arXiv:gr-qc/0703033v2 12 Jul 2007

Existence and Nonlinear Stability of Rotating Star Solutions of the Compressible Euler-Poisson Equations

Tao Luo & Joel Smoller

Abstract

We prove existence of rotating star solutions which are steady-state solutions of the compressible isentropic Euler-Poisson (EP) equations in 3 spatial dimensions, with prescribed angular momentum and total mass. This problem can be formulated as a variational problem of finding a minimizer of an energy functional in a broader class of functions having less symmetry than those functions considered in the classical Auchmuty-Beals paper. We prove the nonlinear dynamical stability of these solutions with perturbations having the same total mass and symmetry as the rotating star solution. We also prove local in time stability of W^{1,∞}(R^3 ) solutions where the perturbations are entropy-weak solutions of the EP equations. Finally, we give a uniform (in time) a-priori estimate for entropy-weak solutions of the EP equations.

Contents

1 Introduction 2

2 Existence of Rotating Star Solutions 4

3 Nonlinear Stability of Rotating Star Solutions 19

4 Stability of General Entropy Solutions 30

5 Uniform A Priori Estimates 36

6 Appendix 47

1 Introduction

The motion of a compressible isentropic perfect fluid with self-gravitation is modeled by the Euler-Poisson equations in three space dimensions (cf [4]):

ρ_t + ∇ · (ρv) = 0, (ρv)_t + ∇ · (ρv ⊗ v) + ∇p(ρ) = −ρ∇Φ, ΔΦ = 4πρ. (1.1)

Here ρ, v = (v_1, v_2, v_3), p(ρ) and Φ denote the density, velocity, pressure and gravitational potential, respectively. The gravitational potential is given by

Φ(x) = − ∫ R^3 ρ(y) |x − y| dy = −ρ ∗ 1 |x| , (1.2)

where ∗ denotes convolution. The momentum ρv is denoted by m = (m_1, m_2, m_3). System (1.1) is used to model the evolution of a Newtonian gaseous star ([4]). In the study of timeindependent solutions of system (1.1), there are two important cases, non-rotating stars and rotating stars. A non-rotating star solution is a time-independent spherical symmetric solution of the form (ρ_N , 0, Φ_N )(x) (the velocity is zero), with Φ_N (x) = −ρ_N ∗^1_{|x|} . A rotating star solution models a star rotating around the x_3-axis (x = (x_1, x_2, x_3)) with prescribed angular momentum (per unit mass), or angular velocity. The existence and properties of stationary non-rotating star solutions is classical (cf. [4]). In contrast, the study for rotating stars is more challenging and of significance in both astrophysics and mathematics. A rigorous mathematical theory for rotating stars of compressible fluids was initiated by Auchmuty & Beals ([1]) in 1971. The existence and properties of rotating star solutions were obtained by Auchmuty & Beals ([1]), Auchmuty([2]), Caffarelli & Friedman ([3]), Friedman & Turkington([13], [14]), Li([21]), Chanillo & Li([5]), and Luo & Smoller ([25]). In [26], McCann proved an existence result for rotating binary stars.

The existence of rotating star solutions of compressible fluids was first obtained by Auchmuty & Beals ([1]) who formulated this problem as a variational problem of finding a minimizer of the energy functional F (ρ), (which will be defined in Section 2), in the class of functions W_{M,S} = W_M ∩ W_S, where W_M is the set of integrable functions ρ : R^3 → R^+ which are a.e. non-negative, axi-symmetric, of total mass M = ∫ R^3 ρ(x)dx, and having a finite

rotational kinetic energy (precise statements can be found in Section 2). W_S is defined by

W_S = {ρ : R^3 → R^+ , ρ(x_1, x_2, −x_3) = ρ(x_1, x_2, x_3), x_i ∈ R, i = 1, 2, 3}. (1.3)

In this paper, we first give a proof of the existence of a minimizer of the energy functional F (ρ) in the wider class of functions W_M . Our proof is quite different from that in [1]. As in [1], the main difficulty in the proof is the loss of compactness due to the unboundedness of R^3 .

The method in [1] is to minimize the functional F on W_R = {ρ ∈ W_{M,S}, ρ(x) = 0 |x| > R} and to obtain some uniform estimates on the support of the minimizer. Our method is to use the concentration-compactness method due to P. L. Lions ([24]), which was also used in [29] to prove the existence of non-rotating star solutions. The reason that we seek minimizers in W_M instead of W_{M,S} is that we want to discuss the full stability problem dynamically in a more general context with less restrictions on the symmetry of solutions.

The dynamical stability of these steady-state solutions is an important question. The linearized stability and instability for non-rotating stars and rotating stars were discussed by Lin ([23] ), Lebovitz ([19]) and Lebovitz & Lifschitz ([20]). The nonlinear dynamical stability of non-rotating star solutions was studied by Rein ([30]) via an energy-Casimir technique. It should mentioned here that the energy-Casimir technique was used in [16] to study the stability problem in stellar dynamics. Roughly speaking, for p(ρ) = ρ^γ , the result in [30] says that if the initial data of the Euler-Poisson equations (1.1) is close to the non-rotating star solution in some topology, then the solution of (1.1) with the same total mass as the non-rotating star, stays close to the non-rotating solution in the same topology as long as the solution preserves both the energy E(t) which is defined by E(t) = ∫ R^3 ( p(ρ) γ − 1 + 1 2 ρ|v|^2 ) (x, t)dx − 1 8π ∫ R^3 |∇Φ|^2(x, t)dx, (1.4) and the total mass ∫ R^3 ρ(x, t)dx. An interesting feature of the energy is that it has both

positive and negative parts, making the analysis difficult. For solutions of (1.1) without shock waves, energy is conserved. For solutions with shock waves, the energy E(t) is nonincreasing due to the entropy condition associated with shock waves (cf. [18] and [32]). In this paper we extend the above nonlinear stability results to rotating stars.

As in the non-rotating star case ([30]), our nonlinear stability result is in the class of solutions having the same total mass as that of the rotating steady-state solution. For solutions with different total masses, we investigate the nonlinear dynamical stability of a solution ū = (ρ̄, v̄, Φ̄) ∈ W^{1,∞}_{loc} , (which includes both rotating and non-rotating stars), in the context of weak entropy solutions, for more general perturbations not necessarily having the same mass as ū, under some assumptions on the L^∞-norm and the support of the solutions. This is achieved by using the techniques of relative entropies together with a careful analysis of the gravitational energy; i.e., the negative part in the total energy E(t). It should be mentioned here that the method of relative entropies was used by Dafermos ([9]) and Chen/Frid [6]) to study the stability and behavior of solutions of hyperbolic conservation laws. The main difficulty in applying this method to the the Euler-Poisson equations (1.1) is again due to the non-definiteness of the energy density. We also give a uniform a priori estimate for the weak solutions of Cauchy problem of (1.1) satisfying the entropy conditions.

This paper is organized as follows: in Section 2, we prove the existence of rotating star solutions which are the minimizers of an energy functional F in W_M with prescribed total mass and angular momentum with finite rotational kinetic energy. We also derive some properties concerning the minimizing sequence. These properties are interesting, and are important for our stability analysis. In Section 3, we prove our nonlinear stability result for rotating stars. Section 4 is devoted to the stability result for the entropy weak solutions and in Section 5, we obtain uniform in time a priori estimates for entropy weak solutions.

Throughout this paper, for simplicity of presentation, we assume that the pressure function p(ρ) satisfies the usual γ-law, p(ρ) = ρ^γ , ρ ≥ 0, (1.5)

for some γ > 1. We now introduce some notation which will be used throughout this paper. We use ∫ to denote ∫ R^3 , and use ||·||q to denote ||·||L^q (R^3). For any point x = (x1, x2, x3) ∈ R 3 , let r(x) = √ x^2_1 + x^2, z(x) = x_3, B_R(x) = {y ∈ R^3 , |y − x| < R}. (1.6)

For any function f ∈ L^1(R^3 ), we define the operator B by Bf(x) = ∫ f(y) |x − y| dy = f ∗ 1 |x| . (1.7)

Also, we use ∇ to denote the spatial gradient, i.e., ∇ = ∇_x = (∂_{x1} , ∂_{x2} , ∂_{x3} ). C will denote a generic positive constant.

2 Existence of Rotating Star Solutions

A rotating star solution (ρ̃, ṽ, Φ̃)(r, z), where r = √ x^2_1 + x^2 and z = x_3, x = (x_1, x_2, x_3) ∈ R^3 , is an axi-symmetric time-independent solution of system (1.1), which models a star rotating about the x_3-axis. Suppose the angular momentum (per unit mass), J(m_{ρ̃}(r)) is prescribed, where m_{ρ̃}(r) = ∫ √_{x21+x2<r} ρ̃(x)dx = ∫_r 0 2πs ∫_{+∞} −∞ ρ̃(s, z)dsdz, (2.1) is the mass in the cylinder {x = (x_1, x_2, x_3) : √ x^2_1 + x^2 < r}, and J is a given function. In this case, the velocity field ṽ(x) = (v_1, v_2, v_3) takes the form

ṽ(x) = (− x_2J(m_{ρ̃}(r))

r^2 , x_1J(m_{ρ̃}(r))

r^2 , 0). Substituting this in (1.1), we find that ρ̃(r, z) satisfies the following two equations: ∂_rp(ρ̃) = ρ̃∂_r(Bρ̃) + ρ̃L(m_{ρ̃}(r)r^{−3}, ∂_zp(ρ̃) = ρ̃∂_z(Bρ̃), (2.2)

where the operator B is defined in (1.7), and

L(m_{ρ̃}) = J^2(m_{ρ̃}) is the square of the angular momentum. For any function ρ ≥ 0 and γ > 1, we define A(ρ) = p(ρ) γ − 1 = ρ^γ γ − 1 . (2.3)

It is easy to verify that (cf. [1]) (2.2) is equivalent to

A^′(ρ̃(x)) + ∫_∞ r(x) L(m_{ρ̃}(s)s^{−3}ds − Bρ̃(x) = λ, where ρ̃(x) > 0, (2.4)

for some constant λ. Here r(x) and z(x) are as in (1.6). In [1], Auchmuty and Beals formulated the problem of finding solutions of (2.4) as the following variational problem. First, let M be a positive constant and let W_M be the set of functions ρ defined by (cf. (1.5)),

W_M ={ρ : R^3 → R, ρ is axisymmetric, ρ ≥ 0, a.e., ρ ∈ L^1(R^3 ) ∩ L^γ (R^3 ), ∫ ρ(x)dx = M, ∫ ρ(x)L(m_ρ(r(x))) r(x)^2 dx < +∞.} For ρ ∈ W_M , we define the energy functional F by

F (ρ) = ∫ [A(ρ(x)) + 1 2 ρ(x)L(m_ρ(r(x))) r(x)^2 − 1 2 ρ(x) · Bρ(x)]dx = ∫ [A(ρ(x)) + 1 2 ρ(x)L(m_ρ(r(x))) r(x)^2 ]dx − 1 8π ||∇Bρ||^2. (2.5) (^1_{8π} ||Bρ||^2 < +∞ follows from ρ ∈ L^1(R^3 ) ∩ L^γ (R^3 ) and Lemma 2.3 if γ ≥ 4/3.) In (2.5), the first term denotes the potential energy, the middle term denotes the rotational kinetic energy and the third term is the gravitational energy. Assume that the function L ∈ C^1[0, M] and satisfies L(0) = 0, L(m) ≥ 0, for 0 ≤ m ≤ M. (2.6) Auchmuty and Beals (cf. [1]) proved the existence of a minimizer of the functional F (ρ) in the class of functions W_{M,S} = W_M ∩ W_S , where

W_S = {ρ : R^3 → R, ρ(x_1, x_2, −x_3) = ρ(x_1, x_2, x_3), x_i ∈ R, i = 1, 2, 3}. (2.7)

Their result is given in the following theorem.

Theorem 2.1. ([1]). If γ > 4/3 and (2.6) holds, then there exists a function ρ̂(x) ∈ W_{M,S} which minimizes F (ρ) in W_{M,S}. Moreover, if

G = {x ∈ R^3 : ρ̂(x) > 0}, (2.8)

Then Ḡ is a compact set in R^3 , and ρ̂ ∈ C^1(G) ∩ C^β(R^3 ) for some 0 < β < 1. Furthermore, there exists a constant μ < 0 such that

A^′(ρ̂(x)) + ∫_∞ r(x) L(mρ̂(s)s −3ds − Bρ̂(x) = μ, x ∈ G, ∫_∞ r(x) L(mρ̂(s)s −3ds − Bρ̂(x) ≥ μ, x ∈ R^3 − G. (2.9)

In this paper, we are interested in the minimizer of functional F in the larger class W_M . By the same argument as in [1], it is easy to prove the following theorem on the regularity of the minimizer.

Theorem 2.2. Let ρ̃ be a minimizer of the energy functional F in W_M and let

Γ = {x ∈ R^3 : ρ̃(x) > 0}. (2.10)

If γ > 6/5, then ρ̃ ∈ C(R^3 ) ∩ C^1(Γ). Moreover, there exists a constant λ such that

A^′(ρ̃(x)) + ∫_∞ r(x) L(mρ̃(s)s −3ds − Bρ̃(x) = λ, x ∈ Γ, ∫_∞ r(x) L(mρ̃(s)s −3ds − Bρ̃(x) ≥ λ, x ∈ R^3 − Γ. (2.11)

We call such a minimizer ρ̃ a rotating star solution with total mass M and angular momentum √ L(m). In this paper, we prove the existence of a minimizer for the functional F in the class W_M .

