arXiv:gr-qc/0612182v2 1 Aug 2007

On the causal properties of warped product spacetimes

E. Minguzzi^∗

Abstract

It is shown that the warped product spacetime P = M ×_f H, where H is a complete Riemannian manifold, and the original spacetime M share necessarily the same causality properties, the only exceptions being the properties of causal continuity and causal simplicity which present some subtleties. For instance, it is shown that if diam H = +∞, the direct product spacetime P = M × H is causally simple if and only if (M, g) is causally simple, the Lorentzian distance on M is continuous and any two causally related events at finite distance are connected by a maximizing geodesic. Similar conditions are found for the causal continuity property. Some new results concerning the behavior of the Lorentzian distance on distinguishing, causally continuous, and causally simple spacetimes are obtained. Finally, a formula which gives the Lorentzian distance on the direct product in terms of the distances on the two factors (M, g) and (H, h) is obtained.

1 Introduction

At the top of the causal ladder of spacetimes [14] [11, 3, 17] stands the property of global hyperbolicity which implies many good properties for the Lorentzian distance function. Indeed, in a globally hyperbolic spacetime (M, g) the Lorentzian distance d : M × M → [0, +∞] is

(a) finite [3, Lemma 4.5],

(b) maximized by a suitable connecting causal geodesic σ, l(σ) = d(x, z), whenever z ∈ J^+(x), d(x, z) < +∞, (Avez-Seifert theorem [1, 16]) [3, Theor. 3.18, Prop. 10.39], [15, Prop. 14.19], [10, Prop. 6.7.1],

(c) continuous [3, Lemma 4.5].

All these properties are lost even in spacetimes sharing the causal property which stays immediately below global hyperbolicity in the causal ladder, i.e.

∗Department of Applied Mathematics, Florence University, Via S. Marta 3, 50139 Florence, Italy. E-mail: ettore.minguzzi@unifi.it

causal simplicity. In particular even if d(x, z) < +∞ there can be no connecting maximizing geodesic (see figure 2 and figure 10 in [14]).

Apparently unrelated with the previous aspects of the Lorentzian distance function in causally simple spacetimes stands the problem of finding under which conditions the warped product spacetime P = M ×_f H, endowed with the warped metric ĝ = g+f^2h, is causally simple. For other causal properties such as being chronological, causal, strongly causal, stably causal or globally hyperbolic, it has been proved [3, Prop. 3.61,3.62,3.64,3.68] that they are shared by (P, ĝ) if and only if they are shared by (M, g). I shall prove that the same holds for non-total viciousness and the distinction property, but for causal continuity and causal simplicity this simple correspondence does not hold. For instance for causal simplicity in the simple case f = 1, (H, h) = (R, dy^2 ), one has to require that (M, g) satisfies also properties (b) and (c) above.

I refer the reader to [14] for most of the conventions used in this work. In particular, I denote with (M, g) a C^r spacetime (connected, time-oriented Lorentzian manifold), r ∈ {2, . . . , ∞} of arbitrary dimension n ≥ 2 and signature (−, +, . . . , +). On M × M the usual product topology is defined. With g it is denoted the class of metrics conformal to g. With (M, g) it is denoted the conformal structure i.e. the class of spacetimes [(M, g)] on the same manifold M, with metrics related by a conformal rescaling, and the same time orientation. Sometimes I write “spacetime (M, g)” although by this I mean the conformal structure. With “lightlike geodesic γ of (M, g)” I mean a curve which is a lightlike pregeodesic for a representative g ∈ g and hence for every element of the class g.

For convenience and generality I often use the causal relations on M × M in place of the more widespread point based relations I^+(x), J^+(x), E^+(x) (and past versions). Recall [14] the following definition of sets on M × M I^+ = {(p, q) : p ≪ q}, J^+ = {(p, q) : p ≤ q}, E^+ = {(p, q) : p → q}. Clearly, E^+ = J^+\I^+. Moreover, I^+ is open [15, Chap. 14, Lemma 3] [14, Prop. 2.16], J̄^+ = Ī^+, Int J^+ = I^+ and J̇^+ = İ^+ [14, Prop. 2.17]. Finally, J^+ is closed in causally simple spacetimes [14, Prop. 3.68]. The vanishing distance set is the set (I^+)^C which is made of all the pairs of events at which the Lorentzian distance d vanishes (this set is a conformal invariant concept although the Lorentzian distance is not). Recall that d is lower semi-continuous [3, Lemma 4.4], in particular it is continuous at those points where d(x, z) = +∞ and in the open set (Ī^+)^C , where it vanishes identically.

Most of the causal vectors and curves that we shall encounter will be future directed, thus, for simplicity, I shall omit this adjective.

2 The spacetime P = M × H and warped products

Consider the spacetime (P, g̃), P = M ×H, g̃ = g+h, where (H, h) is a complete Riemannian manifold and let ρ : H × H → [0, +∞) be the Riemannian distance

(the assumption of completeness for (H, h) is needed only for a subset of the results proved below). The length of a causal curve on M will be denoted with l while the length of a curve on H will be denoted with l_H . The Riemannian distance ρ is continuous [3, p. 3] while the Lorentzian distance d : M → [0, +∞] is only lower semi-continuous in general. By the Hopf-Rinow (Heine-Borel) theorem any closed and bounded subset of the complete Riemannian manifold H is compact, in particular if diam(H, h) = sup_{y0,y1∈H} ρ(y_0, y_1) < +∞ then H is compact and since ρ is continuous it attains the supremum, that is, there are y_0, y_1 ∈ H such that ρ(y_0, y_1) = diam(H, h).

One of the simplest choices for (H, h) is (R, dy^2 ), y ∈ R, in which case ρ(y_0, y_1) = |y_1−y_0|, is the absolute value of the difference of the extra coordinate.

Denote with π : P → M the projection to M, with π_H : P → H the projection to H, and with y ∈ H, the generic point of H. The direct product structure defines at each point of p ∈ P , a natural splitting of T P_p into horizontal and a vertical parts, namely a generalized connection. Given a vector V ∈ T P_p, V is horizontal if π_{H∗}V = 0, while it is vertical if π_∗V = 0. The horizontal lift of v ∈ T M_x, to p ∈ P , π(p) = x, is defined as usual as the only horizontal vector V which projects to v.

The time orientation of (P, g̃) is obtained from the global timelike vector field obtained by taking the horizontal lift of the global, future directed, timelike vector field for (M, g).

It is easy to check that since h is positive definite, the projection of a timelike (resp. causal) vector on T P_p, p ∈ P , is a timelike (resp. causal) vector on T M_x, x = π(p). Note, however, that the projection of a lightlike vector V is timelike unless h(π_{H∗}V, π_{H∗}V ) = 0 ⇒ π_{H∗}V = 0, i.e. unless it is the horizontal lift of its projection, in which case the projection is lightlike too. As a consequence the projection of a causal (resp. timelike) curve is a causal (resp. timelike) curve, thus p_0 ≤ p_1 (resp. p_0 ≪ p_1) implies π(p_0) ≤ π(p_1) (resp. π(p_0) ≪ π(p_1)). Finally, since the horizontal lift of a causal (resp. timelike) curve on M is a causal (resp. timelike) curve on P , it is π(J^+(p)) = J^+(π(p)) (resp. π(I^+(p)) = I^+(π(p))).

For applications, the warped product (P, ĝ), where ĝ = g + f^2(x)h, and f : M → R^+ , is far more interesting than the direct product, as many physical metrics are in fact obtained by the repeated application of warped products. Sometimes the notation P = M ×_f H is used although the manifold P does not depend on f.

Remark 2.1. The spacetime P = M ×_f H with M = (a, b), −∞ ≤ a < b ≤ +∞, and g = −dt^2, also known as generalized FRW metric, will not be considered in this work. The reason is that the causality of these spacetimes is trivial if (H, h) is a complete Riemannian manifold. Indeed, it has been shown that (P, g +f^2h) is globally hyperbolic iff (H, h) is complete [3, Th. 3.66].

The next theorem proves that it is not restrictive to study the relation between the causality properties for (M, g) and the direct product (P, g̃) as the results hold also for the warped product whatever the positive function f.

