arXiv:gr-qc/0701133v2 6 Mar 2007

A general class of braneworld wormholes

Francisco S. N. Lobo^∗ Institute of Gravitation & Cosmology, University of Portsmouth, Portsmouth PO1 2EG, UK^† and Centro de Astronomia e Astrofísica da Universidade de Lisboa, Campo Grande, Ed. C8 1749-016 Lisboa, Portugal

The brane cosmology scenario is based on the idea that our Universe is a 3−brane embedded in a five-dimensional bulk. In this work, a general class of braneworld wormholes is explored with R ≠ 0, where R is the four dimensional Ricci scalar, and specific solutions are further analyzed. A fundamental ingredient of traversable wormholes is the violation of the null energy condition (NEC). However, it is the effective total stress energy tensor that violates the latter, and in this work, the stress energy tensor confined on the brane, threading the wormhole, is imposed to satisfy the NEC. It is also shown that in addition to the local high-energy bulk effects, nonlocal corrections from the Weyl curvature in the bulk may induce a NEC violating signature on the brane. Thus, braneworld gravity seems to provide a natural scenario for the existence of traversable wormholes.

PACS numbers: 04.50.+h, 04.20.Gz

I. INTRODUCTION

An important and intriguing challenge in wormhole physics is the quest to find a realistic matter source that will support these exotic spacetimes. Traversable wormholes are supported by a null energy condition violating stress energy tensor, denoted as exotic matter [1]. Several candidates have been proposed in the literature, such as scalar fields [2]; wormhole solutions in semi-classical gravity (see Ref. [3] and references therein); solutions in Brans-Dicke theory [4]; solutions in higher dimensions, for instance in Einstein-Gauss-Bonnet theory [5], wormholes on the brane [6, 7, 8]; etc (see Ref. [9] for more details and references). More recently, it has been argued that traversable wormholes may be supported by several equations of state responsible for the late time accelerated expansion of the Universe, namely, phantom energy [10], the generalized Chaplygin gas [11], and the van der Waals quintessence fluid [12]. Despite the fact that, in a cosmological context, these equations of state represent homogeneous fluids, inhomogeneities may arise through gravitational instabilities. Therefore, it seems that traversable wormholes may possibly originate from density fluctuations in the cosmological background. In fact, it has been shown recently that quantum fluctuations may self sustain phantom wormholes with an equation of state varying with the radial coordinate [3].

Moving on to braneworld cosmology, the latter is an interesting scenario based on the idea that our Universe is a 3−brane embedded in a five-dimensional bulk. In the context of braneworld wormholes, a class of static and spherically symmetric solutions, with R = 0, where R is the four dimensional Ricci scalar, was considered in Ref. [7]. The authors also consider a vacuum brane, so that the wormhole is supported by bulk Weyl effects.

∗Electronic address: francisco.lobo@port.ac.uk †Electronic address: flobo@cosmo.fis.fc.ul.pt

In this work, we generalize to non-vacuum branes with non-exotic matter, and with R ≠ 0. In fact, in addition to wormholes, several static and spherically symmetric spacetimes on the brane have been analyzed to some extent in the literature, for instance, stars on the brane [13, 14], black holes [15, 16] and constraints from solar system experiments were also found [16]. In this work, in addition to analyzing the wormhole case of R ≠ 0, we impose that the stress energy tensor confined on the brane, threading the wormhole satisfies the NEC. We also show that the local high-energy bulk effects and nonlocal corrections from the Weyl curvature in the bulk could leave a NEC violating signature on the brane. This argument is supported by the fact that negative energy densities are induced by gravitational waves or black strings in the bulk [17]. Thus, it seems that braneworld gravity provides a natural scenario for the existence of traversable wormholes.