For this purpose, in addition to (2.6), we require that L satisfies the following conditions: L(am) ≥ a^{4/3}L(m), 0 < a ≤ 1, 0 ≤ m ≤ M, (2.12) L^′(m) ≥ 0, 0 ≤ m ≤ M. (2.13)

Remark 1. Condition (2.13) is called the Sölberg stability criterion, see [33, Section 7.3]. This condition was also used by Auchmuty in [2] for the study of global branching of rotating star solutions.

Our main result in this section is the following theorem.

Theorem 2.3. Suppose that γ > 4/3 and the square of the angular momentum L satisfies (2.6), (2.12) and (2.13). Then the following hold:

(1) the functional F is bounded below on W_M and inf_{WM} F (ρ) < 0, (2) if {ρ^i} ⊂ W_M is a minimizing sequence for the functional F , then there exist a sequence of vertical shifts a_ie_3 (a_i ∈ R, e_3 = (0, 0, 1)), a subsequence of {ρ^i}, (still labeled {ρ^i}), and a function ρ̃ ∈ W_M , such that for any ϵ > 0 there exists R > 0 with ∫ a_ie_3+B_R(0) ρ^i(x)dx ≥ M − ϵ, i ∈ N, (2.14) and T ρ^i(x) := ρ^i(x + a_ie_3) ⇀ ρ̃, weakly in L^γ (R^3 ), as i → ∞. (2.15) Moreover (3) ∇B(T ρ^i) → ∇B(ρ̃) strongly in L^2(R^3 ), as i → ∞. (2.16) (4) ρ̃ is a minimizer of F in W_M .

Thus ρ̃ is a rotating star solution with total mass M and angular momentum √ L. Remark 2. It is easy to verify that the functional F is invariant under any vertical shift, i.e., if ρ(·) ∈ W_M , then ρ̄(x) =: ρ(x + ae_3) ∈ W_M and F (ρ̄) = F (ρ) for any a ∈ R. Therefore, if {ρ^i} is a minimizing sequence of F in W_M , then {T ρ^i} defined in (2.15) is also a minimizing sequence in W_M .

Remark 3. In [13], [14] and [5], the diameter estimate of rotating star solutions with the symmetry ρ̃(r, −z) = ρ̃(r, z) was obtained. The ideas and techniques developed in [13], [14] and [5] should also be applied to obtain the diameter estimates for the rotating star solutions in Theorem 2.3. Due to the length of this paper, we leave this issue for the future study.

Theorem 2.3 is proved in a sequence of lemmas. We first give some inequalities which will be used later. We begin with Young’s inequality (see [17], p. 146.)

Lemma 2.1. If f ∈ L^p ∩ L^r, 1 ≤ p < q < r ≤ +∞, then ||f||_q ≤ ||f||^a_p||f||^{1−a}_r , a = q^{−1} − r^{−1} p^{−1} − r^{−1} . (2.17)

The following two lemmas are proved in [1].

Lemma 2.2. Suppose the function f ∈ L^1(R^3 ) ∩ L^q(R^3 ). If 1 < q ≤ 3/2, then Bf =: f ∗^1_{|x|} is in L^r(R^3 ) for 3 < r < 3q/(3 − 2q), and ||Bf||_r ≤ C ( ||f||^b_1||f||^{1−b}_q + ||f||^c_1||f||^{1−c}_q ) , (2.18)

for some constants C > 0, 0 < b < 1, and 0 < c < 1. If q > 3/2, then Bf(x) is a bounded continuous function, and satisfies (2.18) with r = ∞.

Lemma 2.3. For any function f ∈ L^1(R^3 ) ∩ L^γ (R^3 ), if γ ≥ 4/3, then ∇Bf ∈ L^2(R^3 ). Moreover, | ∫ f(x)Bf(x)dx| = 1 4π ||∇Bf||^2 ≤ C (∫ |f|^{4/3}(x)dx ) (∫ |f|(x)dx )_{2/3} , (2.19)

for some constant C.

Throughout this paper, we assume the function L, the square of the angular momentum satisfies conditions (2.6), (2.12)and (2.13). Let

f_M = inf_{ρ∈WM} F (ρ). (2.20)

We begin our analysis with the following lemma.

Lemma 2.4. Suppose γ > 4/3. If ρ ∈ W_M , then there exist two positive constants C_1 and C_2 depending only on γ and M such that ∫ [ρ^γ (x) + ρ(x)L(m_ρ(r(x))) r(x)^2

]dx ≤ C_1F (ρ) + C_2. (2.21)

This implies f_M > −∞, where f_M is defined in (2.20).

Proof. Using (2.19), we have, for ρ ∈ W_M ,

F (ρ) = ∫ [A(ρ) + 1 2 ρ(x)L(m_ρ(r(x))) r(x)^2 − 1 2 ρBρ]dx ≥ ∫ [A(ρ) + 1 2 ρ(x)L(m_ρ(r(x))) r(x)^2 ]dx − C ∫ ρ^{4/3}dx( ∫ ρdx)^{2/3} = ∫ [A(ρ) + 1 2 ρ(x)L(m_ρ(r(x))) r(x)^2 ]dx − CM^{2/3} ∫ ρ^{4/3}dx. (2.22)

Taking p = 1, q = 4/3, r = γ, and a =^{34 γ−1}_{γ−1} in Young’s inequality (2.17), we obtain, ||ρ||_{4/3} ≤ ||ρ||^a_1 ||ρ||^{1−a}_γ = M^a||ρ||^{1−a}_γ . (2.23) This is ∫ ρ^{4/3}dx ≤ M^{43 a}( ∫ ρ^γ dx)^b, (2.24)

where b =^1_{3(γ−1)} . Since γ > 4/3, we have 0 < b < 1. Therefore, (2.22) and (2.24) imply ∫ [A(ρ) + 1 2 ρ(x)L(m_ρ(r(x))) r(x)^2

]dx ≤ F (ρ) + C(γ − 1)^bM^{43 a+ 23} ( ∫ A(ρ)dx)^b. (2.25)

Using (2.24) and the inequality (cf. [17] p. 145) αβ ≤ ϵα^s + ϵ^{−t/s}β^t, (2.26) if s^{−1} + t^{−1} = 1 (s, t > 1) and ϵ > 0, since b < 1, we can bound the last term in (2.25) by 1 2 ∫ A(ρ)dx + C_2, where C_2 is a constant depending only on M and γ (we can take ϵ = 1/2 and s = 1/b and t = (1 − s^{−1})^{−1} in (2.26) since s > 1 due to 0 < b < 1). This implies (2.21).

We also need the following lemma.

Lemma 2.5. Suppose γ > 4/3. Then (a) f_M < 0 for every M > 0, (b) if (2.12) holds, then f¯_M ≥ (M̄ /M)^{5/3}f_M for every M > M̄ > 0 .

Proof. It follows from [1] that there exists ρ̂ ∈ W_{M,S} ⊂ W_M such that F (ρ̂) = inf_{ρ∈WM,S} F (ρ). By Theorem 2.1, it is easy to verify that the triple (ρ̂, v̂, Φ̂) is a time-independent solution of the Euler-Poisson equations (1.1) in the region G = {x ∈ R^3 : ρ̂(x) > 0}, where v̂ = (−^{x2J(mρ̂(r))}_r ,^{x1J(mρ̂(r))}_r , 0) and Φ̂ = −Bρ̂. Therefore

∇_xp(ρ̂) = ρ̂∇_x(Bρ̂) + ρ̂L(m_{ρ̂})r(x)^{−3}e_r, x ∈ G, (2.27)

where e_r = (^{x1}_{r(x)} ,^{x2}_{r(x)} , 0). Moreover, it is proved in [3] that the boundary ∂G of G is smooth enough to apply the Gauss-Green formula (cf. [12]) on G. Applying the Gauss-Green formula on G and noting that ρ̂|_{∂G} = 0, we obtain, ∫ G x · ∇_xp(ρ̂)dx = −3 ∫ G p(ρ̂)dx = −3 ∫ p(ρ̂)dx. (2.28) By an argument in [33] (used also in [10]), we obtain ∫ G x · ρ̂∇_xBρ̂dx = − 1 2 ∫ G ρ̂Bρ̂dx = − 1 2 ∫ ρ̂Bρ̂dx. (2.29) (In fact, this can be verified as follows. Let I = ∫ G x · ρ̂∇_xBρ̂dx = − ∫ G ρ̂(x) ∫ G ρ(y)(x − y) · x |x − y|^3 dydx. Then I = − ∫ G ρ̂(x) ∫ G ρ̂(y)(x − y) · (x − y) |x − y|^3 dydx − ∫ G ρ̂(x) ∫ G ρ(y)(x − y) · y |x − y|^3 dydx = − ∫ G ρ̂(x) ∫ G ρ̂(y)(x − y) · (x − y) |x − y|^3 dydx − I = − ∫ G ρ̂Bρ̂dx − I, (2.30) which is (2.29).) Next, since x · e_r = r(x), we have ∫ G x · ρ̂(x)L(m_{ρ̂}(r(x))r^{−3}(x)e_rdx = ∫ G ρ̂(x)L(m_{ρ̂}(r(x))r^{−2}(x)dx = ∫ ρ̂(x)L(m_{ρ̂}(r(x))r^{−2}(x)dx. (2.31)

Therefore, from (2.28)-(2.31) we have − 3 ∫ p(ρ̂)dx = − 1 2 ∫ ρ̂Bρ̂dx + ∫ ρ̂(x)L(m_{ρ̂}(r(x))r^{−2}(x)dx, (2.32)

so that F (ρ̂) = 4 − 3γ γ − 1 ∫ p(ρ̂)dx − 1 2 ∫ ρ̂(x)L(m_{ρ̂}(r(x))r^{−2}(x)dx.

Thus, if γ > 4/3, F (ρ̂) < 0 since L(m) ≥ 0 for 0 ≤ m ≤ M. Since ρ̂ ∈ W_{M,S} ⊂ W_M , then inf_{ρ∈WM} F (ρ) < 0. This completes the proof of part (a).

The proof of part (b) follows from a scaling argument as in [29]. Taking b = (M/M̄ )^{1/3} and letting ρ̄(x) = ρ(bx) for any ρ ∈ W_M . It is easy to verify that ρ̄ ∈ W¯_M and that the following identities hold, ∫ ρ̄Bρ̄dx = b^{−5} ∫ ρBρdx, (2.33) ∫ A(ρ̄)dx = b^{−3} ∫ A(ρ)dx. (2.34) Moreover, for r ≥ 0,

m_{ρ̄}(r) = 2π ∫_r 0 s ∫_∞ −∞ ρ̄(s, z)dsdz = 2π ∫_r 0 s ∫_∞ −∞ ρ(bs, bz)dsdz = 1 b^3 2π ∫_{br} 0 s^′ ∫_∞ −∞ ρ(s^′, z^′)ds^′dz^′ = 1 b^3 m_ρ(br). (2.35)

Since L satisfies (2.12) and b > 1, we have L(m_{ρ̄}(r)) ≥ 1 b^4

L(m_ρ(br)). (2.36)

Thus, ∫ ρ̄(x)L(m_{ρ̄}(r(x))) r(x)^2 dx ≥ 1 b^4 ∫_{+∞} 0 2πr r^2 L(m_ρ(br)) ∫_∞ −∞ ρ(br, bz)dzdr = 1 b^5 ∫_{+∞} 0 2πr^′ r^{′2} L(m_ρ(r^′)) ∫_∞ −∞ ρ(r^′, z^′)dz^′dr^′ = 1 b^5 ∫ ρ(x)L(m_{ρ̄}(r(x))) r(x)^2 dx. (2.37)

Therefore, since b ≥ 1, it follows from (2.33)-(2.37) that F (ρ̄) ≥ b^{−3} ∫ A(ρ)dx − b^{−5} 2 ∫ ρBρdx + b^{−5} 2 ∫ ρ(x)L(m_{ρ̄}(r(x))) r(x)^2 dx ≥ b^{−5} (∫ A(ρ)dx − 1 2 ∫ ρBρdx + 1 2 ∫ ρ(x)L(m_{ρ̄}(r(x))) r(x)^2 dx )

= (M̄/M)^{5/3}F (ρ). (2.38)

Since ρ → ρ̄ is one-to-one between W_M and W¯_M , this proves part (b).

The following lemma gives the boundedness of a minimizing sequence of F in L^γ (R^3 ).

Lemma 2.6. Suppose γ > 4/3. Let {ρ^i} ⊂ W_M be a minimizing sequence of F . Then {ρ^i} is bounded in L^γ (R^3 ), and moreover, the rotating kinetic energy 1 2 ∫ ρ_i(x)L(m_{ρi} (r(x))) r(x)^2 is also uniformly bounded.

Proof. By Lemma 2.4, we have ∫ [(ρ^i)^γ (x) + ρ^i(x)L(m_ρi (r(x))) r(x)^2

]dx ≤ C_1F (ρ^i) + C_2, i ≥ 1. (2.39)

The lemma follows from this and Part a) in Lemma 2.5.