Theorem 2.2. Let (M, g) be a generic spacetime, (H, h) a Riemannian manifold, g̃ the direct product metric on P = M × H, and ĝ a warped product metric for a positive function f. Let P and P^′ be two given conformal invariant properties. Consider the following logical statements

(a) (M, g) satisfies P ⇒ (P, g̃) satisfies P^′,

(b) (M, g) satisfies P ⇒ (P, ĝ) satisfies P^′,

(c) (P, g̃) satisfies P^′ ⇒ (M, g) satisfies P,

(d) (P, ĝ) satisfies P^′ ⇒ (M, g) satisfies P,

Then (a) ⇔ (b) and (c) ⇔ (d).

Proof. (a) ⇒ (b). Let (M, g) satisfy P, then because P is a conformal invariant property, (M, g/f^2) satisfies P, and because of the assumed implication, (P, f^{−2}g+h) satisfies P^′, and again because of conformal invariance, (P, g+f^2h) satisfies P^′.

(b) ⇒ (a). Let (M, g) satisfy P, then because P is a conformal invariant property, (M, f^2g) satisfies P, and because of the assumed implication, (P, f^2g+ f^2h) satisfies P^′, and again because of conformal invariance, (P, g + h) satisfies P^′.

(c) ⇒ (d). Let (P, ĝ) satisfy P^′, then because P^′ is a conformal invariant property, (P, f^{−2}g + h) satisfies P^′, and because of the assumed implication, (M, f^{−2}g) satisfies P, and again because of conformal invariance, (M, g) satisfies P. (d) ⇒ (c). Let (P, g̃) satisfy P^′, then because P^′ is a conformal invariant property, (P, f^2g + f^2h) satisfies P^′, and because of the assumed implication, (M, f^2g) satisfies P, and again because of conformal invariance, (M, g) satisfies P. Thus, assume to know, for instance, that if (M, g) is distinguishing then (P, g̃) is distinguishing, then the previous theorem implies that M ×_f H is distinguishing too, whatever the positive function f.

In what follows I shall clarify whether a result holds in the warped product case M ×_f H or only in the direct product case M × H. Nevertheless, the proofs will be given only for the direct product case, the generalization to the warped product being trivial because of the previous theorem. The theorems which will not be generalizable to the warped product case are those which depend on non-conformal properties of the base spacetime (M, g). Usually, these non-conformal invariant conditions are completeness conditions, geodesic connectedness conditions or continuity requirements on the Lorentzian distance function d. The properties of causal continuity and causal simplicity will present such a difficulty.

From now on (H, h) is a complete Riemannian manifold. The next lemma clarifies the relation between the additional dimensions and the Lorentzian distance on M × M. In the convention of this work the inclusion ⊂ is a reflexive relation U ⊂ U.

Lemma 2.3. Consider the direct product spacetime (P, g̃), P = M × H. Let p_0 = (x_0, y_0) ∈ P , for every x_1 ∈ M, it is

I^+(p_0) ∩ π^{−1}(x_1) = {(x_1, y) : ρ(y_0, y) < d(x_0, x_1)}, (1)

moreover, J^+(p_0) ∩ π^{−1}(x_1) ≠ ∅ only if x_1 ∈ J^+(x_0) and

J^+(p_0) ∩ π^{−1}(x_1) ⊂ {(x_1, y) : ρ(y_0, y) ≤ d(x_0, x_1)}. (2)

If d(x_0, x_1) = +∞, then E^+(p_0) ∩ π^{−1}(x_1) = ∅, otherwise d(x_0, x_1) < +∞ and

E^+(p_0) ∩ π^{−1}(x_1) ⊂ {(x_1, y) : ρ(y_0, y) = d(x_0, x_1)}. (3)

Analogous past versions of these statements also hold.

Proof. If the set I^+(p_0) ∩ π^{−1}(x_1) is not empty there is a timelike curve connecting p_0 with x_1’s fiber. Its projection is a timelike curve that connects x_0 to x_1 thus, x_1 ∈ I^+(x_0) or the set I^+(p_0) ∩ π^{−1}(x_1) is empty. The right-hand side of Eq. (1) gives an empty set if x_1 /∈ I^+(x_0) thus there remains to consider the case x_1 ∈ I^+(x_0). Let σ(λ), λ ∈ [0, 1] be any (C^1) timelike curve from x_0 to x_1, let y : [0, +∞) → H, be a geodesic parametrized with respect to length starting from y_0, and consider for any given α ∈ [−1, 1], the curve on P γ(λ) = (σ(λ), y(α ∫_{σ(λ)} σx_0 ds)). It can be easily checked to be timelike for α = (−1, 1) and lightlike for |α| = 1. Its second endpoint is (x_1, y(αl(σ))). Thus every event (x_1, y_1), ρ(y_0, y_1) < d(x_0, x_1), can be reached by a timelike curve from p_0, simply choose σ such that l(σ) > ρ(y_0, y_1), the constant α so that αl(σ) = ρ(y_0, y_1), and the geodesic y to be a minimizing geodesic connecting y_0 to y_1. Finally, if γ(λ) is a timelike (resp. causal) curve from p_0 to x_1’s fiber and σ is its projection, the timelike (resp. causal) condition reads √ h(^{dy}_{dλ} ,^{dy}_{dλ} ) <^{ds}_{dλ} (resp. √ h(^{dy}_{dλ} ,^{dy}_{dλ} ) ≤^{ds}_{dλ} ), so that if (x_1, y_1) is its second endpoint, ρ(y_0, y_1) ≤ l_H (y) < l(σ) ≤ d(x_0, x_1) (resp. ρ(y_0, y_1) ≤ l_H (y) ≤ l(σ) ≤ d(x_0, x_1)).

The next lemma summarizes some results basically due to Beem and Powell [4]. I give a simple proof for the reader convenience

Lemma 2.4. Consider the direct product spacetime (P, g̃), P = M × H. Let γ(λ), λ ∈ [0, 1], be a causal (resp. timelike) geodesic on (P, g̃) connecting p_0 = (x_0, y_0) to p_1 = (x_1, y_1), then it decomposes as γ(λ) = (σ(λ), y(λ)), where σ(λ) is a causal (resp. timelike) geodesic on (M, g), and y(λ) is a geodesic on H (possibly degenerated to the only point y_0) connecting y_0 to y_1 of length l_H (y) ≤ l(σ) (resp. l_H (y) < l(σ)). Moreover, if γ is a maximizing lightlike geodesic then σ is a maximizing geodesic and y is a minimizing geodesic.

Proof. That the projection σ is a causal (resp. timelike) geodesic follows from the direct product structure, and the same can be said for the geodesic nature of y(λ). From the condition of causality (resp. chronology) for γ, that

is −(^{ds}_{dλ} )^2 + h(^{dy}_{dλ} ,^{dy}_{dλ} ) ≤ 0 ⇒ √ h(^{dy}_{dλ} ,^{dy}_{dλ} ) ≤^{ds}_{dλ} (resp. √ h(^{dy}_{dλ} ,^{dy}_{dλ} ) <^{ds}_{dλ} ), it follows l_H (y) ≤ l(σ) (resp. l_H (y) < l(σ)). The last statement follows from ρ(y_0, y_1) ≤ l_H (y) ≤ l(σ) ≤ d(x_0, x_1), and from the inclusion (3) because as γ is lightlike and maximizing, p_1 ∈ E^+(p_0), thus d(x_0, x_1) = ρ(y_0, y_1), and hence l(σ) = d(x_0, x_1), l_H (y) = ρ(y_0, y_1).

It is worth mentioning that Beem and Powell [4] were able to extended some aspects of this direct product result to the warped product case. They proved that in this last case the projection y on H of a geodesic γ on P is a pregeodesic of (H, h), and that if γ is maximizing then y is minimizing. However, the projection on M, σ, is not a geodesic. Although interesting, we shall need the simpler direct product case given above in what follows. The next theorem gives a key relation between all the distance functions involved in a direct product spacetime.

Theorem 2.5. Consider the direct product spacetime (P, g̃), P = M × H. Let p_0 = (x_0, y_0), p_1 = (x_1, y_1), be events in (P, g̃), then if d^{(P )} is the Lorentzian distance on P × P ,

d^{(P )}(p_0, p_1) = √ d(x_0, x_1)^2 − ρ(y_0, y_1)^2, (4)

whenever the argument of the square root is positive, otherwise d^{(P )}(p_0, p_1) = 0.

