arXiv:gr-qc/0701075v1 14 Jan 2007

Bianchi spacetimes in noncommutative phase-space

B. Vakili^∗, N. Khosravi^†and H. R. Sepangi^‡

Department of Physics, Shahid Beheshti University, Evin, Tehran 19839, Iran

January 14, 2007

Abstract The effects of noncommutativity in the phase-space of the classical and quantum cosmology of Bianchi models are investigated. Exact solutions in both commutative and noncommutative cases are presented and compared. Further, the Noether symmetries of the Bianchi class A spacetimes are studied in both cases and similarities and differences are discussed.

PACS numbers: 04.20.-q, 04.20.Cv

1 Introduction

Since 1947 when noncommutativity between spacetime coordinates was first introduced by Snyder [1], a great deal of interest has been generated in this area of research [2]-[4]. This interest has been gathering pace in recent years because of strong motivations in the development of string and Mtheories, [5, 6]. However, noncommutative theories may also be justified in their own right because of the interesting predictions they have made in particle physics, a few example of which are: the IR/UV mixing and non-locality [7], Lorentz violation [8] and new physics at very short distance scales [9]-[11]. Noncommutative versions of ordinary quantum [12] and classical mechanics [13] have also been studied and shown to be equivalent to their commutative versions if an external magnetic field is added to the Hamiltonian. The behavior of relativistic quantum particles (fermions and bosons) in a noncommutative space is investigated in [14].

It is a generally accepted practice to introduce noncommutativity either through the coordinates or fields, which may be called geometrical or phase-space noncommutativity respectively. Noncommutative ordinary (quantum) field theories where the geometry is considered as noncommutative are interesting to study since they could provide an effective theory bridging the gap between ordinary quantum field theory and string theory, currently considered as the most important choice for quantization of gravity [9]. A different approach to noncommutativity is through the introduction of noncommutative fields [15], that is, fields or their conjugate momenta are taken as noncommuting. These effective theories can address some of the problems in ordinary quantum field theory, e.g. regularization [15] and, predict new phenomenon, such as Lorentz violation [16], considered as one of the general predictions of quantum gravity theories [17].

Since cosmology can test physics at energies that are much higher than those which the experiments on earth can achieve, it seems natural that the effects of quantum gravity could be observed in this context. Therefore, until a completely satisfactory theory regarding cosmology can be afforded by string theory, the study of the general properties of quantum gravity through cosmological systems such as the universe seems reasonably promising. There are several approaches in considering the notion of noncommutativity in cosmology, which, as was mentioned above could be the best alternative in the absence of a comprehensive and satisfactory theory from string theory. These ideas have

∗email: b-vakili@cc.sbu.ac.ir †email: n-khosravi@cc.sbu.ac.ir ‡email: hr-sepangi@cc.sbu.ac.ir

been studied in different works, an example of which can be found in [18, 19]. There, taking coordinates as noncommuting, it has been shown that noncommutativity affects the spectrum of Cosmic Microwave Background [18, 19]. In [18], noncommutative geometry suggests a non-local inflaton field that changes the gaussianity and isotropy properties of fluctuations. In this approach the parameter of noncommutativity is a dynamical quantity. Introduction of noncommutativity in [19] is based on the stringy spacetime uncertainty principle (SSUR), see also [20]. This approach results in the appearance of a critical time for each mode at which SSUR is saturated, and which is taken to be the time the mode is generated. In this case, in contrast to [18], non-locality appears in time. In both the above approaches the spacetime is taken to be the isotropic FRW spacetime. We follow a phase-space approach to noncommutativity in cosmology, like that presented in [15] which is different from what has been studied in [18, 19] and start with Bianchi models as anisotropic spacetimes rather than an isotropic universe.

In cosmological systems, since the scale factors, matter fields and their conjugate momenta play the role of dynamical variables of the system, introduction of noncommutativity by adopting the approach discussed above is particularly relevant. The resulting noncommutative classical and quantum cosmology of such models have been studied in different works [21]. These and similar works have opened a new window through which some of problems related to cosmology can be looked at and, hopefully, resolved. For example, an investigation of the cosmological constant problem can be found in [22]. In [23] the same problem is carried over to the Kaluza-Klein cosmology. The problem of compactification and stabilization of the extra dimensions in multidimensional cosmology may also be addressed using noncommutative ideas [24].

In this paper we deal with noncommutativity in Bianchi class A models. The classical and quantum solutions of Bianchi models have been studied by many authors, see for example [25]-[28]. Since the Bianchi models have different scale factors in different directions, they are suitable candidates for studying noncommutative cosmology. Here, our aim is to introduce noncommutative scale factors in Bianchi spacetimes and compare and contrast their solutions to that of the commutative case at both the classical and quantum levels. We study the effects of noncommutativity on the underlying symmetries of these models [29]-[31] and, show that noncommutativity manifests itself in changing the number of such symmetries. It should be emphasized that when we speak of noncommutativity in this work, we mean noncommutativity in the fields (scale factors) and not the coordinates, that is to say that we study noncommutativity within the context of phase-space only.

2 The Model

Let us make a quick review of some of the important results in the Bianchi class A models and obtain their Lagrangian and Hamiltonian in the ADM decomposition, for more details see [25]. The Bianchi models are the most general homogeneous cosmological solutions of the Einstein field equations which admit a 3-dimensional isometry group, i.e. their spatially homogeneous sections are invariant under the action of a 3-dimensional Lie group. In the Misner [32] notation, the metric of the Bianchi models can be written as ds^2 = −N^2(t)dt^2 + e^{2u(t)}e^{2βij (t)}ω^i ⊗ ω^j, (1)

where N(t) is the lapse function, e^{2u(t)} is the scale factor of the universe and β_{ij} determine the anisotropic parameters v(t) and w(t) as follows

β_{ij} = diag ( v + √ 3w, v − √ 3w, −2v ) . (2)

Also, in metric (1), the 1-forms ω^i represent the invariant 1-forms of the corresponding isometry group and satisfy the following Lie algebra dω^i = − 1 2 C^i_{jk}ω^j ∧ ω^k, (3) where C^i_{jk} are the structure constants. Indeed, the Bianchi models are grouped by their structure constants into classes A and B. Because of the difficultly in formulating the class B Bianchi models in the context of the ADM decomposition and canonical quantization [33], it is usually the case that one confines attention to the class A models where the structure constants obey the relation C^i_{ji} = 0.