Lemma 2.7. Suppose γ > 4/3. Let {ρ^i} ⊂ W_M be a minimizing sequence for F . Then there exist constants r_0 > 0, δ_0 > 0, i_0 ∈ N and x^i ∈ R^3 with r(x^i) ≤ r_0, such that ∫ B_1(x^i)

ρ^i(x)dx ≥ δ_0, i ≥ i_0. (2.40)

Proof. First, since lim_{i→∞} F (ρ^i) → f_M and f_M < 0 (see part (a) of Lemma 2.5), for large i, − f_M 2 ≤ −F (ρ^i) ≤ 1 2 ∫ ρ^iBρ^idx. (2.41) For any i, let δ_i = sup_{x∈R3} ∫ |y−x|<1 ρ^i(y)dy. (2.42) Now ∫ ρ^iBρ^i(x)dx = ∫ R^3 ρ^i(x) ∫ R^3 ρ^i(y) |y − x| dydx = ∫ R^3 ρ^i(x) ∫ |y−x|<1 ρ^i(y) |y − x| dydx + ∫ R^3 ρ^i(x) ∫ 1<|y−x|<r ρ^i(y) |y − x| dydx + ∫ R^3 ρ^i(x) ∫ |y−x|>r ρ^i(y) |y − x| dydx =: B_1 + B_2 + B_3, (2.43)

and B_3 ≤ M^2r^{−1}. The shell 1 < |y − x| < r can be covered by at most Cr^3 balls of radius 1, so B_2 ≤ CMδ_ir^3. By using Hölder’s inequality and (2.18), we get

B_1 = ∫ R^3 ρ^i(x) ∫ R^3 χ_{{y||y−x|<1}}(y)ρ^i(y) |y − x| dydx ≤ ‖ρ^i‖_{4/3}‖B{χ_{{y||y−x|<1}}(y)ρ^i(y)}‖_4 ≤ C‖ρ^i‖_{4/3} ( ‖χ_{{y||y−x|<1}}(y)ρ^i(y)‖^b_1‖ρ^i‖^{1−b}_{4/3} + ‖χ_{{y||y−x|<1}}(y)ρ^i(y)‖^c_1‖ρ^i‖^{1−c}_{4/3} )

≤ C‖ρ^i‖_{4/3} ( δ^b_i ‖ρ^i‖^{1−b}_{4/3} + δ^c_i ‖ρ^i‖^{1−c}_{4/3} ) , (2.44) where χ is the indicator function, 0 < b < 1 and 0 < c < 1. By lemma 2.6, we know that ‖ρ^i‖_γ is bounded, so ‖ρ^i‖_{4/3} is bounded if γ ≥ 4/3 in view of (2.17) and the fact ‖ρ^i‖_1 = M. This gives B_1 ≤ C(δ^b_i +δ^c_i ). It follows that we could choose r so large that the above estimates give ∫ ρ^iBρ^i(x)dx < −f_M if δ_i were small enough. This would contradict (2.41). So there exists δ_0 > 0 such that δ_i ≥ δ_0 for large i. Thus, as i is large, there exists x^i ∈ R^3 and i_0 ∈ N such that ∫

B_1(x^i)

ρ^i(x)dx ≥ δ_0, i ≥ i_0. (2.45)

We now prove that there exists r_0 > 0 independent of i such that those x^i must satisfy r(x^i) ≤ r_0 for i large. Namely, since ρ^i has mass at least δ_0 in the unit ball centered at x^i, and is axially symmetric, it has mass ≥ Cr(x^i)δ_0 in the torus obtained by revolving this ball around x_3-axis (or z-axis).Therefore r(x^i) ≤ (Cδ_0)^{−1}M.

In order to prove Theorem 2.3, we will need the following lemma which is proved in [29], and uses a concentration-compactness argument.

Lemma 2.8. Suppose γ > 4/3. Let {f^i} be a bounded sequence in L^γ (R^3 ) and suppose f^i ⇀ f^0 weakly in L^γ (R^3 ). Then (a) For any R > 0, ∇B(χ_{BR(0)}f^i) → ∇B(χ_{BR(0)}f^0) strongly in L^2(R^3 ), where χ is the indicator function.

(b) If in addition {f^i} is bounded in L^1(R^3 ), f^0 ∈ L^1(R^3 ), and for any ϵ > 0 there exist R > 0 and i_0 ∈ N such that ∫ |x|>R |f^i(x)|dx < ϵ, i ≥ i_0, (2.46) then ∇Bf^i → ∇Bf^0 strongly in L^2(R^3 ). Before giving the proof of Theorem 2.3, we first outline the main steps. In step 1, we first show (2.15) and (2.16). In step 2 we show that if ρ̃ is a weak limit in L^γ (R^3 ) of {T ρ^i}, then m_{ρ̃}(r) is a continuous function of r for all r ≥ 0. The third step is to prove that F is lower semi-continuous with respect to the weak topology in L^γ (R^3 ). Proof of Theorem 2.3 Step 1. We prove (2.16), and apply Lemma 2.8 to prove (2.14). We begin with a splitting as in [29]. For ρ ∈ W_M , for any 0 < R_1 < R_2, we have

ρ = ρχ_{|x|≤R1} + ρχ_{R1<|x|≤R2} + ρχ_{|x|>R2} =: ρ_1 + ρ_2 + ρ_3, (2.47) where χ is the indicator function. It is easy to verify that ∫ A(ρ)dx = 3∑ j=1 ∫ A(ρ_j )dx, (2.48)

and ∫ ρBρdx = 3∑ j=1 ∫ ρ_jBρ_jdx + I_{12} + I_{13} + I_{23}, (2.49)

where I_{ij} = ∫ R^3 ∫ R^3 |x − y|^{−1}ρ_i(x)ρ_j (y)dxdy, 1 ≤ i < j ≤ 3. Also, ∫ ρ(x)L(m_ρ(r(x)) r^2(x) dx = 3∑ j=1 ∫ ρ_j (x)L(m_{ρj} (r(x)) r^2(x) dx

+ 3∑ j=1 ∫ ρ_j (x)(L(m_ρ(r(x)) − L(m_{ρj} (r(x)) r^2(x) dx. (2.50)

It follows from (2.47)-(2.50) that

F (ρ) = 3∑ j=1 F (ρ_j ) − 1 2 ∑ 1≤i<j≤3 I_{ij}

+ 1 2 3∑ j=1 ∫ ρ_j (x)(L(m_ρ(r(x)) − L(m_{ρj} (r(x)) r^2(x) dx. (2.51)

Since ρ ≥ ρ_j , we have m_ρ(r) ≥ m_{ρj} (r) for any r ≥ 0 and j = 1, 2, 3. By (2.13),

F (ρ) ≥ 3∑ j=1 F (ρ_j ) − 1 2 ∑ 1≤i<j≤3 I_{ij} . (2.52)

Using (2.52) and Lemma 2.5, by the same argument as in the proof of Theorem 3.1 in [29], we can show that

f_M − F (ρ) ≤ Cf_M M_1M_3 + C(R^{−1}_2 + ||ρ||^{(q+1)/6}_γ ||∇Bρ_2||_2), (2.53)

by choosing R_2 > 2R_1 in the splitting (2.47), where M_1 = ∫ ρ_1(x)dx = ∫ |x|≤R_1 ρ(x)dx, M_3 = ∫ ρ_3(x)dx = ∫ |x|>R_2 ρ(x)dx and q = 1/(γ − 1). Let {ρ i} be a minimizing sequence of F in W_M . By Lemma 2.7, we know that there exists i_0 ∈ N and δ_0 > 0 independent of i such that ∫

B_1(x^i)

ρ^i(x)dx ≥ δ_0, i ≥ i_0 (2.54) for some x^i ∈ R^3 with r(x^i) ≤ r_0 for some constant r_0 > 0 independent of i. Let a_i = z(x^i) and R_0 = r_0 + 1, then (2.54) implies ∫ a_ie_3+B_{R0(0)}

ρ^i(x)dx ≥ δ_0, if i ≥ i_0, (2.55)

where e_3 = (0, 0, 1). Having proved (2.55), we can follow the argument in the proof of Theorem 3.1 in [29] to verify (2.46) for

f^i(x) = T ρ^i(x) =: ρ^i(· + a_ie_3)

by using (2.52) and (2.55) and choosing suitable R_1 and R_2 in the splitting (2.47). We sketch this as follows. The sequence T ρ^i =: ρ^i(· + a_ie_3), i ≥ i_0, is a minimizing sequence of F in W_M (see Remark 2 after Theorem 2.3). We rewrite (2.55) as ∫ B_R(0)

T ρ^i(x)dx ≥ δ_0, i ≥ i_0. (2.56)

Applying (2.53) with T ρ^i replacing ρ, and noticing that {T ρ^i} is bounded in L^γ (R^3 ) (see Lemma 2.6), we obtain, if R_2 > 2R_1,

− Cf_M M^i_1M^i_3 ≤ C(R^{−1}_2 + ||∇BT ρ^i_2||_2) + F (T ρ^i) − f_M , (2.57)

where M^i_1 = ∫ T ρ^i_1(x)dx = ∫ |x|<R_1 T ρ i(x)dx,, M^i_3 = ∫ T ρ^i_3(x)dx = ∫ |x|>R_2 T ρ i(x)dx and T ρ^i_2 = χ_{R1<|x|≤R2} T ρ^i. Since {T ρ^i} is bounded in L^γ (R^3 ), there exists a subsequence, still labeled by {T ρ^i}, and a function ρ̃ ∈ W_M such that

T ρ^i ⇀ ρ̃ weakly in L^γ (R^3 ).

This proves (2.15). By (2.56), we know that M^i_1 in (2.57) satisfies M^i_1 ≥ δ_0 for i ≥ i_0 by choosing R_1 ≥ R_0 where R_0 is the constant in (2.56). Therefore, by (2.57) and the fact that f_M < 0 (cf. Part (a) in Lemma 2.5) , we have

− Cf_M δ_0M^i_3 ≤ CR^{−1}_2 + C||∇Bρ̃_2||_2 + C||∇BT ρ^i_2 − ∇Bρ̃_2||_2) + F (T ρ^i) − f_M , (2.58)

where ρ̃_2 = χ_{|x|>R2}ρ̃. Given any ϵ > 0, by the same argument as [29], we can increase R_1 > R_0 such that the second term on the right hand side of (2.58) is small, say less than ϵ/4. Next choose R_2 > 2R_1 such that the first term is small. Now that R_1 and R_2 are fixed, the third term on the right hand side of (2.58) converges to zero by Lemma 2.8(a). Since {T ρ^i} is a minimizing sequence of F in W_M , we can make F (T ρ^i) − f_M small by taking i large. Therefore, for i sufficiently large, we can make

M^i_3 =: ∫ |x|>R_2 T ρ^i(x)dx < ϵ. (2.59)

This verifies (2.46) in Lemma 2.8 for f^i = T ρ^i. By weak convergence we have that for any ϵ > 0 there exists R > 0 such that M − ϵ ≤ ∫ B_R(0) ρ̃(x)dx ≤ M, which implies ρ̃ ∈ L^1(R^3 ) with ∫ ρ̃dx = M. Therefore, by Lemma 2.8(b),we have ||∇BT ρ^i − ∇Bρ̃||_2 → 0, i → +∞. (2.60) This proves (2.16). (2.14) in Theorem 2.3 follows from (2.59) by taking R = R_2. Step 2. Let ρ̃ be a weak limit of a subsequence of {T ρ^i} in L^γ (R^3 ) (we still label the subsequence by {T ρ^i}). We claim that the mass function m_{ρ̃}(r) =: ∫ √_{x21+x2≤r} ρ̃(x)dx is continuous for r ≥ 0. (2.61) This is proved as follows. By the lower semicontinuity of norms (cf. [22] p.51) and Lemma 2.6, we have ||ρ̃||_γ ≤ lim_{i→∞} inf ||T ρ^i||_γ = lim_{i→∞} inf ||ρ^i||_γ ≤ C, (2.62) for some positive constant C. For any ϵ > 0, by the weak convergence and (2.14) which we have already proved, there exists R > 0 such that ∫ |x|>R T ρ^i(x)dx < ϵ, i ∈ N, (2.63) and ∫ |x|>R ρ̃(x)dx = lim_{i→∞} ∫ |x|>R T ρ^i(x)dx ≤ ϵ. (2.64) For any r ≥ 0 and r_1 ≥ r, 0 ≤ m_{ρ̃}(r_1) − m_{ρ̃}(r) = ∫ r≤ √_{x21+x2≤r1} ρ̃(x)dx ∫ r≤ √_{x21+x2≤r1,|x3|>R} ρ̃(x)dx + ∫ r≤ √_{x21+x2≤r1,|x3|≤R} ρ̃(x)dx. (2.65) Since {x = (x_1, x_2, x_3) ∈ R^3 : r ≤ √ x^2_1 + x^2 ≤ r_1, |x_3| > R} ⊂ {x = (x_1, x_2, x_3) ∈ R^3 : |x| > R}, by (2.64), we have ∫ r≤ √_{x21+x2≤r1,|x3|>R} ρ̃(x)dx < ϵ. (2.66) By (2.62) and Hölder’s inequality, ∫ r≤ √_{x21+x2≤r1,|x3|≤R} ρ̃(x)dx ≤ ||ρ̃||_γ ( meas{x = (x_1, x_2, x_3) ∈ R^3 : r ≤ √ x^2_1 + x^2 ≤ r_1, |x_3| ≤ R} )_{1/γ}′

≤ C[2πR(r_1 + r)(r_1 − r)]^{1/γ′} , (2.67) where meas denotes the Lebsgue measure and γ^′ = (γ−1)/γ. Now, if we take δ = min{^{(ϵ/C)γ′}_{2πR(2r+1)} , 1}, then by (2.67), we obtain ∫ r≤ √_{x21+x2≤r1,|x3|≤R} ρ̃(x)dx < ϵ, (2.68) whenever 0 ≤ r_1 − r < δ. It follows from (2.65), (2.66) and (2.67), we have

|m_{ρ̃}(r_1) − m_{ρ̃}(r)| < 2ϵ, (2.69)

whenever 0 ≤ r_1 − r < δ. This proves that m_{ρ̃}(r) is continuous from the right for any r ≥ 0. By the same method, we can show that m_{ρ̃}(r) is continuous from the left for any r > 0 . Since m_{ρ̃}(0) = 0, this proves (2.61).

