arXiv:gr-qc/0702057v1 9 Feb 2007

Lanczos potentials and a definition of gravitational entropy for perturbed FLRW space-times

Filipe C. Mena^♭ and Paul Tod^⋆

♭Departamento de Matemática, Universidade do Minho, 4710 Braga, Portugal ⋆Mathematical Institute, University of Oxford, St. Giles 24-29, Oxford OX1 3LB, UK

E-mail: fmena@math.uminho.pt, tod@maths.ox.ac.uk

Abstract. We give a prescription for constructing a Lanczos potential for a cosmological model which is a purely gravitational perturbation of a Friedman- Lemaitre-Robertson-Walker (FLRW) space-time. For the radiation equation of state, we find the Lanczos potential explicitly via Fourier transforms. As an application, we follow up a suggestion of Penrose [20] and propose a definition of gravitational entropy for these cosmologies. With this definition, the gravitational entropy initially is finite if and only if the initial Weyl tensor is finite.

PACS numbers: 04.20.Cv, 04.25.Nx, 98.80.Hw

Submitted to: CQG

1. Introduction

While there is no generally agreed definition of gravitational entropy in General Relativity (GR), it was conjectured some years ago by Penrose [20], that it should be related to the clumping of matter, therefore to the degree of inhomogeneity and anisotropy of a space-time and therefore associated with the Weyl or conformal curvature. Specifically, Penrose suggested that a measure for the gravitational entropy should involve an integral of a quantity derived from the Weyl tensor, and that the definition of the scalar product on the Hilbert space of one-particle states for linearised GR in flat space might provide guidance [20]. This definition, which we review below, is written in terms of potentials for the (linearised) Weyl spinor.‡

There have subsequently been several attempts to construct gravitational entropy measures using polynomial invariants of the Weyl and Ricci tensors (see e.g. [5, 10, 19]) but with no complete success. From the point of view of Penrose’s suggestion these have the wrong ‘differential order’ being constructed algebraically from the Weyl tensor rather than from potentials for it. Another approach has been to note that, via the Bianchi identities, the Weyl tensor is related to the density gradient, which is a natural physical measure of inhomogeneity. There are proposals for a definition of gravitational entropy based on density contrast functions which are covariant, non-local, and work globally for dust cosmologies, provided the initial singularity is isotropic [12, 16]. This is encouraging, as part of the motivation of [20] was to connect the notion of low gravitational entropy to a restriction on the nature of the initial singularity.

It is unclear how any of these measures could relate to the established notion of black hole entropy or whether there should be a relation between the entropy in gravitational waves and black hole entropy at all.

Our purpose in this paper is to return to Penrose’s suggestion and take it as far as possible, using the scalar product from linear theory in flat space to motivate a definition in curved space. This requires a potential for the Weyl tensor or Weyl spinor and we shall use the Lanczos potential ([14], see also [1], [3]). It is a general result of Illge [13] that any spinor field with the symmetries of the Weyl spinor locally has a Lanczos potential which is (uniquely) determined by its value at a space-like hypersurface S. Furthermore, for a vacuum space-time there exists a potential for the Lanczos potential, a second or super-potential for the Weyl spinor, again determined by its value at S [13] (see also [1]).

Apart from Illge’s result, there is no general prescription for obtaining a Lanczos potential for a given spacetime. A general expression for a Lanczos potential in the case of perfect fluid spacetimes with zero shear and vorticity was given in [18]. More recently, this result has been extended by Holgersson [11] to Bianchi I perfect-fluid spacetimes. There are also several examples in the literature of Lanczos potentials for particular

‡ For a different approach to implementing Penrose’s suggestion via graviton number in FLRW cosmologies, see [17]. For more on potentials in linear theory and electromagnetism see e.g. chapter 6 of [21].

exact solutions, including Gödel, Schwarzschild, Taub and Kerr [4, 6, 7, 15, 18]. Since there is freedom in the choice of the Lanczos potential, these examples are usually made subject to symmetry assumptions.

In this paper, we consider the Lanczos potential and superpotential for linearly perturbed Friedman-Lemaitre-Robertson-Walker (FLRW) spacetimes. We obtain wave equations for tensors defining invariant parts of the Lanczos potential, and solve them by Fourier transforms to give explicit solutions. Then, as an application, we closely following Penrose’s idea [20], in order to propose a measure of the gravitational entropy and apply it to linearly perturbed FLRW cosmologies. The measure is defined as far as possible in such a way as to carry over to more general situations. Thus given a choice of ‘time’, in the sense of a space-like hypersurface, we construct a Lanczos potential with data at that hypersurface, and a tensor which obeys the equations for a second potential only at that hypersurface. Then we define a complex structure at the hypersurface on the space of potentials. From this, we construct a measure of gravitational entropy S_g which is now a functional of the (linearised) Weyl tensor.