Proof. If d(x_0, x_1) ≤ ρ(y_0, y_1) by lemma 2.3 (p_0, p_1) /∈ I^+, thus d^{(P )}(p_0, p_1) = 0, as claimed.

Let ρ(y_0, y_1) < d(x_0, x_1) so that d(x_0, x_1) > 0, and let σ(λ), λ ∈ [0, 1], be a timelike curve connecting x_0 to x_1 such that ρ(y_0, y_1) < l(σ) ≤ d(x_0, x_1). Let y be a minimizing geodesic connecting y_0 to y_1, parametrized with respect to length, and starting from y_0. The curve γ(λ) = (σ(λ), y( ρ(y_0, y_1) l(σ) ∫_{σ(λ)} σx_0 ds)), is timelike, connects p_0 to p_1 and has length ∫ γ ds^{(P )} = ∫ σ √ 1 − ( ρ(y_0, y_1) l(σ) )^2 ds = √ l(σ)^2 − ρ(y_0, y_1)^2,

thus, taking the lower upper bound over the space of timelike connecting curves on the base

d^{(P )}(p_0, p_1) ≥ sup_σ √ l(σ)^2 − ρ(y_0, y_1)^2 = √ d(x_0, x_1)^2 − ρ(y_0, y_1)^2.

But if it were d^{(P )}(p_0, p_1) > √ d(x_0, x_1)^2 − ρ(y_0, y_1)^2 there would be a timelike curve γ̃(λ) = (σ̃(λ), y(λ)) on P of length greater than √ d(x_0, x_1)^2 − ρ(y_0, y_1)^2 √ d(x_0, x_1)^2 − ρ(y_0, y_1)^2 < ∫ γ̃ ds^{(P )} = ∫ σ̃ √ 1 − h( dy ds , dy ds ) ds = ∫ σ̃ √ 1 − v^2(s) ds,

where v(s) = √ h(^{dy}_{ds} ,^{dy}_{ds} ) and ∫ σ̃ v(s)ds = l_H (y). It is well known from special relativity that the right-hand side is maximized if v(s) is a constant necessarily equal to l_H (y)/l(σ̃), thus √ d(x_0, x_1)^2 − ρ(y_0, y_1)^2 < √ l(σ̃)^2 − l_H (y)^2 ≤ √ l(σ̃)^2 − ρ(y_0, y_1)^2,

that is d(x_0, x_1) < l(σ̃), a contradiction.

Lemma 2.6. Consider the direct product spacetime (P, g̃), P = M × H. Let p_0 = (x_0, y_0) ∈ P , for every x_1 ∈ M, J̄^+(p_0) ∩ π^{−1}(x_1) ≠ ∅ only if x_1 ∈ J̄^+(x_0), in which case

J̄^+(p_0) ∩ π^{−1}(x_1) = {(x_1, y) : ρ(y_0, y) ≤ S^+(x_0, x_1)}, (5)

where S^+(x_0, x_1) = inf_{U∋x1} sup_{x∈U} d(x_0, x) ≥ d(x_0, x_1), (6)

(U open set) and S^+(x_0, x_1) − d(x_0, x_1) is the discontinuity of the restricted distance function d(x_0, ·) : M → [0, +∞], at x_1.

Proof. Let q = (x_1, y_1) ∈ J̄^+(p_0) ∩ π^{−1}(x_1) then there is a sequence q_i = (x_i, y_i) → (x_1, y_1), q_i ∈ J^+(p_0), thus x_i ∈ J^+(x_0) and x_1 ∈ J̄^+(x_0) as claimed.

The inequality S^+(x_0, x_1) ≥ d(x_0, x_1) follows from the fact that for every open set U ∋ x_1, sup_{x∈U} d(x_0, x) ≥ d(x_0, x_1) because x_1 belongs to U. From the definition of S^+(x_0, x_1) it also follows that for every sequence x_i → x_1 then lim sup_{i→+∞} d(x_0, x_i) ≤ S^+(x_0, x_1). Coming back to the sequence q_i, since, because of lemma 2.3, ρ(y_0, y_i) ≤ d(x_0, x_i), we have

ρ(y_0, y_1) = lim sup_{i→+∞} ρ(y_0, y_i) ≤ lim sup_{i→+∞} d(x_0, x_i) ≤ S^+(x_0, x_1),

and thus q stays in the set given by the right-hand side of Eq. (5).

In order to prove the other inclusion, let x_1 ∈ J̄^+(x_0) and consider the two cases S^+(x_0, x_1) = 0 and S^+(x_0, x_1) > 0. In the former case, it is clear that the event (x_1, y_0) belongs to J̄^+(p_0) ∩ π^{−1}(x_1), indeed if x_i → x_1, x_0 < x_i, and σ_i is a causal curve connecting x_0 to x_i, then its horizontal lift is a causal curve which connects p_0 to q_i = (x_i, y_0) → (x_1, y_0).

In the latter case let q = (x_1, y_1) with ρ(y_0, y_1) ≤ S^+(x_0, x_1). From the definition of S^+(x_0, x_1) it is not difficult to show that there is always a sequence x_i → x_1 such that lim_{i→+∞} d(x_0, x_i) = S^+(x_0, x_1). Clearly we can assume x_i ∈ I^+(x_0) since S^+(x_0, x_1) > 0. Let σ_i(s) be a timelike curve connecting x_0 = σ_i(0) to x_i, parametrized with proper time, and of length l(σ_i) > d(x_0, x_i) −^1_i if d(x_0, x_i) < +∞, or l(σ_i) > i if d(x_0, x_i) = +∞. With this choice lim_{i→+∞} l(σ_i) = lim_{i→+∞} d(x_0, x_i) = S^+(x_0, x_1). Let y be a minimizing geodesic connecting y_0 to y_1, parametrized with respect to length and starting at y_0.

If ρ(y_0, y_1) < S^+(x_0, x_1) the curve

γ_i = (σ_i(s), y( ρ(y_0, y_1) l(σ_i) s)), is causal for sufficiently large i and connects p_0 to (x_i, y_1) whose limit is (x_1, y_1), thus (x_1, y_1) ∈ J̄^+(p_0).

If ρ(y_0, y_1) = S^+(x_0, x_1) the curve γ_i = (σ_i(s), y(s)), is lightlike and hence causal and connects p_0 to (x_i, y(l(σ_i))) whose limit is (x_1, y(S^+(x_0, x_1))) = (x_1, y(ρ(y_0, y_1))) = (x_1, y_1), thus (x_1, y_1) ∈ J̄^+(p_0).

Remark 2.7. There is an analogous past version of lemma 2.6. Let p_1 = (x_1, y_1) ∈ P , for every x_0 ∈ M, J̄^−(p_1) ∩ π^{−1}(x_0) ≠ ∅ only if x_0 ∈ J̄^−(x_1), in which case

J̄^−(p_1) ∩ π^{−1}(x_0) = {(x_0, y) : ρ(y, y_1) ≤ S^−(x_0, x_1)}, (7)

Here S^−(x_0, x_1) = inf_{U∋x0} sup_{x∈U} d(x, x_1) ≥ d(x_0, x_1), and S^−(x_0, x_1)−d(x_0, x_1) is the discontinuity of the restricted distance function d(·, x_1) : M → [0, +∞], at x_0.

Lemma 2.6 will be particularly important in connection with causal continuity. The next lemma will be useful in connection with causal simplicity.

Lemma 2.8. Consider the direct product spacetime (P, g̃), P = M × H. For every pair x_0, x_1 ∈ M, J̄^+ ∩ [π^{−1}(x_0) × π^{−1}(x_1)] ≠ ∅ only if (x_0, x_1) ∈ J̄^+, in which case

J̄^+ ∩ [π^{−1}(x_0) × π^{−1}(x_1)]

= {(p_0, p_1) : p_0 = (x_0, y_0), p_1 = (x_1, y_1) and ρ(y_0, y_1) ≤ D(x_0, x_1)}, (8)

where D(x_0, x_1) = inf_{V ∋(x0,x1)} sup_{(x,z)∈V}d(x, z) ≥ d(x_0, x_1), (9)

(V ⊂ M × M open set) and D(x_0, x_1) − d(x_0, x_1) is the discontinuity of the distance function d : M × M → [0, +∞], at (x_0, x_1).