The Einstein-Hilbert action is given by (we work in units where c = h̄ = 16πG = 1) S = ∫ d^4x √ −g(R − Λ), (4) where g is the determinant of the metric, R is the scalar curvature of the spacetime metric (1) and Λ is the cosmological constant. In terms of the ADM variables, action (4) can be written as [34] S = ∫ dtd^3xL = ∫ dtd^3xN √ h ( K_{ij} K^{ij} − K^2 + R − Λ ) , (5)

where K_{ij} are the components of extrinsic curvature (second fundamental form) which represent how much the spatial space h_{ij} is curved in the way it sits in the spacetime manifold. Also, h and R are the determinant and scalar curvature of the spatial geometry h_{ij} respectively, and K represents the trace of K_{ij} . The extrinsic curvature is given by K_{ij} = 1 2N ( N_{i|j} + N_{j|i} − ∂h_{ij} ∂t ) , (6)

where N_{i|j} represents the covariant derivative with respect to h_{ij} . Using (1) and (2) we obtain the non-vanishing components of the extrinsic curvature and its trace as follows

K_{11} = − 1 N (u̇ + v̇ + √ 3ẇ)e^{2(u+v+} √ 3w), K_{22} = − 1 N (u̇ + v̇ − √ 3ẇ)e^{2(u+v−} √ 3w), (7) K_{33} = − 1 N (u̇ − 2v̇)e^{2(u−2v)}, K = −3 u̇ N , where a dot represents differentiation with respect to t. The scalar curvature R of a spatial hypersurface is a function of v and w and can be written in terms of the structure constants as [27] R = C^i_{jk}C^l_{mn}h_{il}h^{km}h^{jn} + 2C^i_{jk}C^k_{li}h^{jl}. (8) The Lagrangian for the Bianchi class A models may now be written by substituting the above results into action (5), giving L = 6e^{3u} N ( −u̇^2 + v̇^2 + ẇ^2 ) + Ne^{3u} (R − Λ) . (9)

The momenta conjugate to the dynamical variables are given by

p_u = ∂L ∂u̇ = − 12 N u̇e^{3u}, p_v = ∂L ∂v̇ = 12 N v̇e^{3u}, p_w = ∂L ∂ẇ = 12 N ẇe^{3u}, (10)

leading to the following Hamiltonian H = 1 24 Ne^{−3u} ( −p^2_u + p^2_v + p^2_w ) − Ne^{3u} (R − Λ) . (11)

The preliminary set-up for writing the dynamical equations at both the classical and quantum levels is now complete. In what follows, we will study these equations in commutative and noncommutative cases.

3 Classical cosmology

3.1 Commutative case The classical and quantum solutions of the Bianchi models are studied in many works [25]-[28]. Since our aim here is to compare these solutions to the solutions of the noncommutative model, in the following two sections we consider only the simplest Bianchi class A model, namely type I. The structure constants of the Bianchi type I are all zero, that is C^i_{jk} = 0. It then follows from equation (8) that R = 0. Thus, with the choice of the harmonic time gauge N = e^{3u} [35], the Hamiltonian can be write as H = 1 24 ( −p^2_u + p^2_v + p^2_w ) + Λe^{6u}. (12) The Poisson brackets for the classical phase-space variables are {x_i, x_j } = 0, {p_i, p_j} = 0, {x_i, p_j } = δ_{ij} , (13) where x_i(i = 1, 2, 3) = u, v, w and p_i(i = 1, 2, 3) = p_u, p_v , p_w. Therefore, the equations of motion become u̇ = {u, H} = − 1 12 p_u, ṗ_u = {p_u, H} = −6Λe^{6u}, (14) v̇ = {v, H} = 1 12 p_v, ṗ_v = {p_v, H} = 0, (15) ẇ = {w, H} = 1 12 p_w, ṗ_w = {p_w, H} = 0. (16)

Equations (15) and (16) can be immediately integrated to yield

p_v = p_{0v}, v(t) = 1 12 p_{0v}t + v_0, (17)

p_w = p_{0w}, w(t) = 1 12 p_{0w}t + w_0, (18)

where v_0, w_0, p_{0v} and p_{0w} are integrating constants. To integrate equations (14) we note that the first integral of this system gives ṗ_u = 4A^2 − 1 4 p^2_u, (19) where A is a constant. Now, integration of this equation depends on the sign of the cosmological constant Λ. If Λ > 0, then from the second equation of (14) we have ṗ_u < 0, and therefore equations (19) and (14) result in p_u(t) = 4A coth A(t + t_0), (20) u(t) = 1 6 ln 2A^2 3Λ [ coth^2 A(t + t_0) − 1 ] , (21) where t_0 is another constant of integration. In the case of a negative cosmological constant, Λ < 0, we have ṗ_u > 0, and integration of equations (19) and (14) leads to p_u(t) = 4A tanh A(t + t_0), (22) u(t) = 1 6 ln 2A^2 −3Λ [ 1 − tanh^2 A(t + t_0) ] . (23)

Finally for a universe with zero cosmological constant, Λ = 0, we have ṗ_u = 0 and the equation of motion for u is similar to that of v and w

p_u = p_{0u}, u(t) = − 1 12 p_{0u}t + u_0. (24)

For a non-zero cosmological constant Λ these solutions show a singularity at u → −∞ (e^{2u} → 0) as t → ∞, i.e. the universe evolves to a vanishing spatial size. In the case of a zero cosmological constant this behavior depends on the sign of p_{0u}. For positive p_{0u} we have again a similar singularity as before, but for a negative value of p_{0u}, the scale factor goes to infinity as t → ∞. While independent of the cosmological constant’s value, the anisotropic parameters increase to infinity.

3.2 Noncommutative case Let us now concentrate on the noncommutativity concepts in classical cosmology. Noncommutativity in classical physics [13] is described by a deformed product, also known as the Moyal product law between two arbitrary functions of position and momenta as

(f ∗_α g)(x) = exp [ 1 2 α^{ab}∂^{(1)}_a ∂^{(2)}_b ] f(x_1)g(x_2)|_{x1=x2=x}, (25)

such that α_{ab} = ( θ_{ij} δ_{ij} + σ_{ij} −δ_{ij} − σ_{ij} β_{ij} ) , (26)

where the N×N matrices θ and β are assumed to be antisymmetric with 2N being the dimension of the classical phase-space and represent the noncommutativity in coordinates and momenta respectively. With this product law, the deformed Poisson brackets can be written as {f, g}_α = f ∗_α g − g ∗_α f. (27) A simple calculation shows that {x_i, x_j}_α = θ_{ij}, {x_i, p_j }_α = δ_{ij} + σ_{ij}, {p_i, p_j }_α = β_{ij} . (28) Now, consider the following transformations on the classical phase-space

x^′_i = x_i − 1 2 θ_{ij}p^j, p^′_i = p_i + 1 2 β_{ij} x^j . (29)

It can easily be checked that if (x_i, p_j) obey the usual Poisson algebra (13), then {x^′_i, x^′_j } = θ_{ij} , {x^′_i, p^′_j} = δ_{ij} + σ_{ij}, {p^′_i, p^′_j } = β_{ij} , (30) where σ_{ij} = −^1_8 ( θ^k_i β_{kj} + β^k_i θ_{kj} ) . These commutative relations are the same as (28). Consequently, for introducing noncommutativity, it is more convenient to work with Poisson brackets (30) than α-star deformed Poisson brackets (28). It is important to note that the relations represented by equations (28) are defined in the spirit of the Moyal product given above. However, in the relations defined by (30), the variables (x_i, p_j ) obey the usual Poisson bracket relations so that the two sets of deformed and ordinary Poisson brackets represented by relations (28) and (30) should be considered as distinct.