Step 3. Let {ρ^i} be a minimizing sequence of the energy functional F , and let ρ̃ be a weak limit of {T ρ^i} in L^γ (R^3 ). We will prove that ρ̃ is a minimizer of F in W_M ; that is

F (ρ̃) ≤ lim inf_{i→∞} F (T ρ^i). (2.70)

First, by (2.62), we have ∫ A(ρ̃)dx ≤ lim inf_{i→∞} ∫ A(T ρ^i)dx. (2.71) We fix a positive number δ and show that lim_{i→∞} ∫ r(x)≥δ T ρ^i(x)L(m_{T ρ}i (r(x)) − ρ̃(x)L(m_{ρ̃}(r(x)) r^2(x) dx = 0. (2.72)

To see this, we write ∫ r(x)≥δ (T ρ^i(x)L(m_{T ρ}i (r(x)) − ρ̃(x)L(m_{ρ̃}(r(x)) r^2(x) dx = ∫ r(x)≥δ (T ρ^i(x) − ρ̃(x))L(m_{ρ̃}(r(x)) r^2(x) dx + ∫ r(x)≥δ T ρ^i(x)(L(m_{T ρ}i (r(x)) − L(m_{ρ̃}(r(x))) r^2(x) dx. (2.73)

For any R > 0, we have ∫ r(x)≥δ (T ρ^i(x) − ρ̃(x))L(m_{ρ̃}(r(x)) r^2(x) dx = ∫ r(x)≥δ,|x|≤R (T ρ^i(x) − ρ̃(x))L(m_{ρ̃}(r(x)) r^2(x) dx + ∫ r(x)≥δ,|x|≥R (T ρ^i(x) − ρ̃(x))L(m_{ρ̃}(r(x)) r^2(x) dx. (2.74)

In view of (2.63) and (2.64), for any ϵ > 0, we can choose R such that

| ∫ r(x)≥δ,|x|≥R (T ρ^i(x) − ρ̃(x))L(m_{ρ̃}(r(x)) r^2(x) dx| ≤ 2L(M)ϵ δ^2

. (2.75)

By the weak convergence of {T ρ^i} in L^γ (R^3 ) and the fact that L is defined on a bounded range, L(m_{ρ̃}(r(x))χ_{{r(x)≥δ,|x|≤R}}(x)r^{−2}(x) ∈ L^{γ′} (R^3 ), where as before χ is the indicator function, and γ^′ =^γ_{γ−1} (satisfying 1/γ + 1/γ^′ = 1). We have lim_{i→∞} ∫ r(x)≥δ,|x|≤R (T ρ^i(x) − ρ̃(x))L(m_{ρ̃}(r(x)) r^2(x) dx = lim_{i→∞} ∫ (T ρ^i(x) − ρ̃(x))L(m_{ρ̃}(r(x))χ_{{r(x)≥δ,|x|≤R}}(x)r^{−2}(x)dx = 0, (2.76)

because T ρ^i converges weakly to ρ̃. Since ϵ is arbitrary, (2.75) and (2.76) imply lim_{i→∞} ∫ r(x)≥δ (T ρ^i(x) − ρ̃(x))L(m_{ρ̃}(r(x)) r^2(x) dx = 0. (2.77)

We handle the second term in (2.73) as follows. By weak convergence, we know that m_{T ρ}i (r) converges to m_{ρ̃}(r) pointwise for r ≥ 0. Since m_{T ρ}i (r) and m_{ρ̃}(r) are non-decreasing functions of r for r ≥ 0 and m_{ρ̃}(r) is continuous on [0, +∞) (see (2.61)), by a variation on Dini’s theorem ([31], p.167)^∗, we know that m_{T ρ}i (r) converges to m_{ρ̃}(r) uniformly on the interval [0, R] for any R > 0. Since L ∈ C^1[0, M], it follows that L(m_{T ρ}i (r)) converges to L(m_{ρ̃}(r)) uniformly on any interval [0, R]. For any ϵ > 0, we can fix R > 0 such that (2.63) and (2.64) hold. Since L(m_{T ρ}i (r)) converges uniformy to L(m_{ρ̃}(r)) on any interval [0, R], we have

lim_{i→∞} ||L(m_{T ρ}i (·)) − L(m_{ρ̃}(·))||_L∞_{[0,R]} = 0. (2.78) Let A_δ = {x ∈ R^3 , r(x) ≥ δ}, (2.79)

then we have, using (2.63) and (2.64) that | ∫ r(x)≥δ T ρ^i(x)(L(m_{T ρ}i (r(x)) − L(m_{ρ̃}(r(x))) r^2(x) dx| ≤ | ∫ A_δ ∩B_R(0) T ρ^i(x)(L(m_{T ρ}i (r(x)) − L(m_{ρ̃}(r(x))) r^2(x) dx| + | ∫ A_δ −B_R(0) T ρ^i(x)(L(m_{T ρ}i (r(x)) − L(m_{ρ̃}(r(x))) r^2(x) dx| ≤ ||L(m_{T ρ}i (·)) − L(m_{ρ̃}(·))||_L∞_{[0,R]}δ^{−2}M + 2δ^{−2}L(M)ϵ. (2.80)

∗ We thank Dmitry Khanvinson for pointing out this to us.

Since ϵ is arbitrary, it follows from (2.78) and (2.80) that lim_{i→∞} ∫ r(x)≥δ T ρ^i(x)(L(m_{T ρ}i (r(x)) − L(m_{ρ̃}(r(x))) r^2(x) dx = 0. (2.81)

This, together with (2.73)and (2.77), implies (2.72). Next, we show that

lim_{i→∞} inf ∫ T ρ^i(x)L(m_{T ρ}i (r(x)) − ρ̃(x)L(m_{ρ̃}(r(x)) r^2(x) dx ≥ 0, (2.82)

by using (2.72) and the monotone convergence theorem for integrals. In fact we have ∫ T ρ^i(x)L(m_{T ρ}i (r(x)) − ρ̃(x)L(m_{ρ̃}(r(x))) r^2(x) dx = ∫ T ρ^i(x)L(m_{T ρ}i (r(x)))(1 − χ_{Aδ} ) r^2(x) dx + ∫ [T ρ^i(x)L(m_{T ρ}i (r(x))) − ρ̃(x)L(m_{ρ̃}(r(x)))]χ_{Aδ} r^2(x) dx + ∫ ρ̃(x)L(m_{ρ̃}(r(x)))(χ_{Aδ} − 1)

r^2(x) dx, (2.83)

where χ is the indicator function, and A_δ is the set defined in (2.79). For any i ≥ 1, ∫ T ρ^i(x)L(m_{T ρ}i (r(x)))(1 − χ_{Aδ} ) r^2(x) dx ≥ 0. (2.84)

We fix δ, and by (2.72), we know that the second term on the right hand side of (2.83) approaches zero as i → ∞. Therefore, in view of (2.84),

lim inf_{i→∞} ∫ T ρ_i(x)L(m_{T ρi} (r(x))) − ρ̃(x)L(m_{ρ̃}(r(x))) r^2(x) dx ≥ ∫ ρ̃(x)L(m_{ρ̃}(r(x)))(χ_{Aδ} − 1)

r^2(x) dx. (2.85)

By the monotone convergence theorem of integrals, we have

lim_{δ→0} | ∫ ρ̃(x)L(m_{ρ̃}(r(x)))(χ_{Aδ} − 1) r^2(x) dx| = 0. (2.86)

Letting δ → 0 in (2.85), gives (2.82). By (2.60), (2.71) and (2.82), we obtain

F (ρ̃) ≤ lim inf_{i→∞} F (T ρ^i). (2.87)

Since T ρ^i is a minimizing sequence, ρ̃ is a minimizer of F in W_M . This completes the proof of Theorem 2.3.

3 Nonlinear Stability of Rotating Star Solutions . We consider the Cauchy problem for (1.1) with the initial data

ρ(x, 0) = ρ_0(x), v(x, 0) = v_0(x). (3.1)

We begin by giving the definition of a weak solution.

Definition: Let ρv = m. The triple (ρ, m, Φ)(x, t) (x ∈ R^3 , t ∈ [0, T ]) (T > 0) and Φ given by (1.2, with ρ ≥ 0, m, m ⊗ m/ρ and ρ∇Φ being in L^1_{loc}(R^3 × [0, T ]), is called a weak solution of the Cauchy problem (1.1) and (3.1) on R^3 × [0, T ] if for any Lipschitz continuous test functions ψ and Ψ = (ψ_1, ψ_2, ψ_3) with compact supports in R^3 × [0, T ], ∫_T 0 ∫ (ρψ_t + m · ∇ψ) dxdt + ∫ ρ_0(x)ψ(x, 0)dx = 0, (3.2) and ∫_T 0 ∫ ( m · Ψ_t + m ⊗ m ρ · ∇Ψ ) dxdt + ∫ m_0(x)Ψ(x, 0)dx = ∫_T 0 ∫ ρ∇ΦΨdxdt, (3.3) both hold.

For any weak solution, it is easy to verify that the total mass is conserved by using a generalized divergence theorem for L^r functions (r ≥ 1) (cf. [7]), ∫ ρ(x, t)dx = ∫ ρ(x, 0)dx, t ≥ 0. (3.4) The total energy of system (1.1) at time t is

E(t) = E(ρ(t), v(t)) = ∫ ( A(ρ) + 1 2 ρ|v|^2 ) (x, t)dx − 1 8π ∫ |∇Φ|^2(x, t)dx, (3.5) where as before, A(ρ) = p(ρ) γ − 1 . (3.6)

Note that the energy E(t) has both a positive and a negative part. This makes the stability analysis highly nontrivial, as noted in [30]. For a solution of (1.1) without shock waves, the total energy is conserved, i.e., E(t) = E(0) (t ≥ 0)(cf. [33]). For solutions with shock waves, the energy should be non-increasing in time, so that for all t ≥ 0,

E(t) ≤ E(0), (3.7)

due to the entropy conditions, which are motivated by the second law of thermodynamics (cf. [18] and [32]). This will be proved in Theorem 5.1, below.

We consider axi-symmetric initial data, which takes the form ρ_0(x) = ρ(r, z), v_0(x) = v^r_0(r, z)e_r + v^θ_0 (r, z)e_θ + v^3_0(ρ, z)e_3. (3.8) Here r = √ x^2_1 + x^2, z = x_3, x = (x_1, x_2, x_3) ∈ R^3 (as before), and e_r = (x_1/r, x_2/r, 0)^T, e_θ = (−x_2/r, x_1/r, 0)^T, e_3 = (0, 0, 1)^T. (3.9) We seek axi-symmetric solutions of the form ρ(x, t) = ρ(r, z, t), v(x, t) = v^r(r, z, t)e_r + v^θ(r, z, t)e_θ + v^3(r, z, t)e_3, (3.10) Φ(x, t) = Φ(r, z, t) = −Bρ(r, z, t), (3.11) We call a vector field u(x, t) = (u_1, u_2, u_3)(x) (x ∈ R^3 ) axi-symmetric if it can be written in the form u(x) = u^r(r, z)e_r + u^θ(r, z)e_θ + u^3(ρ, z)e_3.

For the velocity field v = (v_1, v_2, v_3)(x, t), we define the angular momentum j(x, t) about the x_3-axis at (x, t) , t ≥ 0, by j(x, t) = x_1v_2 − x_2v_1. (3.12) For an axi-symmetric velocity field v(x, t) = v^r(r, z, t)e_r + v^θ(r, z, t)e_θ + v^3(ρ, z, t)e_3, (3.13) v_1 = x_1 r v^r − x_2 r v^θ, v_2 = x_2 r v^r + x_1 r v^θ, v_3 = v^3, (3.14) so that j(x, t) = rv^θ(r, z, t). (3.15) In view of ( 3.13) and (3.15), we have

|v|^2 = |v^r|^2 + j^2 r^2

+ |v^3|^2. (3.16) Therefore, the total energy at time t can be written as E(ρ(t), v(t)) = ∫ A(ρ)(x, t)dx + 1 2 ∫ ρj^2(x, t) r^2(x) dx − 1 8π ∫ |∇Bρ|^2(x, t)dx + 1 2 ∫ ρ(|v^r|^2 + |v^3|^2)(x, t)dx. (3.17)

There are two important conserved quantities for the Euler-Poisson equations (1.1); namely the total mass and the angular momentum. In order to describe these, we define D_t, the nonvacuum region at time t ≥ 0 of the solution by D_t = {x ∈ R^3 : ρ(x, t) > 0}. (3.18)

We will make the following physically reasonable assumptions A1)-A4) on weak solutions of the Cauchy problem (1.1) and (3.1):

A1) For any t ≥ 0, there exists a measurable subset G_t ⊂ D_t with meas(D_t−G_t) = 0 (meas denotes the Lebsegue measure) such that, for any x ∈ G_t, there exists a unique (backwards) particle path ξ(τ, x, t) for 0 ≤ τ ≤ t satisfying ∂_τ ξ(τ, x, t) = v(ξ(τ, x, t), τ), ξ(t, x, t) = x. (3.19) For x ∈ G_t, we write ξ(0, x, t) = ξ_{−t}(x). Also, for x ∈ R^3 and t ≥ 0, we denote the total mass at time t in the cylinder {y ∈ R^3 : r(y) ≤ r(x)} by m_{ρ(t)}(r(x)), i.e.,

m_{ρ(t)}(r(x)) = ∫ r(y)≤r(x) ρ(y, t)dy. (3.20) For axi-symmetric motion, we assume A2) m_{ρ(t)}(r(x)) = m_{ρ0} (r(ξ_{−t}(x))), for x ∈ G_t, t ≥ 0. (3.21) Moreover, the angular momentum is conserved along the particle path: A3) j(x, t) = j(ξ_{−t}(x), 0), for x ∈ G_t, t ≥ 0. (3.22) (Both (3.21) and (3.22) are shown in [33] if the solution has some regularity.) Finally, for L = j^2, we need a technical assumption; namely, A4) lim_{r→0+}

L(m_{ρ(t)}(r) + m_{ρ̃}(r))m_{σ(t)}(r) r^2

= 0, (3.23) for t ≥ 0, where σ(t) = ρ(t) − ρ̃.

