arXiv:gr-qc/0702121v3 6 Jul 2007

Supersymmetric 3D gravity with torsion: asymptotic symmetries

B. Cvetković and M. Blagojević^∗ Institute of Physics, P. O. Box 57, 11001 Belgrade, Serbia

Abstract

We study the structure of asymptotic symmetries in N = 1 + 1 supersymmetric extension of three-dimensional gravity with torsion. Using a natural generalization of the bosonic anti-de Sitter asymptotic conditions, we show that the asymptotic Poisson bracket algebra of the canonical generators has the form of two independent super- Virasoro algebras with different central charges.

1 Introduction

Contemporary research in the area of three-dimensional (3D) gravity is motivated by enormous difficulties in our attempts to properly understand fundamental features of both classical and quantum gravity. In the traditional approach, based on general relativity (GR), the gravitational dynamics has been investigated in the realm of Riemannian geometry, leading to a number of outstanding results [1, 2, 3, 4, 5, 6]. However, there is a more general, gauge-theoretic conception of gravity based on Riemann-Cartan geometry, in which both the curvature and the torsion characterize the geometric structure of gravity [7, 8]. Within this, more general geometric setting, one has a real chance to explore the influence of geometry on the gravitational dynamics.

The application of these ideas to 3D gravity started in the early 1990s, when Mielke and Baeckler proposed a general topological action for 3D gravity with torsion [9]. Recent developments confirmed that this approach offers a rich and respectable dynamical content. In particular, it has been shown that: (i) 3D gravity with torsion possesses the generalized BTZ black hole solution [10, 11] with interesting thermodynamic properties [12], (ii) it can be formulated as a Chern-Simons gauge theory [11, 13], and (iii) with suitably chosen asymptotic conditions, the asymptotic symmetry is described by two independent Virasoro algebras with different central charges [14].

The supersymmetric extension of 3D gravity with torsion, constructed recently in [15], offers a new look into the underlying geometric structure. In the present paper, we use the canonical approach to analyze the asymptotic symmetry of N = 1 + 1 supersymmetric extension of this theory, which yields a deeper insight into the dynamical role of torsion. Our investigation is intended to generalize the results obtained in the anti-de Sitter (AdS)

∗Email addresses: cbranislav@phy.bg.ac.yu, mb@phy.bg.ac.yu

sector of Riemannian GR [16] (see also [17, 18]), to 3D gravity with torsion. More precisely, we will demonstrate that a suitable extension of the AdS asymptotics to the fermionic sector produces the super-conformal symmetry in the asymptotic region.

The paper is organized as follows. In section 2, we give a brief overview of the topological 3D gravity with torsion. In section 3, we derive the supersymmetric extension of this theory with N = 1 + 1 gravitini. The derivation is based directly on the form of the gravitational action and yields a number of relations between coupling constants, dictated by supersymmetry; the final action agrees with the result found in [15]. At the end of this section, we give a concise description of the Chern-Simons formulation of the theory. In section 4, we start with the standard bosonic AdS asymptotic conditions and find their natural supersymmetric extension to the gravitini sector. Then, we obtain the form of the asymptotic parameters and calculate the related commutator algebra. Section 5 is devoted to the Hamiltonian analysis and construction of the canonical generator for local supersymmetry transformations. In section 6, we use the adopted asymptotic conditions to improve the canonical generators by adding suitable surface terms. The resulting asymptotic Poisson bracket algebra is shown to have the form of two super-Virasoro algebras with different central charges. Section 7 contains concluding remarks, while appendices summarize some technical details.

Our conventions are essentially the same as in [14]: the Latin indices refer to the local orthonormal frame, the Greek indices refer to the coordinate frame; the middle-alphabet letters (i, j, k, . . . , μ, ν, ρ, . . . ) run over 0, 1, 2, while (α, β, γ, . . . ) run over 1, 2; the metric components in the local Lorentz frame are η_{ij} = (+, −, −); totally antisymmetric tensor ε^{ijk} and the related tensor density ε^{μνρ} are both normalized by ε^{012} = +1; gamma matrices are pure imaginary and Majorana spinors are real.

2 3D gravity with torsion

Theory of gravity with torsion can be naturally described as a Poincaré gauge theory (PGT), with an underlying spacetime structure corresponding to Riemann-Cartan geometry [7, 8].

PGT in brief. Basic gravitational variables in PGT are the triad field b^i and the Lorentz connection A^{ij} = −A^{ji} (1-forms). The corresponding field strengths are the torsion and the curvature: T^i = db^i + A^i_m ∧ b^m, R^{ij} = dA^{ij} + A^i_m ∧ A^{mj} (2-forms). In 3D, we can simplify the notation by introducing A^{ij} =: −ε^{ij}_kω^k and R^{ij} =: −ε^{ij}_kR^k, which yields:

T^i = db^i + ε^i_{jk}ω^j ∧ b^k , R^i = dω^i + 1 2 ε^i_{jk}ω^j ∧ ω^k . (2.1)

Gauge symmetries of the theory are local translations and local rotations, parametrized by ξ^μ and ε^{ij} =: −ε^{ij}_kθ^k. In local coordinates x^μ, we can write b^i = b^i_μdx^μ, ω^i = ω^i_μdx^μ, and local Poincaré transformations take the form

δ_P b^i_μ = −ε^i_{jk}b^j_μθ^k − (∂_μξ^ρ)b^i_ρ − ξ^ρ∂_ρb^i_μ , δ_P ω^i_μ = −∇_μθ^i − (∂_μξ^ρ)ω^i_ρ − ξ^ρ∂_ρω^i_μ , (2.2)

where ∇_μθ^i = ∂_μθ^i + ε^i_{jk}ω^j_μθ^k. The covariant derivative ∇ = dx^μ∇_μ acts on a general tangent-frame spinor/tensor in accordance with its spinorial/tensorial structure; when X is a form, ∇X is the exterior covariant derivative of X: ∇X = ∇ ∧ X.

The metric structure of PGT is defined by g = η_{ij} b^i ⊗ b^j ≡ g_{μν} dx^μ ⊗ dx^ν , η_{ij} = diag (1, −1, −1) . Metric and connection in PGT are related to each other by the metricity condition: ∇g = 0. Consequently, the geometric structure of PGT corresponds to Riemann-Cartan geometry.

We display here a useful PGT identity:

ω^i ≡ ω̃^i + K^i , (2.3) where ω̃^i is the Levi-Civita (Riemannian) connection, and K^i is the contortion 1-form, defined implicitly by T^i = ε^i_{mn}K^m ∧ b^n.

Generalized dynamics. General gravitational dynamics in Riemann-Cartan spacetime is determined by Lagrangians which are at most quadratic in field strengths. Omitting the quadratic terms, we arrive at the topological Mielke-Baekler (MB) model for 3D gravity [9]:

I_0 = 2a ∫ b^iR_i − Λ 3 ∫ ε_{ijk}b^ib^j b^k + α_3I_{CS}[ω] + α_4 ∫ b^iT_i , (2.4)

where the wedge product sign ∧ is omitted for simplicity. The first term with a = 1/16πG is the usual Einstein-Cartan action, the second term is a cosmological term, I_{CS}[ω] is the Chern-Simons action for the Lorentz connection,

I_{CS}[ω] = ∫ ( ω^idω_i + 1 3 ε_{ijk}ω^iω^jω^k ) , and the last term is a torsion counterpart of the first one. The MB model is a natural generalization of GR with a cosmological constant.