In this work we consider a noncommutative phase-space in which β_{ij} = 0 and so σ_{ij} = 0, i.e. the Poisson brackets of the phase space variables are as follows {u_{nc}, v_{nc}} = θ_1, {v_{nc}, w_{nc}} = θ_2, {w_{nc}, u_{nc}} = θ_3, (31) {x_{inc}, p_{jnc}} = δ_{ij} , {p_{inc}, p_{jnc}} = 0. With the noncommutative phase-space defined above, we consider the Hamiltonian of the noncommutative model as having the same functional form as equation (12), but in which the dynamical variables satisfy the above deformed Poisson brackets, that is H_{nc} = 1 24 ( −p^2_{unc} + p^2_{vnc} + p^2_{wnc} ) + Λe^{6unc} . (32)

Therefore, the equations of motion read u̇_{nc} = {u_{nc}, H_{nc}} = − 1 12 p_{unc} , ṗ_{unc} = {p_{unc} , H_{nc}} = −6Λe^{6unc} , (33) v̇_{nc} = {v_{nc}, H_{nc}} = 1 12 p_{vnc} − 6θ_1Λe^{6unc} , ṗ_{vnc} = {p_{vnc} , H_{nc}} = 0, (34) ẇ_{nc} = {w_{nc}, H_{nc}} = 1 12 p_{wnc} + 6θ_3Λe^{6unc} , ṗ_{wnc} = {p_{wnc} , H_{nc}} = 0. (35) Equations (33) are similar to equations (14) in the commutative case. Their solutions are therefore as follows u_{nc}(t) = 1 6 ln 2A^2 3Λ [ coth^2 A(t + t_0) − 1 ] , (36) p_{unc} (t) = 4A coth A(t + t_0), for positive cosmological constant, and u_{nc}(t) = 1 6 ln 2A^2 −3Λ [ 1 − tanh^2 A(t + t_0) ] , (37) p_{unc} (t) = 4A tanh A(t + t_0), in the case of a negative cosmological constant. Also for a zero cosmological constant the solutions can be written as u_{nc}(t) = − 1 12 p_{0u}t + u_0, p_{unc} = p_{0u}. (38) Substituting the above results in equations (34) and (35) yields the following equations for v_{nc}(t) and w_{nc}(t) v_{nc}(t) = 1 12 p_{0v}t + 4θ_1A coth A(t + t_0), p_{vnc} = p_{0v}, (39) w_{nc}(t) = 1 12 p_{0w}t − 4θ_3A coth A(t + t_0), p_{wnc} = p_{0w},

if Λ > 0, and v_{nc}(t) = 1 12 p_{0v}t + 4θ_1A tanh A(t + t_0), p_{vnc} = p_{0v}, (40) w_{nc}(t) = 1 12 p_{0w}t − 4θ_3A tanh A(t + t_0), p_{wnc} = p_{0w},

if Λ < 0. Finally if Λ = 0, the dynamical equations for v(t) and w(t) are again similar to the commutative case with solutions v_{nc}(t) = 1 12 p_{0v}t + v_0, p_{vnc} = p_{0v}, (41) w_{nc}(t) = 1 12 p_{0w}t + w_0, p_{wnc} = p_{0w}.

As mentioned before, instead of dealing with the noncommutative variables we can construct, with the help of the transformations (29), a set of commutative dynamical variables {u, v, w, p_u, p_v, p_w} obeying the usual Poisson brackets (13) which, for the problem at hand read p_{unc} = p_u, p_{vnc} = p_v, p_{wnc} = p_w, u_{nc} = u − 1 2 θ_1p_v + 1 2 θ_3p_w, (42)

v_{nc} = v + 1 2 θ_1p_u − 1 2 θ_2p_w, w_{nc} = w − 1 2 θ_3p_u + 1 2 θ_2p_v.

In terms of these commutative variables the Hamiltonian takes the form H = 1 24 ( −p^2_u + p^2_v + p^2_w ) + Λe^{6(u− 12 θ1pv + 12 θ3pw)}. (43)

Therefore, we have the following equations of motion u̇ = {u, H} = − 1 12 p_u, ṗ_u = {p_u, H} = −6Λe^{6(u− 12 θ1pv + 12 θ3pw)}, (44) v̇ = {v, H} = 1 12 p_v − 3Λθ_1e^{6(u− 12 θ1pv + 12 θ3pw)}, ṗ_v = {p_v, H} = 0, (45) ẇ = {w, H} = 1 12 p_w + 3Λθ_3e^{6(u− 12 θ1pv+ 12 θ3pw )}, ṗ_w = {p_w, H} = 0. (46)

The solutions of the above equations can be straightforwardly obtained in the same manner as that of the system (14)-(16). It is easy to check that the action of transformations (42) on the solutions of system (44)-(46) recovers solutions (36)-(41).

The differences between classical commutative and noncommutative cosmologies are now notable. It is clear from solutions in these two cases that both models have a similar singularity at t → +∞. Thus, noncommutativity cannot remove this singular behavior from the commutative solutions. The other feature of these solutions is related to their isotropic behavior. With the choice of special initial conditions v(0) = p_v(0) = 0 and w(0) = p_w(0) = 0 for the case Λ ≠ 0, the commutative classical cosmology predicts an isotropic universe, while applying the same initial conditions on the noncommutative solutions yields an anisotropic cosmology.

4 Quantum cosmology

4.1 Commutative case

Now, let us quantize the model described above. The quantum cosmology of Bianchi models is well studied, see [25]-[28]. Here, for comparison purposes and studying the noncommutativity effects on the solutions, we first discuss the commutative quantum cosmology of our model. For this purpose, we quantize the dynamical variables of the model with the use of the canonical quantization procedure that leads to the Wheeler-DeWitt (WD) equation HΨ = 0. Here, H is the operator form of the Hamiltonian given by (12) and Ψ is the wave function of the universe, a function of spatial geometry and matter fields, if they exist. With the replacement p_u → −i^∂_{∂u} and similarly for p_v and p_w in (12) the WD equation reads [ ∂^2 ∂u^2 − ∂^2 ∂v^2 − ∂^2 ∂w^2 + 24Λe^{6u} ] Ψ(u, v, w) = 0. (47)

The solutions of the above differential equation are separable and may be written in the form Ψ(u, v, w) = U(u)V (v)W (w), leading to 1 V d^2V dv^2 = ±η^2, 1 W d^2W dw^2 = ±κ^2, (48)

d^2U du^2 + ( 24Λe^{6u} ± 9ν^2 ) U = 0, (49)

where η and κ are separation constants and 9ν^2 = η^2 + κ^2. Equations (48) have simple solutions in the form of exponential functions e^{±iηv} (or e^{±ηv} ) and e^{±iκw} (or e^{±κw}). Also the solutions of equation (49) can be written in terms of the Bessel functions as U(u) = J_ν 2 √ 2Λ 3 e^{3u} , for a positive cosmological constant and U(u) = K_{iν} 2 √ 2|Λ| 3 e^{3u} ,

for a negative cosmological constant. Thus, the eigenfunctions of the WD equation can be written as Ψ_ν (u, v, w) = e^{−(ηv+κw)}J_ν 2 √ 2Λ 3 e^{3u} , Λ > 0, (50)

Ψ_ν (u, v, w) = e^{i(ηv+κw)}K_{iν} 2 √ 2|Λ| 3 e^{3u} , Λ < 0, (51)

where for having well defined functions we use the separation constants (48) with plus sign when Λ > 0 and minus sign in the case Λ < 0. We may now write the general solutions to the WD equations as a superposition of the eigenfunctions Ψ(u, v, w) = ∫_{+∞} −∞ C(ν)Ψ_ν (u, v, w)dν, (52) where C(ν) can be chosen as a shifted Gaussian weight function e^{−a(ν−b)2} [21].