Proof. Let (p_0, p_1) ∈ J̄^+ ∩ [π^{−1}(x_0) × π^{−1}(x_1)], p_0 = (x_0, y_0), p_1 = (x_1, y_1), then there is a converging sequence (p_{0i}, p_{1i}) → (p_0, p_1) with (p_{0i}, p_{1i}) ∈ J^+.

Denoting p_{0i} = (x_{0i}, y_{0i}) and p_{1i} = (x_{1i}, y_{1i}), it follows (x_{0i}, x_{1i}) ∈ J^+ and since (x_{0i}, x_{1i}) → (x_0, x_1), (x_0, x_1) ∈ J̄^+ as claimed.

The inequality D(x_0, x_1) ≥ d(x_0, x_1) follows from the fact that for every open set V ∋ (x_0, x_1), sup_{(x,z)∈V} d(x, z) ≥ d(x_0, x_1) because (x_0, x_1) belongs to V . From the definition of D(x_0, x_1) it also follows that for every sequence (x_{0i}, x_{1i}) → (x_0, x_1) then lim sup_{i→+∞} d(x_{0i}, x_{1i}) ≤ D(x_0, x_1). In particular for the sequence (x_{0i}, x_{1i}) constructed above, since, because of lemma 2.3, ρ(y_{0i}, y_{1i}) ≤ d(x_{0i}, x_{1i}), we have

ρ(y_0, y_1) = lim sup_{i→+∞} ρ(y_{0i}, y_{1i}) ≤ lim sup_{i→+∞} d(x_{0i}, x_{1i}) ≤ D(x_0, x_1),

and thus (p_0, p_1) stays in the set given by the right-hand side of Eq. (5).

In order to prove the other inclusion, let (x_0, x_1) ∈ J̄^+ and consider the two cases D(x_0, x_1) = 0 and D(x_0, x_1) > 0. In the former case, we have only to prove that, for any given y_0, p_0 = (x_0, y_0), the event p_1 = (x_1, y_0) is such that (p_0, p_1) ∈ J̄^+, which is trivial because if (x_{0i}, x_{1i}) → (x_0, x_1), (x_{0i}, x_{1i}) ∈ J^+, and σ_i is a causal curve connecting x_{0i} to x_{1i}, then its horizontal lift is a causal curve which connects p_{0i} = (x_{0i}, y_0) to p_{1i} = (x_{1i}, y_0), and (p_{01}, p_{1i}) → (p_0, p_1).

In the latter case let p_0 = (x_0, y_0) and p_1 = (x_1, y_1) with ρ(y_0, y_1) ≤ D(x_0, x_1). From the definition of D(x_0, x_1) it is not difficult to show that there is always a sequence (x_{0i}, x_{1i}) → (x_0, x_1) such that lim_{i→+∞} d(x_{0i}, x_{1i}) = D(x_0, x_1). Clearly we can assume (x_{0i}, x_{1i}) ∈ I^+ since D(x_0, x_1) > 0. Let σ_i(s) be a timelike curve connecting x_{0i} = σ_i(0) to x_{1i}, parametrized with proper time, and of length l(σ_i) > d(x_{0i}, x_{1i}) −^1_i if d(x_{0i}, x_{1i}) < +∞, or l(σ_i) > i if d(x_{0i}, x_{1i}) = +∞. With this choice lim_{i→+∞} l(σ_i) = lim_{i→+∞} d(x_{0i}, x_{1i}) = D(x_0, x_1). Let y be a minimizing geodesic connecting y_0 to y_1, parametrized with respect to length and starting at y_0.

If ρ(y_0, y_1) < D(x_0, x_1) the curve

γ_i = (σ_i(s), y( ρ(y_0, y_1) l(σ_i) s)), is causal for sufficiently large i and connects p_{0i} = (x_{0i}, y_0) to p_{1i} = (x_{1i}, y_1), moreover (p_{0i}, p_{1i}) → (p_0, p_1), thus (p_0, p_1) ∈ J̄^+.

If ρ(y_0, y_1) = D(x_0, x_1) the curve γ_i = (σ_i(s), y(s)), is lightlike and hence causal and connects p_{0i} = (x_{0i}, y_0) to (x_{1i}, y(l(σ_i))) whose limit is (x_1, y(D(x_0, x_1))) = (x_1, y(ρ(y_0, y_1))) = (x_1, y_1) = p_1, while p_{0i} → p_0, thus (p_0, p_1) ∈ J̄^+.

Theorem 2.9. Whatever the value of f, P = M ×_f H, the warped product spacetime (P, ĝ) is chronological (resp. causal, strongly causal, stably causal, globally hyperbolic) iff (M, g) is chronological (resp. causal, strongly causal, stably causal, globally hyperbolic).

Proof. Recall that the proof can be given in the more specialized direct product case because the involved properties are conformal invariant (see theorem 2.2). This result is proved for instance in [3, Prop. 3.61,3.62,3.64,3.68] (for the globally hyperbolic case see also [18, 6, 13]). I give explicitly the proof for the causal case as we will use it. If (P, g̃) is not causal then there is a closed causal curve whose projection is a closed causal curve for (M, g). Conversely, if (M, g) admits a closed causal curve then its horizontal lift is a closed causal curve for (P, g̃). Recall that a spacetime (M, g) is totally vicious if for every pair of events x, z ∈ M, d(x, z) = +∞. Theorem 2.10. Whatever the value of f, P = M ×_f H, the warped product spacetime (P, ĝ) is non-totally vicious iff (M, g) is non-totally vicious.

Proof. Recall that the proof can be given in the more specialized direct product case because the involved property is conformal invariant (see theorem 2.2). In this case the claim follows easily from Eq. (4).

Let us consider the distinguishing property. We need some preliminary results.

Lemma 2.11. Let (M, g) be a spacetime, if I^+(x_2) ⊂ I^+(x_1), x_1 ≠ x_2, then for every z ∈ I^+(x_2), d(x_2, z) ≤ d(x_1, z). In particular, if I^+(x_1) = I^+(x_2), x_1 ≠ x_2, then for every z ∈ I^+(x_1), d(x_1, z) = d(x_2, z). Analogous past versions of these statements also hold.

Proof. Indeed, let σ_2(s) be a timelike curve connecting x_2 to z and let it be parametrized with respect to proper time. For every 0 < ϵ < l(σ_2), σ_2(ϵ) ∈ I^+(x_1) thus there is a timelike curve σ_1 which connects first x_1 to σ_2(ϵ) and then this event to z following σ_2. Thus l(σ_1)+ϵ ≥ l(σ_2), and taking the sup over the set of connecting timelike curves σ_2, d(x_1, z)+ϵ ≥ d(x_2, z). As ϵ is arbitrary d(x_1, z) ≥ d(x_2, z), and analogously in the other direction by interchanging the roles of x_1 and x_2.

The next result has an analog in the strongly causal case [3, Cor. 4.28].

Theorem 2.12. If (M, g) is a future (resp. past) distinguishing spacetime then for any x ∈ M, there is an arbitrary small open neighborhood U_x (which can be chosen globally hyperbolic) such that d(x, ·) : U_x → [0, +∞] is continuous and finite (resp. d(·, x) : U_x → [0, +∞] is continuous and finite).

Proof. Since M is future distinguishing [14, Lemma 3.10] for every open set U ∋ x there is a neighborhood V ⊂ U, V ∋ x such that every timelike curve starting from x and ending at y ∈ V , is necessarily contained in V . Moreover, the same proof [14, Lemma 3.10] shows that V can be chosen globally hyperbolic when regarded as a spacetime with the induced metric. As a consequence d(x, ·) : V → [0, +∞] coincides with d|_{V ×V} (x, ·), where d|_{V ×V} is the Lorentzian distance on the spacetime (V, g|_V ). Since V is globally hyperbolic d|_{V ×V} (x, ·) is continuous and finite and so is d(x, ·) : V → [0, +∞].

Figure 1: A causal but non-distinguishing spacetime. A suitable metric compatible with the drawn conformal structure exists which makes the restricted Lorentzian distance d(x, ·) neither finite nor continuous in neighborhoods of the events x belonging to the middle circle.

The next example shows that the assumption of distinction is needed in the previous lemma.

