arXiv:gr-qc/0701121v2 10 May 2007

Quantization of perturbations during inflation in the 1 + 3 covariant formalism

Cyril Pitrou^∗ and Jean-Philippe Uzan^† Institut d’Astrophysique de Paris, UMR-7095 du CNRS, Université Pierre et Marie Curie, 98 bis bd Arago, 75014 Paris (France) (Dated: May 11, 2007)

This note derives the analogue of the Mukhanov-Sasaki variables both for scalar and tensor perturbations in the 1+3 covariant formalism. The possibility of generalizing them to non-flat Friedmann-Lemaître universes is discussed.

The theory of cosmological perturbations is a cornerstone of the modern cosmological model. It contains two distinct features. First, it describes the growth of density perturbations from an initial state in an expanding universe filled with matter and radiation, taking into account the evolution from the super-Hubble to the sub- Hubble regime. Second, it finds the origin of the initial power spectrum of density perturbations in the amplification of vacuum quantum fluctuations of a scalar field during inflation.

Two formalisms are used to describe the evolution of perturbations. The first relies on the parametrization of the most general spacetime close to a Friedmann- Lemaître (FL) universe and on the construction of gauge invariant variables [1]. The second is based on a general 1 + 3 decomposition of the Einstein equation [2]. The philosophies and advantages of these two formalisms are different.

The Bardeen formalism is restricted to perturbations around a FL universe (with metric ḡ_{μν} ) and expands the spacetime metric as g_{μν} = ḡ_{μν} + γ_{μν} . The metric perturbation is then decomposed as

γ_{μν} dx^μdx^ν = 2a^2(η) [ −Adη^2 + ( D_iB + B̄_i ) dx^idη + ( Cγ_{ij} + D_iD_j E + D_{(i}Ē_{j)} + Ē_{ij} ) dx^idx^j ] (1) and the 10 degrees of freedom are decomposed in 4 scalars (A, C, B, E), 4 vectors (Ē_i, B̄_i with D_iB̄^i = 0, . . .) and 2 tensors (Ē_{ij} with Ē^i_i = D_iĒ^{ij} = 0). During inflation, it was shown that the Mukhanov-Sasaki (MS) variable v, a gauge invariant variable that mixes matter and metric perturbations, must be quantized [3, 4, 5]. This approach is thus completely predictive (initial conditions and perturbations evolution) for an almost flat FL spacetime. It is not straightforward to extend it to less symmetrical inflationary models [8, 9], for which the quantization procedure has not been investigated (see however Ref. [6] for non flat FL universes and Ref. [7] for non-FL spacetimes).

The 1 + 3 covariant description assumes the existence of a preferred congruence of worldlines representing the average motion of matter. The central object is the 4- velocity u^a of these worldlines together with the kine-

∗Electronic address: pitrou@iap.fr †Electronic address: uzan@iap.fr

matical quantities arising from the decomposition

∇_au_b = −u_au̇_b + 1 3 Θh_{ab} + σ_{ab} + ω_{ab} (2)

where h_{ab} = g_{ab} +u_au_b. Θ = ∇_au^a is the expansion rate, σ_{ab} the shear (symmetric trace-free with σ_{ab}u^a = 0), ω_{ab} the vorticity (antisymmetric with ω_{ab}u^a = 0) and u̇_a ≡ u^b∇_bu_a). A fully orthogonally projected covariant derivative D_a, referred to as a spatial gradient, is defined and a complete set of evolution equations can be obtained for these quantities (together with the electric and magnetic parts of the Weyl tensor, E_{ab} and H_{ab} and the matter variables) without needing to specify the spacetime geometry (see e.g. Ref. [10] for details). The formalism can then be used to study the evolution of perturbations in various spacetimes (see e.g. Ref. [11] for Bianchi universes) and beyond the linear order in the case of almost FL universes [12, 13]). In this case, the perturbation variables have a clear interpretation and have been related to the Bardeen variables both for fluids [14] and scalar fields [15]. On the other hand, the scalar-vector-tensor decomposition is not straightforward [16] and the analogue of the Mukhanov-Sasaki variable v has not been derived so that it is difficult to argue which quantity must be quantized in this formalism.