4.2 Noncommutative case To study noncommutativity at the quantum level we follow the same procedure as before, namely the canonical transition from classical to quantum mechanics by replacing the Poisson brackets with the corresponding Dirac commutators as { } → −i[ ]. Thus, the commutation relations between our dynamical variables should be modified as follows

[u_{nc}, v_{nc}] = iθ_1, [v_{nc}, w_{nc}] = iθ_2, [w_{nc}, u_{nc}] = iθ_3, [u_{nc}, p_u] = [v_{nc}, p_v] = [w_{nc}, p_w] = i. (53)

The corresponding WD equation can be obtained by the modification of the operator product in (47) with the Moyal deformed product [21] [ −p^2_u + p^2_v + p^2_w + 24Λe^{6u} ] ∗ Ψ(u, v, w) = 0. (54)

Using the definition of the Moyal product (25), it may be shown that [21] f(u, v, w) ∗ Ψ(u, v, w) = f(u_{nc}, v_{nc}, w_{nc})Ψ(u, v, w), (55) where the relations between the noncommutative variables u_{nc}, v_{nc}, w_{nc} and commutative variables u, v, w are given by (42). Therefore, the noncommutative version of the WD equation can be written as [ ∂^2 ∂u^2 − ∂^2 ∂v^2 − ∂^2 ∂w^2 + 24Λe^{6(u− 12 θ1pv+ 12 θ3pw )} ] Ψ(u, v, w) = 0. (56)

We again separate the solutions into the form Ψ(u, v, w) = e^{i(ηv+κw)}U(u). Noting that

e^{6(u− 12 θ1pv + 12 θ3pw )}Ψ(u, v, w) = e^{6u}Ψ(u, v + 3iθ_1, w − 3iθ_3) = e^{6u}U(u)e^{iη(v+3iθ1 )}e^{iκ(w−3iθ3)} = e^{6u}U(u)e^{i(ηv+κw)}e^{−3(ηθ1 −κθ3)} = e^{6u}e^{−3(ηθ1 −κθ3)}Ψ(u, v, w), (57)

Figure 1: The figure on the left shows the square of the commutative wavefunction while the figure on the right, the

square of the noncommutative wavefunction. We choose w = 0 for simplicity.

equation (56) takes the form [ ∂^2 ∂u^2 − ∂^2 ∂v^2 − ∂^2 ∂w^2 + 24Λe^{6u}e^{−3(ηθ1 −κθ3)} ] Ψ(u, v, w) = 0. (58)

Following the solutions to equation (47), we can find the general solutions for the above equation as Ψ(u, v, w) = ∫_{+∞} −∞ A(ν)Ψ_ν (u, v, w)dν, (59) where again, A(ν) is chosen as a shifted Gaussian function and Ψ_ν (u, v, w) are the eigenfunctions of equation (58), that is

Ψ_ν (u, v, w) = e^{−(ηv+κw)}J_ν 2 √ 2Λ 3 e^{3(u− 12 ηθ1+ 12 κθ3)}

, Λ > 0, (60)

Ψ_ν(u, v, w) = e^{i(ηv+κw)}K_{iν} 2 √ 2|Λ| 3 e^{3(u− 12 ηθ1+ 12 κθ3)}

, Λ < 0. (61)

where again 9ν^2 = η^2 + κ^2. Figure 1 shows the square of wave functions of the commutative and noncommutative universes. The comparison of the figures show that the noncommutativity causes a shift in the minimum of the values of u, corresponding to the spatial volume. The emergence of new peaks in the noncommutative wave packet may be interpreted as a representation of different quantum states that may communicate with each other through tunnelling. This means that there are different possible universes (states) from which our present universe could have evolved and tunnelled in the past, from one universe (state) to another (see the first reference in [21]).

5 Symmetries of commutative and noncommutative Bianchi class A spacetimes

In this section we investigate the Noether Symmetries of the Bianchi class A models and study the effects of noncommutativity on these symmetries. Following [29] and [30], we define the Noether symmetry of the spacetime as a vector field X on the tangent space of the phase-space-like (u, v, w, u̇, v̇, ẇ) through X = α ∂ ∂u + β ∂ ∂v + γ ∂ ∂w + dα dt ∂ ∂u̇ + dβ dt ∂ ∂v̇ + dγ dt ∂ ∂ẇ , (62) such that the Lie derivative of the Lagrangian with respect to this vector field vanishes

L_X L = 0. (63)

In (62), (α, β, γ) are linear functions^1 of (u, v, w) and^d_{dt} represents the Lie derivative along the dynamical vector field, that is d dt = u̇ ∂ ∂u + v̇ ∂ ∂v + ẇ ∂ ∂w . (64)

It is easy to find the constants of motion corresponding to such symmetry. Indeed, equation (63) can be rewritten as

L_X L = ( α ∂L ∂u + dα dt ∂L ∂u̇ ) + ( β ∂L ∂v + dβ dt ∂L ∂v̇ ) + ( γ ∂L ∂w + dγ dt ∂L ∂ẇ ) = 0. (65)

Noting that^{∂L}_{∂q} =^{dpq}_{dt} , we have ( α dp_u dt + dα dt p_u ) + ( β dp_v dt + dβ dt p_v ) + ( γ dp_w dt + dγ dt p_w ) = 0, (66)

which yields d dt (αp_u + βp_v + γp_w) = 0. (67)

Thus the constants of motion are found as

Q = αp_u + βp_v + γP_w. (68)

In order to obtain the functions α, β and γ we use equation (65). However, since in the noncommutative case we use the Hamiltonian formalism, equation (66) is better suited in finding these coefficients which, equivalently, can be written as α{p_u, H} + β{p_v, H} + γ{p_w, H} + [ ∂α ∂u {u, H} + ∂α ∂v {v, H} + ∂α ∂w {w, H} ] p_u + [ ∂β ∂u {u, H} + ∂β ∂v {v, H} + ∂β ∂w {w, H} ] p_v + [ ∂γ ∂u {u, H} + ∂γ ∂v {v, H} + ∂γ ∂w {w, H} ] p_w = 0. (69)

In general, the expression above gives a quadratic polynomial in terms of momenta with coefficients being partial derivatives of α, β and γ with respect to the configuration variables u, v and w. Thus, the expression is identically equal to zero if and only if these coefficients are zero, leading to a system of partial differential equations for α, β and γ. In the following subsections we obtain such symmetries for Bianchi class A models in the commutative and noncommutative cases.