In this work, we shall follow the formalism outlined in Ref. [18]. The five-dimensional Einstein equation in the bulk takes the form

(5)G_{AB} = −Λ_5^{(5)}g_{AB} + k^2_5^{(5)}T_{AB} . (1)

If the bulk is empty, i.e.,^{(5)}T_{AB} = 0, the induced field equations on the brane [18], are given by

G_{μν} = −Λg_{μν} + k^2 T_{μν} +

6k^2 λ S_{μν} − E_{μν} , (2) with

k^2 = λk^2_5 6 , Λ = 1 2 (Λ_5 + k^2λ) , (3)

where k^2 and k^2_5 are the gravitational coupling constants, Λ and Λ_5 the cosmological constants on the brane and in the bulk, respectively; λ is the tension on the brane.

T_{μν} is the stress energy tensor confined on the brane, so T_{AB} n^B = 0, where n^A is the unit normal to the brane. The first correction term relative to Einstein’s general relativity is the inclusion of a quadratic term S_{μν} in the stress-energy tensor, arising from the extrinsic curvature terms in the projected Einstein tensor, and is given by S_{μν} = 1 12 T T_{μν} − 1 4 T_{μα}T^α_ν + 1 8 g_{μν} [ T_{αβ}T^{αβ} − 1 3 T^2 ] , (4) with T = T^μ_μ.

The second correction term, E_{μν} , is the projection of the 5-dimensional Weyl tensor,^{(5)}C_{ABCD} , onto the brane, and is defined as E_{μν} = δ^A_μ δ^C_ν^{(5)}C_{ABCD} n^B n^D, and encompasses nonlocal bulk effects. The only general known property of this nonlocal term is that it is traceless, i.e., E^μ_μ = 0.

Taking into account the traceless property of the projected 5-dimensional Weyl tensor, then Eq. (2) implies

R = 4Λ − k^2 T −

3k^2 2λ ( T_{αβ} T^{αβ} − 1 3 T^2 ) . (5)

This paper is outlined in the following manner: In Section II, we outline the effective field equations governing braneworld wormholes, and provide two general strategies for finding specific solutions. In Section III, we further explore specific solutions, and finally, in Section IV, we conclude.

II. EFFECTIVE FIELD EQUATION ON THE BRANE

Consider a static and spherically symmetric wormhole metric given in the following form

ds^2 = −e^{2Φ(r)} dt^2 + dr^2 1 − b(r)/r + r^2 (dθ^2 + sin^2 θ dϕ^2) ,(6)

where Φ(r) and b(r) are arbitrary functions of the radial coordinate, r, denoted as the redshift function, and the form function, respectively [1]. The radial coordinate has a range that increases from a minimum value at r_0, corresponding to the wormhole throat, and extends to infinity.

To be a wormhole solution, several properties need to be imposed [1], namely: The throat is located at r = r_0 and b(r_0) = r_0. A flaring out condition of the throat is imposed, i.e., (b−b^′r)/b^2 > 0, which reduces to b^′(r_0) < 1 at the throat. The condition 1 − b/r ≥ 0 is also imposed. To be traversable, one must demand that there are no horizons present, which are identified as the surfaces with e^{2Φ} → 0, so that Φ(r) must be finite everywhere.

Note that the field equation on the brane can take the form

G_{μν} = 8π T^{eff}_{μν} , (7)

with the total effective stress energy tensor, T^{eff}_{μν} , being given by

T^{eff}_{μν} = T_{μν} − 1 8π E_{μν} + 6 λ S_{μν} , (8) with k^2 = 8π. We have considered, for simplicity, that the cosmological constant on the brane is zero. Note that the quadratic term, i.e., S_{μν} ∼ (T_{μν} )^2, is the high energy correction term. From the following approxima- tions |S_{μν} /λ|/|T_{μν} | ∼ |T_{μν} |/λ ∼ ρ/λ, one readily verifies that S_{μν} is dominant for ρ ≫ λ, and negligible in the regime ρ ≪ λ, where λ > (1Tev)^4 [18].