The action I_0 defines classical dynamics of the system in the region outside the gravitational sources through the vacuum field equations: 2aR_i + 2α_4T_i − Λε_{ijk}b^j b^k = 0 , 2α_3R_i + 2aT_i + α_4ε_{ijk}b^j b^k = 0 .

In the sector α_3α_4 − a^2 ≠ 0, where the field equations are non-degenerate, they take the simple form 2T^i = pε^i_{jk} b^j b^k , 2R^i = qε^i_{jk} b^j b^k , (2.5) where p = α_3Λ + α_4a α_3α_4 − a^2 , q = − (α_4)^2 + aΛ α_3α_4 − a^2 . Thus, vacuum solutions are characterized by constant torsion and constant curvature. For p = 0, the vacuum geometry is Riemannian, while for q = 0, it becomes teleparallel.

In Riemann-Cartan spacetime, one can use the identity (2.3) to express the curvature R^i = R^i(ω) in terms of its Riemannian piece R̃^i = R^i(ω̃) and the contortion. The resulting identity, combined with the on-shell relation K^i = p b^i/2, leads to

R̃^{ij} = −Λ_{eff} b^i ∧ b^j , Λ_{eff} := q − 1 4 p^2 , (2.6)

where Λ_{eff} is the effective cosmological constant. The form of R̃^{ij} implies that our spacetime has maximally symmetric metric: for Λ_{eff} negative, zero or positive, the metric is anti-de Sitter (AdS), Minkowski or de Sitter, respectively. In what follows, our attention will be focused on a supersymmetric extension of (2.4) with negative Λ_{eff} (AdS sector).

3 Supersymmetric extension with N = 1 + 1

In this section, we present a locally supersymmetric extension of 3D gravity with torsion, based on the action (2.4). The extension includes two gravitini fields, compactly denoted as ψ^Π = (ψ, ψ^′), and is usually referred to as N = 1 + 1 AdS supergravity [2, 15].

The action. We start with the action

I = I_0 − g ∫ ( ψ̄∇ψ − imψ̄b^iγ_iψ) − g^′ ∫ ( ψ̄^′∇ψ^′ − im^′ψ̄^′b^iγ_iψ^′) , (3.1)

where ψ^Π = ψ^Π_μ dx^μ are the gravitini fields (1-forms), with covariant derivatives

∇ψ^Π = ( d − i 2 ω^mγ_m ) ψ^Π .

Our conventions for the spinors are described in Appendix A. By construction, the action (3.1) is invariant under the local Poincaré transformations (2.2), accompanied by

δ_P ψ^Π_μ = − i 2 θ^kγ_kψ^Π_μ − (∂_μξ^ρ)ψ^Π_ρ − ξ^ρ∂_ρψ^Π_μ . (3.2)

Local supersymmetries. The action (3.1) is also invariant under the following local sypersymmetry (SS) transformations with spinorial parameters ε^Π = (ε, ε^′):

δ_S b^i_μ = iε̄γ^iψ_μ + iε̄^′γ^iψ^′_μ , δ_S ω^i_μ = −2im^′ε̄γ^iψ_μ − 2imε̄^′γ^iψ^′_μ , δ_S ψ^Π_μ = 4a ( ∇_με^Π − im^Πb^k_μγ_kε^Π ) , (3.3)

where m^Π = (m, m^′). This is true provided the coupling constants g, m, g^′ and m^′ are determined by the following relations (Appendix B):

2ag = a − 2m^′α_3 , 2ag^′ = a − 2mα_3 ,

2m + p 2 = 1 ℓ , 2m^′ + p 2 = − 1 ℓ , (3.4)

where ℓ is the AdS radius, ℓ^{−1} = m − m^′. For m and m^′ real and different from each other, the effective cosmological constant is negative:

Λ_{eff} = −(m − m^′)^2 ≡ − 1 ℓ^2 < 0 . The limit ℓ → ∞ is not of interest for our present discussion.

The commutator algebra of the local super-Poincaré transformations (2.2), (3.2) and (3.3) closes only on shell (Appendix B). In general, such a situation can be improved by introducing auxiliary fields. However, since our main goal is to study asymptotic symmetries, the on-shell terms in the algebra can be safely ignored, as we shall see in the next section.

Field equations. After having constructed the SS action, we can now derive the field equations. The variation of the action with respect to b^i and ω^i yields:

2A_i := 2aR_i + 2α_4T_i − Λε_{ijk}b^j b^k − imgψ̄γ_iψ − im^′g^′ψ̄^′γ_iψ^′ = 0 ,

2B_i := 2aT_i + 2α_3R_i + α_4ε_{ijk}b^j b^k − 1 2 igψ̄γ_iψ − 1 2 ig^′ψ̄^′γ_iψ^′ = 0 . (3.5)

For α_3α_4 − a^2 ≠ 0, and taking into account (3.4), these equations can be rewritten as

2F_i := 2T_i − i 4a ψ̄γ_iψ − i 4a ψ̄^′γ_iψ^′ − pε_{ijk}b^j b^k = 0 , 2G_i := 2R_i + im^′ 2a ψ̄γ_iψ + im 2a ψ̄^′γ_iψ^′ − qε_{ijk}b^j b^k = 0 . (3.6a)

The variations with respect to ψ̄ and ψ̄^′ yields the gravitini field equations: H := ∇ψ − imb^iγ_iψ = 0 , H^′ := ∇ψ^′ − im^′b^iγ_iψ^′ = 0 . (3.6b)

Before continuing, we introduce the compact notation for the multiplets of fields and field equations:

Φ^A = (b^i, ω^i, ψ, ψ^′) , E^A = (F^i, G^i, H, H^′) . (3.7)

Chern-Simons formulation. It is well known that the original MB model can be described as a Chern-Simons (CS) gauge theory [11, 13]. The extension of this important property of 3D gravity with torsion to the supersymmetric action (3.1) is almost evident. To show that, we begin by recalling the identity [11]

L_0(b, ω) + ad(b^iω_i) ≡ κ_−L_{CS}(A^−) − κ_+L_{CS}(A^+) , (3.8)

which relates the bosonic MB model (2.4) with two independent SL(2, R) CS theories. Here,

L_{CS}(A) = A^idA_i + 1 3 ε_{ijk}A^iA^jA^k , A^{−i} = ω^i + 2mb^i , A^{+i} = ω^i + 2m^′b^i , κ_− = ℓag , κ_+ = ℓag^′ . The new dynamical variables A^{∓i} (1-forms) are SL(2, R) gauge potentials.

It is of particular importance to note that the gauge content of 3D gravity with torsion can be interpreted in two equivalent ways:

(a) as a PGT [8] (section II), or (b) as an ordinary gauge theory, based on the AdS group SO(2, 2) for Λ_{eff} < 0 [3].

Since SO(2, 2) is locally isomorphic to SL(2, R) × SL(2, R), the latter interpretation makes the relation to the CS structure more transparent.

Using the identity (3.8), one easily finds that the supergravity action (3.1) can be rewritten in the form I + a ∫ d(b^iω_i) = κ_−I_{CS}[A^−, ψ] − κ_+I_{CS}[A^+, ψ^′] , (3.9)

where each of the two terms on the rhs is an Osp(1|2) CS action [19, 16],

I_{CS}[A^∓, ψ] = I_{CS}[A^∓] ∓ 1 ℓa ∫ ψ̄Dψ , (3.10) with Dψ := dψ −^1_2 iA^kγ_kψ. Thus, the complete N = 1 + 1 supergravity theory (3.1) can be viewed as a super-CS gauge theory, based on Osp(1|2) × Osp(1|2) [15]. This explains the notation N = 1 + 1 for the number of gravitini and the name AdS supergravity.