Our definition is of course speculative. It has a reasonably good motivation, but doesn’t have any obvious monotonicity property. It has at least one good property: the main positive result of this part of the paper is that S_g is finite at the initial singularity only for those linearised Weyl tensors which are finite at the initial singularity. Here the Weyl tensor initially is understood to be finite if the metric (background plus perturbation) can be rescaled so as to extend conformally through the singularity, in other words if the initial singularity is still isotropic [10]. If the initial Weyl tensor is singular, in the sense understood here, then the initial gravitational entropy is infinite. Thus finite initial gravitational entropy, as defined here, requires finite initial Weyl tensor.

The plan of the paper is as follows. To end this section we review linearised GR, introducing the scalar product on the space of solutions and explain how this motivates Penrose’s suggestion. In the next section, we review the (1 + 3)-formalism for cosmological models and apply it to perturbations of FLRW cosmologies. Then in Section 3, we obtain an expression for a Lanczos potential for these perturbations, solving the wave equations which arise by Fourier transforms. Finally in Section 4, we use the analysis from earlier sections, together with a definition of complex structure on the space of potentials, to suggest a definition of gravitational entropy for these cosmologies.

In linearised GR, we start by perturbing the flat metric η_{ab} according to the equation

g_{ab} = η_{ab} + Φ_{ab}.

For simplicity, we shall assume that the perturbation Φ_{ab} is subject to the following gauge conditions:

Φ^a_a = 0 = ∇^aΦ_{ab}. (1)

We obtain the linearised connection (in the sense of the perturbation of the Ricci rotation coefficients) as the tensor L_{abc} = L_{[ab]c} defined by L_{abc} = ∇_{[a}Φ_{b]c}. (2) Note that L^b_{ab} = 0 = η^{abcd}L_{abc} = ∇^cL_{abc}. (3) With the convention (∇_c∇_d − ∇_d∇_c)V^a = R^a_{bcd}V^b, the linearised Riemann tensor is R^{cd}_{ab} = −∇_{[a}L^{cd}_{b]} − ∇^{[c}L^{d]}_{ab} . (4) The field equation is the linearisation of the Einstein vacuum equation and is equivalent to the wave equation on Φ_{ab}:

R^c_a := R^{cb}_{ab} = 1 2 □Φ_{ab} = 0.

In spinors we write Φ_{ab} = Φ_{ABA}′_B′ (not to be confused with the Ricci spinor) and L_{abc} = L_{ABCC}′ ϵ_A′_B′ + c.c. for a symmetric spinor L_{ABCC}′ . Then (2) and (4), taking account of (1), are ∇^{D′}_C Φ_{ABC}′_D′ = − 2L_{ABCC}′ , (5) ∇^{C′}_D L_{ABCC}′ = ψ_{ABCD}, (6) where ψ_{ABCD} is the Weyl spinor.

We define the symplectic form on the space of solutions by

Ω(Φ, Φ̃) = ∫ S (L_{abc} ~Φ^{bc} − ~L_{abc}Φ^{bc})dS^a, (7) where the integral is over a space-like hypersurface S. Then this is independent of surface by virtue of the field equation, and is also gauge-invariant. For the scalar product on the Hilbert space of classical solutions, we need the complex structure J on the space of solutions, which is usually defined by the splitting into positive and negative frequencies: if Φ = Φ_+ + Φ_− is that splitting then JΦ = i(Φ_+ − Φ_−), and then the inner product is ⟨Φ, Φ⟩ = Ω(Φ, JΦ). (8) This can be seen to be positive-definite by writing it in terms of the Fourier transform.

This construction motivates Penrose’s [20] suggested guide to a definition of gravitational entropy: given a solution to a classical field theory, the coherent state built on that classical state can be thought of as the most closely corresponding quantum state; the expectation value of the number operator in the quantum state is then a measure of the ‘number of particles’ underlying the classical state, which in turn is a measure of the entropy; but this expectation value is just the norm of the classical state in the scalar product. If it were possible to find a definition like (8) above in a curved space-time, it would therefore be a candidate for a definition of gravitational entropy. (Again, this might be just the entropy in gravitational waves. Black hole entropy could be another story.)

This is the idea we pursue here. We replace the linearised connection L_{abc} by the Lanczos potential, which by Illge [13] always exists satisfying (6). The second or superpotential Φ_{ab} derived from L_{abc} always exists for vacuum but we shall be concerned with cosmological solutions when its existence is problematic, as is the correct definition of J. On the other hand, we do not expect a definition which is independent of surface or, equivalently, independent of time. Thus our aim will be to mimic (8) as close as possible but basing the construction on a choice of hypersurface.

2. 1+3 Formalism and tensor perturbations of FLRW cosmologies

We consider a space-time with a distinguished time-like direction given by the velocity vector field u^a of the fluid, and use the formalism of [8, 9, 22], with g_{ab}u^au^b = −1. We introduce the tensor which, at each point, projects into the space orthogonal to u^a by

h_{ab} = g_{ab} + u_au_b. (9)

Then

h^c_ah^b_c = h^b_a, h^b_au_b = 0, h^a = 3. (10)

The covariant derivative of u_a can be written, as usual, as

∇_au_b = 1 3 θh_{ab} + σ_{ab} + ω_{ab} − u̇_au_b (11)

where

σ_{ab} = σ_{(ab)}; σ^a = 0; σ_{ab}u^b = 0; ω_{ab} = ω_{[ab]}; ω_{ab}u^b = 0. (12)

Then u̇^a is the acceleration, ω_{ab} is the vorticity tensor, σ_{ab} the shear, and θ the expansion. The stress–energy tensor for perfect fluids is

T_{ab} = ρu_au_b + ph_{ab} (13)

where ρ is the energy density and p the isotropic pressure of the fluid.