In general relativity, the flaring out condition implies that the wormhole should be threaded with matter violating the null energy condition (NEC). Note that the NEC is given by T_{μν} k^μk^ν ≥ 0, where k^μ is any null vector. Now, an important feature of wormholes on the brane, governed by the induced field equations on the brane, Eq. (2), is that it is the total effective stress energy tensor that should violate the NEC. In particular, the stress energy tensor confined on the brane, T_{μν} , could perfectly satisfy the NEC. Therefore, the NEC violation arises from a combination of the local bulk effects, through the quadratic term in the stress energy tensor, S_{μν} , and the nonlocal effects from the bulk, E_{μν} .

The analysis is simplified working in an orthonormal reference frame, so that the Einstein tensor components, for the metric (6), are given by the following relationships

G_{t̂t̂} = b^′ r^2

, (9)

G_{r̂r̂} = 2 ( 1 − b r ) Φ^′ r − b r^3

, (10)

G_{θ̂θ̂} = G_{ϕ̂ϕ̂} = ( 1 − b r ) [ Φ^{′′} + (Φ^′)^2 +

Φ^′ r − b^′r − b 2r^2(r − b) − b^′r − b 2r(r − b) Φ^′ ] , (11)

where the prime denotes a derivative with respect to the radial coordinate, r.

We shall consider an isotropic fluid confined on the brane, where the stress energy tensor components, in the orthonormal reference frame, are given by T_{μ̂ν̂} = diag(ρ, p, p, p), where ρ(r) is the energy density, p(r) is the isotropic pressure. Taking into account the static and spherically symmetric nature of the problem, the projected Weyl tensor has the form E_{μ̂ν̂} = diag[ϵ(r), σ_r (r), σ_t(r), σ_t(r)]. The quadratic correction term components, S_{μ̂ν̂} , which are the local effects of the bulk arising from the brane extrinsic curvature, included for self-completeness, are provided by

S_{t̂t̂} = 1 12 ρ^2 , (12)

S_{r̂r̂} = S_{θ̂θ̂} = S_{ϕ̂ϕ̂} = 1 12 ρ(ρ + 2p) . (13)

Thus, the effective stress energy tensor components,

Eq. (8), take the following form

ρ^{eff} = ρ ( 1 + ρ 2λ ) − ϵ 8π , (14)

p^{eff}_r = p ( 1 + ρ λ ) + ρ^2 2λ − σ_r 8π , (15)

p^{eff}_t = p ( 1 + ρ λ ) + ρ^2 2λ − σ_t 8π . (16)

It is interesting that the nonlocal bulk effects can contribute with an effective anisotropic fluid, even in the presence of an isotropic fluid on the brane.

In the analysis outlined below, the Ricci scalar will play an important role, and is given by R = −2 ( 1 − b r ) [ Φ^{′′} + (Φ^′)^2 − b^′ r(r − b) − b^′r + 3b − 4r 2r(r − b) Φ^′ ] . (17)

Evaluated at the throat, r_0, this reduces to

R|_{r0} =

2b^′_0 r^2_0 + (b^′_0 − 1)Φ^′_0

r_0

. (18)

The Ricci scalar, from Eq. (5), may also be given in terms of the energy density and the isotropic pressure confined on the brane, and assumes the form

R = k^2 (ρ − 3p) −

3k^2 2λ [ ρ^2 + 3p^2 − 1 3 (ρ − 3p)^2 ] .(19)

The imposition of the flaring out condition implies that the effective total stress energy tensor violates the NEC, i.e., T^{eff}_{μν} k^μk^ν < 0. Now, considering a radial null vector, k^{μ̂} = (1, 1, 0, 0), the latter inequality takes the form ρ^{eff} + p^{eff}_r < 0. From the following relationship