Following the interpretation (b), one can find the form of Osp(1|2) × Osp(1|2) gauge transformations δΦ^A on the supergravity multiplet Φ^A. The related commutator algebra closes off shell. On the other hand, in agreement with (a), one can define a new set of local parameters, such that δΦ^A takes the super-Poincaré form on shell:

δΦ^A_μ = δ_{SP} Φ^A_μ − ξ^ρE^A_{μρ} . (3.11)

The canonical version of these results is derived in the next section.

The CS structure of 3D gravity greatly simplifies its dynamical content [3]. In the present approach, however, our attention is focused directly on the supergravity action (3.1).

4 Asymptotic conditions

General principles underlying the choice of asymptotic conditions for the supergravity theory (3.1) are the same ones as those formulated two decades ago in [1]: we assume that the asymptotic set of fields is general enough to include the black hole configuration (with ψ = ψ^′ = 0), together with all its transforms under the action of global Osp(1|2)×Osp(1|2), but sufficiently regular to yield well-defined canonical generators. These principles lead to a choice that ensures the existence of a nontrivial asymptotic symmetry—the super-conformal symmetry.

4.1 Asymptotic configuration of fields

For Λ_{eff} < 0, the asymptotic structure of 3D gravity with torsion is well understood [13]. In order to generalize the corresponding asymptotic symmetry in a natural way—from conformal to super-conformal—the bosonic fields in the supergravity theory (3.1) should keep their asymptotics unchanged. In Schwartzschield-like coordinates x^μ = (t, r, φ), this means that

b^i_μ = r ℓ + O_1 O_4 O_1

O_2 ℓ r + O_3 O_2 O_1 O_4 r + O_1

, (4.1a)

where O_n are terms that tend to zero as r^{−n} or faster, and

ω^i_μ = pr 2ℓ + O_1 O_2 − r ℓ + O_1

O_2 pℓ 2r + O_3 O_2 − r ℓ^2

+ O_1 O_2 pr 2 + O_1

. (4.1b)

Note that in any O_n = c/r^n, we assume that c = c(t, φ).

In the next step, we have to make an appropriate choice for the fermionic fields. This can be done following the ideas expressed by the above principles, as in [1, 16], but we find it practically simpler to rely on another general principle:

(P) The expressions than vanish on shell should have an arbitrarily fast asymptotic decrease, as no solutions of the field equations are thereby lost.

The application of this principle to the field equations (3.6a) yields F^i = Ô and G^i = Ô, where Ô is a term with arbitrarily fast asymptotic decrease. Combining these relations with the asymptotic conditions (4.1) leads to the preliminary results for ψ and ψ^′: ψ_0, ψ_2 = Ô_{1/2} , ψ_1 = Ô_{5/2} , ψ^′_0, ψ^′_2 = Ô_{1/2} , ψ^′_1 = Ô_{5/2} .

As described in Appendix C, this result in combination with (4.1a), (4.1b) and H = Ô, leads to the improved asymptotic form of ψ:

ℓψ_0 = ( ℓr^{−1/2}χ^−(x^−) + O_{5/2} O_{3/2} ) = −ψ_2 ,

ψ_1 = ( O_{7/2} ℓ^2r^{−5/2}υ^−(t, φ) + O_{9/2} ) , (4.1c)

where χ^−, υ^− are Grassmann odd functions. Similar arguments lead to:

ℓψ^′_0 = ( O_{3/2} ℓr^{−1/2}χ^+(x^+) + O_{5/2} ) = ψ^′_2 ,

ψ^′_1 = ( ℓ^2r^{−5/2}υ^+(t, φ) + O_{9/2} O_{7/2} ) . (4.1d)

The light-cone components of X^μ are defined as X^± = X^0/ℓ ± X^2.

We adopt (4.1) as the asymptotic conditions for the supergravity theory (4.1). Technically, it is convenient to rewrite these conditions in the form b^i_μ = ⟨b^i_μ⟩ + B^i_μ , ω^i_μ = ⟨ω^i_μ⟩ + Ω^i_μ , ψ_μ = ⟨ψ_μ⟩ + Ψ_μ , ψ^′_μ = ⟨ψ^′_μ⟩ + Ψ^′_μ , where ⟨Φ^A⟩ are leading-order, and (B^i_μ, Ω^i_μ, Ψ_μ, Ψ^′_μ) higher-order terms.

4.2 Asymptotic parameters

Now, we wish to find the most general subset of local super-Poincaré transformations that preserves the asymptotic conditions (4.1). Technical derivation is described in Appendix D.

As a result, we find that the asymptotic form of the spinorial parameters is: ε = ( ℓr^{−1/2}∂_−ϵ^− + O_{5/2} r^{1/2}ϵ^− + O_{3/2} ) , ε^′ = ( r^{1/2}ϵ^+ + O_{3/2} ℓr^{−1/2}∂_+ϵ^+ + O_{5/2} ) . (4.2a)

where ϵ^∓ = ϵ^∓(x^∓) are Grassmann odd parameters of the residual symmetry. Local Poincaré parameters ξ^μ are found to have the following asymptotic form: 1 ℓ ξ^0 = T + ℓ^4 2r^2

∂^2T ∂t^2 − iℓ^2 2r^2 [ ϵ^−(χ^− + υ^−) + ϵ^+(χ^+ + υ^+) ] + O_4 ,

ξ^2 = S − ℓ^2 2r^2

∂^2S ∂φ^2 − iℓ^2 2r^2 [ ϵ^−(χ^− − υ^−) − ϵ^+(χ^+ − υ^+) ] + O_4 , ξ^1 = −ℓr ∂T ∂t + O_1 . (4.2b)

Note that the soul of ξ^μ [20], which is an even combination of Grassman odd quantities, is present only in the subleading terms. Similarly:

θ^0 = − ℓ r ∂^2S ∂φ^2 − iℓ r ( ϵ^−χ^− − ϵ^+χ^+ ) + O_3 ,

θ^2 = ℓ^3 r ∂^2T ∂t^2 − iℓ r ( ϵ^−χ^− + ϵ^+χ^+ ) + O_3 ,

θ^1 = ∂T ∂φ + O_2 . (4.2c)

Here, T and S are parameters that satisfy the conditions ∂_±T^∓ = 0, where T^∓ := T ∓ S.

Equations (4.2) imply that the full residual symmetry is characterized by four chiral parameters: T^∓(x^∓) and ϵ^∓(x^∓).

4.3 The asymptotic commutator algebra

Local structure of the asymptotic symmetry is determined by the form of its commutator algebra. The super-Poincaré gauge algebra is closed, but only on shell (Appendix B):

[δ_{SP} (1), δ_{SP} (2)] = δ_{SP} (3) + O(field equations) . (4.3)

where δ_{SP} (1) = δ_{SP} (ξ^μ_1 , θ^i_1, ε_1, ε^′_1), etc. In such a case, one usually needs to introduce auxiliary fields. However, the general principle (P) ensures that the term O(field equations) in (4.3) can be safely ignored in the asymptotic region. Hence, we can rely on the super- Poincaré algebra as a respectable tool for studying asymptotic symmetries.