Example 2.13. Consider the spacetime M = R × S^1\{o}, of coordinates (t, θ), θ ∈ (−π, +π], o = (0, 0), and metric g = −ω^− ⊗ ω^+ − ω^+ ⊗ ω^−, where ω^− = cos α(t)dt − sin α(t)dθ and ω^+ = sin α(t)dt + cos α(t)dθ, α(t) ≥ 0, α(t) even function with α^′ > 0 in (0, 1), α(t) = π/4 if |t| ≥ 1, see figure 1.

Let x = (0, ϕ), ϕ ≠ 0, be a point in the middle circle, and let z be a point such that t(z) > 0. Consider the past inextendible timelike curve σ of future endpoint z and of equation dt/dθ = tan β(t) where tan β = tan α + t^2. As α < β < π/2 the curve σ is indeed timelike. Because of the differential equation it satisfies, the curve can not cross the middle circle, as a consequence it passes infinitely often on any neighborhood of x. Assume tan α(t) = t^2 for small |t|. The curve σ can be parametrized with t and it has infinite length because the integral ∫_{t(z)} ϵ dτ dt dt ≥ ∫_{t(z)} ϵ √ 2 cos^2 α(t)(1 − tan α(t) dθ dt ) dθ dt dt ∼ 1 √ 2 ∫_{t(z)} ϵ 1 t dt, diverges as ϵ → 0^+. As a consequence, for suffieciently large n, we can choose to cut the curve near x so that it takes n cycles around the cylinder to get to z, and then to join x with a causal curve to the starting point of the found segment. The found sequence of causal curves γ_n connecting x to z has increasing length which goes to infinity with n, thus d(x, z) = +∞, where z is a generic point with t(z) > 0.

Thus the Lorentzian distance is neither finite nor continuous in a neighborhood of x as d(x, x) = 0.

Theorem 2.14. Whatever the value of f, P = M ×_f H, the warped product spacetime (P, ĝ) is (future, past) distinguishing iff (M, g) is (future, past) distinguishing.

Proof. Since the distinction property is conformally invariant the proof can be restricted to the direct product spacetime case, see theorem 2.2. Assume (M, g) is not future distinguishing, then there are x_1, x_2 ∈ M, x_1 ≠ x_2, such that I^+(x_1) = I^+(x_2). Defined p_1 = (x_1, y_0) and p_2 = (x_2, y_0), by lemma 2.11 and lemma 2.3, I^+(p_1) = I^+(p_2). Thus if (P, g̃) is future distinguishing then (M, g) is future distinguishing. Conversely, if (M, g) is future distinguishing, assume that there exist p_1 ≠ p_2, I^+(p_1) = I^+(p_2). It follows I^+(x_1) = I^+(x_2), and since (M, g) is future distinguishing x_1 = x_2, thus p_1 and p_2 stay in the same fiber. But since (M, g) is chronological d(x_1, x_1) = 0 and since p_1 ≠ p_2 lemma 2.6 implies that there is a discontinuity in the distance d(x_1, ·) at x_1, in contradiction with theorem 2.12.

Lemma 2.15. The direct product spacetime (P, g̃) is geodesically connected if and only if (M, g) is geodesically connected.

Proof. Trivial taking into account that any geodesic γ(λ) can be written γ(λ) = (σ(λ), y(λ)), where both σ(λ) and y(λ) are geodesics, and taking into account that (H, h) is geodesically connected.

Definition 2.16. A spacetime (M, g) will be said to be maximizing geodesically connected if for every pair of events, x_1 ∈ J^+(x_0)\{x_0}, d(x_0, x_1) < +∞, there is a maximizing causal geodesic σ connecting the two events, l(σ) = d(x_0, x_1).

The next result, with a different (unpublished) proof and for the special case (H, h) = (R, dy^2 ), has also been obtained by M. Sánchez.

Lemma 2.17. The direct product spacetime (P, g̃) is maximizing geodesically connected if and only if (M, g) is maximizing geodesically connected.

Proof. Assume (M, g) is maximizing geodesically connected. Let p_0, p_1 ∈ P , p_0 = (x_0, y_0), p_1 = (x_1, y_1), with p_0 < p_1. Then, since the projection of a causal curve is a causal curve, x_0 ≤ x_1. Let σ(λ), λ ∈ [0, 1], be the maximizing geodesic connecting x_0 to x_1. If it is lightlike then d(x_0, x_1) = 0, thus y_1 = y_0 due to the inclusion (2), in particular there is no timelike curve connecting p_0 to p_1 thus d^{(P )}(p_0, p_1) = 0. The horizontal lift of σ gives the maximizing lightlike geodesic.

Otherwise d(x_0, x_1) > 0, let y be a minimizing geodesic parametrized with respect to length starting at y_0 and ending at y_1. The curve on P γ(λ) = (σ(λ), y( ρ(y_0, y_1) d(x_0 , x_1) ∫_{σ(λ)} σ x_0 ds)) is causal and connects p_0 to p_1. Its length is ∫ γ ds^{(P )} = ∫ σ √ 1 − (^{ρ(y0,y1)}

d(x_0,x_1) )

2 ds = √ d(x_0, x_1)^2 − ρ(y_0, y_1)^2 and by theorem 2.5, γ is a maximizing geodesic. Conversely, let (P, g̃) be maximizing geodesically connected. Let x_0 < x_1 and take p_0 = (x_0, y_0), p_1 = (x_1, y_0). The events p_0, p_1, are connected by the horizontal lift of any causal curve connecting x_0 to x_1, thus p_0 < p_1. By lemma 2.4 the maximizing geodesic connecting p_0 to p_1 reads γ(λ) = (σ(λ), y_0) so that l^{(P )}(γ) = l(σ) and by theorem 2.5, d^{(P )}(p_0, p_1) = d(x_0, x_1), from which it follows l(σ) = d(x_0, x_1), i.e. σ is a maximizing connecting geodesic.

Lemma 2.18. The direct product spacetime (P, g̃) is (past, future) (timelike, causal) geodesically complete if and only if (M, g) is (resp. past, future) (resp. timelike, causal) geodesically complete.

Proof. Assume M is geodesically complete. Given a geodesic γ(λ) = (σ(λ), y(λ)) on P , a complete extension of the projection σ(λ) exists (σ has the same causal character of γ), and the same can be said for y(λ) as (H, h) is complete. Thus the original geodesic can be extended to a complete geodesic using the same decomposition. Given σ on M, the converse is proved taking the projection of the extension of its horizontal lift.

3 Causal continuity and causal simplicity

So far there has been a complete correspondence between causal properties of (M, g) and causal properties of the warped product spacetime (P, ĝ). Only the levels of the causal ladder corresponding to causal continuity and causal simplicity were not included in the previous analysis. Indeed, as we shall see, such a simple correspondence does not hold for these properties. Interestingly, they are also the only levels of the causal ladder which are not preserved by causal mappings [8, 9, 7].

Recall that a causally continuous spacetime (M, g) is a distinguishing spacetime which is moreover reflecting.

Theorem 3.1. The direct product spacetime (P, g̃) is causally continuous if and only if (M, g) is causally continuous and for every pair x_1 ∈ J̄^+(x_0) (or equivalently, by causal continuity, x_0 ∈ J̄^−(x_1)), S^+(x_0, x_1) = S^−(x_0, x_1) or

diam(H, h) ≤ min[S^+(x_0, x_1), S^−(x_0, x_1)] < +∞. (10)

In particular, if (M, g) is causally continuous and d : M × M → [0, +∞] is continuous (at least) at the pairs of events belonging to the set d^{−1}(C) ⊂ M ×M where C = [0, diam (H, h)), then the direct product spacetime (P, g̃) is causally continuous.

Proof. Assume (P, g̃) is causally continuous. By theorem 2.14 (M, g) is distinguishing, thus we have only to prove that it is past reflective, the future case being similar. If (M, g) is not past reflecting there are events x, z, w, such that I^+(x) ⊃ I^+(z) but w ∈ I^−(x) while w /∈ I^−(z). In particular, d(w, z) = 0. Define p = (x, y_0), q = (z, y_0), r = (w, y_0) for an arbitrary y_0 ∈ H. Let q^′ ∈ I^+(q) then z^′ = π(q^′) ∈ I^+(z) thus z^′ ∈ I^+(x). By lemma 2.11, ρ(π_H (q^′), y_0) < d(z, z^′) ≤ d(x, z^′) and because of lemma 2.3, q^′ ∈ I^+(p), hence I^+(p) ⊃ I^+(q). As the horizontal lift of a timelike curve is a timelike curve r ∈ I^−(p), but r /∈ I^−(q) otherwise w ∈ I^−(z) hence (P, g̃) is not past reflective, a contradiction.