We shall be principally concerned with the case of vanishing vorticity. Then the fluid flow is orthogonal to space-like hypersurfaces S_t, which can be labelled by propertime t along the flow, h_{ab} is the (Riemannian) metric on these hypersurfaces and its Levi-Civita covariant derivative, say D_a, is defined by projection: if V_{b...c} is a tensor orthogonal to u^a on all indices then D_aV_{b...c} = h^d_ah^e_b · · · h^f_c ∇_dV_{e...f} .

A useful operation below will be curl, defined for a symmetric tensor X_{ab} orthogonal to u^a by (curl X)^{ab} := η^{cd(a}D_cX^{b)}_d, (14) where η_{abc} = η_{abcd}u^d is the volume form of S_t, and η_{abcd} is the space-time volume form. It will frequently be convenient to omit the brackets and write just curl X^{ab} or curl X_{ab}.

The Weyl tensor can be decomposed into its electric and magnetic parts, E_{ab} and H_{ab} relative to the velocity vector u^a as E_{ab} = C_{acbd}u^cu^d, H_{ab} = C^∗_{acbd}u^cu^d, (15) where the dual C^∗_{acbd} is C^∗_{acbd} = 1 2 η^{st}_{ac} C_{stbd}. (16) From their definition, E_{ab} and H_{ab} are symmetric, trace-free and orthogonal to u^a.

The Bianchi identities for the Weyl tensor in the case of a twist-free perfect fluid which also has vanishing acceleration can be written as the following system (see e.g. [22]): Ė^{ab} = − θE^{ab} − 1 2 (ρ + p)σ^{ab} + curlH^{ab} + 3σ^{(a}_c E^{b)c} − σ_{cd}E^{cd}h^{ab}, (17) Ḣ^{ab} = − θH^{ab} − curlE^{ab} + 3σ^{(a}_c H^{b)c} − σ_{cd}H^{cd}h^{ab}, (18) D_aE^{ab} = η^{bcd}σ_{ce}H^e_d + 1 3 D^bρ, (19) D_aH^{ab} = − η^{bcd}σ_{ce}E^e_d, (20) where the dot is u^a∇_a.

Now we use this formalism to consider perturbations of FLRW cosmologies which are purely gravitational. The background is conformally-flat, so that E_{ab} = H_{ab} = 0 and the fluid-flow is geodesic, shear-free and twist-free so that u̇_a = ω_{ab} = σ_{ab} = 0.

We consider the FLRW metric g_{ab} linearly perturbed with δg_{ab} = Φ_{ab}. Following [23], for purely gravitational perturbations we may consistently impose the gauge conditions Φ_{ab}u^b = Φ^a_a = ∇^aΦ_{ab} = 0. (21) For the linearised field equation, we characterise the perturbation as purely gravitational by requiring that the perturbation in the Ricci tensor in the form R^b_a vanish: δR^b_a = 0. (22) This implies that δρ = δp = 0, and with the gauge conditions (21) also δu^a = δu_a = 0, so that δT^b_a = 0 for the stress-energy-momentum tensor.

For the perturbation in the kinematic quantities it easily follows, for example in the formalism of [22], that δθ = 0 = δω_{ab} = δu̇_a while, for the shear, we introduce the notation: Σ_{ab} := δσ_{ab} = 1 2 Φ̇_{ab}. (23)

For the Weyl tensor, which is zero in the background, we find (from the equations in e.g. [22]) E^{ab} = − Σ̇^{ab} − 2 3 θ Σ^{ab}, (24) H^{ab} = curl Σ^{ab}. (25) Now the field equation (22) is □Φ_{ab} = 2 3 ρ Φ_{ab}, (26) (compare e.g. [23]). We note the following identities for trace-free, symmetric tensors χ_{ab} orthogonal to u^a:

D^acurl χ_{ab} = 0, (27) ∇^aχ_{ab} = D^aχ_{ab}, (28) (∇^aχ_{ab})^· = ∇^aχ̇_{ab}, (29) (curl χ_{ab})^. = curl χ̇_{ab} − 1 3 θ curl χ_{ab}, (30)

curl curl χ_{ab} = − χ̈_{ab} − □χ_{ab} − θ χ̇_{ab} + (ρ − 1 9 θ^2)χ_{ab}. (31) Then, from (21), (23), (28) and (29) D^aΣ_{ab} = 0, (32) and from (23) and (26) we calculate