If we substitute the restricted gauge parameters (4.2) into the composition law (B.4b), the leading-order terms define the composition law for the asymptotic parameters:

T^∓_3 = T^∓_1 ∂_∓T^∓_2 − T^∓_2 ∂_∓T^∓_1 + 8iaϵ^∓_1 ϵ^∓_2 ,

ϵ^∓_3 = T^∓_1 ∂_∓ϵ^∓_2 − 1 2 (∂_∓T^∓_1 )ϵ^∓_2 − T^∓_2 ∂_∓ϵ^∓_1 + 1 2 (∂_∓T^∓_2 )ϵ^∓_1 . (4.4)

Two restricted gauge transformations with the same (T^∓, ϵ^∓) differ by a pure gauge transformation. In order to have a consistent commutator algebra in the set of restricted gauge transformations, we have to factor our pure gauge transformations. The resulting quotient algebra defines the algebraic structure of the asymptotic symmetry [21, 22, 16].

The composition law (4.4) defines an asymptotic symmetry algebra, which can be expressed in a more familiar form by using the Fourier expansion of T^∓, ϵ^∓. Indeed, with

δ_{SP} (T^∓ = a^∓_n e^{inx∓} ) =: a_nℓ^∓_n , δ_{SP} (ϵ^∓ = α^∓_n e^{inx∓} ) =: iα^∓_n q^∓_n √ 4a , the asymptotic algebra is expressed in terms of two independent super-Virasoro algebras with vanishing central charges: i [ ℓ^∓_n , ℓ^∓_m ] = (n − m)ℓ^∓_{m+n} , i [ ℓ^∓_n , q^∓_m ] = ( 1 2 n − m ) q^∓_{m+n} , i { q^∓_n , q^∓_m } = 2ℓ^∓_{n+m} . (4.5)

In the sectors with periodic or anti-periodic boundary conditions for fermions [4], index of q^∓_m takes on integer or half-integer values, respectively.

5 Hamiltonian analysis

Gauge symmetries of a dynamical system are best understood in the canonical formalism. In particular, Hamiltonian analysis is a powerful tool for exploring asymptotic conditions and their symmetries [8, 14].

5.1 Hamiltonian and constraints

Starting with the basic Lagrangian variables (b^i_μ, ω^i_μ, ψ_μ, ψ^′_μ), we denote their canonical momenta by (π^i_μ, Π^i_μ, π̄^μ, π̄^{′μ}). Since ψ_μ and ψ^′_μ are fermionic (Grassmann odd) fields, we define the canonical momenta by left derivatives of the Lagrangian and use the generalized Poisson brackets (PB) [23]. The primary constraints are:

ϕ_i^0 := π_i^0 ≈ 0 , ϕ_i^α := π_i^α − α_4ε^{0αβ}b_{iβ} ≈ 0 , f̄ 0 := π̄0 ≈ 0 , f̄ ′0 := π̄′0 ≈ 0 ,

Φ_i^0 := Π_i^0 ≈ 0 , Φ_i^α := Π_i^α − ε^{0αβ} (2ab_{iβ} + α_3ω_{iβ}) ≈ 0 , f̄ α := π̄α − gε0αβψ̄_β ≈ 0 , f̄ ′α := π̄′α − g′ε0αβψ̄′_β ≈ 0 . (5.1)

The canonical Hamiltonian is linear in unphysical variables, as expected:

H_c = b^i_0H_i + ω^i_0K_i + ψ̄_0F + ψ̄^′_0F^′ + ∂_αD^α ,

where H_i = −ε^{oαβ} A_{iαβ} , K_i = −ε^{oαβ} B_{iαβ} , F = 2gε^{0αβ}H_{αβ} , F^′ = 2g^′ε^{0αβ} H^′_{αβ} , D^α = ε^{0αβ} [ ω^i_0 (2ab_{iβ} + α_3ω_{iβ}) + α_4b^i_0b_{iβ} − gψ̄_βψ_0 − g^′ψ̄^′_βψ^′_0 ] , and (A_{iαβ}, B_{iαβ}) and (H_{αβ}, H^′_{αβ}) are spatial components of the field equations (3.5) and (3.6b), respectively. Going over to the total Hamiltonian,

H_T = H_c + u^i_μϕ_i^μ + v^i_μΦ_i^μ − f̄^μw_μ − f̄^{′μ}w^′_μ , (5.2)

we find that the consistency conditions of the sure primary constraints π_i^0, Π_i^0, π̄^0 and π̄^{′0} yield the secondary constraints:

H_i ≈ 0 , K_i ≈ 0 , F ≈ 0 , F^′ ≈ 0 . (5.3)

The consistency of the additional primary constraints ϕ^i_α, Φ^i_α, f̄^α and f̄^{′α} leads to the determination of the multipliers u^i_β, v^i_β , w_α and w^′_α:

F_{i0β} ≈ 0 , G_{i0β} ≈ 0 , H_{0β} ≈ 0 , H^′_{0β} ≈ 0 ,

where the underbars in F, G, H and H^′ mean that the terms ḃ^i_β, ω̇^i_β, ψ̇_α and ψ̇^′_α are replaced with u^i_β, v^i_β, w_β and w^′_β. On shell, these relations reduce to the 0β components of the field equations (3.6).

The substitution of the determined multipliers into (5.2) yields the final form of the total Hamiltonian:

H_T = Ĥ_T + ∂_αD̂^α , Ĥ_T = b^i_0Ĥ_i + ω^i_0K̂_i + ψ̄_0F̂ + ψ̄^′_0F̂^′ +u^i_0π_i^0 + v^i_0Π_i^0 − π̄^0w_0 − π̄^{′0}w^′_0 , (5.4a)

where Ĥ_i = H_i − ∇_βϕ_i^β + ε_{ijk}b^j_β (pϕ^{kβ} + qΦ^{kβ}) − imf̄^αγ_iψ_α − im^′f̄^{′α}γ_iψ^′_α , K̂_i = K_i − ∇_βΦ_i^β − ε_{ijk}b^j_βϕ^{kβ} − i 2 f̄^αγ_iψ_α − i 2 f̄^{′α}γ_iψ^′_α , F̂ = F + i 4a γ^nψ_αϕ_n^α − im^′ 2a γ^nψ_αΦ_n^α + ∇_αf^α + imb^n_αγ_nf^α ,

F̂^′ = F^′ + i 4a γ^nψ^′_αϕ_n^α − im 2a γ^nψ^′_αΦ_n^α + ∇_αf^{′α} + im^′b^n_αγ_nf^{′α} , D̂^α = b^n_0π_n^α + ω^n_0Π_n^α − π̄^αψ_0 − π̄^{′α}ψ^′_0 . (5.4b)

Further investigation of the consistency procedure is facilitated by observing that the secondary constraints Ĥ_i, K̂_i, F̂, F̂^′ obey the PB relations (E.3). Consequently, the consistency conditions of the secondary constraints are identically satisfied, and the Hamiltonian consistency procedure is thereby completed.

Final classification of the constraints is summarized in the following table.

Table 1. Classification of constraints First class Second class Primary π_i^0, Π_i^0, π̄^0, π̄^{′0} ϕ_i^α, Φ_i^α, f̄^α, f̄^{′α} Secondary Ĥ_i, K̂_i, F̂, F̂^′

Asymptotics of the phase space. In order to extend the asymptotic conditions (4.1) to the whole phase space, one should complete the procedure by choosing an appropriate asymptotic behavior for the the momentum variables, too. This is easily done by applying the principle (P) from the previous section to the primary constraints (5.1). As we shall see, the resulting phase-space structure ensures the existence of well-defined canonical generators.