Let x_1 ∈ J̄^+(x_0). Note that if the equality S^+(x_0, x_1) = S^−(x_0, x_1) does not hold then necessarily min[S^+(x_0, x_1), S^−(x_0, x_1)] < +∞. Let us show that if diam(H, h) > min[S^+(x_0, x_1), S^−(x_0, x_1)] then S^+(x_0, x_1) = S^−(x_0, x_1).

Indeed, if the equality were not satisfied, for instance S^+(x_0, x_1) > S^−(x_0, x_1), taken y_0 ≠ y_1 such that S^−(x_0, x_1) < ρ(y_0, y_1) < min[diam H, S^+(x_0, x_1)] the event p_1 = (x_1, y_1) would belong to J̄^+(p_0) with p_0 = (x_0, y_0) by lemma 2.6 but p_0 /∈ J̄^−(p_1) by the same lemma, thus (P, g̃) would not be causally continuous (recall the definition of reflectivity [14, Lemma 3.42]).

For the converse since (M, g) is distinguishing, by theorem 2.14, (P, g̃) is distinguishing, and we have only to show that it is reflective. Let p_1 = (x_1, y_1) ∈ J̄ +(p_0), p_0 = (x_0, y_0), we have to show that p_0 ∈ J̄ −(p_1) (this fact would prove past reflectivity, the proof for future reflectivity being analogous). But p_1 ∈ J̄^+(p_0) implies x_1 ∈ J̄^+(x_0), and by lemma 2.6 ρ(y_0, y_1) ≤ S^+(x_0, x_1) and by causal continuity on the base x_0 ∈ J̄^−(x_1). There are two cases. If the equality S^+(x_0, x_1) = S^−(x_0, x_1) holds then ρ(y_0, y_1) ≤ S^−(x_0, x_1), and by lemma 2.6, p_0 ∈ J̄^−(p_1). Otherwise, ρ(y_0, y_1) ≤ diam(H, h) ≤ S^−(x_0, x_1) and by lemma 2.6, p_0 ∈ J̄^−(p_1). In conclusion (P, g̃) is past reflecting.

The last statements follows because given x_1 ∈ J̄^+(x_0) if d(x_0, x_1) < diam (H, h) then d is continuous and hence S^+(x_0, x_1) = d(x_0, x_1) = S^−(x_0, x_1). Thus S^+(x_0, x_1) ≠ S^−(x_0, x_1) only if d(x_0, x_1) ≥ diam (H, h), in which case (recall S^±(x_0, x_1) ≥ d(x_0, x_1)) inequality (10) holds. In both cases the condition needed for the causal continuity of the direct product is satisfied.

Corollary 3.2. Whatever the value of f, P = M ×_f H, if the warped product spacetime (P, ĝ) is causally continuous then (M, g) is causally continuous.

Apart from the one already considered, a way to prove that in the case diam (H, h) = +∞ the causal continuity of (M, g) and the continuity of d implies the causal continuity of (P, g̃) is as follows. In the first step the next result which improves a result by Beem and Ehrlich [3, Th. 4.24] [2], as it imposes continuity of d only on the vanishing distance set, is obtained.

Theorem 3.3. Let (M, g) be a conformal structure, and let a representative g exist such that d : M × M → [0, +∞] is continuous on the vanishing distance set I^{+C} , then (M, g) is a reflecting spacetime.

Proof. If (M, g) were not reflecting then it would not be either past or future reflecting. We can assume the first possibility as the other case can be treated similarly. Thus there is a pair (x, z) and an event y such that I^+(x) ⊃ I^+(z) but y ∈ I^−(x) while y /∈ I^−(z). In particular, d(y, z) = 0. Since I^+(z) ⊂ I^+(x), z ∈ Ī^+(x). Let z_n → z, z_n ∈ I^+(x), then d(y, z_n) ≥ d(y, x) + d(x, z_n) > d(y, x) > 0, thus there is a discontinuity at (y, z), where d(y, z) = 0, a contradiction.

this result has the consequence

Corollary 3.4. Let (M, g) be a distinguishing spacetime and let a representative (M, g) exist such that the Lorentzian distance d is continuous on the vanishing distance set I^{+C} , then (M, g) is causally continuous.

then, under the said assumptions, theorem 2.14 proves that (P, g̃) is distinguishing, Eq. (4) proves that d^{(P )} is continuous and from corollary 3.4 the thesis follows.

Example 3.5. In order to construct an example of causally continuous spacetime (M, g) such that (P, g̃) is not causally continuous one has only take (H, h) = (R, dy^2 ), so that diam (H, h) = +∞, and to find a causally continuous spacetime (M, g) in which S^+(x_0, x_1) ≠ S^−(x_0, x_1). To this end let M be R^2 without the origin, let (t, x) be coordinates on R^2 , and consider the metric g = Ω^2(−dt^2 + dx^2) where Ω^2 =^1_{t2+ω(x)} , ω(x) = x^2 for x > 0, and ω(x) = 4x^2 for x < 0. Chosen x_0 = (−1, 1), x_1 = (1, −1), the reader may convince him or herself that S^+(x_0, x_1) ≠ S^−(x_0, x_1) (although a rigorous proof would require much more effort).

Recall that a spacetime (M, g) is causally simple if it is causal [5] and such that for every x ∈ M, J^+(x) and J^−(x), are closed (or, equivalenty, if it is causal and J^+ ⊂ M × M is closed [14, Prop. 3.68])

Theorem 3.6. Whatever the value of f, P = M ×_f H, if the warped product spacetime (P, ĝ) is causally simple then (M, g) is causally simple.

Proof. The proof can be given in the direct product case, f = 1. It has been already proved that (M, g) is causal. Let z ∈ J̄^+(x) then there is a succession of points z_i → z such that z_i ∈ J^+(x) and let σ_i(λ) be a causal curve connecting x with z_i parametrized between 0 and 1. The horizontal lifts σ^∗_i staring from p = (x, y_0), y_0 ∈ H, obtained by setting π_H (σ^∗_i (λ)) = y_0 are causal and their endpoints q_i = (z_i, y_0) converge to q = (z, y_0), thus since P is causally simple there is a causal curve γ(λ) connecting p and q. Since the projection of a (timelike) causal curve is a (resp. timelike) causal curve the causal curve σ(λ) = π ∘ γ connects x and z. Thus we have proved J̄^+(x) = J^+(x) for arbitrary x and the past case is proved similarly.

Recall [3, Def. 11.1]

Definition 3.7. The timelike diameter is, diam(M, g) = sup{d(x, z) : x, z ∈ M}

PSfrag replacements

Figure 2: A causally simple spacetime is not necessarily maximizing geodesically connected. If (M, g) is causally simple (M ×R, g+dy^2 ) is not necessarily causally simple.

Lemma 3.8. If the direct product spacetime (P, g̃) is causally simple then any pair of causally related events on M, (x_0, x_1) ∈ J^+, such that d(x_0, x_1) < +∞ and d(x_0, x_1) ≤ diam(H, h) is connected by a maximizing causal geodesic.

In particular, if diam(M, g) ≤ diam(H, h) and (P, g̃) is causally simple then (M, g) is maximizing geodesically connected.

Proof. Let (x_0, x_1) ∈ J^+ such that d(x_0, x_1) < +∞ and d(x_0, x_1) ≤ diam(H, h). We can find two points y_0 and y_1 on H such that ρ(y_0, y_1) = d(x_0, x_1) (because of the Hopf-Rinow theorem the distance on H attains the supremum). By lemmas 2.3 and 2.6, p_1 = (x_1, y_1) belongs to E^+(p_0) where p_0 = (x_0, y_0), thus there is a lightlike geodesic γ(λ), λ ∈ [0, 1], connecting p_0 to p_1. By lemma 2.4 is has the form γ(λ) = (σ(λ), y(λ)), where ρ(y_0, y_1) ≤ l_H (y) ≤ l(σ) ≤ d(x_0, x_1) thus in particular l(σ) = d(x_0, x_1), that is, σ is a maximizing geodesic.