The goal of this article is to identify this variable in the 1 + 3 covariant formalism. In § I, we recall the construction of the Mukhanov-Sasaki variable. We then identify in § II its counterpart in the 1 + 3 covariant formalism for an almost FL spacetime. § III adresses the question of gravitational waves. Finally we conclude on the use and possible extensions of these variables in § IV.

I. QUANTIZATION OF THE MUKHANOV-SASAKI VARIABLE

Focusing on scalar modes of the decomposition (1), one defines the two gauge invariant potentials, Φ = A + H(B − E^′) + (B − E^′)^′ and Ψ = −C − H(B − E^′) where H = a^′/a. For a universe filled by a single scalar field φ, one can define the gauge invariant field fluctuation Q = δφ − φ^′C/H. The curvature perturbation in the comoving gauge is then given by R = −C + H δφ φ^′ = H φ^′ Q, (3) when assuming a background FL universe with flat spatial sections. Introducing the two variables u ≡ 2aΦ κφ^′ , θ ≡ 1 z ≡ H aφ^′ = H aφ̇ , (4)

with κ = 8πG, R takes the simple form R = θu^′ − θ^′u, where use has been made of the background equation θ^′ = ( −aθφ^{′′} + H^′ − H^2 ) /aφ^′ = −θφ^{′′}/φ^′ − κφ^′/2a. If we define v ≡ zR = aQ (5) it reduces to the simple relation zv = (uz)^′. Thus, R^′ takes the simple form R^′ = θu^{′′} − θ^{′′}u. Additionnaly, the perturbed Einstein equations imply that R^′ = θΔu. Provided φ^′ ≠ 0, i.e. we are not in a strictly de Sitter phase, this leads to u^{′′} − ( Δ + θ^{′′} θ ) u = 0 (6)

which can also be written as

z^2R^′ = Δ (∫ Rz^2dη ) . (7)

This form is strictly equivalent to R^{′′} −ΔR+2(z^′/z)R^′ = 0, that is to v^{′′} − ( Δ + z^{′′} z ) v = 0. (8)

This is the equation of a harmonic oscillator with time varying mass m^2 = z^{′′}/z. To show that v is indeed the canonical variable to be quantized (contrary to u which satisfies a similar equation with z replaced by θ), one needs to expand the action of the scalar field coupled to gravity up to second order [5]. The standard procedure is then to promote v to the status of an operator and set the initial conditions by requiring that it is in its vacuum state on sub-Hubble scales (in Fourier space, that is when kη → −∞). At the end of inflation, all cosmologically relevant scales are super-Hubble (kη ≪ 1) and the conservation of R on these scales is used to propagate the large scale perturbations generated during inflation to the post-inflationary eras.

II. QUANTIZATION IN THE 1+3 FORMALISM

A. Generalities

Let us first stress an important point concerning time derivative. In the coordinate based approach, the dot refers to a derivative with respect to the cosmic time. In the covariant formalism, a natural time derivative is introduced as u^a∇_a which is a derivative along the worldline of the observer. For an almost FL spacetime, it is clear that for any order 1 scalar quantity X, u^a∇_aX = ∂_tX since u^a has to be evaluated at the background level. It is indeed not the case anymore for vector or tensor quantities, or at second order in the perturbations. Another time derivative can be constructed from the Lie derivative along u^a, L_u. This derivative exactly matches the derivative with respect to cosmic time for any type of perturbations [17]. For instance, L_uX_a = u^b∇_bX_a + X_b∇_au^b, and it is easily checked that the second term exactly compensates the term arising from the divergence of u^a. We recall that the Lie derivative satisfies

D_a(Ẋ) = L_u(D_aX) − u̇_aẊ. (9)

In the 1 + 3 covariant formalism, the main equations for a spacetime with vanishing vorticity (ω_{ab} = 0 in the decomposition (2)) are the Raychaudhuri equation