5.2 The canonical generator

Having completed the Hamiltonian analysis, we can now construct the canonical generator of gauge transformations [24]. It has the form

G = Ĝ_1 + Ĝ_2 + Ĝ_3 + Ĝ_4 , (5.5a) where

Ĝ_1 := τ̇ iπ_i^0 + τ^i [ Ĥ_i − ε_{ijk} (ω^j_0 − pb^j_0) π^{k0} + qε_{ijk}b^j_0Π^{k0} − imπ̄^0γ_iψ_0 − im^′π̄^{′0}γ_iψ^′_0 ] , Ĝ_2 := σ̇iΠ_i^0 + σ^i [ K̂_i − ε_{ijk} (b^j_0π^{k0} + ω^j_0Π^{k0}) − i 2 π̄^0γ_iψ_0 − i 2 π̄^{′0}γ_iψ^′_0 ] , Ĝ_3 := −π̄^0α̇ + ᾱ [ F̂ − i 2 (ω^n_0 + 2mb^n_0) γ_nπ^0 + i 4a ( π_n^0 − 2m^′Π_n^0 ) γ^nψ_0 ] , Ĝ_4 := −π̄^{′0}α̇^′ + ᾱ^′ [ F̂^′ − i 2 (ω^n_0 + 2m^′b^n_0) γ_nπ^{′0} + i 4a ( π_n^0 − 2mΠ_n^0 ) γ^nψ^′_0 ] . (5.5b)

The action of Ĝ on the fields is defined by the PB operation δ̄Φ^A = {Φ^A, G}:

δ̄b^i = ε^i_{jk}b^j σ^k + ∇τ^i − pε^i_{jk}b^j τ^k + i 4a ᾱγ^iψ + i 4a ᾱ^′γ^iψ^′ , δ̄ω^i = ∇σ^i − qε^i_{jk}b^j τ^k − im^′ 2a ᾱγ^iψ − im 2a ᾱ^′γ^iψ^′ , δ̄ψ = i 2 (σ^n + 2mτ^n) γ_nψ + ∇α − imb^nγ_nα , (5.5c)

and δ̄ψ^′ is the “primed” version of δ̄ψ, with (m, α, ψ) → (m^′, α^′, ψ^′). The following properties of the canonical transformations (5.5c) clarify their meaning:

– the σ^i-transformations are local Lorentz transformations, – the (α, α^′)-transformations are local SS transformations, – the set of transformations generated by Ĝ_1 + (p/2)Ĝ_2 with σ^i = τ^i, coincides with the “extra local symmetry” introduced in Eq. (3.5) of Ref. [15].

However, the most complete information is given by the following statement:

(a) the canonical transformations (5.5c) are ordinary osp(1|2) × osp(1|2) gauge transformations, defined by the parameters

u^{−i} = −σ^i − 2mτ^i , u^{+i} = −σ^i − 2m^′τ^i , (ε, ε^′) = 1 4a (α, α^′) . Local translations are hidden in (5.5c) [2, 14]. To disclose them, we introduce the set of new parameters

τ^i = −ξ^ρb^i_ρ , σ^i = −(θ^i + ξ^ρω^i_ρ) , α = 4aε − ξ^ρψ_ρ , α^′ = 4aε^′ − ξ^ρψ^′_ρ , (5.6)

whereupon (5.5c) takes the form of local super-Poincaré transformations on shell, in accordance with (3.11). Expressed in terms of the new parameters, the generator G reads:

G = −G_1 − G_2 − G_3 − G_4 , (5.7) G_1 := ξ̇^ρ ( b^i_ρπ_i^0 + ω^i_ρΠ_i^0 − π̄^0ψ_ρ − π̄^{′0}ψ^′_ρ ) +ξ^ρ [ b^i_ρĤ_i + ω^i_ρK̂_i + ψ̄_ρF̂ + ψ̄^′_ρF̂^′ + (∂_ρb^i_0)π_i^0 + (∂_ρω^i_0)Π^i_0 − π̄^0∂_ρψ_0 − π̄^{′0}∂_ρψ^′_0 ] , G_2 := Ĝ_2(σ^i → θ^i) , G_3 := −4aĜ_3(α → ε) , G_4 := −4aĜ_4(α^′ → ε^′) .

Here, the time derivatives ḃ^i_μ, ω̇^i_μ, ψ̇_μ and ψ̇^′_μ are shorts for u^i_μ, v^i_μ, w_μ and w^′_μ, respectively. As we discussed in the previous section, the super-Poincaré generator (5.7) is quite suitable for the analysis of asymptotic symmetries.

In the above expressions, the integration symbol ∫ d^2x is omitted for simplicity; later, when necessary, it will be restored.

6 Canonical realization of the asymptotic symmetry

In this section, we study the influence of the adopted asymptotic conditions on the canonical structure of the theory: we construct the improved gauge generators, examine their asymptotic canonical algebra and prove the conservation laws.

6.1 Improving the canonical generator

The canonical generator acts on dynamical variables via the PB operation, which is defined in terms of functional derivatives. A phase-space functional F = ∫ d^2xf(ϕ, ∂ϕ, π, ∂π) has well-defined functional derivatives if its variation can be written in the form δF = ∫ d^2x [A(x)δϕ(x) + B(x)δπ(x)]. In order to ensure this property for our generator (5.7), we have to improve its form by adding certain surface terms [21].

Under the adopted asymptotic conditions, the fermionic pieces of G_1 and G_2 are regular, hence the form of the corresponding surface terms remains the same as in the bosonic sector of the theory [14]: G_2 is regular, and

G̃_1 = G_1 − Γ_B ,

Γ_B := − ∫_{2π} 0 dφ ( ℓT E^1 + SM^1 ) , (6.1a)

where

E^α := 2ε^{0αβ} [( a + α_3p 2 ) ω^0_β + ( α_4 + ap 2 ) b^0_β + a ℓ b^2_β + α_3 ℓ ω^2_β ] b^0_0 , M^α := −2ε^{0αβ} [( a + α_3p 2 ) ω^2_β + ( α_4 + ap 2 ) b^2_β + a ℓ b^0_β + α_3 ℓ ω^0_β ] b^2_2 .

For the generators G_3 and G_4, we obtain:

G̃_3 + G̃_4 = G_3 + G_4 − Γ_F ,

Γ_F := −8a ∫_{2π} 0 dφ (gε̄ψ_2 + g^′ε̄^′ψ^′_2) = −8iℓa ∫_{2π} 0 dφ(gϵ^−χ^− − g^′ϵ^+χ^+) . (6.1b)

Thus, the complete improved gauge generator is given by

G̃ = G + Γ , Γ := Γ_B + Γ_F . (6.2)

The adopted asymptotic conditions guarantee that G̃ is finite and differentiable functional. The boundary term depends only on the asymptotic parameters T^∓ and ϵ^∓.

6.2 Canonical algebra

In the canonical formalism, the asymptotic symmetry is described by the PB algebra of the improved generators G̃. Using the notation G̃_{(1)} := G̃[T^−_1 , T^+_1 , ϵ^−_1 , ϵ^+_1 ], and so on, and relying on the general method described in [14], one finds that the PB algebra has the form { G̃_{(2)}, G̃_{(1)} } = G̃_{(3)} + C_{(3)} , (6.3a)

where T^∓_3 , ϵ^∓_3 are defined by the composition law (4.4), and C_{(3)} is the classical central term:

C_{(3)} = 2ℓag ∫_{2π} 0 dφ [ (∂^2_−T^−_1 )(∂_−T^−_2 ) − 16iaϵ^−_2 ∂^2_−ϵ^−_1 ]

+2ℓag^′ ∫_{2π} 0 dφ [ (∂^2_+T^+_1 )(∂_+T^+_2 ) − 16iaϵ^+_2 ∂^2_+ϵ^+_1 ] . (6.3b)

The bosonic piece of C_{(3)} is the same as calculated in [14].