ρ^{eff} + p^{eff}_r = ρ + p − 1 8π (ϵ + σ_r ) + 1 λ ρ(ρ + p) , (20)

the NEC violation, ρ^{eff} + p^{eff}_r < 0, provides the following generic restriction 8π(ρ + p) ( 1 + ρ λ ) < ϵ + σ_r , (21)

in order to obtain wormhole solutions. In particular, considering the low energy regime, ρ ≪ λ, one may neglect the quadratic term components, and the inequality (21) reduces to 8π(ρ + p) < ϵ + σ_r. If the Weyl components are zero, then one recovers the usual general relativistic NEC violation. For high energies, ρ ≫ λ, the quadratic term dominates, and the inequality (21) takes the form 8πρ(ρ + p)/λ < ϵ + σ_r. Thus, in addition to nonlocal corrections from the Weyl curvature in the bulk (as in Ref. [7]), local high-energy bulk effects imprints a NEC violating signature on the brane. It is also possible to consider a zero Weyl curvature term, and generalize the stress energy tensor to incorporate an anisotropic pressure contribution on the brane. This latter consideration would generalize standard general relativistic wormholes with the inclusion of a high-energy contribution.

It seems that braneworld gravity provides a natural scenario for the existence of traversable wormholes. In summary, by choosing T_{μν} , this fixes S_{μν} . Therefore, one needs to find E_{μν} which produces a wormhole violating the NEC at all energies. However, the question of what 5-dimensional geometry produces this E_{μν} is much more difficult to answer, and shall not be explored here.

Now, one may adopt several strategies to find solutions of wormholes on the brane. For instance, specifying the functions b(r) and Φ(r), the Ricci scalar R is determined through Eq. (17). Then considering an equation of state such that p = p(ρ), the Ricci scalar through Eq. (19) would be given as a function of ρ. Thus, from Eqs. (17) and (19), one would then completely determine ρ = ρ(r), and consequently p = p(ρ). Finally, through the effective field equations induced on the brane, Eqs. (14)-(16), the projected 5-dimensional Weyl tensor components are determined.

One may also consider an analogous strategy as the one obtained in Ref. [14]. If one specifies the source, then R(r) is determined through Eq. (19). Now, integrating Eq. (17) provides the following relationship for the form function b(r) = e^{−Γ(r,r0)} { r_0 +

+ ∫_r r_0 r̄ e^{Γ(r̄,r0)} [ 2Φ^{′′} r̄ + 2(Φ^′)^2r̄ + 4Φ^′ + R(r̄)r̄ ] 2 + Φ^′r̄ dr̄ } ,(22)

where Γ(r, r_0) is defined as

Γ(r, r_0) = ∫_r r_0

2Φ^{′′} r̄ + 2(Φ^′)^2 r̄ + 3Φ^′

2 + Φ^′r̄ dr̄ . (23)

As the bulk is considered empty,^{(5)}T_{AB} = 0, the brane stress energy tensor satisfies the usual conservation equation, T^{μ̂ν̂}_{;ν̂} = 0, which reflects that the interaction between the bulk and the brane is purely gravitational, i.e., there is no exchange of stress energy between the two [18]. The conservation equation then provides the following relationship

p^′ = −(ρ + p) Φ^′ . (24)

Integrating, the pressure provides p(r) = e^{−Φ(r)} [ − ∫_r r_0

Φ^′(r̄)ρ(r̄)e^{Φ(r̄)} dr̄ + C ] , (25)

where C is an integrating constant. The latter may be defined, for instance, evaluating the pressure at the throat, so that C = p(r_0) e^{Φ(r0 )}.

The algorithm runs as follows: providing Φ and one of the following functions ρ and p, one determines the second through Eq. (24). In particular, providing ρ and Φ, and specifying p(r_0), then p is determined through Eq. (25), which yields the full stress energy tensor T_{μν} . The Ricci scalar R is known through Eq. (19), which in turn is used to find the form function, Eq. (22), thus fixing the intrinsic geometry on the brane. Finally, the components of the anisotropic contribution of the projected Weyl tensor are computed through Eqs. (14)-(16).