In particular the spacetime (P, g̃) with (H, h) = (R, dy^2 ), constructed above the manifold M of figure 2 is not causally simple. Indeed, given a point p = (x_0, 0) in the fiber of x_0 the point q = (x_1, d(x_0, x_1)) belongs to the boundary of the causal future of p but is not causally related to it. In other words Remark 3.9. If (M, g) is causally simple (P, g̃) is not necessarily causally simple.

Theorem 3.10. Let (M, g) be causally simple then for any representative (M, g) the Lorentzian distance d is continuous on the vanishing distance set I^{+C} .

Proof. Let d(x, z) = 0 and let (x, z) be a discontinuity point for d, then there is a ϵ > 0 and a sequence (x_n, z_n) → (x, z), such that d(x_n, z_n) > ϵ > 0. In particular (x_n, z_n) ∈ I^+ and (x, z) ∈ Ī^+\I^+ = İ^+ = E^+, by causal simplicity

[14, Lemma 3.67]. Let σ_n be causal curves connecting x_n to z_n and such that lim sup_{n→+∞} l(σ_n) ≥ ϵ (for instance let l(σ_n) > d(x_n, z_n)−^1_n if d(x_n, z_n) < +∞ and l(σ_n) > n if d(x_n, z_n) = +∞). By [3, Prop. 3.31] there is a causal curve γ passing through x and a distinguishing subsequence σ_j which converges to it. But by construction any event y ≠ x, z of γ is the limit of events y_j ∈ σ_j , (x_j , y_j ) ∈ J^+, hence (x, y) ∈ J̄^+ = J^+ and analogously (y, z) ∈ J^+, thus γ must be a lightlike geodesic connecting x to z, otherwise (x, z) ∈ I^+. Finally, d(x, z) ≥ l(γ) ≥ lim sup_{j→+∞} l(σ_j ) ≥ ϵ > 0. The contradiction concludes the proof.

Thus, if (M, g) is causally simple, any discontinuity point (x, z) for the Lorentzian distance satisfies 0 < d(x, z) < +∞.

Due to lemma 3.8 it is natural to look for conditions on (M, g) that guarantee the causal simplicity of (P, g̃). A useful observation is

Lemma 3.11. Let (M, g) be a spacetime, P = M × H the direct product spacetime, p_0, p_1 ∈ P and set x_0 = π(p_0), x_1 = π(p_1). If p_1 ∈ J̄^+(p_0)\J^+(p_0)(⊂ İ +(p_0) = J̇ +(p_0)) then d(x_0, x_1) ≤ ρ(y_0, y_1) and one of the following three possibilities holds

(a) x_1 ∈ J̄^+(x_0)\J^+(x_0),

(b) x_1 ∈ J^+(x_0)\I^+(x_0), and d(x_0, ·) : M → [0, +∞] is discontinuous at x = x_1,

(c) x_1 ∈ I^+(x_0).

Moreover, if (M, g) is causally simple, only the possibility (c) holds.

Proof. Let p_0 = (x_0, y_0), p_1 = (x_1, y_1). By lemma 2.6 x_1 ∈ J̄^+(x_0). It can not be d(x_0, x_1) > ρ(y_0, y_1) otherwise by lemma 2.3, p_1 ∈ I^+(p_0), a contradiction. Assume that the case (a) and (c) do not hold and, thus, consider the remaining case x_1 ∈ J^+(x_0)\I^+(x_0).

If x_1 ∈ J^+(x_0)\I^+(x_0) (⊂ J̇^+(x_0)), it is d(x_0, x_1) = 0. If d(x_0, ·) were continuous at x_1 then S^+(x_0, x_1) = d(x_0, x_1) = 0, and by lemma 2.6, ρ(y_0, y_1) = 0 thus y_1 = y_0. However, since x_1 ∈ E^+(x_0) there is a lightlike geodesic connecting x_0 to x_1 and its horizontal lift gives a causal curve connecting p_0 to p_1. The contradiction proves that d(x_0, ·) is discontinuous.

If M is causally simple this case is ruled out due to lemma 3.10 (case (a) is ruled out because of the definition of causal simplicity).

Theorem 3.12. If the direct product spacetime (P, g̃) is causally simple then the Lorentzian distance d : M ×M → [0, +∞] on the spacetime (M, g) is continuous at the pairs of events belonging to the set d^{−1}(C ∪ {+∞}) ⊂ M × M where C = [0, diam(H, h)) (but it can be continuous in a larger set).

In particular, if the direct product spacetime (P, g̃) is causally simple and diam(H, h) = +∞ then d : M × M → [0, +∞] is continuous.

Proof. It is clear that d is continuous at those points (x_0, x_1) such that d(x_0, x_1) = +∞ because there the Lorentzian distance is necessarily upper semi-continuous. It is also clear that if (x_0, x_1) /∈ J̄^+ then d is continuous at (x_0, x_1) because (J̄^+)^C is an open set where d vanishes. Assume d(x_0, x_1) < +∞ and (x_0, x_1) ∈ J̄ +. From lemma 2.3 and 2.8

J^+ ∩ [π^{−1}(x_0) × π^{−1}(x_1)]

⊂ {(p_0, p_1) : p_0 = (x_0, y_0), p_1 = (x_1, y_1) and ρ(y_0, y_1) ≤ d(x_0, x_1)}, (11) J̄^+ ∩ [π^{−1}(x_0) × π^{−1}(x_1)]

= {(p_0, p_1) : p_0 = (x_0, y_0), p_1 = (x_1, y_1) and ρ(y_0, y_1) ≤ D(x_0, x_1)}, (12)

thus if d(x_0, x_1) < diam(H, h) then d is continuous at (x_0, x_1) otherwise, D(x_0, x_1) > d(x_0, x_1) and a pair (y_0, y_1) ∈ H × H could be found such that d(x_0, x_1) < ρ(y_0, y_1) < min(D(x_0, x_1), diam(H, h)). Hence, because of (11) and (12), p_0 = (x_0, y_0) and p_1 = (x_1, y_1), would be such that (p_0, p_1) ∈ J̄^+ but (p_0, p_1) /∈ J^+ in contradiction with the simple causality of P .

The next result proves that lemmas 3.6, 3.8 and 3.12 have a converse. Essentially, it proves the equivalence between the causal simplicity of (P, g̃) and the three properties of causal simplicity of (M, g), the continuity of d on M and the maximizing geodesic connectedness of M.

Theorem 3.13. The direct product spacetime (P, g̃), P = M × H, is causally simple if and only if the following three conditions hold

(i) the spacetime (M, g) is causally simple,

(ii) the Lorentzian distance d : M × M → [0, +∞] on the spacetime (M, g) is continuous at (least at) the pairs of events belonging to the set d^{−1}(C) ⊂ M × M where C = [0, diam(H, h)),

(iii) any pair of causally related events, (x_0, x_1) ∈ J^+, such that d(x_0, x_1) < +∞ and d(x_0, x_1) ≤ diam(H, h) is connected by a maximizing causal geodesic σ, l(σ) = d(x_0, x_1).

In particular if (M, g) is causally simple, maximizing geodesically connected and d is continuous then (P, g̃) is casually simple whatever the choice of (H, h).

Proof. We have only to prove that (i),(ii) and (iii) imply that (P, g̃) is causally simple. If (M, g) is causally simple then it is causal and hence (P, g̃) is causal too (theorem 2.9). We are going to show that if (M, g) is also maximizing geodesically connected then points p_1 ∈ J̄^+(p_0)\J^+(p_0) do not exist (the past case is analogous).

Otherwise, by lemmas 3.11 and 2.6, x_1 ∈ I^+(x_0) and d(x_0, x_1) ≤ ρ(y_0, y_1) ≤ S^+(x_0, x_1) where p_0 = (x_0, y_0), p_1 = (x_1, y_1). In particular 0 < d(x_0, x_1) < +∞ and d(x_0, x_1) ≤ diam(H, h). There are two cases, either (a) d(x_0, x_1) = diam(H, h) and thus d(x_0, x_1) = ρ(y_0, y_1) or (b) d(x_0, x_1) < diam(H, h) and from (ii) d is continuous at (x_0, x_1), that is S^+(x_0, x_1) = d(x_0, x_1), thus ρ(y_0, y_1) = d(x_0, x_1). In both cases ρ(y_0, y_1) = d(x_0, x_1). Let y be a minimizing geodesic starting at y_0, ending at y_1 and parametrized with respect to length. Since d(x_0, x_1) = ρ(y_0, y_1) ≤ diam(H, h) there is, by assumption (iii) a maximizing geodesic σ(s) connecting x_0 to x_1 parametrized with respect to proper time. The curve on P (σ(s), y(s)) is lightlike and connects p_0 to p_1, thus p_1 ∈ J^+(p_0) a contradiction.