□Σ_{ab} = 2 3 θ Σ̇_{ab} + ( 1 6 ρ − 3 2 p + 1 3 θ^2)Σ_{ab}. (33) It is now easy to check that, neglecting second-order terms, (17)-(20) are satisfied with E_{ab} and H_{ab} as in (24) and (25). Specifically (18) follows from (30), (19) from (29) and (32), (20) from (27), and finally (17), which is the hardest, from (26), (31), (33) and the Raychaudhuri equation: θ̇ + θ^2 3 + 1 2 (ρ + 3p) = 0. (34)

3. The Lanczos potential

The Lanczos potential is a tensor L_{abc} = −L_{bac}, connected to the Weyl tensor by the equation:

C^{cd}_{ab} = −∇^{[c}L^{d]}_{ab} − ∇_{[a}L^{cd}_{b]} − traces, (35) which should be compared with (4) (in general, we follow [11] but our definition of L_{abc} is twice the usual definition, in order to maintain (2)). There is gauge freedom in L_{abc} satisfying (35), which can be reduced by imposing the Lanczos gauge conditions: L^b_{ab} = 0 = η^{abcd}L_{abc} = ∇_cL^c_{ab} , the same conditions as in (3). When these are imposed, the ‘-traces’ term in (35) is −2δ^{[ c}_{[a} Q^{d]}_{b]} where Q_{ac} = ∇^bL_{abc}, which is symmetric and trace-free by virtue of the gauge-conditions on L_{abc}. This term vanishes in the Minkowski space version of the theory described in Section 1, but doesn’t necessarily vanish in curved space.

The algebraic gauge conditions ensure that L_{abc} can be expressed in terms of a symmetric spinor field L_{ABCC}′ as L_{abc} = L_{ABCC}′ ϵ_A′_B′ + L̄_A′_B′_C′_C ϵ_{AB} , and the differential gauge condition then implies ∇^{CC′} L_{ABCC}′ = 0. (36) Now (35) takes the spinor form ∇^{C′}_D L_{ABCC}′ = ψ_{ABCD}, (37) just as in (6) but where ψ_{ABCD} is now the full (nonlinear) Weyl spinor. There is no need to symmetrise in (37) because of (36). Illge [13] shows that (37) has a unique solution given L_{ABCC}′ on a space-like surface, but one cannot in general find the second potential as in (5) as this equation has a curvature obstruction from the Ricci tensor: given (6), (5) implies φ^{C′D′E}_{(A}Φ_{B)EC}′_D′ = 0, (38) where φ_{ABA}′_B′ is the Ricci spinor.

Holgersson [11] gave a useful decomposition of the Lanczos potential into irreducible parts in the (1+3)-formalism as follows:

L_{abc} = 2u_{[a}A_{b]}u_c − A_{[a}h_{b]c} − 2u_{[a}C_{b]c} + η^d_{ab} S_{dc} + u_{[a}η_{b]cd}P^d − u_cη_{abd}P^d,(39)

where A_a and P_a are orthogonal to u^a and S_{ab} and C_{ab} are trace-free, symmetric and orthogonal to u^a. This gives sixteen components for L_{abc} (three each for A and P ; five each for S and C) which agrees with the eight complex components for L_{ABCC}′ . Holgersson [11] also gave formulae for the electric and magnetic parts of the Weyl tensor which are useful below.

We want to calculate a Lanczos potential for a perturbed FLRW spacetime with some given perturbation Φ_{ab} in the metric, as considered in Section 2. Since the perturbation is characterised by a trace-free, symmetric tensor orthogonal to u^a, we seek a Lanczos potential as in (39) with vector parts zero: A_a = P_a = 0. Then from (39) and (35), or quoting from [11] we find E_{ab} = 1 2 (curl S_{ab} − Ċ_{ab}), (40) H_{ab} = 1 2 (curl C_{ab} + Ṡ_{ab}). (41)

Equating these to (24) and (25) we have equations for C_{ab} and S_{ab}. Now, if a superpotential ϕ_{ab} also existed for all times with L_{abc} = ∇_{[a}ϕ_{b]c} (42) then, from (39), we would have C_{ab} = 1 2 (ϕ̇_{ab} + θ 3 ϕ_{ab}), (43) S_{ab} = 1 2 curl ϕ_{ab},

but this is incompatible with the Bianchi identities (17)-(20). This incompatibility is a consequence of the obstruction (38). However, (43) suggests another ansatz, namely C_{ab} = 1 2 (ψ_{ab} + θ 3 ϕ_{ab}) S_{ab} = 1 2 curl ϕ_{ab} (44)

in terms of another unknown tensor ψ_{ab}. (This is simply an ansatz, in that we express two unknown tensors, C and S, in terms of two other unknown tensors, ϕ and ψ; the justification of the ansatz is the simplification which results, for example in (50) and (51) below).