5.1 The Bianchi type I model This model is the simplest in that all the structure constants are zero. The Hamiltonian in the gauge N = e^{3u} is given by equation (12). Substituting the Poisson brackets (14)-(16) in equation (69), we get −6Λαe^{6u} − 1 12 ∂α ∂u p^2_u + 1 12 ∂β ∂v p^2_v + 1 12 ∂γ ∂w p^2_w + 1 12 ( ∂α ∂v − ∂β ∂u ) p_up_v + 1 12 ( ∂α ∂w − ∂γ ∂u ) p_up_w + 1 12 ( ∂β ∂w + ∂γ ∂v ) p_vp_w = 0, (70)

1One may, of course, seek more complicated symmetries. However, we have chosen the linear case for simplicity.

which leads to the following system α = 0, ∂α ∂u = ∂β ∂v = ∂γ ∂w = 0, (71) ∂α ∂v − ∂β ∂u = ∂α ∂w − ∂γ ∂u = ∂β ∂w + ∂γ ∂v = 0.

The above system has the general solutions [29, 30] α = 0, β = aw + b, γ = −av + b^′, (72) where a, b and b^′ are constants. Thus, according to (68) the independent constants of motion are

Q_1 = p_v, Q_2 = p_w, Q_3 = wp_v − vp_w, (73)

which correspond to the following symmetries

X_1 = ∂ ∂v , X_2 = ∂ ∂w , X_3 = w ∂ ∂v − v ∂ ∂w + ẇ ∂ ∂v̇ − v̇ ∂ ∂ẇ . (74)

These symmetries satisfy the Lie algebra

[X_1, X_2] = 0, [X_2, X_3] = X_1, [X_3, X_1] = X_2. (75)

Now, let us see which of the above symmetries survive in the noncommutative case. Here, the Hamiltonian is given by (43) and the required Poisson brackets are given by equations (44)-(46). Substituting these Poisson brackets into relation (69) gives −6Λαe^{6u−3θ1 pv +3θ3pw} − 1 12 ∂α ∂u p^2_u + 1 12 ∂β ∂v p^2_v + 1 12 ∂γ ∂w p^2_w + 1 12 ( ∂α ∂v − ∂β ∂u ) p_up_v + 1 12 ( ∂α ∂w − ∂γ ∂u ) p_up_w + 1 12 ( ∂β ∂w + ∂γ ∂v ) p_vp_w + 3Λe^{6u−3θ1 pv +3θ3pw} [( θ_1 ∂α ∂v − θ_3 ∂α ∂w ) p_u + ( θ_1 ∂β ∂v − θ_3 ∂β ∂w ) p_v + ( θ_1 ∂γ ∂v − θ_3 ∂γ ∂w ) p_w ] = 0. (76)

Thus, in addition to equations (71) we have a number of extra restrictions on α, β and γ as

θ_1 ∂α ∂v − θ_3 ∂α ∂w = θ_1 ∂β ∂v − θ_3 ∂β ∂w = θ_1 ∂γ ∂v − θ_3 ∂γ ∂w = 0, (77)

which should hold for all values of θ_1 and θ_3. Imposing relations (77) on the solutions (71) results in β and γ becoming constants. Therefore, in the noncommutative case the only constants of motions are (Q_1)_{nc} = p_v, (Q_2)_{nc} = p_w, (78) which correspond to the symmetries

(X_1)_{nc} = ∂ ∂v , (X_2)_{nc} = ∂ ∂w , [X_1, X_2] = 0. (79)

Consequently, the third symmetry is absent in the noncommutative case. A quick look at the Hamiltonians (12) and (43) shows that the variables v and w are cyclic and consequently the corresponding momenta are constants of motion. In addition, Hamiltonian (12) is rotationally invariant about the u-axis, that is v̇^2 + ẇ^2. Thus, the angular momentum about this axis is conserved. This symmetry is absent in the noncommutative Hamiltonian (43).

At this point, it is appropriate to investigate the symmetries when the cosmological constant is zero. In this case there is no difference between commutative and noncommutative Bianchi type I models. It is clear from (70) that the symmetries in this case are obtained from the system (71) without the constraint α = 0 and that the solutions are given by α = av + bw + c, β = au + b^′w + c^′, γ = bu − b^′v + c^{′′}, (80) with a, b, b^′, c, c^′ and c^{′′} being constants. After a simple calculation we find the independent constants of motion, given by

Q_1 = p_u, Q_2 = p_v, Q_3 = p_w,

Q_4 = wp_v − vp_w, Q_5 = wp_u + up_w, Q_6 = vp_u + up_v,

(81)

which correspond to the following symmetries

X_1 = ∂ ∂u , X_2 = ∂ ∂v , X_3 = ∂ ∂w , X_4 = w ∂ ∂v − v ∂ ∂w + ẇ ∂ ∂v̇ − v̇ ∂ ∂ẇ (82)

X_5 = w ∂ ∂u + u ∂ ∂w + ẇ ∂ ∂u̇ + u̇ ∂ ∂ẇ X_6 = v ∂ ∂u + u ∂ ∂v + v̇ ∂ ∂u̇ + u̇ ∂ ∂v̇ , satisfying the following Lie algebra

[X_1, X_2] = 0, [X_1, X_3] = 0, [X_1, X_4] = 0, [X_1, X_5] = X_3, [X_1, X_6] = X_2, [X_2, X_3] = 0, [X_2, X_4] = −X_3, [X_2, X_5] = 0, [X_2, X_6] = X_1, (83) [X_3, X_4] = X_2, [X_3, X_5] = X_1, [X_3, X_6] = 0, [X_4, X_5] = −X_6, [X_4, X_6] = X_5, [X_5, X_6] = X_4.

5.2 The Bianchi type II model This model is characterized by the 1-forms

ω^1 = dx − zdy, ω^2 = dy, ω^3 = dz. (84)

Therefore, the non-vanishing structure constants may be obtained from equation (3)

C^1_{23} = −C^1_{32} = 1, (85)

which, upon substitution into relation (8), yields the scalar curvature of the corresponding 3-geometry as R = 2e^{−2u+4v+4} √ 3w. (86) Thus, the Hamiltonian for the model can be written from equation (11) with the result (again we use the gauge N = e^{3u}) H = 1 24 ( −p^2_u + p^2_v + p^2_w ) + Λe^{6u} − 2e^{4(u+v+} √ 3w). (87)

In order to obtain the symmetries, we have to solve equation (69) for α, β and γ. The required Poisson brackets are {p_u, H} = − [ 6Λe^{6u} − 8e^{4(u+v+} √ 3w) ] , {p_v, H} = 8e^{4(u+v+} √ 3w), {p_w, H} = 8 √ 3e^{4(u+v+} √ 3w), (88) {u, H} = − 1 12 p_u, {v, H} = 1 12 p_v, {w, H} = 1 12 p_w.

These Poisson brackets make equation (69) read

−6αΛe^{6u} + 8(α + β + √ 3γ)e^{4(u+v+} √ 3w) − 1 12 ∂α ∂u p^2_u + 1 12 ∂β ∂v p^2_v + 1 12 ∂γ ∂w p^2_w + 1 12 ( ∂α ∂v − ∂β ∂u ) p_up_v + 1 12 ( ∂α ∂w − ∂γ ∂u ) p_up_w + 1 12 ( ∂β ∂w + ∂γ ∂v ) p_vp_w = 0, (89)

which, in turn, results in the following system

α = 0, α + β + √ 3γ = 0, ∂α ∂u = ∂β ∂v = ∂γ ∂w = 0, (90) ∂α ∂v − ∂β ∂u = 0, ∂α ∂w − ∂γ ∂u = 0, ∂β ∂w + ∂γ ∂v = 0.