Remark 4. (3.23) can be understood as follows. For any ρ ∈ W_M , we have lim_{r→0+} m_ρ(r) = 0. Therefore lim_{r→0+} L(m_{ρ(t)}(r) + m_{ρ̃}(r)) = L(0) = 0, so if we define ρ̂(s, t) −^̃ρ(s) = ∫_{+∞} −∞ (ρ(s, z, t) − ρ̃(s, z))dz, then if m_{σ(t)}(r) r^2 = ∫_r 0 (2πs(ρ̂(s, t) − ^̃ρ(s))ds r^2 ∈ L^∞(0, δ) for some δ > 0, (3.24) (3.23)will hold. If ρ̂(·, t)−^̃ρ(·) ∈ L^∞(0, δ), then (3.24) holds. This can be assured by assuming that ρ(r, z, t) − ρ̃(r, z) ∈ L^∞((0, δ) × R × R^+ ) and decays fast enough in the z direction. For example, when ρ(x, t) − ρ̃(x) has compact support in R^3 and ρ(·, t) − ρ̃(·) ∈ L^∞(R^3 ), then (3.23) holds.

Now we make some assumptions on the initial data; namely, we assume that the initial data is such that the initial total mass and angular momentum are the same as those of the rotating star solution (those two quantities are conserved quantities). Therefore, we require I_1) ∫ ρ_0(x)dx = ∫ ρ̃(x)dx = M. (3.25) Moreover we assume

I_2) For the initial angular momentum j(x, 0) = rv^θ_0(r, z) =: j_0(r, z) (r = √ x^2_1 + x^2, z = x_3 for x = (x_1, x_2, x_3), we assume j(x, 0) only depends on the total mass in the cylinder {y ∈ R^3 , r(y) ≤ r(x)}, i.e. , j(x, 0) = j_0 (m_{ρ0} (r(x))) . (3.26) Finally, we assume that the initial profile of the angular momentum per unit mass is the same as that of the rotating star solution, i. e.,

I_3) j^2_0 (m) = L(m), 0 ≤ m ≤ M, (3.27) where L(m) is the profile of the square of the angular momentum of the rotating star defined in Section 2. ((3.26) implies that we require that v^θ_0(r, z) only depends on r.) In order to state our stability result, we need some notation. Let λ be the number in Theorem 2.2, i.e., A^′(ρ̃(x)) + ∫_∞ r(x) L(mρ̃(s))s −3ds − Bρ̃(x) = λ, x ∈ Γ, ∫_∞ r(x) L(mρ̃)(s))s −3ds − Bρ̃(x) ≥ λ, x ∈ R^3 − Γ, (3.28)

with A defined in (2.3), and Γ defined in (2.10).

For ρ ∈ L^1 ∩ L^γ , we define, d(ρ, ρ̃) = ∫ [A(ρ) − A(ρ̃)] + (ρ − ρ̃) ∫_∞ r(x) { L(m_{ρ̃}(s))

s^3 ds − λ − Bρ̃}dx. (3.29) Remark 5. For x ∈ Γ, in view of (3.6) and (3.28), we have,

(A(ρ) − A(ρ̃))(x) + ( ∫_∞ r(x) L(m_{ρ̃}(s)) s^3 ds − λ − Bρ̃(x))(ρ − ρ̃) = (A(ρ) − A(ρ̃) − A^′(ρ̃)(ρ − ρ̃))(x) = p(ρ) − p(ρ̃) − p^′(ρ̃)(ρ − ρ̃) γ − 1 (x) ≥ 0. (3.30)

Thus, for ρ ∈ W_M , d(ρ, ρ̃) ≥ 0. (3.31) Moreover, d(ρ, ρ̃) = 0 if and only if ρ = ρ̃, and if γ ≤ 2, d(ρ, ρ̃) ≥ C||ρ − ρ̃||^2, ρ ∈ W_M . (3.32)

We also define

d_1(ρ, ρ̃) = 1 2 ∫ ρ(x)L(m_ρ(r(x)) − ρ̃(x)L(m_{ρ̃}(r(x)) r^2(x) dx − ∫ ∫_∞ r(x) s^{−3}L(m_{ρ̃}(s))ds(ρ(x) − ρ̃(x))dx, (3.33) for ρ ∈ W_M . We shall show later that d_1 ≥ 0. Our main stability result in this paper is the following global-in-time stability theorem.

Theorem 3.1. Let ρ̃ be a minimizer of the functional F in W_M , and assume that it is unique up to a vertical shift. Suppose γ > 4/3 and the above assumptions A1)-A4) and I_1)- I_3) hold. Moreover, assume that the angular momentum of the rotating star solution ρ̃ satisfies (2.6), (2.12) and (2.13). Let (ρ, v, Φ)(x, t) be an axi-symmetric weak solution of the Cauchy problem (1.1), (3.1) with ρ(·, t) ∈ L^1 ∩ L^γ , ρ|v|^2(·, t) ∈ L^1 and ∇Φ(·, t) = −∇Bρ(·, t) ∈ L^2. If the total energy E(t) (c.f. (3.5)) is non-increasing with respect to t, then for every ϵ > 0, there exists a number δ > 0 such that if

d(ρ_0, ρ̃) + 1 8π ||∇Bρ_0 − ∇Bρ̃||^2 + |d_1(ρ_0, ρ̃)| + 1 2 ∫ ρ_0(x)(|v^r_0 |^2 + |v^3_0 |^2)(x)dx < δ, (3.34)

then there is a vertical shift ae_3 (a ∈ R, e_3 = (0, 0, 1)) such that, for every t > 0 d(ρ(t), T^aρ̃) + 1 8π ||∇Bρ(t) − BT^aρ̃||^2 + |d_1(ρ(t), T^aρ̃)| + 1 2 ∫ ρ(x, t)(|v^r (x, t)|^2 + |v^3(x, t)|^2)dx < ϵ, (3.35) where T^aρ̃(x) =: ρ̃(x + ae_3).

Remark 6. The vertical shift ae_3 appearing in the theorem is analogous to a similar phenomenon which appears in the study of stability of viscous traveling waves in conservation laws, whereby convergence is to a “shift“ of the original traveling wave. Remark 7. Without the uniqueness assumption for the minimizer of F in W_M , we can have the following type of stability result, as observed in [30] for the non-rotating star solutions. Suppose the assumptions in Theorem 3.1 hold. Let S_M be the set of all minimizers of F in W_M and (ρ, v, Φ)(x, t) be an axi-symmetric weak solution of the Cauchy problem (1.1), (3.1) with ρ(·, t) ∈ L^1 ∩ L^γ , ρ|v|^2(·, t) ∈ L^1 and let ∇Φ(·, t) = −∇Bρ(·, t) ∈ L^2. If the total energy E(t) is non-increasing with respect to t, then for every ϵ > 0, there exists a number δ > 0 such that if inf_{ρ̃∈SM} [ d(ρ_0, ρ̃) + 1 8π ||∇Bρ_0 − ∇Bρ̃||^2 + |d_1(ρ_0, ρ̃)| ]

+ 1 2 ∫ ρ_0(x)(|v^r_0 |^2 + |v^3_0 |^2)(x)dx < δ, (3.36) then for every t > 0 inf_{ρ̃∈SM} [ d(ρ(t), T^aρ̃) + 1 8π ||∇Bρ(t) − BT^aρ̃||^2 + |d_1(ρ(t), T^aρ̃)| ]

+ 1 2 ∫ ρ(x, t)(|v^r(x, t)|^2 + |v^3(x, t)|^2)(x)dx < ϵ. (3.37) The proof of this follows exactly along the same line as that for Theorem 3.1.

In order to prove Theorem 3.1, we need several lemmas. First we have Lemma 3.1. Suppose the angular momentum of the rotating star solutions satisfies (2.6), (2.12) and (2.13). For any ρ(x) ∈ W_M , if lim_{r→0+} L(m_ρ(r) + m_{ρ̃}(r))m_σ(r)r^{−2} = 0, (3.38)

where σ = ρ − ρ̃, then d_1(ρ, ρ̃) ≥ 0, (3.39) where d_1 is defined by (3.33).

Proof. First, we introduce some notation. For an axi-symmetric function f(x) = f(r, z) (r = √ x^2_1 + x^2, z = x_3 for x = (x_1, x_2, x_3)), we let f̂(r) = 2πr ∫_{+∞} −∞ f(r, z)dz, (3.40)

m_f (r) = ∫ {x: √_{x21+x2≤r}} f(x)dx = ∫_r 0 f̂(s)ds, (3.41) so that m^′_f (r) = f̂(r). (3.42) In order to show (3.39), we let σ(x) = (ρ − ρ̃)(x), (3.43) and for 0 ≤ α ≤ 1, we define Q(α) = 1 2 ∫ (ρ̃ + ασ)(x)L(m_{ρ̃+ασ}(r(x))) − ρ̃(x)L(m_{ρ̃}(r(x))) r^2(x) dx − α ∫ ∫_∞ r(x) s^{−3}L(m_{ρ̃}(s))dsσ(x)dx. (3.44) Then Q(0) = 0, Q(1) = d_1(ρ, ρ̃). (3.45) Since m_{ρ̃+ασ}(r(x)) = ∫_{r(x)} 0 2πs ∫_{+∞} −∞ (ρ̃ + ασ)(s, z)dzds, (3.46) we have d dα m_{ρ̃+ασ}(r(x)) = ∫_{r(x)} 0 2πs ∫_{+∞} −∞ σ(s, z)dzds = m_σ(r(x)). (3.47) Therefore,

Q^′(α) = 1 2 ∫ σ(x)L(m_{ρ̃+ασ}(r(x))) r^2(x) dx + 1 2 ∫ (ρ̃ + ασ)(x)L^′(m_{ρ̃+ασ}(r(x)))m_σ (r(x)) r^2(x) dx − ∫ ∫_∞ r(x) s^{−3}L(m_{ρ̃}(s))dsσ(x)dx, (3.48) and in view of (3.42), d dr L(m_{ρ̃+ασ}(r)) = L^′(m_{ρ̃+ασ}(r))( ^̃ρ + ασ̂)(r). (3.49)

Therefore, by virtue of (3.49) and (3.42), we obtain 1 2 ∫ (ρ̃ + ασ)(x)L^′(m_{ρ̃+ασ}(r(x)))m_σ (r(x)) r^2(x) dx = 1 2 ∫_{+∞} 0 ( ^̃ρ + ασ̂)(r)L^′(m_{ρ̃+ασ}(r))m_σ(r)r^{−2}dr = 1 2 ∫_{+∞} 0 d dr [L(m_{ρ̃+ασ}(r))]m_σ(r)r^{−2}dr. (3.50)

For 0 ≤ α ≤ 1, since (cf. (2.13)) L^′(m) ≥ 0, we have

L(m_{ρ̃+ασ}(r)) ≤ L(m_{ρ̃+ρ}(r)). (3.51)

This, together with (3.38), implies

lim_{r→0+} L(m_{ρ̃+ασ}(r))m_σ (r)r^{−2} = 0. (3.52)

Moreover, since m_σ(+∞) = ∫ σ(x)dx = ∫ (ρ − ρ̃)(x) = 0 and lim_{r→∞} L(m_{ρ̃+ασ}(r) = L(M), we have lim_{r→∞} L(m_{ρ̃+ασ}(r))m_σ(r)r^{−2} = 0. (3.53)

It follows from (3.50), (3.52), (3.53) and integration by parts that 1 2 ∫ (ρ̃ + ασ)(x)L^′(m_{ρ̃+ασ}(r(x)))m_σ (r(x)) r^2(x) dx = − 1 2 ∫_{+∞} 0 σ̂(r)L(m_{ρ̃+ασ}(r))m_σ(r)r^{−2}dr + ∫_{+∞} 0 L(m_{ρ̃+ασ}(r))m_σ(r)r^{−3}dr. (3.54)

Since ∫_{+∞} 0 σ̂(r)L(m_{ρ̃+ασ}(r))m_σ(r)r^{−2}dr = ∫ σ(x)L(m_{ρ̃+ασ}(r(x))) r^2(x) dx, (3.55) and ∫ ∫_∞ r(x) s^{−3}L(m_{ρ̃}(s))dsσ(x)dx = ∫_{+∞} 0 σ̂(r) ∫_∞ r s^{−3}L(m_{ρ̃}(s))dsdr, (3.56) (3.48) and (3.54) imply Q^′(α) = ∫_{+∞} 0 L(m_{ρ̃+ασ}(r))m_σ (r)r^{−3}dr − ∫_{+∞} 0 σ̂(r) ∫_∞ r s^{−3}L(m_{ρ̃}(s))dsdr. (3.57) Using (3.41), we have m_σ(r) = ∫_r 0 σ̂(s)ds, so substituting this into the first term in (3.57) and interchanging the order of integration gives ∫_{+∞} 0 L(m_{ρ̃+ασ}(r))m_σ(r)r^{−3}dr = ∫_{+∞} 0 ∫_r 0 r^{−3}L(m_{ρ̃+ασ}(r))σ̂(s)dsdr = ∫_{+∞} 0 σ̂(s) ∫_{+∞} s r^{−3}L(m_{ρ̃+ασ}(r))drds = ∫_{+∞} 0 σ̂(r) ∫_{+∞} r s^{−3}L(m_{ρ̃+ασ}(s))dsdr. (3.58) Hence (3.57) and (3.58) yield Q^′(α) = ∫_{+∞} 0 σ̂(r) ∫_∞ r s^{−3}(L(m_{ρ̃+ασ} (s)) − L(m_{ρ̃}(s)))dsdr, (3.59) and therefore Q(0) = Q^′(0) = 0. (3.60) Differentiating (3.59) again, we obtain d^2Q(α) dα^2 = α ∫_{+∞} 0 σ̂(r) ∫_∞ r s^{−3}L^′(m_{ρ̃+ασ}(s))m_σ (s)dsdr, (3.61) and interchanging the order of integration gives d^2Q(α) dα^2 = α ∫_{+∞} 0 s^{−3} ∫_s 0 σ̂(r)drL^′(m_{ρ̃+ασ}(s))m_σ(s)ds. (3.62) Noting that ∫_s 0 σ̂(r)dr = m_σ(s), we obtain d^2Q(α) dα^2 = α ∫_{+∞} 0 s^{−3}L^′(m_{ρ̃+ασ}(s))(m_σ (s))^2ds. (3.63)

Therefore, if L^′(m) ≥ 0 for 0 ≤ m ≤ M, then d^2Q(α) dα^2 ≥ 0, for 0 ≤ α ≤ 1. (3.64) This, together with (3.60)and (3.45), yields d_1(ρ, ρ̃) = Q(1) ≥ 0.