Conserved charges. For ξ^0 = 1, the improved generator G̃ reduces to −H̃_T , so that the PB algebra (6.3) implies its conservation: d dt G̃ = ℓ ∂ ∂t G̃ + { G̃, H̃_T }

≈ ∂ ∂t Γ [T, S, ϵ^−, ϵ^+] − 1 ℓ Γ [∂_2S, ∂_2T, ∂_−ϵ^−, ∂_+ϵ^+] = 0 .

This result also implies the conservation of the boundary term Γ . For any specific solution of the theory, the values of these boundary terms define conserved charges for that solution. In particular, energy and angular momentum are defined as the values of −Γ for ℓT = 1 (time translations) and S = 1 (rotations), respectively [14], and supercharges are defined by the values of −Γ for constant asymptotic parameters ϵ^∓: iϵ^∓Q^∓ = −Γ .

For the black hole solution with zero gravitini fields, energy and angular momentum have the same values as in the bosonic sector [14], while the supercharges vanish.

Central charge. After introducing the Fourier modes

a^∓_n L^∓_n := −G̃(T^∓ = a^∓_n e^{inx∓} ) , iα^∓_n Q^∓_n := −G̃(ϵ^∓ = α^∓_n e^{inx∓} )/ √ 4a , the PB algebra (6.3) takes a more familiar form: it is expressed in terms of two independent super-Virasoro algebras with different central charges: i{L^∓_n , L^∓_m} = (n − m)L^∓_{n+m} + c^∓ 12 n^3δ_{m+n,0} , i{L^∓_n , Q^∓_m} = ( 1 2 n − m ) Q^∓_{m+n} , i{Q^∓_n , Q^∓_m} = 2L^∓_{n+m} + c^∓ 3 n^2δ_{m+n,0} , (6.4a)

where c^− = 12 · 4πℓag , c^+ = 12 · 4πℓag^′ . (6.4b)

The canonical algebra (6.4) is the central extension of the commutator algebra (4.5).

In a spacetime with the black hole topology, the fermions can be periodic (index of Q_m integer) or antiperiodic (index of Q_m half-integer) [4]. In the first case, there is a subalgebra generated by (L_0, Q_0)^∓, for which the central charge vanishes; in the second, after shifting L^∓_0 by c^∓/24, one finds that the central charge vanishes on the subalgebra osp(1|2) × osp(1|2), generated by (L_{∓1}, L_0, Q_{∓1/2})^∓. In the context of Riemannian geometry with c^− = c^+ = 3ℓ/2G, these global symmetries are interpreted as exact symmetries of the zero-mass black hole and the AdS solution, respectively [16, 17]. One expects that this remarkable result remains true also in the generalized supergravity (3.1).

7 Concluding remarks

In this paper, we used the canonical formalism to investigate asymptotic symmetries of N = 1 + 1 sypersymmetric extension of 3D gravity with torsion.

(1) We constructed the N = 1+1 supergravity in a ”non-Chern-Simons” manner, starting directly from the topological Mielke-Baekler action for 3D gravity with torsion. Consistency of the construction implies various relations between coupling constants.

(2) It is a simple consequence of this analysis that the resulting supergravity theory can be represented in terms of two independent Osp(1|2) CS theories. The corresponding gauge transformations are rediscovered via the canonical approach in section V.

(3) We extended the AdS asymptotic conditions to the fermionic sector and constructed the improved canonical generator. The resulting asymptotic canonical algebra is expressed in terms of two independent super-Virasoro algebras with different central charges.

Although N = 1 + 1 extension of 3D gravity with torsion has a simple structure, basic characteristics of its asymptotic symmetry can be easily generalizad to N = n + m.

Acknowledgments

This work was supported by the Serbian Science Foundations. We would like to thank A. Giacomini, R. Troncoso, S. Willison and A. Miković for useful comments regarding the reality conditions for the Osp(1|2) CS gauge theory.

A Dirac matrices and spinors

In 3D, Dirac matrices are two-dimensional. Since the tangent-frame components of the metric are η_{ij} = (+, −, −), all Dirac matrices are chosen to be pure imaginary:

γ_0 = ( 0 i −i 0 ) , γ_1 = ( i 0 0 −i ) , γ_2 = ( 0 i i 0 ) . (A.1)

They satisfy the relations {γ_i, γ_j} = 2η_{ij} , [γ_i, γ_j] = 2iε_{ij}^kγ_k , γ^T_i = −γ_0γ_iγ_0 , γ^+_i = γ_0γ_iγ_0 .

The Dirac adjoint of a spinor ψ = (ψ_a) is ψ̄ = ψ^+γ_0. Majorana spinors are defined by the condition ψ = Cψ̄^T , where C is the charge conjugation matrix. Spinors are taken to be real Majorana spinors (C = −γ_0), so that ψ̄ = ψ^T γ_0. They satisfy the relations ψ̄χ = χ̄ψ , ψ̄γ_iχ = −χ̄γ_iψ . Spinors are anticommuting objects (elements of a Grassmann algebra), with an extension of the usual complex conjugation defined so that (ψχ)^∗ = χ^∗ψ^∗. Then, for Majorana spinors we have the following reality conditions:

(ψ̄χ)^∗ = ψ̄χ , (ψ̄γ_mχ)^∗ = −ψ̄γ_mχ . (A.2)

The Fiertz identity has the form:

(ψ̄^1γ_iψ^2)(ψ̄^3γ^iψ^4) = −2(ψ̄^1ψ^4)(ψ̄^2ψ̄^3) − (ψ̄^1ψ^2)(ψ̄^3ψ^4) . (A.3)

B Supersymmetric gauge transformations

In this appendix, we discuss the form of N = 1 + 1 super-Poincaré gauge transformations and their commutator algebra.

1. We start from the following SS gauge transformations on the set of fields: δ_0b^i = iCε̄γ^iψ + iC^′ε̄^′γ^iψ^′ , δ_0ω^i = iDε̄γ^iψ + iD^′ε̄^′γ^iψ^′ , δ_0ψ^Π = 4a(∇ε^Π − imb^kγ_kε^Π) , (B.1)

where C, C^′, D and D^′ are constant parameters. The action (2.4) is invariant under these transformations (up to surface terms), provided the following relations are satisfied:

a(C − 2g) + α_3D = 0 , α_4C + a(D − 4gm) = 0 , −ΛC − 8agm^2 + Dα_4 = 0 ,

plus the corresponding “primed” relations, obtained by replacing (C, D, g) with (C^′, D^′, g^′). Using the simple normalization C = 1 = C^′, we find:

2ag = a + α_3D , (B.2a) α_4 + a(D − 2m) − 2mα_3D = 0 , Λ − 2mDa + α_4(D − 2m) = 0 ,

and the additional three ”primed” relations. Comparing the last 2 ordinary plus 2 “primed” relations with the identities α_4 + ap + α_3q = 0 and Λ + aq + α_4p = 0, we obtain D = −2m^′ , D^′ = −2m , p = −2(m + m^′) q = 4mm^′ . (B.2b)

For real and mutually different m and m^′, the effective cosmological constant is negative:

Λ_{eff} := q − p^2 4 = −(m − m^′)^2 < 0 .

Without loss of generality, we can choose m − m^′ = 1 ℓ , (B.3)

which, in conjunction with (B.2a), leads to (3.4).

The final form of the SS transformations is displayed in (3.3).