The solutions of this system are similar to the solutions of the system (71) with the additional constraint α + β + √ 3γ = 0. Therefore, we obtain α = 0, β and γ = const. as solutions, i.e. we have α = 0, β = − √ 3 and γ = 1. Consequently, there is only one symmetry X = − √ 3 ∂ ∂v + ∂ ∂w , (91)

with the corresponding constant of motion Q = − √ 3p_v + p_w. (92)

In the noncommutative case we have the system of equations (90) plus the additional equations in terms of the noncommutativity parameters and partial derivative of α, β and γ, similar to the last term in (76). It is easy to see that these additional equations do not have any effect on the solutions of system (90), and thus, also hold in the noncommutative phase-space.

Now, let us consider this model with a zero cosmological constant. In this case the restriction α = 0 is removed from the system of equations (90) and it may be shown that the general solutions can be written as α = √ 3av − aw − c − √ 3c^′, β = √ 3au + aw + c, γ = −au − av + c^′, (93) where a, c and c^′ are constant. Therefore, in this case we have three independent constants of motion

Q_1 = − √ 3p_u + p_w, Q_2 = −p_u + p_v, (94) Q_3 = (√ 3v − w ) p_u + (√ 3u + w ) p_v − (u + v)p_w, which correspond to the following symmetries

X_1 = − √ 3 ∂ ∂u + ∂ ∂w , X_2 = − ∂ ∂u + ∂ ∂v , X_3 = (√ 3v − w ) ∂ ∂u + (√ 3u + w ) ∂ ∂v − (u + v) ∂ ∂w + (95) (√ 3v̇ − ẇ ) ∂ ∂u̇ + (√ 3u̇ + ẇ ) ∂ ∂v̇ − (u̇ + v̇) ∂ ∂ẇ , satisfying the Lie algebra given by

[X_1, X_2] = 0, [X_1, X_3] = √ 3X_1 − 2X_2, [X_2, X_3] = − √ 3X_2. (96)

The noncommutative phase-space with zero cosmological constant has the Hamiltonian H = 1 24 ( −p^2_u + p^2_v + p^2_w ) − 2e^{4u−2θ1 pv +2θ3pw} e^{4v+2θ1 pu−2θ2pw} e √ 3(4w−2θ_3p_u+2θ_2p_v ). (97)

To construct equation (69) we need the following Poisson brackets {p_u, H} = {p_v, H} = 1 √ 3 {p_w, H} = 8e^Ae^B e^C , {u, H} = − 1 12 p_u − 4 ( θ_1 − √ 3θ_3 ) e^Ae^B e^C , (98) {v, H} = 1 12 p_v + 4 ( θ_1 − √ 3θ_3 ) e^Ae^B e^C , {w, H} = 1 12 p_w − 4 (θ_3 − θ_2) e^Ae^B e^C ,

where A = 4u−2θ_1p_v +2θ_3p_w, B = 4v +2θ_1p_u −2θ_2p_w and C = √ 3(4w −2θ_3p_u +2θ_2p_v). Substitution of these relations into equation (69) shows that solutions (93) should satisfy the following additional constraints ( θ_1 − √ 3θ_3 ) ∂α ∂v − (θ_3 − θ_2) ∂α ∂w = 0, ( θ_1 − √ 3θ_3 ) ∂β ∂u + (θ_3 − θ_2) ∂β ∂w = 0, (99) ∂γ ∂u − ∂γ ∂v = 0.

Imposing these conditions on solutions (93), we are led to a (√ 3θ_1 − θ_2 − 2θ_3 ) = 0. (100)

Now if a = 0, i.e. α, β and γ are constant, then solutions (93) automatically satisfy conditions (99). Therefore, the noncommutative case has the symmetries X_1 and X_2 only, given by (95). On the other hand if a ≠ 0, there is a special combination of θ’s, that is √ 3θ_1 − θ_2 − 2θ_3 = 0, (101)

for which all the symmetries (95) in the commutative case can also be recovered in the noncommutative case. This phenomena can be understood by noting that in this case Hamiltonian (97) takes the form H = 1 24 ( −p^2_u + p^2_v + p^2_w ) − 2e^{2(θ1 −} √ 3θ_3)(2Q_2 − √ 3Q_1)e4(u+v+ √ 3w). (102)

Since Q_1 and Q_2 are constants of motion the above Hamiltonian differs from the Hamiltonian (87) (for Λ = 0) only by a constant factor in the potential term. As it is clear from equation (69) which is the starting point in our procedure for finding the symmetries, this constant factor does not have any effect on the symmetries. Thus in the special case (101), Hamiltonians (102) and (87) have the same structure as far as the symmetry considerations are concerned.

5.3 The Bianchi types VI_0 and VII_0

These types of Bianchi models are characterized by the 1-forms

ω^1 = cosh zdx ∓ sinh zdy, ω^2 = − sinh zdx + cosh zdy, ω^3 = dz, (103)

with the corresponding structure constants

C^1_{23} = −C^1_{32} = ±1, C^2_{31} = −C^2_{13} = −1, (104)

where the upper and lower signs denotes the Bianchi type VI_0 and VII_0 respectively. The scalar curvature of the corresponding 3-geometry can be evaluated from equation (8) with the result R = 4e^{u+4v} [ cosh(4 √ 3w) ± 1 ] , (105) leading to the Hamiltonian H = 1 24 ( −p^2_u + p^2_v + p^2_w ) + Λe^{6u} − 4e^{4(u+v)} [ cosh(4 √ 3w) ± 1 ] . (106)

To find the symmetries, we need the following Poisson brackets, obtained from relation (69)

{p_u, H} = −6Λe^{6u} + 16e^{4(u+v)} [ cosh(4 √ 3w) ± 1 ] , {p_v, H} = 16e^{4(u+v)} [ cosh(4 √ 3w) ± 1 ] , (107) {p_w, H} = 16 √ 3e^{4(u+v)} sinh(4 √ 3w), {u, H} = − 1 12 p_u, {v, H} = 1 12 p_v, {w, H} = 1 12 p_w. Substitution of the above Poisson brackets into equation (69) leads to the following equation

−6αΛe^{6u} + 16(α + β)e^{4(u+v)} [ cosh(4 √ 3w) ± 1 ] + 16 √ 3γe^{4(u+v)} sinh(4 √ 3w) − 1 12 ∂α ∂u p^2_u + 1 12 ∂β ∂v p^2_v + 1 12 ∂γ ∂w p^2_w + 1 12 ( ∂α ∂v − ∂β ∂u ) p_up_v + 1 12 ( ∂α ∂w − ∂γ ∂u ) p_up_w + 1 12 ( ∂β ∂w + ∂γ ∂v ) p_vp_w = 0, (108)

which for a non-zero cosmological constant immediately yields α = β = γ = 0, i.e. Bianchi types VI_0 and VII_0 universes with non-zero cosmological constants have no symmetries and, therefore, no constants of motion. It is clear that this also holds when we consider such spacetimes in a noncommutative scenario.