Lemma 3.2. Let (ρ, v) be a solution of the Cauchy problem (1.1), (3.1) as stated in Theorem 3.1, then E(ρ, v)(t) − F (ρ̃) = d(ρ(t), ρ̃) + d_1(ρ(t), ρ̃) − 1 8π ||∇(Bρ(·, t) − Bρ̃)||^2 + 1 2 ∫ ρ(|v^r|^2 + |v^3|^2)(x, t)dx. (3.65) Proof. From A1)-A3), for any x ∈ G_t we have j^2(x, t) = j^2_0 (ξ_{−t}(x)), (3.66) (see (3.26)). In view of (3.22) and (3.27), j^2(x, t) = j^2_0 (ξ_{−t}(x)) = L(m_{ρ0} (r(ξ_{−t}(x))), (3.67) for x ∈ G_t. This, together with (3.21), yields j^2(x, t) = L(m_{ρ(t)}(r(x))), x ∈ G_t. (3.68) Therefore, by (3.17), we have E(ρ(t), v(t)) = ∫ A(ρ)(x, t)dx + 1 2 ∫ ρ(x, t)L(m_{ρ(t)}(r(x)) r^2(x) dx − 1 8π ∫ |∇Bρ|^2(x, t)dx + 1 2 ∫ ρ(|v^r|^2 + |v^3|^2)(x, t)dx. (3.69) Here we have used the fact that ∫ ρ(x, t)L(m_{ρ(t)}(r(x)) r^2(x) dx = ∫ G_t ρ(x, t)L(m_{ρ(t)}(r(x)) r^2(x) dx, which holds because D_t = {x ∈ R^3 : ρ(x, t) > 0}, G_t ⊂ D_T and meas(D_t − G_t) = 0. It follows from (2.5) and (3.69) that E(ρ, v)(t) − F (ρ̃) = ∫ (A(ρ)(x, t) − A(ρ̃)(x))dx + 1 2 ∫ ρ(x, t)L(m_{ρ(t)}(r(x)) − ρ̃(x)L(m_{ρ̃}(r(x)) r^2(x) dx − 1 8π (||∇Bρ(x, t)||^2 − ||∇Bρ̃||^2) + 1 2 ∫ ρ(|v^r|^2 + |v^3|^2)(x, t)dx. (3.70)

On the other hand, − 1 8π (||∇Bρ(·, t)||^2 − ||∇Bρ̃||^2) = − 1 8π ||∇(Bρ(·, t) − ∇Bρ̃)||^2 − 1 4π ∫ ∇Bρ̃(x) · (∇Bρ(x, t) − ∇Bρ̃(x))dx. (3.71) Noting that Δ(Bρ − Bρ̃) = −4π(ρ − ρ̃), and integrating by parts (this is legitimate, cf. [29]) gives, − 1 4π ∫ ∇Bρ̃(x) · (∇Bρ(x, t) − ∇Bρ̃(x))dx = 1 4π ∫ Bρ̃(x)(ΔBρ(x, t) − ΔBρ̃(x))dx = ∫ Bρ̃(x)(ρ(x, t) − ρ̃(x))dx. (3.72) By (3.70)-(3.72), and noting (3.33), we have E(ρ, v)(t) − F (ρ̃) = ∫ ( A(ρ) − A(ρ̃) + (ρ − ρ̃){ ∫_∞ r(x) L(m_{ρ̃}(s)) s^3 ds − Bρ̃} ) dx + d_1(ρ(t), ρ̃) − 1 8π (||∇(Bρ(x, t) − Bρ̃)||^2 + 1 2 ∫ ρ(|v^r|^2 + |v^3|^2)(x, t)dx. (3.73)

Since ρ(·, t) ∈ W_M , ∫ ρ(x, t)dx = ∫ ρ̃(x)dx = M. Thus ∫ λ(ρ(x, t) − ρ̃(x))dx = 0. Therefore, the first term in (3.73) is the same as d(ρ(t), ρ̃) defined by (3.29). This completes the proof of the lemma.

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Assume the theorem is false. Then there exist ϵ_0 > 0, t_n > 0 and initial data ρ_n(x, 0) ∈ W_M and v_n(x, 0) such that for all n ∈ N,

d(ρ_n(0), ρ̃) + d_1(ρ_0, ρ̃) + 1 8π ||∇Bρ_n(0) − ∇Bρ̃||^2 + 1 2 ∫ ρ_n(x, 0)(|v^r_n(x, 0)|^2 + |v^3_n(x, 0)|^2)(x)dx < 1 n , (3.74)

but for any a ∈ R,

d(ρ_n(t_n), T^aρ̃) + d_1(ρ(t), T^aρ̃) + 1 8π ||∇Bρ_n(t_n) − ∇BT^aρ̃||^2 + 1 2 ∫ ρ_n(x, t_n)(|v^r_n(x, t_n)|^2 + |v^3_n(x, t_n)|^2)(x)dx ≥ ϵ_0. (3.75)

By (3.65) and (3.74), we have lim_{n→∞} E(ρ_n(0), v_n(0)) = F (ρ̃). (3.76) Since E(ρ_n(t), v_n(t)) is non-increasing in time,

lim_{n→∞} sup F (ρ_n(t_n)) ≤ lim_{n→∞} E(ρ_n(t_n), v_n(t_n)) ≤ lim_{n→∞} E(ρ_n(0), v_n(0)) = F (ρ̃). (3.77) (The first inequality holds because we have, similar to (3.71), E(ρ, v)(t) − F (ρ(t)) = 1 2 ∫ ρ(|v^r|^2 + |v^3|^2)(x, t)dx ≥ 0, t ≥ 0.) Therefore {ρ_n(·, t_n)} ⊂ W_M is a minimizing sequence for the functional F . We apply Theorem 2.3 to conclude that there exists a sequence {a_n} ⊂ R such that up to a subsequence, ||∇(Bρ_n(t_n) − BT^{an}ρ̃)||_2 → 0, (3.78) as n → ∞; this is where we use the assumption that the minimizer is unique up to a vertical shift. Note also that for any ρ ∈ W_M and a ∈ R, ||∇B(T^aρ) − ∇Bρ̃||_2 = ||∇B(ρ) − ∇BT^{−a}ρ̃||_2, d(T^aρ, ρ̃) = d(ρ, T^{−a}ρ̃), and d_1(T^aρ, ρ̃) = d_1(ρ, T^{−a}ρ̃). (3.79)

Thus, by (3.65), the fact that the energy is non-increasing in time, and F (T^aρ) = F (ρ), we have for any ρ ∈ W_M and a ∈ R, E(ρ_n(t_n), v_n(t_n)) − F (T^{an}ρ̃) = d(ρ_n(t_n), T^{an}ρ̃) + d_1(ρ(t_n), T^{an}ρ̃) − 1 8π ||∇(Bρ_n(t_n) − BT^{an}ρ̃)||^2 + 1 2 ∫ ρ_n(|v^r_n|^2 + |v^3_n|^2)(x, t_n)dx ≤ E(ρ_n(0), v_n(0)) − F (T^{an}ρ̃) = E(ρ_n(0), v_n(0)) − F (ρ̃) → 0, (3.80) as n → ∞. Since ||∇Bρ_n(t_n) − ∇BT^{an}ρ̃||_2 → 0, as n → ∞, d(ρ_n(t_n), ρ̃) ≥ 0 (cf. (3.31)) and d_1(ρ(t_n), ρ̃) ≥ 0 (cf. A4) and (3.37)), we have d(ρ_n(t_n), T^{an}ρ̃) + d_1(ρ(t_n), T^{an}ρ̃) + 1 8π ||∇(Bρ_n(t_n) − T^{an} Bρ̃)||^2 + 1 2 ∫ ρ_n(|v^r_n|^2 + |v^3_n|^2)(x, t_n)dx → 0, (3.81) as n → ∞. This contradicts (3.75), and completes the proof.

4 Stability of General Entropy Solutions

In this section, we shall obtain a stability theorem for general entropy weak solutions. We begin with the definition of entropy weak solution.

Definition 4.1. A weak solution (defined in Section 3) on R^3 × [0, T ] is called an entropy weak solution of (1.1) if it satisfies the following “entropy inequality”: ∂_tη + 3∑ j=1 ∂_{xj} q_j + ρ 3∑ j=1 η_{mj} Φ_{xj} ≤ 0, (4.1)

in the sense of distributions; i.e., ∫_T 0 ∫ R^3 ηβ_t + q · ∇β − ρ 3∑ j=1 η_{mj} Φ_{xj} β dxdt + ∫ R^3 β(x, 0)η(x, 0)dx ≥ 0, (4.2)

for any nonnegative Lipschitz continuous test function β with compact support in [0, T )×R^3 . Here the “entropy” function η and “entropy flux” functions q_j and q, are defined by

η =^{|m|2}_{2ρ} + ρ ∫_ρ 0 p^′(s) s^2 ds = |m|^2 2ρ +^{ργ}_{γ−1} , q_j =^{|m|2mj}_{2ρ2} + m_j ∫_ρ 0 p^′(s) s ds =^{|m|2}_{2ρ} +^{γργ}_{γ−1} (j = 1, 2, 3), q = (q_1, q_2, q_3).

(4.3)

Remark 8. The inequality (4.1) is motivated by the second law of thermodynamics ([18]), and plays an important role in shock wave theory ([32]). For smooth solutions, the inequality in (4.1) can be replaced by equality.

For a general entropy weak solution, our stability result is given by the following theorem:

Theorem 4.1. Suppose 1 < γ ≤ 2. Let (ρ, m, Φ)(x, t) (t ∈ [0, T ], x ∈ R^3 ) with (ρ, m) ∈ L^∞(R^3 × [0, T ]), be a weak solution of (1.1) satisfying the entropy condition (4.1) and let (ρ̄, m̄, Φ̄)(x, t), t ∈ [0, T ], x ∈ R^3 be any solution of (1.1) satisfying (ρ̄, m̄) ∈ W^{1,∞}_{loc} (R^3 × [0, T ]). Assume Z(T ) =: sup_{0≤t≤T} (||ρ(·, t)||_∞(||ρ(·, t)||_∞ + ||ρ̄(·, t)||_∞)^{2−γ} (V olS(t))^{2/3} + ||∇_xv̄(·, t)||_∞) < +∞, (4.4) and m ρ , m̄ ρ̄ ∈ L^∞(R^3 × [0, T ]). (4.5)

where S(t) = Supp|ρ − ρ̄|(·, t). Then there is a constant C(T ) depending on T and Z(T ) such that Y (t) ≤ C(T )Y (0), 0 ≤ t ≤ T, (4.6) where Y (t) = D(ρ, ρ̄)(t) + || √ ρ(∇Φ − ∇Φ̄)||^2(t) + ∫ ρ(x, t)|v − v̄|^2(x, t)dx, Φ = −Bρ, Φ̄ = −Bρ̄, and D(ρ, ρ̄) = ∫ p(ρ) − p(ρ̄) − p^′(ρ̄)(ρ − ρ̄) γ − 1 dx. Remark 9. The function (ρ̄, m̄, Φ̄) in the theorem could be, but is not necessarily, a rotating star solution.

Remark 10. For 1 < γ ≤ 2, it is easy to see D(ρ, ρ̄) ≥ C||ρ − ρ̄||^2, for some constant C > 0 if ρ, ρ̄ ∈ L^∞(R^3 × [0, T ]). Proof of Theorem 4.1 Letting U = (ρ, m)^T with m = (m_1, m_2, m_3) = ρv and Ū = (ρ̄, m̄)^T, we can write system (1.1) as U_t +

∑_3 j=1 F_j (U)_{xj} = −ρ∇Φ, ΔΦ = 4πρ. (4.7)

Here the flux functions F_j (U) are given by

F_1(U) = ( m_1, p(ρ) +^{m21}_ρ ,^{m1m2}_ρ ,^{m1m3}_ρ

)_T , F_2(U) = ( m_2,^{m1m2}_ρ , p(ρ) +^{m2}_ρ ,^{m2m3}_ρ

)_T , F_3(U) = ( m_3,^{m1m3}_ρ ,^{m2m3}_ρ , p(ρ) +^{m23}_ρ

)_T . (4.8)

The entropy and entropy fluxes η and q are as in (4.3) and satisfy

∇q_j(U) = ∇η(U)∇F_j (U), j = 1, 2, 3, (4.9)

as is easily verifiable. Since U is an entropy weak solution ∂_tη(U) + 3∑ j=1 ∂_{xj} q_j (U) + ρ 3∑ j=1 η_{mj} (U)Φ_{xj} ≤ 0, (4.10)

in the sense of distributions. Because Ū ∈ W^{1, ∞}_{loc} is a weak solution of (1.1), we have

∂_tη(Ū ) + 3∑ j=1 ∂_{xj} q_j (Ū) + ρ 3∑ j=1 η_{mj} (Ū)Φ̄_{xj} = 0. (4.11)

We define the relative entropy-entropy flux pairs by η^∗(U, Ū) = η(U) − η(Ū ) − ∇η(Ū )(U − Ū), q^∗_j (U, Ū ) = q_j (U) − q_j(Ū ) − ∇η(Ū )(F_j (U) − F_j (Ū )) (j = 1, 2, 3).