Using (30) we find from (41) and (44) H_{ab} = 1 4 curl (ϕ̇ + ψ)_{ab}. (45)

Comparing this equation with (25) we can choose

Σ_{ab} = 1 4 (ϕ̇_{ab} + ψ_{ab}), (46)

so that ψ_{ab} is known once ϕ_{ab} has been found. Then, using (40) E_{ab} = 1 4 (−ψ̇_{ab} − θ̇ 3 ϕ_{ab} − θ 3 ϕ̇_{ab} + curl curl ϕ_{ab}), (47)

and combining this with (24), (31) and (46) we get □ϕ_{ab} + 4 3 θϕ̇_{ab} + ( θ̇ 3 + θ^2 9 − ρ)ϕ_{ab} = 8 3 θΣ_{ab}, (48)

which is a wave equation for ϕ_{ab}. Note that this wave-equation is not (26). In fact, if we introduce X_{ab} = ϕ_{ab} − Φ_{ab} then X_{ab} satisfies □X_{ab} + 4 3 θẊ_{ab} + ( θ̇ 3 + θ^2 9 − ρ)X_{ab} = 1 2 (ρ + p)Φ_{ab}, (49) using the Raychaudhuri equation (34) again. Equation (49) is not satisfied by zero, so that ϕ_{ab} cannot be taken to be the perturbed metric Φ_{ab}. For later use, we note that, in terms of X_{ab} and Φ_{ab}:

ϕ_{ab} = Φ_{ab} + X_{ab}, (50) ψ_{ab} = Φ̇_{ab} − Ẋ_{ab}. (51)

Given initial data (ϕ_{ab}(x, t_0), ϕ̇_{ab}(x, t_0)) or equivalently (ϕ_{ab}(x, t_0), ψ_{ab}(x, t_0)), in terms of spatial coordinates x at some time t_0, a solution to (48) exists and is unique. We therefore have a complete prescription to determine a unique L_{abc} for linearly perturbed FLRW, subject to this data. We can achieve (43), and therefore (42), at a given instant by choosing the data to be

ϕ_{ab}(x, t_0) = Φ_{ab}(x, t_0) (52) ϕ̇_{ab}(x, t_0) = Φ̇_{ab}(x, t_0)

at that instant, or equivalently

X_{ab}(x, t_0) = 0 = Ẋ_{ab}(x, t_0), (53)

but this won’t then be true at other times.

We summarize our results so far in the following proposition:

Proposition: Given a perturbed FLRW spacetime and a choice of time t_0, a Lanczos potential L_{abc}, in the Lanczos gauge, may be uniquely specified by (39) with (44), (46) and (48), subject to the data (52). We may define a superpotential ϕ_{ab} such that (42) holds at t_0 but this will not hold at other times.

To obtain explicit solutions for ϕ and X, we first recall some details of the FLRW metrics. For simplicity, we shall assume k = 0, the spatially-flat case, so that the metric is g = R(t)^2(dx^2 + dy^2 + dz^2) − dt^2,

or, introducing conformal time τ,

g = R̃(τ)^2(dx^2 + dy^2 + dz^2 − dτ^2),

where R(t) = R̃(τ) and dt/R(t) = dτ. The overdot will consistently stand for d/dt, and d/dτ will always be written explicitly.

We choose, as spatial coordinates, x = (x^i) for i = 1, 2, 3, and note that dS = R^3d^3x is the volume element on the hypersurfaces of constant t. We shall assume an equation of state of the form p = (γ − 1)ρ, and then θ = 3Ṙ/R, while the conservation equation implies that ρ = ρ_0R^{−3γ} for constant ρ_0. The Friedmann equation reduces to

Ṙ^2 = 1 3 ρR^2, (54)

(with the convention that 8πG/c^2 = 1) and, without loss of generality, the solution is R = t^n where n =^2_{3γ} .

In coordinate components, for a tensor χ_{ab} orthogonal to u^a the d’Alembertian is

□χ_{ij} = 1 R^2

Δ_0χ_{ij} − χ̈_{ij} + Ṙ R χ̇_{ij} + 2( R̈ R + Ṙ2 R^2

)χ_{ij}. (55)

where Δ_0 is the flat Laplacian in x, and for the time-evolution we find, in components:

(u^c∇_cχ)_{ij} = χ̇_{ij} − 2Ṙ R χ_{ij}.

Define the Fourier transform Φ̂_{ij}(t, q) of the coordinate components Φ_{ij}(t, x) of Φ_{ab} in the usual way as

Φ̂_{ij}(t, q) = 1

(2π)^{3/2} ∫ R^3

Φ_{ij}(t, x) exp(iq · x)d^3x, (56)

then, suppressing indices for clarity, (26) with the aid of (55), becomes

^̈Φ − Ṙ R ^̇Φ − (2R̈ R − |q|^2 R^2

)Φ̂ = 0,

which, as a check, is equation 15.10.39 of [23] (when making the comparison, recall that R̈ R = − 1 6 (ρ + 3p)

with our conventions). Following [23], substitute Φ̂_{ij} = τ^α(h^+_{ij} (q)Ĥ^+(τ, q) + h^×_{ij} (q)Ĥ^×(τ, q)), (57)

where α =^{1+n}_{2(1−n)} and h^+_{ij} (q) and h^×_{ij} (q) represent the two polarisation states i.e. they are symmetric, trace-free matrices of a standard form, orthogonal to q and suitably normalised. Then (57) gives d^2Ĥ dτ^2 + 1 τ dĤ dτ + (|q|^2 − ν^2 τ^2

)Ĥ = 0,

where ν =^{(3n−1)}_{2(1−n)} , which is Bessel’s equation of order ν in |q|τ, so that each of Ĥ^+ and Ĥ × is a q-dependent linear combination of Bessel functions J_{±ν} (|q|τ).