III. SPECIFIC SOLUTIONS

A. Dust

The specific case of dust shall be explored in some detail as an illustrative example. For instance, consider dust with a positive energy density threading the wormhole. The effective stress energy tensor components reduce to

ρ^{eff} (r) = ρ ( 1 + ρ 2λ ) − 1 8π ϵ(r) , (26)

p^{eff}_r (r) = 1 2λ ρ^2 − 1 8π σ_r(r) , (27)

p^{eff}_t (r) = 1 2λ ρ^2 − 1 8π σ_t(r) , (28)

The NEC violation provides the following restriction 8πρ ( 1 + ρ λ ) < ϵ + σ_r , (29)

and the Ricci scalar reduces to R = 8πρ ( 1 − ρ λ ) . (30)

Now, specifying the functions b(r) and Φ(r), then the Ricci scalar as a function of the r−coordinate is determined and one deduces the energy density, which is given by ρ = λ 2 ( 1 ± √ 1 − R 2πλ ) . (31)

For this particular case, note that the generic NEC violation, inequality (29), evaluated at the throat, and taking into account Eq. (18), takes the following form

(ϵ + σ_r)|_{r0} > −

2b^′_0 r^2_0 − (b^′_0 − 1)Φ^′_0 r_0 +8πλ ( 1 ± √ 1 − b^′_0 πλr^2_0 − (b^′_0 − 1)Φ^′_0 2πλr_0 ) ,(32)

in terms of the metric coefficients.

Considering a constant redshift function, for simplicity, we have R = 2b^′/r^2, and Eq. (31) takes the form ρ = λ 2 ( 1 ± √ 1 − b^′ πλr^2 ) . (33)

One may impose the negative sign, and assuming that b^′/r^2 → 0 at spatial infinity, to allow ρ → 0. However, we shall also analyze the positive sign, which provides interesting results. If we impose that ρ ≥ 0, and considering the negative sign, it is a simple matter to prove that b^′ ≥ 0. The condition b^′ < πλr^2 is also imposed. The projected Weyl tensor components provide the following relationships ϵ(r) = − 2b^′ r^2 + 6πλ ( 1 ± √ 1 − b^′ πλr^2 ) , (34)

σ_r(r) = b − b^′r r^3 + 2πλ ( 1 ± √ 1 − b^′ πλr^2 ) , (35)

σ_t(r) = − b^′r + b 2r^3 + 2πλ ( 1 ± √ 1 − b^′ πλr^2 ) . (36)

Note that the traceless nature of the Weyl term is obeyed, E^μ_μ = −ϵ + σ_r + 2σ_t = 0, as expected.

One may now consider specific cases for the form function. For instance, consider the “spatial Schwarzschild” solution, with b(r) = r_0. The negative sign in Eq. (33) provides the vacuum ρ = 0, where E_{μ̂ν̂} = diag(0, σ_r, −σ_r, −σ_r) with σ_r = r_0/r^3. This is a case analyzed in Ref. [7]. Now, considering the positive sign, so that ρ = λ, and the projected Weyl tensor components reduce to

ϵ(r) = 12πλ , σ_r(r) = 4πλ + r_0 r^3

, (37) σ_t(r) = 4πλ − r_0 r^3

. (38)

Note that this corresponds to a non-asymptotically flat solution, which, in this context, does not have a correspondence in general relativity.

B. Linear equation of state

As we are imposing an isotropic pressure NEC nonviolating distribution of matter on the brane, one may generalize the latter dust solution. As an example, consider the following linear equation of state, p = ωρ. In addition to this, we shall assume that the energy conditions are satisfied. In particular, the weak energy condition (WEC), which states that for a diagonal stress energy tensor, we have ρ ≥ 0 and ρ + p ≥ 0. The strong energy condition (SEC) states that ρ+p ≥ 0 and ρ+3p ≥ 0. The latter conditions then impose the following inequalities: 1 + ω ≥ 0 and 1 + 3ω ≥ 0.