Θ̇ + 1 3 Θ^2 = D_au̇^a − κ 2 (ρ + 3P ) − 2σ^2, (10)

the Gauss-Codacci equation

K = 2 ( − Θ^2 3 + κρ + σ^2 ) , (11)

together with the conservation equations

ρ̇ + Θ(ρ + P ) = 0, D_aP = −(ρ + P )u̇_a (12)

where 2σ^2 = σ_{ab}σ^{ab}. For a scalar field ρ = ψ^2/2 + V and P = ψ^2/2 − V with ψ = ϕ̇. We define the scale factor S by the relation Ṡ/S = H ≡ Θ/3. The previous equations imply that Ḣ = − κ 2 ψ^2 − σ^2 + 1 6 K + D_au̇^a (13)

and the Gauss equation leads to

K̇ = − 2 3 Θ(K + 2D_au̇^a) + 2(σ^2)^. + 2Θσ^2 (14) and D_aK = − 4 3 ΘD_aΘ + 2κψD_aψ + 2D_a(σ^2). (15)

Let us now introduce the central quantity in our discussion R_a ≡ 1 3 [∫ L (D_aΘ) dτ − D_a (∫ L Θdτ )] ≡ v_a z (16)

where τ is the proper time along the fluid flow lines. It follows from the identity (9) that L_uR_a = −Hu̇_a = H(D_aψ)/ψ, (17) which is a useful relation in order to close the equations in R_a. The conservation equation implies that

L_u(ψD_aψ) = −ψD_a(Θψ) which, combined with Eq. (15), gives 1 4 S^2D_a(K − 2σ^2) = U_a + 2Θ 3κψ^2 [ L_uU_a + 1 3 ΘU_a ] (18)

with U_a = κS^2ψD_aψ/2. Now, introducing V_a ≡ zS^2 [ 1 4 D_a(K − 2σ^2) + (σ^2 − 1 6 K − D_bu̇^b) D_aψ ψ ]

(19) and developping L_u(zU_a) with the help of Eqs. (18) and (13), it can be shown that

L_uR_a = 1 Sz^2 ∫ zV_a S dτ. (20)

Whatever the values taken by the shear and the spatial curvature, this intermediate result is exact, that is valid for any order of perturbation. Note its similarity with Eq. (7).

B. Flat FL spacetimes

Let us now focus on homogeneous spacetimes with flat spatial sections; this includes the FL spacetimes for which the shear vanishes and Bianchi I spacetimes. Homegeneity implies that the spatial gradient of any scalar function vanishes (D_af = 0, ∀f) and in particular D_aP = 0 so that u̇_a = 0. Flatness implies that K = 0 and that the 3D-Ricci tensor vanishes,^{(3)}R_{ab} = 0, which leads to the simplified equation for the shear

σ̇_{ab} + Θσ_{ab} = 0 ⇒ ( σ^2 )_. + Θσ^2 = 0. (21)

This means that the only non-vanishing quantities are Θ, ϕ, ψ and σ. At first order in the perturbations, we have to consider the gradients of these quantities but also terms like u̇_a and K.

FL spacetimes are also isotropic. This implies that σ = 0 and S = a for the background. Consequently we can discard gradients of σ^2 which are second order. Thus, the only remaining term in the expression (19) of V_a is 1 4 zS^2D_aK.

In order to get a closed equation for R_a, we need to express V_a in terms of R_a in Eq. (20). Taking the spatial gradient of Eq. (14) and using Eq. (9) for handling the time derivative, we obtain the first order relation L_u ( S^2D_aK 4 ) = S^2H ψ D_a ( D_bD^bψ ) = S^2HD_bD^b ( D_aψ ψ ) , where the last equality follows from the flat background assumption. Eq. (17) and the commutation relation S^2D_bD^bL_uX_a = L_u ( S^2D_bD^bX_a ) , valid at first order,

imply L_u (_{S2Da K} 4 ) = L_u ( S^2D_bD^bR_a ) which once integrated leads to

S^2D_aK 4 = S^2D_bD^bR_a ≡ ΔR_a (22)

up to a constant F_a satisfying L_uF_a = 0 which can be absorbed in the integration initial boundary surface of Eq. (16). Thus Eq. (20) reads