Now we need the Fourier transform of (49), in coordinate components, taking account of (54), and again suppressing indices for clarity. This is ^̈X − 5Ṙ R ^̇X − (3R̈ R − 9Ṙ^2 R^2 − |q|^2 R^2

)X̂ = − 1 2 (ρ + p)Φ̂. (58)

Analogously to (57), put X̂_{ij} = τ^β(h^+_{ij} (q)Ĝ^+(τ, q) + h^×_{ij} (q)Ĝ^×(τ, q)), (59)

with β =^{5n+1}_{2(1−n)} to find

d^2Ĝ^+ dτ^2 + 1 τ dĜ^+ dτ + (|q|^2 − 1 4τ^2

)Ĝ^+ = −n (1 − n)^2 τ^{α−β−2}Ĥ^+, (60)

and similarly for G^× in terms of H^×.

We may solve (60) by variation of parameters: suppose t = t_0 corresponds to τ = a, then we want Ĝ(a) = ^̇G(a) = 0 by (53). The homogeneous equation is Bessel’s equation with ν = 1/2, and the solution for Ĝ^+ is Ĝ^+(τ) = −nτ^{−1/2}

(1 − n)^2|q| ∫_τ a σ^{α−β−3/2} sin(|q|(τ − σ))Ĥ^+(σ)dσ, (61) and similarly for Ĝ^×.

To summarise: (57), (59) and (61) determine X and Φ and then (50) and (51) determine ϕ and ψ; finally (44) and (39) determine the Lanczos potential.

4. Gravitational Entropy for perturbed FLRW We want to recapitulate as much as possible of the argument in Section 1, using the Lanczos potential in place of the L used there. In place of (7), given two solutions of (26), the Einstein equations for gravitational perturbations of FLRW, we shall define Ω(Φ_{(1)}, Φ_{(2)}) = ∫ S_t ( L^{(1)}_{abc}ϕ^{(2)bc} − L^{(2)}_{abc}ϕ^{(1)bc} ) u^adS, (62) with ϕ^{(i)}_{ab} related to L^{(i)}_{abc} as in (42) at a particular choice of t_0. Then from (39) and (44) we find Ω(Φ_{(1)}, Φ_{(2)}) = 1 2 ∫ S_t ( ψ^{(1)}_{ab} ϕ^{(2)ab} − ϕ^{(1)}_{ab} ψ^{(2)ab} ) dS. (63) Unlike the case of linear theory, this integral is not independent of time, since ∇^a(L^{(1)}_{abc}ϕ^{(2)bc} − L^{(2)}_{abc}ϕ^{(1)bc}) ≠ 0.

From (63), using (50) and (51) Ω(Φ_{(1)}, Φ_{(2)}) = 1 2 ∫ S_t (Φ̇_{(1)ab}Φ^{ab}_{(2)} − Φ̇_{(2)ab}Φ^{ab}_{(1)}) dS − 1 2 ∫ S_t (X_{(1)ab}Φ^{ab}_{(2)} − X_{(2)ab}Φ^{ab}_{(1)})^·dS − 1 2 ∫ S_t (Ẋ_{(1)ab}X^{ab}_{(2)} − Ẋ_{(2)ab}X^{ab}_{(1)}) dS. (64) Define the current j^a_Φ := Φ^{bc}_{(1)}∇^aΦ_{(2)bc} − Φ^{bc}_{(2)}∇^aΦ_{(1)bc}, then by (26) j^a_Φ is conserved: ∇_aj^a_Φ = 0.

Therefore the integral ∫ S_t u_aj^a_Φ dS = − ∫ S_t (Φ̇_{(1)ab}Φ^{ab}_{(2)} − Φ̇_{(2)ab}Φ^{ab}_{(1)}) dS (65) is constant in time i.e. the first integral in (64) is necessarily constant in time, but the others won’t be. (It might be argued that one should use just (65) as the definition of the symplectic form, precisely because it is independent of time; however this is a definition which would not be available in more general settings, whereas (62) would.)

Our strategy now is the following: we seek a definition of gravitational entropy based on (8); we don’t have a symplectic form which is independent of time, nor do we expect to obtain a definition of entropy which is independent of time; however we do have a unique definition of first and second potential for the Weyl tensor given a choice of time; therefore we shall make a natural choice of complex structure, given a choice of time, and use (8) at that time to define the entropy. By using (63) precisely at t_0 we simplify (64) greatly, since X_{ab} vanishes there.