Now, Eq. (19) provides the following relationship R = 8π α ρ − 8π β 2λ ρ^2 , (39)

where α = 1 − 3ω , (40) β = 2 3 (1 + 3ω) . (41)

From the imposition of the SEC, considered above, we verify that β ≥ 0. Specifying the functions b(r) and Φ(r), and using Eq. (17), where the Ricci scalar as a function of the r−coordinate is considered, R = R(r), the energy density ρ(r) is finally given by ρ = λ 3β ( α ± √ α^2 − 3βR 4πλ ) . (42)

Note that a generic restriction is imposed, i.e., α^2 ≥^{3βR}_{4πλ} . Now, as the energy density is positive, ρ ≥ 0, one needs to analyze two cases: (i) For the positive sign, if α ≥ 0, then the imposition of the above generic condition suffices; if α ≤ 0, then one needs to impose^{3βR}_{4πλ} ≤ 0. (ii) For the negative sign, the case of α < 0 is ruled out; if α ≥ 0, then the additional restriction^{3βR}_{4πλ} ≥ 0 is imposed. Finally, the components of E_{μν} are provided by Eqs. (14)-(16).

In this context, one may also write down a total effective equation of state, ω^{eff} = p^{eff}_r /ρ^{eff} , using the linear equation of state outlined above. Thus, ω^{eff} is given by

ω^{eff} = ω ( 1 +^ρ_λ ) +^ρ_{2λ} − k^2σ_r/ρ 1 +^ρ_{2λ} − k^2ϵ/ρ

, (43)

and in order to violate the NEC, one needs to impose ω^{eff} < −1 at the throat, consequently mimicking a traversable wormhole supported by phantom energy [10].

C. Asymptotically flat spacetime

In this section, we shall consider the second strategy following the analysis of Eq. (22). For simplicity, a constant redshift function, Φ^′ = 0, is imposed, so that Eq. (22) reduces to

b(r) = r_0 + 1 2 ∫_r r_0

R(r̄) r̄^2 dr̄ . (44)

Consider, once again, the dust solution with a specific choice for the energy density, given by the following relationship ρ = λ 2 ( 1 − √ 1 − γ^2r^2_0 πλr^4 ) . (45)

We shall only consider the negative sign, to allow ρ → 0 at spatial infinity. Note that the wormhole throat radius obeys the inequality r^2_0 > γ^2/(πλ). Now, from Eq. (19), the Ricci scalar is given by R(r) = 2γ^2 r^2_0 (r_0 r )_4

. (46)

Substituting this function into Eq. (44), we deduce the following form function

b(r) = r_0 + γ^2r_0 ( 1 − r_0 r ) , (47) with 0 < γ^2 < 1, so that one obtains an asymptotically flat wormhole solution with b^′(r) = γ^2r^2_0 /r^2, and at the throat we have b(r_0) = r_0 and b^′(r_0) = γ^2 < 1.

The projected Weyl tensor components are provided by Eqs. (34)-(36), by substituting the functions b(r) and b^′(r), and are given by the following relationships ϵ(r) = − 2γ^2r^2_0

r^4 + 6πλ ( 1 − √ 1 − γ^2r^2_0 πλr^4 ) , (48)

σ_r(r) = r_0 r^3 [ 1 + γ^2 ( 1 − 2r_0 r )]

+2πλ ( 1 − √ 1 − γ^2r^2_0 πλr^4 ) , (49)

σ_t(r) = − r_0(1 + γ^2) 2r^3 + 2πλ ( 1 − √ 1 − γ^2r^2_0 πλr^4 ) ,(50)

which tend to zero as r → ∞.