L_uR_a = 1 Sz^2 ∫ z^2 S ΔR_adτ. (23)

At this stage, it is useful to introduce a vector field w_a ≡ Su_a, and the conformal proper time τ̂ defined by Sdτ̂ = dτ. It is easily seen that for a spatial vector (i.e. u^aX_a = 0) L_wX_a = SL_uX_a. The Lie derivative along w_a matches at first order the derivative with respect to the conformal time η, as the Lie derivative along u_a was matching the derivative with respect to the cosmic time. For scalars we thus use the notation X^′ ≡ L_wX. With this definition, Eq. (23) can be recast as

z^2L_wR_a = ∫ z^2ΔR_adτ̂ , (24)

which is similar to Eq. (7). By the same token, we deduce that v_a defined in Eq. (16) satisfies Eq. (8). It can be checked that its spatial components are linked to the MS variable at first order in perturbations by v_i = ∂_iv, and consequently the initial conditions obtained from the quantization of v can be used to set the initial conditions for v_a and then R_a. v_a is thus the analogue in the 1 + 3 formalism of the MS variable v in the Bardeen formalism and it satisfies

L^2_w (v_a) − ( Δ + z^{′′} z ) v_a = 0 . (25)

III. GRAVITATIONAL WAVES

It can be shown that the magnetic part of the Weyl tensor H_{ab} is a good variable to describe the gravitational waves [16, 18], and it satisfies at first order for flat FL spacetimes

L^2_wH_{ab} + 2L_w (HH_{ab}) − ΔH_{ab} = 0 . (26)

E_{ab} defined by L_wE_{ab} = H_{ab} satisfies

L^2_wE_{ab} + 2HL_w (E_{ab}) − ΔE_{ab} = 0 (27)

where the integration constant is set to 0 as for the scalar case. This is exactly the equation satisfied by the gravitational waves Ē_{ij} . Indeed, these variables are linked at first order by E_{ab} = ϵ^{cd}_{<a}∂_cĒ_{b>d} [18], where ϵ^{ab}_c is a completely antisymmetric tensor normalized such that ϵ^{12}_3 = 1. With μ_{ab} ≡^{S√}_{8πG} E_{ab}, Eq. (27) leads at first order to

L^2_w (μ_{ab}) − ( Δ + S^{′′} S ) μ_{ab} = 0 (28)

which is the equation for an harmonic oscillator with a time varying mass S^{′′}/S. Just as for scalar perturbations case, the quantization of the gravitational waves in perturbation theory, can be used to set the initial conditions for μ_{ab} and thus for E_{ab} and H_{ab}.

IV. CONCLUSIONS

We have identified the scalar and tensor variables that map to the Mukhanov-Sasaki variables when considering an almost-FL universe with Euclidean spatial sections in the 1 + 3 covariant formalism. Let us stress that in Ref. [12], R_a ≡ −D_aα (where α = 1 3 ∫ L Θdη is the integrated volume expansion along u_a) was proposed. But clearly, this maps at linear order to ∂_a ( R −^1_3 ∫ Δ(V + E^′)dη ) , where V is the scalar part of the perturbation of the velocity. The additional term in our definition (16) cancels this discrepancy as it can be seen from the constraint^2_3 D_aΘ = D_bσ^b_a which implies that at first order D_aΘ =^1_a ∂_aΔV . Alternatively, this can be seen directly on the expression of Θ in terms of perturbation variables by use of the (0 − i) Einstein equation. The two variables agree at leading order on super-Hubble scales.