2. An important information on the super-Poincaré gauge transformations is obtained from their commutator algebra.

A direct calculation shows that the commutators [δ_P , δ_P ] and [δ_P , δ_S ] close off shell, while the commutators [δ_S , δ_S] between two SS gauge transformations close only on shell. Introducing a compact notation δ_{SP} (1) = δ_{SP} (ξ^μ_1 , θ^i_1, ε_1, ε^′_1), and so on, and denoting the sets of all fields and the field equations as in (3.7), the commutator algebra of the super-Poincaré gauge transformations takes the following form:

[δ_{SP} (1), δ_{SP} (2)] Φ^A_μ = δ_{SP} (3)Φ^A_μ − 4ia(ε̄_1γ^ρε_2 + ε̄^′_1γ^ρε^′_2)E^A_{μρ} , (B.4a) where ξ^μ_3 = ξ_1 · ∂ξ^μ_2 − ξ_2 · ∂ξ^μ_1 + 4ia(ε̄_1γ^με_2 + ε̄^′_1γ^με^′_2) , θ^i_3 = ξ_1 · ∂θ^i_2 − ξ_2 · ∂θ^i_1 + ε_{ijk}θ^j_1θ^k_2

−4ia(ω^i_ρ + 2m^′b^i_ρ)ε̄_1γ^ρε_2 − 4ia(ω^i_ρ + 2mb^i_ρ)ε̄^′_1γ^ρε^′_2

ε_3 = ξ_1 · ∂ε_2 − ξ_2 · ∂ε_1 + i 2 (θ^m_1 γ_mε_2 − θ^m_2 γ_mε_1) +i(ε̄_1γ^ρε_2 + ε̄^′_1γ^ρε^′_2)ψ_ρ , ε^′_3 = ε_3 with (ε_1, ε_2) ↔ (ε^′_1, ε^′_2) and ψ → ψ^′ . (B.4b) Thus, the commutator algebra is closed on shell.

C Asymptotics of the fields

Asymptotic conditions for a given field theory are not unique. Here, we wish to illustrate how our asymptotics (4.1) can be “derived” from the general principle (P).

1. In discussing the asymptotics of the gravitini fields, we start with the on-shell equality

ω^k + 2mb^k ≈ ω̃^i + b^i/ℓ (C.1a) and the asymptotic formulas: i ( ω̃^i_0 + 1 ℓ b^i_0 ) γ_i = 2r ℓ^2 σ_− + ( O_2 O_1 O_1 O_2 ) , i ( ω̃^i_1 + 1 ℓ b^i_1 ) γ_i = − 1 r σ_3 + O_3 , i ( ω̃^i_2 + 1 ℓ b^i_2 ) γ_i = − 2r ℓ σ_− + ( O_2 O_1 O_1 O_2 ) , (C.1b) where i(γ_0 − γ_2) = 2σ_−, iγ_1 = −σ_3. Combining the form of the leading-order terms in ψ_μ with the relations H_{μν} = Ô, one obtains the following result:

∂_0Ψ_2 − ∂_2Ψ_0 − r ℓ^2 σ_−(ℓΨ_0 + Ψ_2) = ( O_{5/2} O_{3/2} ) , ( 0 ℓ^2r^{−5/2}∂_0υ^− ) − r ℓ^2 σ_−Ψ_1 − ∂_1Ψ_0 − 1 2r σ_3Ψ_0 = O_{7/2} , ( 0 ℓ^2r^{−5/2}∂_2υ^− ) − r ℓ^2 σ_−Ψ_1 − ∂_1Ψ_2 − 1 2r σ_3Ψ_2 = O_{7/2} . (C.2)

As one can verify, this result is in agreement with the form of higher-order terms in ψ_μ.

In a similar way we can verify the asymptotics for the “primed” gravitino field. 2. If we substitute the asymptotic form of the gravitini fields into F^i = Ô and G^i = Ô, we obtain useful relations for the bosonic fields. Since

ψ̄_0γ^iψ_2 = O_2 , ψ̄_1γ^iψ_0 = O_4 = ψ̄_1γ^iψ_2 ,

and similarly for ψ^′_μ, it turns out that the improved asymptotic conditions for b^i_μ and ω^i_μ are of the same form as in [14].

D Asymptotic parameters

The asymptotic form of local parameters (ξ^μ, θ^i, ε, ε^′) is obtained by demanding that the super-Poincaré transformations respect the asymptotic conditions (4.1). In other words, the asymptotic parameters are defined by the following requirements:

δ_{SP} (θ^k, ξ^ρ, ε, ε^′)b^i_μ = δ_0B^i_μ , δ_{SP} (θ^k, ξ^ρ, ε, ε^′)ω^i_μ = δ_0Ω^i_μ , δ_{SP} (θ^k, ξ^ρ, ε)ψ_μ = δ_0⟨ψ_μ⟩ + δ_0Ψ_μ , δ_{SP} (θ^k, ξ^ρ, ε^′)ψ^′_μ = δ_0⟨ψ^′_μ⟩ + δ_0Ψ^′_μ . (D.1)

Note that, according to (4.1), the leading-order terms in b^i_μ and ω^i_μ are invariant, but those in ψ_μ and ψ^′_μ are not, as they contain non-invariant functions χ^∓ and v^∓.

Consider, first, the asymptotic form of the spinorial parameter ε. Combining the third relation in (D.1) with the adopted asymptotics for ψ and (C.1), we conclude that ε has the asymptotic form given in (4.2). Similar considerations determine the asymptotic form of ε^′.

Real parts of the Poincaré parameters θ^i, ξ^μ have been found by analyzing the bosonic sector of the theory, hence, we can now focus our attention on the terms in (D.1) that depend on Grassmann odd variables and parameters. Without loss of generality, we can assume that the souls of ξ^μ and θ^i [20] do not appear in the leading-order terms:

ξ^0_S = O_2 = ξ^2_S , ξ^1_S = O_1 , θ^0_S = O_1 = θ^2_S , θ^1_S = O_2 . (D.2)

Now, the requirements (D.1), applied to δ_0b^0_1, δ_0b^2_1, δ_0b^1_0, and δ_0b^1_2, read: − ℓ r θ^2_S − r ℓ ∂_1ξ^0_S + iℓ^2 r^2

(ϵ^−υ^− + ϵ^+υ^+) = O_4 , − ℓ r θ^0_S − r∂_1ξ^2_S − iℓ^2 r^2

(ϵ^−υ^− − ϵ^+υ^+) = O_4 , (D.3a)

rθ^2_S + iℓ(ϵ^−χ^− + ϵ^+χ^+) = O_2 , rθ^0_S + iℓ(ϵ^−χ^− − ϵ^+χ^+) = O_2 . (D.3b) Using the assumptions (D.2) in (D.3a), we obtain:

2ξ^0_S = ℓ^2 r θ^2_S + iℓ^3 r^2 ( ϵ^−υ^− − ϵ^+υ^+ ) + O_4 ,

2ξ^2_S = ℓ r θ^0_S − iℓ^2 r^2 ( ϵ^−υ^− + ϵ^+υ^+ ) + O_4 . (D.3c)

The relations (D.3b) and (D.3c) are our final result for the souls of ξ^μ and θ^i. The remaining conditions in (D.1) do not produce any further restrictions on the above result.

E The algebra of constraints

The PB algebra of constraints is an important element of the canonical struture of the theory. Having in mind that the part of the algebra involving only bosonic constraints is of the same form as in the bosonic theory [14], we skip that part here and display only those (non-vanishing) PBs that involve at least one fermionic constraint.