Remark 3.14. The optimality of the theorem would follow from the independence of conditions (i),(ii) and (iii). The next three spacetime examples prove this independence whatever the choice of the constant diam(H, h) > 0. Thus they provide three distinct circumstances for which a direct product spacetime may fail to be causally simple.

That (i) and (ii) does not imply (iii) is shown by the spacetime of figure 2 where the events x_0, x_1, are not connected by a maximizing geodesic and can be chosen at arbitrary small Lorentzian distance.

That (ii) and (iii) does not imply (i) can be proved in the spacetime (M, g), M = Λ\{o} where o = (0, 0) is the origin of 1+1 Minkowski spacetime Λ, and the metric is g = (t^2 + x^2)^{−2}η. Indeed (M, g) is clearly non-causally simple, and if (x_0, x_1) is such that J^+(x_0, Λ) ∩ J^−(x_1, Λ) contains o then d(x_0, x_1) = +∞ (d distance in (M, g)) thus (ii) and (iii) are satisfied in this case. If J^+(x_0, Λ) ∩ J^−(x_1, Λ) does not contain o then there are x̄_0 ∈ I^−(x_0, Λ) x̄_1 ∈ I^+(x_1, Λ), such that (x_0, x_1) ∈ V = I^+(x̄_0, Λ) ∩ I^−(x̄_1, Λ) and o /∈ V . But (V, η) is globally hyperbolic thus (V, g) is globally hyperbolic too and has continuous and finite distance function (because g is conformal to η) which coincides with the restriction of the distance function d to V thus d is continous at (x_0, x_1). Moreover, the global hyperbolicity of (V, g) implies the existence of a maximizing geodesic connecting x_0 to x_1. Thus (ii) and (iii) hold.

It remains to prove that (i) and (iii) does no imply (ii). Take M = Λ\{(t, x) : x ≤ 0} and g =^1_x η. The spacetime (M, g) is clearly causally simple. The pairs of events of the form (x_0, x_1) with x_0 = (b, k − b), x_1 = (b, k + b) with b > 0, and k arbitrary constants, have finite Lorentzian distance which is maximized by a connecting geodesic and which can be chosen arbitrarily small choosing b sufficiently small. [All these statements follow from the fact that the maximizing geodesic can be explicitly calculated. It solves 2ẍ+ẋ^2 −1 = 0, and has equation x(t) = a + 2 ln cosh(^{t−k}_2 ) with 0 < a = b − 2 ln cosh(b/2). The fact that the distance goes to zero as b goes to zero follows from the fact that the length of the maximizing geodesic is bounded by^{2b√}_a which goes to zero.] Nevertheless, there is an infinite discontinuity for d at each pair (x_0, x_1) as above because given x̄_0 ≪ x_0 and x̄_1 ≫ x_1, it is d(x̄_0, x̄_1) = +∞ as there are sequences of causal curves connecting x̄_0 to x̄_1 which approach a finite vertical segment on the axis x = 0. Thus (iii) holds but (ii) does not hold.

4 Conclusions

In this work I studied the correspondence between the causal properties of (M, g) and those of the warped product (P, ĝ), P = M × H, ĝ = g + f^2h, with (H, h) a complete Riemannian manifold. I showed that any statement involving only conformal properties can be reduced to the case f = 1, relating (M, g) with the direct product (P, g̃). An almost complete correspondence between the causal properties of the two spacetimes was found, in particular I found a correspondence for the properties of being distinguishing or non-totally vicious for which no previous result was available. In the process a formula for the Lorentzian distance on (P, g̃) in terms of the Lorentzian distance on (M, g) was obtained.

For causal continuity and causal simplicity the correspondence does not hold and indeed I gave an explicit counterexample in the latter case and suggested a possible counterexample for the former case. Distinct, non conformal invariant, and apparently unrelated properties must be required on (M, g). The results which clarify this issue were theorems 3.1, for causal continuity and theorem 3.13, for causal simplicity.

Theorem 3.13, obtained here for a spacelike dimensional reduction geometry (the fibers π^{−1}(x) are spacelike), has an interesting analog in the lightlike dimensional reduction case [12]. In that work the role of the Lorentzian distance is replaced by a classical action functional on the base, and the upper semicontinuity of the Lorentzian distance is replaced by the lower semi-continuity of the action functional with respect to endpoints changes.

Finally, some new results on the continuity of the Lorentzian distance on distinguishing, causally continuous and causally simple spacetimes were also obtained, see theorem 2.12, corollary 3.4 and theorem 3.10.

Acknowledgements

I warmly thank M. Sánchez, this work, in its early stage of development, has benefited from his suggestions especially in connection with theorem 3.10 and lemma 2.17.

References

[1] A. Avez. Essais de géométrie Riemannienne hyperbolique globale. Application à la relativité générale. Ann. Inst. Fourier (Grenoble), 132:105–190,

1963.

[2] J. K. Beem and P. E. Ehrlich. Distance lorentzienne finie et géodésiques f-causales incomplètes. C. R. Aacad. Sci. Paris Ser. A, 581:1129–1131, 1977.

[3] J. K. Beem, P. E. Ehrlich, and K. L. Easley. Global Lorentzian Geometry.

Marcel Dekker Inc., New York, 1996.

[4] J. K. Beem and T. G. Powell. Geodesic completeness and maximality in Lorentzian warped products. Tensor, 39:31–36, 1982.

[5] A. N. Bernal and M. Sánchez. Globally hyperbolic spacetimes can be defined as ‘causal’ instead of ‘strongly causal’. Class. Quantum Grav., 24:745– 749, 2007.

[6] E. Caponio and E. Minguzzi. Solutions to the Lorentz force equation with fixed charge-to-mass ratio in globally hyperbolic spacetimes. J. Geom. Phys., 49:176–186, 2004.

[7] A. García-Parrado and M. Sánchez. Further properties of causal relationship: causal structure stability, new criteria for isocausality and counterexamples. Class. Quantum Grav., 22:4589–4619, 2005.

[8] A. García-Parrado and J. M. M. Senovilla. Causal relationship: a new tool for the causal characterization of Lorentzian manifolds. Class. Quantum Grav., 20:625–664, 2003.

[9] A. García-Parrado and J. M. M. Senovilla. Causal structures and causal boundaries. Class. Quantum Grav., 22:R1–R84, 2005.

[10] S. W. Hawking and G. F. R. Ellis. The Large Scale Structure of Space-Time.

Cambridge University Press, Cambridge, 1973.

[11] S. W. Hawking and R. K. Sachs. Causally continuous spacetimes. Commun.

Math. Phys., 35:287–296, 1974.

[12] E. Minguzzi. Eisenhart’s theorem and the causal simplicity of Eisenhart’s spacetime. Class. Quantum Grav., 24:2781–2807, 2007.

[13] E. Minguzzi and M. Sánchez. Connecting solutions of the Lorentz force equation do exist. Commun. Math. Phys., 264:349–370, 2006.

[14] E. Minguzzi and M. Sánchez. The causal hierarchy of spacetimes. Cont.

to Proc. of the ESI Semester ‘Geometry of pseudo-Riemannian Manifolds with Application to Physics’, ed. D. Alekseevsky and H. Baum (ESI, Vienna, Sept-Dec 2005) (European Mathematical Society Publishing House), gr-qc/0609119, To appear.

[15] B. O’Neill. Semi-Riemannian Geometry. Academic Press, San Diego, 1983.

[16] H. J. Seifert. Global connectivity by timelike geodesics. Z. Naturforsh., 22a:1356–1360, 1967.

[17] J. M. M. Senovilla. Singularity theorems and their consequences. Gen.

Relativ. Gravit., 30:701–848, 1998.

[18] G. Walschap. Causality relations on a class of spacetimes. Gen. Relativ.

Gravit., 27:721–733, 1995.