IV. CONCLUSION

In this work, we have adopted the viewpoint of a braneworld observer, by considering a general class of wormholes with R ≠ 0, where R is the four dimensional Ricci scalar. In addition, two strategies were outlined in order to construct general solutions and specific cases were further explored. First, the specific case of dust, with a positive energy density was considered, and several general physical properties and characteristics were analyzed. Second, a linear equation of state of the stress energy tensor components on the brane was analyzed, and finally, an asymptotically flat wormhole spacetime was found. Now, a fundamental ingredient of traversable wormholes is the violation of the null energy condition (NEC). However, in the context of braneworlds, it is the effective total stress energy tensor that violates the NEC. Therefore, we have imposed that the stress energy tensor confined on the brane, threading the wormhole, satisfied the NEC, and it was shown that in addition to the nonlocal corrections of the Weyl curvature in the bulk (as considered in Ref. [7]), local high-energy bulk effects, could leave a NEC violating signature on the brane, thus providing a natural scenario for the existence of traversable wormholes. The question of what 5-dimensional geometry produces this NEC imprint is much more difficult, and was not explored here. It is also important to emphasize another advantage of the analysis outlined in this paper, in generalizing the work of Ref. [7], namely, it is possible to consider a zero Weyl curvature term, and generalize the stress energy tensor to incorporate an anisotropic pressure contribution on the brane. This latter consideration would also extend and generalize standard general relativistic wormholes with the inclusion of a high-energy contribution.

However, a few remarks are in order, namely, one may basically consider two strategies of obtaining solutions on the brane. First, the bulk spacetime may be given, by solving the full 5-dimensional equations, and the geometry of the embedded brane is then deduced. Second, due to the complexity of the 5-dimensional equations, one may follow the strategy outlined in this paper, by considering the intrinsic geometry on the brane, which encompasses the imprint from the bulk, and consequently evolve the metric off the brane. In principle, the second procedure may provide a well-determined set of equations, with the brane setting the boundary data. However, determining the bulk geometry proves to be an extremely difficult endeavor. Nevertheless, the behavior of the bulk should be analyzed, and found to be nonsingular to inspire any physical meaning in the models considered. Work along these lines is in progress.

Acknowledgements

We are grateful to Roy Maartens for a careful reading of the manuscript, and for extremely helpful comments. We also thank David Coule and Giuseppe De Risi for interesting discussions. This work was funded by Fundação para a Ciência e Tecnologia (FCT)–Portugal through the grant SFRH/BPD/26269/2006.

[1] M. S. Morris and K. S. Thorne, “Wormholes in spacetime and their use for interstellar travel: A tool for teaching General Relativity,” Am. J. Phys. 56, 395 (1988).

[2] C. Barcelo and M. Visser, “Traversable wormholes from massless conformally coupled scalar fields,” Phys. Lett. B466, 127-134 (1999) [arXiv:gr-qc/9908029]; S. V. Sushkov and S.-W. Kim, “Wormholes supported by a kink-like configuration of a scalar field,” Class. Quant. Grav. 19, 4909-4921 (2002) [arXiv:gr-qc/0208069].

[3] R. Garattini and F. S. N. Lobo, “Self sustained phantom wormholes in semi-classical gravity,” [arXiv:gr-qc/0701020].

[4] K. K. Nandi, B. Bhattacharjee, S. M. K. Alam, and J.

Evans, “Brans-Dicke wormholes in the Jordan and Einstein frames,” Phys. Rev. D 57, 823-828 (1998).

[5] B. Bhawal and S. Kar, “Lorentzian wormholes in Einstein-Gauss-Bonnet theory,” Phys. Rev. D 46, 2464- 2468 (1992);

G. Dotti, J. Oliva, and R. Troncoso, “Static wormhole solution for higher-dimensional gravity in vacuum,” Phys. Rev. D 75, 024002 (2007) [arXiv:hep-th/0607062].

[6] L. A. Anchordoqui and S. E. P Bergliaffa, “Wormhole surgery and cosmology on the brane: The world is not enough,” Phys. Rev. D 62, 067502 (2000) [arXiv:gr-qc/0001019].

[7] K. A. Bronnikov and S.-W. Kim, “Possible wormholes in a brane world,” Phys. Rev. D 67, 064027 (2003) [arXiv:gr-qc/0212112].