Two generalizations with less restrictive backgrounds can be considered: flat but anisotropic spatial sections (K ≡^{S2K}_6 = 0, σ ≠ 0), and isotropic but non-flat FL spacetimes (K ≠ 0, σ = 0). The cornerstone of the derivation of § II is the possibility of expressing V_a only in terms of R_a to get a closed equation from Eq. (20). In the first case, two other terms in Eq. (19) contribute at first order. zS^2σ^{2 Daψ}_ψ changes the definition of the

effective varying mass, but the term^{zS2}_2 D_a(σ^2) acts as a source in the R.H.S of Eq. (8). This term represents a coupling of the gravitational waves (σ_{ab} at first order) with the shear of the background spacetime. As for E_{ab}, Eq. (27) will be supplemented with an integral non trivial source term which couples the background shear to the electric part of the Weyl tensor [18]. Thus both equations are mixed with these new source terms, which are of the same order of magnitude as the quantized variables. Note that this not surprising since at second order in the perturbations around a FL spacetime the scalar and tensor degrees of freedom are coupled [18, 20]. In the second case (K ≠ 0, σ = 0),

V_a = z [ S^2 4 D_aK − K D_aψ ψ ] ≡ z 4 C̃_a. (29)

The spatial gradient of Eq. (14) leads at first order to

L_uC̃_a =

S^2H ψ D_a ( D_bD^bψ ) − 3KL_uζ_a (30)

where ζ_a ≡ D_aα +^{Da ψ}_{3ψ} is a possible nonlinear generalization of the curvature perturbation on uniform density hypersurfaces. From the conservation equation (12) it can be shown [13, 17] that ζ_a is conserved (in the sense of the Lie derivative) on large scales for adiabatic perturbations, and thus C̃_a is also conserved in the same sense on super-Hubble scales for adiabatic perturbations [19]. Because of this term, C̃_a cannot be expressed solely in terms of R_a as it has been done with Eq. (22). Indeed, it contains an additional term involving ζ_a [12].

[1] J.M. Bardeen, Phys. Rev. D 22 1882, (1980). [2] G.F.R. Ellis, Proc. Int. School of Physics ‘Enrico Fermi’, course XLVII, ed. R.K. Sachs, NY Academic Press (1971) 104-179.

[3] V. F. Mukhanov, JETP Lett. 41 (1985), 493. [4] M. Sasaki, Prog. Theor. Phys. 76 (1986), 1036. [5] V.F. Mukhanov, F.A. Feldman and R.H. Brandenberger, Phys. Rep. 215, 203 (1992).

[6] J. Garriga et al., [arXiv:astro-ph/9706229]; J.C. Hwang and H. Noh, Phys. Rev. D 66, 084009 (2002); J. Martin and P. Peter, Phys. Rev. D 68, 103517 (2003).

[7] R.B. Abbott, B. Bednarz and S.D. Ellis, Phys. Rev. D 33, 2147 (1986); K. Tomita and M. Den, Phys. Rev. D 34, 3570 (1986).

[8] G.F.R. Ellis et al., Gen. Rel. Grav. 34, 1445 (2002); J.- P. Uzan, U. Kirchner, and G.F.R. Ellis, Month. Not. R. Astron. Soc. 344 (2003) L65. G.F.R. Ellis et al, Gen. Real. Grav. 34, 1445 (2002).

[9] A.B. Burd and J.D. Barrow, Nuc. Phys. B 308, 929 (1988); S. Byland and D. Scialom, Phys. Rev. D 57, 6065

(1998).

[10] G.F.R. Ellis and H. van Elst, [arXiv:gr-qc/9812046]. [11] P.K.S. Dunsby, Phys. Rev. D 48, 3562 (1993). [12] D. Langlois and F. Vernizzi, Phys. Rev. D 72, 103501 (2005).

[13] D. Langlois and F. Vernizzi, Phys. Rev. Lett. 95, 091303 (2005).

[14] M. Bruni, P. Dunsby and G.F.R. Ellis, Astrophys. J. 395, 34 (1992).

[15] M. Bruni, G.F.R. Ellis, and P. Dunsby, Class. Quant.

Grav. 9, 921 (1992).

[16] C. Clarkson, Phys. Rev. D 70, 103524 (2004). [17] D. Langlois and F. Vernizzi, [arXiv:astro-ph/0610064]. [18] B. Osano, C. Pitrou, P.K.S Dunsby, J-P. Uzan, C. Clarkson, JCAP 0704, 003 (2007).

[19] G.F.R. Ellis, M. Bruni and J. Hwang, Phys. Rev. D 42, 1035, (1990).

[20] J. Maldacena, JHEP 0305, 013 (2003)