(4.12)

Using (4.10) and (4.11) gives ∂_tη^∗ + 3∑ j=1 ∂_{xj} q^∗_j

= (∂_tη(U) + 3∑ j=1 ∂_{xj} q_j(U)) − (∂_tη(Ū) + 3∑ j=1 ∂_{xj} q_j(Ū ))

− ∇^2η(Ū){(Ū_t, U − Ū) + ( 3∑ j=1 ∂_{xj} Ū, F_j (U) − F_j (Ū))}

− ∇η(Ū){(U − Ū)_t + 3∑ j=1 ∂_{xj} (F_j (U) − F_j (Ū))} ≤ (∇η(U) − ∇η(Ū))R − ∇^2η(Ū )(R̄, U − Ū) − ∇^2η(Ū) 3∑ j=1 ( ∂_{xj} Ū, F_j (U) − F_j (Ū ) − F^′_j (Ū)(U − Ū) ) , (4.13) in the sense of distributions, where R = (0, −ρ∇Φ)^T, and R̄ = (0, −ρ̄∇Φ̄)^T. (4.14) It is easy to check that (∇η(U) − ∇η(Ū ))R − ∇^2η(Ū )(R̄, U − Ū) = −ρ(v − v̄) · (∇Φ − ∇Φ̄), (4.15) so that ∂_tη^∗ + 3∑ j=1 ∂_{xj} q^∗_j ≤ −ρ(v − v̄) · (∇Φ − ∇Φ̄) − ∇^2η(Ū) 3∑ j=1 ( ∂_{xj} Ū, F_j (U) − F_j (Ū ) − F^′_j (Ū)(U − Ū) ) , (4.16) in the sense of distributions. That is, for any nonnegative, Lipschitz continuous test function ψ on R^3 × [0, T ), with compact support, we have ∫_T 0 ∫ R^3 ∂_tψη^∗ + 3∑ j=1 ∂_jψq^∗_j dxdt + ∫ R^3 ψ(x, 0)η^∗(x, 0)dx

≥ ∫_T 0 ∫ R^3 ψρ(v − v̄) · (∇Φ − ∇Φ̄)dxdt + ∫_T 0 ∫ R^3

ψ∇^2η(Ū ) 3∑ j=1 ( ∂_{xj} Ū, F_j (U) − F_j (Ū ) − F^′_j (Ū)(U − Ū) ) dxdt. (4.17) A calculation gives

∇^2η(U) =

m^2 ρ^3 + p^{′′}(ρ) γ−1 −^{m1}_{ρ2} −^{m2}_{ρ2} −^{m3}_{ρ2} −^{m1}_{ρ2}^1_ρ 0 0 −^{m2}_{ρ2} 0^1_ρ 0 −^{m3}_{ρ2} 0 0^1_ρ

, (4.18)

and also η^∗ = p(ρ) − p(ρ̄) − p^′(ρ̄)(ρ − ρ̄) γ − 1 + 1 2 ρ|⃗v − ¯⃗v|^2. (4.19) So, for 1 < γ ≤ 2, η^∗ ≥ c_1(||ρ(·, t)||_∞ + ||ρ̄(·, t)||_∞)^{γ−2}(ρ − ρ̄)^2 + 1 2 ρ|v − v̄|^2 ≥ 0, (4.20)

for some positive constant c_1.

A further calculation yields, using (4.18),

∇^2η(Ū ) 3∑ j=1 ( ∂_{xj} Ū, F_j (U) − F_j (Ū) − F^′_j (Ū)(U − Ū) )

= {p(ρ) − p(ρ̄) − p^′(ρ̄)(ρ − ρ̄)} 3∑ j=1 ∂_jv̄_j

+ 1 2 3∑ i,j=1 ρ(v_i − v̄_i)(v_j − v̄_j)(∂_jv̄_i + ∂_iv̄_j ). (4.21)

Here and in the following, we use the notation:

∂_j = ∂ ∂x_j , j = 1, 2, 3. Therefore, by (4.19) and (4.21), we have

|∇^2η(Ū ) 3∑ j=1 ( ∂_{xj} Ū, F_j (U) − F_j (Ū ) − F^′_j (Ū)(U − Ū) ) |(x, t) ≤ C||∇_xv̄(·, t)||_∞η^∗(x, t), (4.22) for x ∈ R^3 , t ∈ [0, T ) and some constant C > 0. Thus, (4.17)-(4.22) yield ∫_T 0 ∫ R^3 ∂_tψη^∗ + 3∑ j=1 ∂_jψq^∗_j dxdt + ∫ R^3 ψ(x, 0)η^∗(x, 0)dx

≥ ∫_T 0 ∫ R^3 ψρ(v − v̄) · (∇Φ − ∇Φ̄)dxdt − C sup_{0≤t≤T} ||∇_xv̄(·, t)||_∞ ∫_T 0 ∫ R^3 ψη^∗(x, t)dxdt. (4.23) Using (4.5), it is easy to see that there exists a positive constant Λ, which may depend on T , such that ( 3∑ j=1 |q^∗_j |^2)^{1/2}(x, t) ≤ Λη^∗(x, t), (x, t) ∈ R^3 × [0, T ]. (4.24)

For fixed L > 0, t ∈ (0, T ) and small ϵ > 0, we consider the test function ψ(x, τ) = ς(x, τ)ϑ(τ) defined by

ϑ(τ) = 1, 0 ≤ τ < t 1 ϵ (t − τ) + 1, t ≤ τ < t + ϵ 0, t + ϵ ≤ τ < T, (4.25)

ς(x, τ) = 1, (x, τ) ∈ R_1 1 ϵ [L + Λ(t − τ) − |x|] + 1, (x, τ) ∈ R_2 0, (x, τ) ∈ R_3, (4.26)

where R_1 = {(x, τ) : 0 ≤ τ < T, 0 ≤ |x| < L + Λ(t − τ)}, R_2 = {(x, τ) : 0 ≤ τ < T, L + Λ(t − τ) ≤ |x| < L + Λ(t − τ) + ϵ}, R_3 = {(x, τ) : 0 ≤ τ < T, |x| > L + Λ(t − τ) + ϵ}, and Λ is the constant given in (4.24). Substituting this in (4.23), a straightforward calculation yields, 1 ϵ ∫_{t+ϵ} t ∫ |x|<L η^∗(x, τ)dxdτ ≤ ∫ |x|<L+Λt η^∗(x, 0)dx

− 1 ϵ ∫_t 0 ∫ L+Λ(t−τ )≤|x|<L+Λ(t−τ )+ϵ Λη^∗ + 3∑ j=1 x_j |x| q^∗_j dxdτ

− ∫_t 0 ∫ |x|<L+Λ(t−τ ) ρ(v − v̄) · (∇Φ − ∇Φ̄)dxdτ + C sup_{0≤τ ≤T} ||∇_xv̄(·, τ)||_∞ ∫_t 0 ∫ |x|<L+Λ(t−τ ) η^∗(x, τ)dxdτ + O(ϵ). (4.27)

The second term on the right-had side of (4.27) is negative in view of (4.24), together with Cauchy-Schwartz inequality. Letting ϵ → 0^+ in (4.27) gives ∫ |x|<L η^∗(x, t)dx ≤ ∫ |x|<L+Λt η^∗(x, 0)dx − ∫_t 0 ∫ |x|<L+Λ(t−τ ) ρ(v − v̄) · (∇Φ − ∇Φ̄)dxdτ + C sup_{0≤τ ≤T} ||∇_xv̄(·, τ)||_∞ ∫_t 0 ∫ |x|<L+Λ(t−τ ) η^∗(x, τ)dxdτ. (4.28) We now let L → +∞ in (4.28) to get ∫ η^∗(x, t)dx ≤ ∫ η^∗(x, 0)dx − ∫_t 0 ∫ ρ(v − v̄) · (∇Φ − ∇Φ̄)dxdτ + C sup_{0≤τ ≤T} ||∇_xv̄(·, τ)||_∞ ∫_t 0 ∫ η^∗(x, τ)dxdτ. (4.29) The second term on the right hand side can be estimated as follows. By Cauchy-Schwartz inequality, we have | ∫ ρ(v − v̄) · (∇Φ − ¯∇Φ)(x, τ)dx ≤ 1 2 ∫ ρ|v − v̄|^2(x, τ)dx + 1 2 ∫ ρ|∇Φ − ¯∇Φ|^2(x, τ)dx. (4.30) Applying Lemma 2.3, we obtain ∫ ρ|∇Φ − ¯∇Φ|^2(x, t)dx ≤ ||ρ(·, τ)||_∞||∇(Φ − Φ̄)(·, τ||^2 ≤ C||ρ(·, τ)||_∞ (∫ |ρ − ρ̄|^{4/3}(x, t)dx ) (∫ |ρ − ρ̄|^{4/3}(x, τ)dx )_{2/3}

= C||ρ(·, t)||_∞ (∫ S(τ ) |ρ − ρ̄|^{4/3}(x, t)dx ) (∫ S(τ ) |ρ − ρ̄|^{4/3}(x, τ)dx )_{2/3} , (4.31)

where S(τ) = supp|ρ − ρ̄|(·, τ). It follows from Hölder’s inequality that ∫ S(t) |ρ − ρ̄|^{4/3}(x, t)dx ≤ (∫ S(τ ) |ρ − ρ̄|^2(x, τ)dx )_{2/3} (volS(τ))^{1/3}, (4.32) and ( ∫ S(t) |ρ − ρ̄|(x, τ)dx )_{2/3} ≤ (∫ S(t) |ρ − ρ̄|^2(x, τ)dx )_{1/3} (volS(τ))^{1/3}. (4.33)

Then using (4.31)-(4.33) we obtain ∫ ρ|∇Φ− ¯∇Φ|^2(x, τ)dx ≤ C||ρ(·, τ)||_∞(||ρ(·, τ)||_∞+||ρ̄(·, τ)||_∞)^{2−γ} ||(ρ−ρ̄)(·, τ)||^2(V olS(t)))^{2/3}. (4.34) In view of (4.20), (4.29), (4.30) and (4.34), we have ∫ η^∗(x, t)dx ≤ ∫ η^∗(x, 0)dx + CZ(T ) ∫_t 0 ∫ η^∗(x, τ)dxdτ, (4.35) for 0 ≤ t ≤ T , where Z(T ) =: sup_{0≤t≤T} (||ρ(·, t)||_∞(||ρ(·, t)||_∞ + ||ρ̄(·, t)||_∞)^{2−γ} (V olS(t))^{2/3} + ||∇_xv̄(·, t)||_∞). Then (4.6) follows from Gronwall’s inequality applied to (4.35) and using (4.19) and (4.20). This completes the proof of Theorem 4.1.

5 Uniform A Priori Estimates

The theorem proved in this section gives a uniform a priori estimate for the entropy weak solution defined in (4.2) of the Cauchy problem (1.1) and (3.1). As we shall see, this estimate justifies some assumptions made in Section 3 and should be useful for obtaining the existence of global weak solutions for the Cauchy problem.

Theorem 5.1. If (ρ, m) ∈ L^∞([0, T ]; L^1(R^3 )) satisfies the first equation in (1.1) in the sense of distributions, then ∫ R^3 ρ(x, t)dx = ∫ R^3 ρ(x, 0)dx =: M, 0 < t < T. (5.1) Let (ρ, m, Φ) be a weak solution defined in Definition 3.1. Suppose (ρ, m, Φ) satisfies the entropy condition (4.2), ρ ∈ L^∞([0, T ]; L^1(R^3 )) ∩ L^∞([0, T ]; L^r (R^3 )) for some r satisfying r > 3/2 and r ≥ γ, m ∈ L^∞([0, T ]; L^s(R^3 )) (s > 3), (η, q) ∈ L^∞([0, T ]; L^1(R^3 )), where η and q are given in (4.3). Moreover, we assume that (ρ, m) has the following additional regularity:

lim_{h→0} ∫_t 0 ∫ R^3 |ρ(x, τ + h) − ρ(x, τ)|dxdτ = 0, t ∈ (0, T ), a.e. (5.2) Then E(t) ≤ E(0), 0 < t < T, (5.3) and if γ >^4_3 , then H(t) ≤ C_1H(0) + C_2, 0 < t < T, (5.4) where C_1 and C_2 are two positive constants only depending on γ and M (cf. (5.1)), where H(t) = ∫ R^3 { ρ^γ γ − 1 + |m|^2 2ρ + 1 8π |∇Φ|^2}(x, t)dx, t ∈ [0, T ) . Remark 11. (5.1) and (5.3) justify some assumptions made in Section 3 on the conservation of total mass and non-increase of energy. Remark 12. The boundedness of ∫ R^3 ρ

γ (x, t)dx was proved in [10] for smooth solutions if γ > 4/3. Here we prove that this is still true for general week solutions satisfying the entropy condition even without assuming that ρ ∈ L^∞. In fact, the global existence of radial L^∞- solutions was proved in [34] for (1.1) outside a ball. The blow-up of L^∞-norm of the radial solutions of (1.1) in the entire R^3 space was discussed in [27] and [11], respectively. Remark 13. Condition (5.2) can be assured by the following condition

lim_{ϵ→0} sup 0≤τ ≤T,|y|≤1 ∫ R^3 |ρ(x, τ) − ρ(x − ϵy, τ)dx = 0, (5.5) if (ρ, m) ∈ L^∞([0, T ]; L^1(R^3 )); this is proved in the Appendix. Note that (5.2) is the L^1 modulus of continuity in time and (5.5) is the L^1 modulus of continuity in space.