Let us now assume that the cosmological constant in these models is equal to zero. In this case, from equation (108) we have

γ = 0, α + β = 0, ∂α ∂u = ∂β ∂v = ∂γ ∂w = 0, (109) ∂α ∂v − ∂β ∂u = 0, ∂α ∂w − ∂γ ∂u = 0, ∂β ∂w + ∂γ ∂v = 0,

which admit the solution α = −β = const. Therefore, the only symmetry and its corresponding constant of motion are obtained as X = ∂ ∂u − ∂ ∂v , Q = p_u − p_v. (110)

The Hamiltonian in the noncommutative model for Λ = 0 is H = 1 24 ( −p^2_u + p^2_v + p^2_w ) − 4e^{(4u−2θ1 pv+2θ3pw )}e^{(4v+2θ1 pu−2θ2pw)} [ cosh(4 √ 3w − 2 √ 3θ_3p_u + 2 √ 3θ_2p_v) ± 1 ] , (111)

yielding the following Poisson brackets {p_u, H} = {p_v, H} = 16e^{A+B} (cosh C ± 1) , {p_w, H} = 16 √ 3 sinh C, {u, H} = − 1 12 p_u − 8θ_1e^{A+B} (cosh C ± 1) + 8θ_3 √ 3e^{A+B} sinh C, (112) {v, H} = 1 12 p_v + 8θ_1e^{A+B} (cosh C ± 1) − 8θ_2 √ 3e^{A+B} sinh C, {w, H} = 1 12 p_w − 8(θ_3 − θ_2)e^{A+B} (cosh C ± 1) .

Using these relations in equation (69), we conclude that the solutions of the system (109) should also satisfy the following additional conditions ∂α ∂v − ∂α ∂u = 0, θ_3 ∂α ∂u − θ_2 ∂α ∂v = 0, (θ_3 − θ_2) ∂α ∂w = 0, (113) ∂β ∂v − ∂β ∂u = 0, θ_3 ∂β ∂u − θ_2 ∂β ∂v = 0, (θ_3 − θ_2) ∂β ∂w = 0.

If θ_2 ≠ θ_3, these equations have the previous solutions α = −β = const., and thus the spacetime has the same symmetry as given by (110). However, in the case where θ_2 = θ_3, the above system admits the solutions α = −β = aw + b, (114) with constants a and b. The independent constants of motions are then given by

Q_1 = p_u − p_v, Q_2 = w(p_u − p_v), (115)

corresponding to the following symmetries

X_1 = ∂ ∂u − ∂ ∂v , X_2 = w ( ∂ ∂u − ∂ ∂v ) + ẇ ( ∂ ∂u̇ − ∂ ∂v̇ ) , [X_1, X_2] = 0. (116)

Here, we have an additional constant of motion relative to the commutative case. This is notable in Hamiltonian (111) in that when θ_2 = θ_3, it takes the form H = 1 24 ( −p^2_u + p^2_v + p^2_w ) − 4e^{2θ1 Q1} e^{4(u+v)} [ cosh(4 √ 3w − 2θ_2 √ 3Q_1) ± 1 ] . (117)

The above Hamiltonian differs from Hamiltonian (106) (for Λ = 0) not only by a constant factor in the potential term (which has no effect on the number of symmetries like the Bianchi type II case) but also in the argument of the “cosh” term. This argument is modified by a constant shift which results in a new symmetry (compare (115) with (110)).

5.4 The Bianchi types VIII and IX In the Bianchi type VIII model the invariant 1-forms are

ω^1 = cosh y cos zdx − sin zdy, ω^2 = cosh y sin zdx + cos zdy, (118) ω^3 = sinh ydx + dz,

and thus the corresponding non-vanishing structure constants can be evaluated from (3) with the result C^1_{23} = −C^1_{32} = −1, C^2_{31} = −C^2_{13} = −1, C^3_{12} = −C^3_{21} = 1. (119) The scalar curvature of the spatial hypersurface can be obtained by substituting the above structure constants in (8), yielding

R = −4e^{−2u+4v} cosh(4 √ 3w) − 2e^{−2u−8v} + 4e^{−2u−2v} cosh(2 √ 3w) − 2e^{−2u+4v}. (120)

Therefore, we can write the Hamiltonian using (12) H = 1 24 ( −p^2_u + p^2_v + p^2_w ) + Λe^{6u} + 4e^{4(u+v)} cosh(4 √ 3w) − 4e^{2(2u−v)} cosh(2 √ 3w) + 2e^{4(u−2v)} + 2e^{4(u+v)}. (121)

As it is clear from the above form, the spacetime has no symmetry. Indeed, evaluating the required Poisson brackets and constructing equation (69), we see that this system admits only the trivial solution α = β = γ = 0, i.e. there are no symmetries neither in the commutative nor noncommutative models.

Our final goal is to address the same issues in the Bianchi type IX model, characterized by the structure constants C^i_{jk} = ε_{ijk}. (122)

Calculations similar to the previous models lead to the following Hamiltonian H = 1 24 ( −p^2_u + p^2_v + p^2_w ) + Λe^{6u} + e^{4(u−2v)} − 4e^{2(2u−v)} cosh(2 √ 3w) + 2e^{4(u+v)} [ cosh(4 √ 3w) − 1 ] . (123) Again, a glance at the equations resulting from the above Hamiltonian shows that this spacetime has no symmetry, neither in the commutative nor in its noncommutative version, even if the cosmological constant is equal to zero.

6 Conclusions

In this paper we have studied the Bianchi type I classical and quantum cosmology in both commutative and noncommutative scenarios. We have obtained exact solutions of the vacuum gravitational field equations in three cases when the cosmological constant is positive, negative or zero. The corresponding classical cosmology shows a singularity at t → ∞, together with increasing anisotropic parameters v and w. We have seen that noncommutativity can not exclude such behavior from the solutions. The corresponding quantum cosmology of the model in both commutative and noncommutative cases is obtained from the exact solutions of the WD equation, showing how such solutions differ.

We have also studied the Noether symmetries of the Bianchi class A models and investigated their noncommutative counterparts. In Bianchi type I, we have shown that for a non-zero cosmological constant, there are three Noether symmetries, two of which retain their character in the noncommutative case. For a zero cosmological constant, there is no difference between commutative and noncommutative cases and the number of symmetries is six. The constants of motion in this case are the momenta in u, v and w directions and their corresponding angular momenta. However, we note that because of the wrong sign (minus) of p_u in the Hamiltonians, this dynamical variable behaves like a ghost field and thus the angular momenta-like constants Q_5 and Q_6 do not have the usual sign. The Bianchi type II model with a non-zero cosmological constant in the commutative and noncommutative cases has only one symmetry, which is a Killing vector field. If the cosmological constant is zero, this spacetime has three symmetries when studied in its noncommutative form. We have shown that when the phase-space has a noncommutative structure, one of its symmetries is removed except when the noncommutative parameters satisfy a certain relation. With this relation between the noncommutative parameters, although the Hamiltonians are different in the commutative and noncommutative cases, they show the same structure and thus exhibit the same symmetries.