[8] M. La Camera, “Wormhole solutions in the Randall- Sundrum scenario,” Phys. Lett. B573, 27-32 (2003) [arXiv:gr-qc/0306017].

[9] J. P. S. Lemos, F. S. N. Lobo and S. Q. de Oliveira, “Morris-Thorne wormholes with a cosmological constant,” Phys. Rev. D 68, 064004 (2003) [arXiv:gr-qc/0302049].

[10] S. Sushkov, “Wormholes supported by a phantom energy,” Phys. Rev. D 71, 043520 (2005) [arXiv:gr-qc/0502084];

F. S. N. Lobo, “Phantom energy traversable wormholes,” Phys. Rev. D 71, 084011 (2005) [arXiv:gr-qc/0502099]; F. S. N. Lobo, “Stability of phantom wormholes,” Phys. Rev. D 71, 124022 (2005) [arXiv:gr-qc/0506001].

[11] F. S. N. Lobo, “Chaplygin traversable wormholes,” Phys.

Rev. D 73 064028 (2006), [arXiv:gr-qc/0511003]. [12] F. S. N. Lobo, “Van der Waals quintessence stars,” Phys.

Rev. D 75, 024023 (2007) [arXiv:gr-qc/0610118]. [13] C. Germani and R. Maartens, “Stars in the braneworld,” Phys. Rev. D 64, 124010 (2001) [arXiv:hep-th/0107011]; N. Deruelle, “Stars on branes: the view from the brane,” [arXiv:gr-qc/0111065];

T. Wiseman, “Relativistic stars in Randall- Sundrum gravity,” Phys. Rev. D 65, 124007 (2002) [arXiv:hep-th/0111057];

R. Casadio and C. Germani,“Gravitational collapse and black hole evolution: Do holographic black holes eventually ‘anti-evaporate’ ?,” Prog. Theor. Phys. 114, 23 (2005) [arXiv:hep-th/0407191].

[14] M. Visser and D. L. Wiltshire, “On brane data for brane world stars,” Phys. Rev. D 67, 104004 (2003) [arXiv:hep-th/0212333].

[15] A. Chamblin, S.W. Hawking and H.S. Reall, “Brane- World Black Holes,” Phys.Rev. D 61, 065007 (2000) [arXiv:hep-th/9909205];

A. Chamblin, H. S. Reall, H. Shinkai and T. Shiromizu, “Charged Brane-World Black Holes,” Phys.Rev. D 63, 064015 (2001) [arXiv:hep-th/0008177];

R. Casadio, A. Fabbri and L. Mazzacurati, “New black holes in the brane- world?,” Phys. Rev. D 65, 084040 (2002) [arXiv:gr-qc/0111072];

R. Casadio and L. Mazzacurati, “Bulk shape of braneworld black holes,” Mod. Phys. Lett. A 18, 651 (2003) [arXiv:gr-qc/0205129];

K. A. Bronnikov, H. Dehnen, V. N. Melnikov, “On a general class of brane-world black holes,” Phys. Rev. D 68, 024025 (2003) [arXiv:gr-qc/0304068];

R. Gregory, R. Whisker, K. Beckwith and C. Done, “Observing braneworld black holes,” JCAP 0410, 013 (2003) [arXiv:hep-th/0406252];

A. N. Aliev, A. E. Gumrukcuoglu, “Charged Rotating Black Holes on a 3-Brane,” Phys. Rev. D 71, 104027 (2005) [arXiv:hep-th/0502223].

[16] G. Kofinas, E. Papantonopoulos and V. Zamarias, “Black hole solutions in braneworlds with induced gravity,” Phys. Rev. D 66, 104028 (2002) [arXiv:hep-th/0112019].

[17] D. N. Vollick , “Negative energies on the brane,” Gen.

Rel. Grav. 34, 1-7 (2002) [arXiv:hep-th/0004064]. [18] R. Maartens, “Brane-world gravity,” Living Rev.Rel. 7, 7 (2004) [arXiv:gr-qc/0312059].