condition for building adequate models of physical phenomenons in all branches of science. In general, there is a widespread opinion that physically realistic models of the world should possess some kind of structural stability. Because, there can by many dramatically different mathematical models all agreeing with observations and it would be fatal for the empirical methods of science [32] if we are taking into account final errors of measurements [33]. In our opinion structural stability of dark energy models (note that ΛCDM is favored by astronomical data by Bayesian selection framework [34, 35, 36, 37]) reflects their flexibility with respect the data fitting.

We always try to convey the features of typical garden variety of dynamical system accelerating cosmological models. The exceptional cases are usually more complicated and they in principle interrupt the discussion. This prejudice is shared by all dynamicists ([24, p.149]). We find that brane models in which instead of initial singularity there is present bounce are structurally unstable because of the center on the phase portraits. Therefore the bounce is not generic property of the evolutional scenario of accelerating brane models. Such a models require presence of double accelerating phases during the cosmological evolution. In terms of potential function of dynamical system it means that the existence of minimum before the maximum. If we consider the Sahni-Shtanov brane II model then for some set of parameters appears a quiescent singularity at which the density, pressure and the Hubble function remain finite, while all the Riemannian invariants diverge to infinity. Similar models belong to the class of non-generic cosmological models. Note that all models within the accelerating phase, which is only a transitional phenomenon, are non-generic too. As it was demonstrated by Sahni and Shtanov [38] there is a class of loitering brane-world models. In the phase portraits the corresponding evolutional paths are situated near the separatrices of saddle point (inflectional models). This property is generic in contrast to a quiescent future singularity.

Acknowledgments

The authors are very grateful to Youri Shtanov for comments and suggestions. This work has been supported by the Marie Curie Host Fellowships for the Transfer of Knowledge project COCOS (Contract No. MTKD-CT-2004-517186).

[1] S. Perlmutter, G. Aldering, G. Goldhaber, R. Knop, P. Nugent, P. Castro, S. Deustua, S. Fabbro, A. Goobar, D. Groom, et al. (The Supernova Cosmology Project), Astophys. J. 517, 565 (1999), arXiv:astro-ph/9812133.

[2] A. G. Riess, A. V. Filippenko, P. Challis, A. Clocchiattia, A. Diercks, P. M. Garnavich, R. L. Gilliland, C. J. Hogan, S. Jha, R. P. Kirshner, et al. (Supernova Search Team), Astron. J. 116, 1009 (1998), arXiv:astro-ph/9805201.

[3] P. de Bernardis, P. A. R. Ade, J. J. Bock, J. R. Bond, J. Borrill, A. Boscaleri, K. Coble, B. P. Crill, G. D. Gasperis, P. C.

Farese, et al., Nature 404, 955 (2000), arXiv:astro-ph/0004404.

[4] A. E. Lange, P. A. R. Ade, J. J. Bock, J. R. Bond, J. Borrill, A. Boscaleri, K. Coble, B. P. Crill, P. de Bernardis, P. Farese, et al., Phys. Rev. D63, 042001 (2001), arXiv:astro-ph/0005004.

[5] N. Arkani-Hamed, S. Dimopulos, and G. Dvali, Phys. Lett. B429, 263 (1998), arXiv:hep-ph/9803315. [6] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999), arXiv:hep-ph/9905221. [7] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999), arXiv:hep-th/9906064. [8] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003), arXiv:astro-ph/0207347. [9] M. S. Turner, Phys. Rep. 619, 333 (2000).

[10] V. Sahni, Cosmological Surprises from Braneworld models of Dark Energy (2005), arXiv:astro-ph/0502032. [11] P. Avelino and C. Martins, Astrophys. J. 565, 661 (2002), arXiv:astro-ph/0106274. [12] Z.-H. Zhu, M.-K. Fujimoto, and X.-T. He, Astrophys. J. 603, 365 (2004), arXiv:astro-ph/0403228. [13] Z.-H. Zhu and M.-K. Fujimoto, Astrophys. J. 581, 1 (2002), arXiv:astro-ph/0212192. [14] M. Fairbairn and A. Goobar, Phys. Lett. B 642, 432 (2006), arXiv:astro-ph/0511029. [15] U. Alam and V. Sahni, Phys. Rev. D73, 084024 (2006), arXiv:astro-ph/0511473. [16] M. Szydlowski and W. Godlowski, Phys. Lett. B 639, 5 (2006), arXiv:astro-ph/0511259. [17] G. Dvali and M. S. Turner, Dark Energy as a Modification of the Friedmann Equation (2003), arXiv:astro-ph/0301510.

[18] C. Deffayet, G. Dvali, and G. Gabadadze, Phys. Rev. D65, 044023 (2002), arXiv:astro-ph/0105068. [19] Y. Shtanov and V. Sahni, Phys. Lett. B 557, 1 (2003), arXiv:gr-qc/0208047. [20] V. Sahni and Y. Shtanov, JCAP 0311, 014 (2003), arXiv:astro-ph/0202346. [21] M. Szydłowski and O. Hrycyna, Gen. Rel. Grav. 38, 121 (2006), arXiv:gr-qc/0505126. [22] A. A. Andronov and L. S. Pontryagin, Dokl. Akad. Nauk SSSR 14, 247 (1937).

[23] G. Ellis, U. Kirchner, and W. Stoeger, Mon. Not. Roy. Astron. Soc. 347, 921 (2004), arXiv:astro-ph/0305292. [24] R. H. Abraham and C. D. Shaw, Dynamics: the Geometry of Behaviour (Addison-Wesley, Redwood City, 1992), 2nd ed. [25] M. M. Peixoto, Topology 1, 101 (1962).

[26] W. Czaja, M. Szydlowski, and A. Krawiec, Transition redshift from the V-reconstruction method (2004), arXiv:astroph/0404612.

[27] Y. Shtanov and V. Sahni, Class. Quantum Grav. 19, L101 (2002), arXiv:gr-qc/0204040. [28] M. Szydłowski and O. Hrycyna, Annals Phys. 322, 2745 (2007), arXiv:astro-ph/0602118. [29] R. Maartens and E. Majerotto, Phys. Rev. D74, 023004 (2006), arXiv:astro-ph/0603353.

[30] T. M. Davis, E. Mortsell, J. Sollerman, A. C. Becker, S. Blondin, P. Challis, A. Clocchiatti, A. V. Filippenko, R. J. Foley, P. M. Garnavich, et al., Astrophys. J. 666, 716 (2007), arXiv:astro-ph/0701510.

[31] A. A. Coley and R. K. Tavakol, Gen. Rel. Grav. 24, 835 (1992).

[32] R. Thom, Stabilit Structurelle et Morphognse, Essai d’une Thorie Gnrale des Modles (Interditions, Paris, 1977), 2nd ed. [33] M. Szydlowski, M. Heller, and Z. Golda, Gen. Rel. Grav. 16, 877 (1984). [34] M. Szydlowski, A. Kurek, and A. Krawiec, Phys. Lett. B642, 171 (2006), arXiv:astro-ph/0604327. [35] M. Szydlowski and A. Kurek, AIP Conf. Proc. 861, 1031 (2006), arXiv:astro-ph/0603538. [36] A. Kurek and M. Szydlowski, Astrophys. J. 675, 1 (2008), arXiv:astro-ph/0702484. [37] A. Kurek and M. Szydlowski, Nouvo Cimento B122, 1364 (2008), arXiv:0710.2125 [astro-ph]. [38] V. Sahni and Y. Shtanov, Phys. Rev. D71, 084018 (2005), arXiv:astro-ph/0410221.