In the set of PBs involving only the primary constraints (see Table 1), the piece involving fermionic constraints reads: {f̄^α, f^β} = −2gε^{0αβ}δ , {f̄^{′α}, f^{′β}} = −2g^′ε^{0αβ}δ . (E.1) Looking at the set of PBs between the primary and secondary constraints, we find that the subset involving fermionic constraints is given by {ϕ_i^α, F} = 2igmε^{0αβ}γ_iψ_β δ , {Φ_i^α, F} = igε^{0αβ}γ_iψ_β δ , {f̄^α, H_i} = −2igmε^{0αβ}ψ̄_βγ_iδ , {f̄^α, K_i} = −igε^{0αβ}ψ̄_βγ_iδ , {f̄^α, F} = −2gε^{0αβ} [ −∂_β δ + 1 2 i(ω^n_β + 2mb^n_β)γ_nδ ] , (E.2)

plus the PBs obtained by the replacements (F, f̄^α) → (F^′, f̄^{′α}), (g, m) → (g^′, m^′).

Finally, the part of the PB algebra involving only the first class constraints (Ĥ_i, K̂_i, F̂, F̂^′) is given by the relations (purely bosonic terms are omitted): {Ĥ_i, F̂} = −imγ_iF̂δ , {Ĥ_i, F̂^′} = −im^′γ_iF̂^′δ , {K̂_i, F̂} = − i 2 γ_iF̂δ , {K̂_i, F̂^′} = − i 2 γ_iF̂^′δ , {F̂_a, F̂_b} = − i 4a (γ_iC)_{ab} ( Ĥ_i − 2m^′K̂_i ) δ , {F̂^′_a, F̂^′_b} = − i 4a (γ_iC)_{ab} ( Ĥ_i − 2mK̂_i ) δ . (E.3)

References

[1] J. D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic symmetries: an example from three-dimensional gravity, Commun. Math. Phys. 104 (1986) 207.

[2] A. Achucarro and P. Townsend, A Chern-Simons action for three-dimensional anti-de Sitter supergravity theories, Phys. Lett. B 180 (1986) 89; Extended supergravities in d=2+1 as Chern-Simons theories, Phys. Lett. B 229 (1989) 383.

[3] E. Witten, 2+1 dimensional gravity as an exactly soluble system, Nucl. Phys. B 311 (1988) 46.

[4] M. Bañados, C. Teitelboim and J. Zanelli, The black hole in three-dimensional spacetime, Phys. Rev. Lett. 16 (1993) 1849;

M. Bañados, M. Henneaux, C. Teitelboim and J. Zanelli, Geometry of 2+1 black hole, Phys. Rev. D 48 (1993) 1506.

[5] A. Strominger, Black hole entropy from near-horizon microstates, JHEP 02 (1998) 009.

[6] For a review of the subject and an extensive list of references, see:

S. Carlip, Conformal field theory, (2+1)-dimensional gravity, and the BTZ black hole, Class. Quant. Grav. 22 (2005) R85-R124; Quantum gravity in 2+1 dimensions (Cambridge University Press, Cambridge, 1998).

[7] F. W. Hehl, Four lectures on Poincaré gauge theory, Proceedings of the 6th Course of the School of Cosmology and Gravitation on Spin, Torsion, Rotation and Supergravity, held at Erice, Italy, 1979, eds. P. G. Bergmann, V. de Sabbata (Plenum, New York, 1980) p. 5;

E. W. Mielke, Geometrodynamics of gauge fields – On the geometry of Yang-Mills and gravitational gauge theories (Akademie-Verlag, Berlin, 1987).

[8] M. Blagojević, Gravitation and gauge symmetries (Institute of Physics Publishing, Bristol, 2002); Three lectures on Poincaré gauge theory, SFIN A 1 (2003) 147 (preprint gr-qc/0302040).

[9] E. W. Mielke, P. Baekler, Topological gauge model of gravity with torsion, Phys. Lett.

A 156 (1991) 399;

P. Baekler, E. W. Mielke, F. W. Hehl, Dynamical symmetries in topological 3D gravity with torsion, Nuovo Cim. B 107 (1992) 91.

[10] A. García, F. W. Hehl, C. Heinecke and A. Macías, Exact vacuum solutions of (1+2)- dimensional Poincaré gauge theory: BTZ solution with torsion, Phys. Rev. D 67 (2003) 124016;

E. W. Mielke and A. A. R. Maggiolo, Rotating black hole solution in a generalized topological 3D gravity with torsion, Phys. Rev. D 68 (2003) 104026.

[11] M. Blagojević and M. Vasilić, 3D gravity with torsion as a Chern-Simons gauge theory, Phys. Rev. D 68 (2003) 104023.

[12] M. Blagojević and B. Cvetković, Black hole entropy in 3D gravity with torsion, Class.

Quantum Grav. 23 (2006) 4781; Black hole entropy from the boundary conformal structure in 3D gravity with torsion, JHEP 10 (2006) 005; Covariant description of the black hole entropy in 3D gravity, Class. Quant. Grav. 24 (2007) 129.

[13] S. Cacciatori, M. Caldarelli, A. Giacomini, D. Klemm and D. Mansi, Chern-Simons formulation of three-dimensional gravity with torsion and nonmetricity, J. Geom. Phys. 56 (2006) 2623.

[14] M. Blagojević and B. Cvetković, Canonical structure of 3D gravity with torsion, in:

Progress in General Relativity and Quantum Cosmology, vol. 2, ed. Ch. Benton (Nova Science Publishers, New York, 2006), p. 103 (preprint gr-qc/0412134).

[15] A. Giacomini, R. Troncoso and S. Willison, Three-dimensional supergravity reloaded, Class. Quantum Grav. 24 (2007) 2846.

[16] M. Bañados, K. Bautier, O. Coussaert, M. Henneaux and M. Ortiz, Anti-de Sitter correspondence in three-dimensional supergravity, Phys. Rev. D 58 (1998) 085020.

[17] O. Coussaert and M. Henneaux, Supersymmetry of 2+1 black hole, Phys. Rev. Lett.

72 (1994) 183.

[18] M. Henneaux, L. Maoz and A. Schwimmer, Asymptotic dynamics and asymptotic symmetries of three-dimensional extended AdS supergravity, Annals Phys. 282 (2000) 31.

[19] P. S. Howe and R. W. Tucker, Local supersymmetry in (2+1) dimensions. I. Supergravity and differential forms, J. Math. Phys. 19(4) (1978) 869;

M. Hayashi, Classification of 2+1 dimensional Chern-Simons supergravity theories, Prog. Theor. Phys. 88 (1992) 403;

A. Miković and R. Picken, Super Chern-Simons theory and flat superconnections on a torus, Adv. Theor. Math. Phys. 5 (2002) 243.

[20] B. DeWitt, Supermanifolds (Cambridge University Press, Cambridge, 1984);

F. A. Berezin, Introduction to algebra and analysis with anticommuting variables (MGU, Moscow, 1983) (in Russian).

[21] T. Regge and C. Teitelboim, Role of surface integrals in the Hamiltonian formulation of general relativity, Ann. Phys. (N.Y.) 88 (1974) 286.

[22] R. Benguria, P. Cordero and C. Teitelboim, Aspects of the Hamiltonian dynamics of interacting gravitational, gauge and Higgs fields, with applications to spherical symmetry, Nucl. Phys. B 122 (1977) 61.

[23] M. Henneaux and C. Teitelboim, Quantization of gauge systems (Princeton University Press, Princeton, 1992).

[24] L. Castellani, Symmetries of constrained Hamiltonian systems, Ann. Phys. (N.Y.) 143 (1982) 357.