Let us for simplicity restrict to the radiation equation of state, so that γ = 4/3, and then n = 1/2, α = 3/2, β = 7/2 and ν = 1/2, and we can take R = t^{1/2} = τ/2 and ρR^4 = 3/4. The Bessel functions J_{±1/2} can be written in terms of elementary functions, and as solutions for Ĥ^{(i)} we can take Ĥ^{(i)} = τ^{−1/2}(A^{(i)}(q) sin(|q|τ) + B^{(i)}(q) cos(|q|τ)). (66)

Reality of Φ_{ab} implies that ^̄Φ(t, q) = Φ̂(t, −q) (67)

and then from (57) and (66) the same holds for A^{(i)} and B^{(i)}.

Note that A parametrises a ‘growing mode’ and B a ‘decaying mode’ in the standard terminology, and note also that a growing mode is a perturbation of the conformal metric which is finite at the initial singularity while a decaying mode is not (essentially because for the former Φ = O(t) as t → 0, just like the unperturbed spatial metric, while for the latter Φ = O(t^{1/2}), which diverges by comparison with the spatial metric). Thus perturbations with nonzero B have infinite initial Weyl tensor while perturbations with B zero but A nonzero have finite initial Weyl tensor. This will be important below.

Introduce

K(q) = A^{(1)}(q)B^{(2)}(−q) − B^{(1)}(q)A^{(2)}(−q) (68)

then the first integral in (64) is 1 2 ∫ S_t (Φ̇_{(1)ab}Φ^{ab}_{(2)} − Φ̇_{(2)ab}Φ^{ab}_{(1)}) dS = 2 (2π)^{3/2} ∫ |q|K(q)d^3q, (69)

which, as expected, is constant in time.

For the complex structure on the space of solutions of (26), we follow the discussion in [2]. There, for Klein-Gordon fields, the symplectic form is taken to be Ω((ϕ, π), (ϕ̃, π̃)) = ∫ S_t (πϕ̃ − ϕπ̃)dS, with π = ϕ̇, and the complex structure is defined by

Jϕ = (Θ)^{−1/2}π ; Jπ = −(Θ)^{1/2}ϕ.

Here Θ = −D_aD^a, where D_a is the intrinsic covariant derivative on S_t. We seek to follow this prescription, with (63) as the symplectic form so that ψ then takes the role of π. Also Θ = −R^{−2}Δ_0 where, as before, Δ_0 is the flat, three-dimensional Laplacian. In terms of the Fourier transform, Θ = |q|^2R^{−2} so that J becomes Jϕ̂ = R |q| ψ̂ ; Jψ̂ = −|q| R ϕ̂. (70)

We use (57) and (66) to translate (70) into an action on A and B, all evaluated at τ = a. First for the relation of ϕ̂ and ψ̂ to A and B from (57) and (66) we have ( ϕ̂ ψ̂ ) = ( M_{11} M_{12} M_{21} M_{22} ) ( A B )

where M_{11} = a sin a|q| M_{12} = a cos a|q|

M_{21} = 2 a (sin a|q| + a|q| cos a|q|) M_{22} = 2 a (cos a|q| − a|q| sin a|q|) Then, conjugating J defined by (70) with M and introducing α := a|q|, we find the action of J on A and B to be ( JA JB ) = ( J_{11} J_{12} J_{21} J_{22} ) ( A B )

where J_{11} = − 1 α cos 2α − 1 2α^2 sin 2α, (71)

J_{12} = − 1 α^2

(cos α − α sin α)^2 − cos^2 α,

J_{21} = 1 α^2

(sin α + α cos α)^2 + sin^2 α, J_{22} = − J_{11}.

We note the behaviour as a → 0, when

J_{11} = − 2 α + O(α), (72)

J_{12} = − 1 α^2

+ O(1),

J_{21} = 4 + O(α^2), J_{22} = − J_{11}.

In (68), following the analogy of (8), we set A^{(2)} = JA^{(1)} and B^{(2)} = JB^{(1)}, to find K(q, a) = J_{21}A^{(1)}(q)A^{(1)}(q) + J_{22}A^{(1)}(q)B^{(1)}(q) − J_{11}B^{(1)}(q)A^{(1)}(q) − J_{12}B^{(1)}(q)B^{(1)}(q). (73) where the choice of J has introduced an explicit dependence on a. Substituting this into (69) gives our definition of gravitational entropy at proper time t_0, corresponding to conformal time τ = a: S_g(Φ; t_0) = 2 (2π)^{3/2} ∫ |q|K(q, a)d^3q, (74) with K(q, a) as in (73).

We deduce the following properties of our definition:

• The entropy at time t_0 is determined by the Weyl tensor at t_0, but not locally (since e.g. the operator (Θ)^{−1/2} in (70) is non-local). In particular, it is not the integral of a scalar invariant of curvature.

• From the specific form (71) of J (though it follows more generally) S_g can be seen to be positive definite.