The Bianchi types VI_0 and VII_0 with non-zero cosmological constants have no symmetries neither in the commutative nor noncommutative versions. But in the case of a zero cosmological constant, these spacetimes exhibit one symmetry if their phase-space is commutative. This symmetry remains unchanged in the noncommutative phase-space as well. It is interesting to note that if the noncommutative parameters θ_2 and θ_3 are equal, these models have an additional symmetry. In this case the corresponding Hamiltonians of the commutative and noncommutative phase-space have the same structure but differ in a shift term in the variable w. In the last section of the paper we have dealt with the Bianchi type VIII and IX models and shown that they have no symmetries at all.

Acknowledgement

The authors would like to thank S. Jalalzadeh for useful comments and the anonymous referees for enlightening suggestions.

References

[1] H. Snyder, Phys. Rev. 71 (1947) 38 [2] A. Connes, Noncommutative Geometry, Academic Press, (1994)

A. Connes, Noncommutative Geometry, (math-qa/0011193) A. Connes, J. Math. Phys. 41 (2000) 3832, (hep-th/0003006) [3] J. C. Varilly, An Introduction to Noncommutative Geometry, lectures at EMS Summer School on NCG and Applications, Sept. 1997, (physics/9709045) [4] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73 (2000) 977, (hep-th/0106048) [5] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, Phys. Rev. D 55 (1997) 5112, (hepth/9610043) [6] N. Seiberg and E. Witten, J. High Energy Phys. JHEP 09 (1999) 032, (hep-th/9908142) [7] S. Minwalla, M. Van Raamsdonk and N. Seiberg, J. High Energy Phys. JHEP 02 (2000) 020, (hep-th/9912072) [8] S. M. Carroll, J. A. Harvey, V. A. Kostelesky, C. D. Lane and T. Okamoto, Phys. Rev. Lett. 87 (2001) 141601, (hep-th/0105082) C. E. Carlson, C. D. Carone and R. F. Lebed, Phys. Lett. B 518 (2001) 201, (hep-ph/0107291) C. E. Carlson, C. D. Carone and R. F. Lebed, Phys. Lett. B 549 (2002) 337, (hep-ph/0209077) [9] R. J. Szabo, Phys. Rep. 387 (2003) 207, (hep-th/0109162) [10] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73 (2002) 977, (hep-th/0106048) [11] I. Bars, Nonpertubative Effects of Extreme Localization in Noncommutative Geometry , (hepth/0109132) [12] J. Gamboa, M. Loewe and J. S. Rojas, Phys. Rev. D 64 (2001) 067901, (hep-th/0010220) A. E. F. Djemai and H. Smail, Commun. Theor. Phys. 41 (2004) 837, (hep-th/0309006) L. Mezincescu, Star Operation in Quantum Mechanics, (hep-th/0007046) [13] J. M. Romero, J. A. Satiago and D. Vergara, Phys. Lett. A 310 (2003) 9, (hep-th/0211165) M. Przanowski and J. Tosiek, Acta Phys. Pol. B 30 (1999) A. E. F. Djemai, On Noncommutative Classical Mechanics, (hep-th/0309034) [14] B. Mirza and M. Mohadesi, Commun.Theor.Phys. 42 (2004) 664, (hep-th/0412122) [15] J. M. Carmona, J. L. Cortés, J. Gamboa and F. Méndez, J. High Energy Phys. JHEP 03 (2003) 058, (hep-th/0301248) [16] J. M. Carmona, J. L. Cortés, J. Gamboa and F. Méndez, Phys. Lett. B 565 222, (hep-th/0207158) [17] See e.g. H. Vucetich, ”Testing Lorentz Invariance Violation in Quantum Gravity Theories”, grqc/0502093 and refrences therein.

[18] F. Lizzi, G. Mangano, G. Miele and M. Peloso, J. High Energy Phys. JHEP 06 (2002) 049, (hep-th/0203099) [19] R. Brandenberger and P.-M. Ho, Phys. Rev. D 66 (2002) 023517, (hep-th/0203119)

[20] A. Kempf and J. C. Niemeyer, Phys. Rev. D64 (2001) 103501, (astro-ph/0103225), R. Easther, B. R. Greene, W. H. Kinney and G. Shiu, Phys. Rev. D64 (2001) 103502, (hepth/0104102), ibid Phys. Rev. D67 (2003) 063508, (hep-th/0110226)

[21] H. Garcia-Compean, O. Obregon and C. Ramirez, Phys. Rev. Lett. 88 (2002) 161301, (hepth/0107250) G. D. Barbosa, N. Pinto-Neto, Phys. Rev. D 70 (2004) 103512, (hep-th/0407111) G. D. Barbosa, Phys. Rev. D 71 (2005) 063511, (hep-th/0408071)

[22] M. I. Beciu, Noncommutative Cosmology, (gr-qc/0305077)

[23] A. Rezaei-Aghdam, F. Darabi and A. R. Rastkar, Phys. Lett. B 615 (2005) 141, (gr-qc/0412089)

[24] N. Khosravi, S. Jalalzadeh and H. R. Sepangi, J. High Energy Phys. JHEP 0601 (2006) 134, (hep-th/0601116)

[25] M. P. Ryan, Hamiltonian Cosmology, Springer, Berlin (1972)

M. P. Ryan and L. C. Shepley, Homogeneous Relativistic Cosmologies, Princeton University Press, Princeton, (1975) M. Henneaux, Phys. Rev. D 21 (1980) 857

[26] S. Hervik, Class. Quantum Grav. 17 (2000) 2765 (gr-qc/0003084)

[27] T. Christodoulakis, T. Gakis and G. O. Papadopoulos, Class. Quantum Grav. 19 (2002) 1013, (gr-qc/0106065) T. Christodoulakis and G. O. Papadopoulos, Quantum Cosmology for the General Bianchi Type II, VI(Class A) and VII(Class A) vacuum geometries, (gr-qc/0109058)

[28] B. Vakili and H. R. Sepangi, J. Cosmol. Astropart. Phys. JCAP 0509 (2005) 008, (gr-qc/0508090)

[29] M. Demianski, R. de Ritis, C. Rubano and P. Scudellaro, Phys. Rev. D 46 (1992) 1391

[30] S. Capozziello, G. Marmo, C. Rubano and P. Scudellaro, Int. J. Mod. Phys. D 6 (1997) 491, (gr-qc/9606050)

[31] M. Tsamparlis and P. A. Apostolopoulos, J. Math. Phys. 41 (2000) 7573, (gr-qc/0006083)

[32] C. W. Misner, Phys. Rev. 186 (1969) 1319

[33] S. W. Hawking, Mon. Not. R. Asrton. Soc. 142 (1966) 129

M. P. Ryan, J. Math. Phys. 15 (1974) 812 G. E. Sneddon, J. Phys. A 9 (1976) 229

[34] D. L. Wiltshire, An Introduction to Quantum Cosmology, (gr-qc/0101003)

[35] U. Bleyer, V. D. Ivashchuk, V. N. Melnikov and A. Zhuk, Nucl. Phys. B 429 (1994) 177, (grqc/9405020) V. D. Ivashchuk, V. N. Melnikov and A. I. Zhuk, Nuov. Cim. B 104 (1989) 575.