• However, for small a we note from (72) that if B ≠ 0 then K = O(a^{−2}), which diverges on the approach to the initial singularity, while if B = 0 but A ≠ 0 then K = O(1), which is finite. In other words, with this definition the initial gravitational entropy is finite if the initial Weyl tensor is finite, and infinite otherwise. This is an important success for the definition.

• Necessarily, for a decaying mode the gravitational entropy will decay from its infinite initial value and tend to a positive constant in the remote future (for this, from (73), we note that J_{12} in (71) tends to a constant as t → ∞). But J_{12} isn’t monotonic in time, which makes it unlikely that S_g is.

• From (71), J_{21} runs from a value of 4 at α = 0 to a limit of 1 at large α and is also not monotonic (though it is positive). Thus for a purely growing mode, the gravitational entropy runs from a finite initial value to a finite but lower final value, and again there is no reason to expect it to be monotonic. This is perhaps less successful for the definition, but this is after all a result from linear theory, though in a non-flat background - without nonlinearity, there is no gravitational clumping.

The definition has been framed in such a way that it should extend to more general situations, and it remains to be seen whether the property of being initially finite only for an isotropic singularity persists.

Acknowledgements

PT acknowledges useful discussions with Roger Penrose and Abhay Ashtekar, and FM with Brian Edgar, Roger Penrose and Reza Tavakol as well as support from CMAT - Univ. Minho and from FCT (Portugal) through grant SFRH/BPD/12137/2003.

[1] Andersson F & Edgar S B, Local existence of symmetric spinor potentials for symmetric (3,1)- spinors in Einstein space-times. J. Phys. Geom. 37 (2001) 273–290 [2] Ashtekar A & Magnon A, Quantum fields in curved space-times. Proc. R. Soc. Lond. A 346 (1975) 375–394 [3] Bampi F & Caviglia G, Third-order tensor potentials for the Riemann and Weyl tensors, Gen.

Rel. Grav. 15 (1983) 375–386.

[4] Bergqvist G, A Lanczos potential in Kerr geometry. J. Math. Phys. 38 (1997) 3142–3154.

Lanczos potentials and gravitational entropy for perturbed FLRW space-times 16

[5] Bonnor W B, The gravitational arrow of time. Phys. Lett. A, 112 (1985) 26–28 [6] Dolan P & Kim C W, Some solutions of the Lanczos vacuum wave equation Proc. R. Soc. Lond.

447 (1994) 577–585; errata Proc. Roy. Soc. Lond. A 449 (1995) 685 [7] Edgar S B & Hoglund A, The Lanczos potential for the Weyl curvature tensor: existence, wave equation and algorithms Proc. Roy. Soc. Lond. A 453 (1997) 835–851 [8] Ehlers J, Akad. Wiss. Lit. Mainz, Abhandl. Math.–Nat. Kl., (1961) 791–837 [translated as:

Ehlers J, Contributions to the relativistic mechanics of continuous media Gen. Rel. Grav. 25 (1993) 1225–1266] [9] Ellis G F R, Relativistic cosmology, pp1–60 in Cargèse Lectures in Physics Vol. 6, ed. Schatzman E (New York: Gordon and Breach, 1973) [10] Goode S W & Wainwright J, Isotropic singularities in cosmological models. Class. Quant. Grav.

2 (1985) 99–115 [11] Holgersson D, Lanczos potentials for perfect fluid cosmologies, Linköping University Thesis, 2004;

on-line at: http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-2582 [12] Hosoya A, Buchert T and Morita M, Information entropy in cosmology Phys. Rev. Lett. 92 (2004) 141302 [13] Illge R, On potentials for several classes of spinor and tensor fields in curved space-times Gen.

Rel. Grav. 20 (1988) 551–564 [14] Lanczos C, The splitting of the Riemann tensor Rev. Mod. Phys. 34 (1962) 379–389 [15] López-Bonilla J L, Ovando G & Pena J J, A Lanczos potential for plane gravitational waves Found. Phys. Lett. 12 (1999) 401–405 [16] Mena F C & Tavakol R, Evolution of the density contrast in inhomogeneous dust models. Class.

Quant. Grav., 16 (1999) 435–452 [17] Nesteruk A N & Ottewill A C, Graviton production as a measure of gravitational entropy in an isotropic universe Class. Quant. Grav., 12 (1995) 51–57 [18] Novello M & Velloso A L, The connection between general observers and Lanczos potential.

Gen. Rel. Grav. 19 (1987) 125–1265 [19] Pelavas N & Lake K, Measures of gravitational entropy: self-similar spacetimes. Phys. Rev. D 62 (2000) 044009 [20] Penrose R, Singularities and time-asymmetry, in General Relativity: An Einstein Centenary Survey, eds. Hawking S W & Israel W, (Cambridge: Cambridge University Press, 1979) [21] Penrose R and Rindler W, Spinors and space-time, vol 2 (Cambridge: Cambridge University Press, 1986) [22] Wainwright J & Ellis G F R eds, Dynamical Systems in Cosmology (Cambridge: Cambridge University Press, 1997) [23] Weinberg S, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity (John Wiley 1972)