In order to prove this theorem, we begin with the following lemma.

Lemma 5.1. If f ∈ L^r(R^3 ) (r ≥ 1), then

Bf ∈ L^p(R^3 ), with 1/p = 1/r − 2/3, if r < 3/2, L^∞(R^3 ), if r ≥ 3/2;

(5.6) and ∇(Bf) ∈ L^q(R^3 ), with 1/q = 1/r − 1/3, if r < 3, L^∞(R^3 ), if r ≥ 3.

(5.7)

The proof of this lemma follows from the extended Young inequality (cf. [28], p. 32).

Lemma 5.2. Suppose 0 ≤ ρ ∈ L^∞([0, T ]; L^1(R^3 )) and^{m√}_ρ ∈ L^∞([0, T ]; L^2(R^3 )), then

m ∈ L^∞([0, T ]; L^1(R^3 )). (5.8)

Proof. Using Hölder inequality, we have ∫ |m|dx = ∫ √ ρ |m| √ ρ dx ≤ ( ∫ ρdx)^{1/2}( ∫ |m|^2 ρ )^{1/2}. (5.9)

Note that (5.9) implies m ∈ L^∞([0, T ]; L^1(R^3 )).

Remark 14. η ∈ L^∞([0, T ]; L^1(R^3 )) implies^{m√}_ρ ∈ L^∞([0, T ]; L^2(R^3 )).

Lemma 5.3. Let (ρ, m, Φ) be a weak solution defined in Definition 3.1. Suppose (ρ, m, Φ) satisfies the entropy condition (4.2), ρ ∈ L^∞([0, T ]; L^1(R^3 )) ∩ L^∞([0, T ]; L^r (R^3 )) for some r satisfying r > 3/2 and r ≥ γ, m ∈ L^∞([0, T ]; L^s(R^3 )) (s > 3), (η, q) ∈ L^∞([0, T ]; L^1(R^3 )), where η and q are given in (4.3). Then, for any τ ∈ [0, T ), we have ∫ R^3 η(x, τ)dx − ∫_τ 0 ∫ R^3 m · ∇Φdxdt ≤ ∫ R^3 η(x, 0)dx, τ ∈ (0, T ), a.e. (5.10) Proof. For a fixed τ ∈ (0, T ), and small positive ϵ and R > 0, we define

θ(t) = 1, 0 ≤ t ≤ τ, −^1_ϵ (t − τ) + 1, τ ≤ t ≤ τ + ϵ, 0, τ + ϵ ≤ t ≤ T, (5.11)

and for x ∈ R^3 ,

α(x) = 1, |x| ≤ R, −^1_ϵ (|x| − R) + 1, R ≤ |x| ≤ R + ϵ, 0, |x| ≥ R + ϵ. (5.12)

Let β(x, t) = θ(t)α(x), then β(x, t) is Lipschitz continuous, with compact support in [0, T ) × R^3 . Using (4.2), a calculation yields − 1 ϵ ∫_{τ +ϵ} τ ∫ |x|≤R η(x, t)dxdt − 1 ϵ ∫_{τ +ϵ} τ ∫ R≤|x|≤R+ϵ η(x, t)α(x)dxdt

− 1 ϵ ∫_{τ +ϵ} 0 ∫ R≤|x|≤R+ϵ ( 3∑ j=1 q_j x_j |x| )θ(t)dxdt + ∫ |x|≤R η(x, 0)dx + ∫ R≤|x|≤R+ϵ η(x, 0)α(x)dx + ∫_τ 0 ∫ |x|≤R m · ∇Φdxdt + ∫_{τ +ϵ} τ ∫ |x|≤R+ϵ m · ∇Φβ(x, t)dxdt ≥ 0. (5.13) Since (η, q) ∈ L^∞([0, T ], L^1(R^3 ), we have lim_{R→∞} ∫ R≤|x|≤R+ϵ η(x, t)α(x)dx = 0, a.e., t ∈ [0, T ], (5.14)

lim_{R→∞} ∫ R≤|x|≤R+ϵ η(x, 0)α(x)dx = 0, (5.15) and lim_{R→∞} ∫ R≤|x|≤R+ϵ ( 3∑ j=1 q_j x_j |x| )θ(t)dx = 0, a.e., t ∈ [0, T ]. (5.16)

We let R → ∞ in (5.13) to get − 1 ϵ ∫_{τ +ϵ} τ ∫ R^3 η(x, t)dxdt + ∫ R^3 η(x, 0)dx + ∫_τ 0 ∫ R^3 m · ∇Φdxdt + ∫_{τ +ϵ} τ ∫ R^3 m · ∇Φβ(x, t)dxdt ≥ 0. (5.17) Because ρ ∈ L^∞([0, T ]; L^r (R^3 )) with r > 3/2, by (5.7) we have ∇Φ ∈ L^∞([0, T ]; L^q (R^3 ) with q > 3. It then follows from (5.8), the assumption m ∈ L^∞([0, T ]; L^s(R^3 )) with s > 3 and Holder’s inequality that m · ∇Φ ∈ L^∞([0, T ]; L^1(R^3 )).

This implies lim_{ϵ→0} ∫_{τ +ϵ} τ ∫ R^3 m · ∇Φβ(x, t)dxdt = 0. Letting ϵ → 0 in (5.17), we obtain (5.10).

Lemma 5.4. Let (ρ, m, Φ) be an entropy weak solution defined in Section 4 satisfying the conditions in Lemma 5.3. Then ∂_tΦ(x, t) = − ∫ R^3 m(y, t) · ∇_y( 1 |y − x| )dy. (5.18)

Moreover ∂_tΦ ∈ L^∞([0, T ]; L^1(R^3 )), (5.19) and ∂_tΦ ∈ L^∞([0, T ] × R^3 ). (5.20)

Proof. The key is to prove (5.18). Once (5.18) is proved, (5.19) and (5.20) follow from the fact that m ∈ L^∞([0, T ]; L^1(R^3 )) ∩ L^∞([0, T ]; L^s(R^3 )) and the extended Young’s inequality (cf. [28], p.32). In order to prove (5.18), we use the fact that (ρ, m) satisfies the first equation of (1.1) in the sense of distributions. For this purpose, we choose a C^∞ function δ(z) (z ∈ R^1 ) with compact support in the interval [1, 2] satisfying 0 ≤ δ(z) ≤ 1 and ∫_{+∞} −∞ δ(z)dz = 1, and let δ_ϵ(z) = 1 ϵ δ( z ϵ ), α_ϵ(z) = ∫_z −∞ δ_ϵ(s)ds, z ∈ R^1 , (5.21)

for small positive ϵ. For y ∈ R^3 , 0 < ϵ <^1_2 and R > 1, we set

f^R_ϵ (y) = α_ϵ(|y|), |y| ≤^R_2 + ϵ, α_ϵ(R + 2ϵ − |y|), |y| ≥^R_2 + ϵ. (5.22)

Then f^R_ϵ (y) = 0, as |y| ≤ ϵ, or |y| ≥ R + ϵ, 0 ≤ f^R_ϵ (y) ≤ 1, as ϵ ≤ |y| ≤ 2ϵ, or R ≤ |y| ≤ R + ϵ, f^R_ϵ (y) = 1, as 2ϵ ≤ |y| ≤ R. (5.23)

For x ∈ R^3 , we choose g^R_ϵ (y) = f^R_ϵ (y − x) 1 |y − x| . (5.24)

Then g^R_ϵ (y) ∈ C^∞_0 (R^3 ) for any fixed x ∈ R^3 . Since (ρ, m) satisfies the first equation of (1.1) in the sense of distributions, it is easy to show (see [15] for instance), ∫ R^3 ρ(y, t)g R ϵ (y)dy is differentiable in t for t ∈ [0, T ] a. e., and satisfies d dt ∫ R^3 ρ(y, t)g^R_ϵ (y)dy = ∫ R^3 m(y, t) · ∇_yg^R_ϵ (y)dy, t ∈ [0, T ], a. e. (5.25) We also let g_ϵ(y) = lim_{R→∞} g^R_ϵ (y), y ∈ R^3 . (5.26)

Then we show (5.18) in the following steps. Step 1. We show that ∫ R^3 ρ(y, t)gϵ(y)dy is differentiable for t ∈ (0, T ], a.e., and d dt ∫ R^3 ρ(y, t)g_ϵ(y)dy = ∫ R^3

m · ∇_yg_ϵ(y)dy, (5.27) for t ∈ (0, T ], a.e. For this purpose, we prove that 1 h ∫ R^3 ρ(y, t + h) − ρ(y, t) h g^R_ϵ (y)dy → ∫ R^3 m(y, t) · ∇_yg^R_ϵ (y)dy as h → 0 uniformly in R for R ≥ 1. (5.28)

This is proved as follows. Since (ρ, m) satisfies the first equation of (1.1) in the sense of distributions and g^R_ϵ (y) ∈ C^∞_c (R^3 ), it is easy to verify (see [15] for instance), ∫ R^3 (ρ(y, t + h) − ρ(y, t))g^R_ϵ (y)dy = ∫_{t+h} t ∫ R^3 m(y, s) · ∇_yg^R_ϵ (y)dyds, (5.29) for [t, t + h] ⊂ [0, T ]. Thus,

lim_{h→0} ∫ R^3 (ρ(y, t + h) − ρ(y, t)) h g^R_ϵ (y)dy = lim_{h→0} 1 h ∫_{t+h} t ∫ R^3 m(y, s) · ∇_yg^R_ϵ (y)dyds. (5.30) On the other hand, 1 h ∫_{t+h} t ∫ R^3 m(y, s) · ∇_yg^R_ϵ (y)dyds − ∫ R^3 m(y, t) · ∇_yg^R_ϵ (y)dy = 1 h ∫_{t+h} t ∫ R^3 (m(y, s) − m(y, t)) · ∇_yg^R_ϵ (y)dyds = 1 h ∫_{t+h} t ∫ ϵ≤|y−x|≤R (m(y, s) − m(y, t)) · ∇_y( α_ϵ(|y − x|) |y − x| )dyds + 1 h ∫_{t+h} t ∫ R≤|y−x|≤R+ϵ (m(y, s) − m(y, t)) · ∇_yg^R_ϵ (y)dyds. (5.31)

The first term can be handled as follows. For h > 0, | 1 h ∫_{t+h} t ∫ ϵ≤|y−x|≤R (m(y, s) − m(y, t)) · ∇_y( α_ϵ(|y − x|) |y − x| )dyds| ≤ | 1 h ∫_{t+h} t ∫ ϵ≤|y−x|≤R |m(y, s) − m(y, t)|( δ_ϵ(|y − x|) |y − x| + α_ϵ(|y − x|) |y − x|^2 )dyds ≤ 2 ϵh ∫_{t+h} t ∫ ϵ≤|y−x|≤2ϵ |m(y, s) − m(y, t)| 1 |y − x| dyds + 1 h ∫_{t+h} t ∫ 2ϵ≤|y−x|≤R |m(y, s) − m(y, t)| 1 |y − x|^2 dyds ≤ 2 ϵ^2h ∫_{t+h} t ∫ ϵ≤|y−x|≤2ϵ |m(y, s) − m(y, t)|dyds + 1 4ϵ^2h ∫_{t+h} t ∫ 2ϵ≤|y−x|≤R |m(y, s) − m(y, t)|dyds. (5.32) The last term in (5.31) can be estimated as follows. | 1 h ∫_{t+h} t ∫ R≤|y−x|≤R+ϵ (m(y, s) − m(y, t)) · ∇_yg^R_ϵ (y)dyds| ≤ ( 1 ϵ + 1 R ) 1 h ∫_{t+h} t ∫ R≤|y−x|≤R+ϵ |m(y, s) − m(y, t)| 1 |y − x| dyds ≤ ( 1 ϵ + 1 R ) 1 h ∫_{t+h} t ∫ R^3 |m(y, s) − m(y, t)|dyds. (5.33) Since we choose R > 1, (5.31), (5.32) and (5.33) yield, | 1 h ∫_{t+h} t ∫ R^3 m(y, s) · ∇_yg^R_ϵ (y)dyds − ∫ R^3 m(y, t) · ∇_yg^R_ϵ (y)dy| ≤ ( 9 4ϵ^2 + 1 ϵ + 1) 1 h ∫_{t+h} t ∫ R^3 |m(y, s) − m(y, t)|dyds. (5.34) Since m ∈ L^∞([0, T ]; L^1(R^3 ), we have lim h→0+ 1 h ∫_{t+h} t ∫ R^3 |m(y, s) − m(y, t)|dyds = 0, t ∈ [0, T ], a.e. (5.35) Therefore^1_h ∫_{t+h} t ∫ R^3 (m(y, s) − m(y, t)) · ∇yg R ϵ (y)dyds converges to zero as h → 0+ uniformly in R for R > 1. By a similar approach, we can show that^1_h ∫_t t−h ∫ R^3 (m(y, s) − m(y, t)) ·

∇_yg^R_ϵ (y)dyds converges to zero as h → 0− uniformly in R for R > 1. This verifies (5.28).

(5.27) follows by the following argument, using (5.22) and (5.24). d dt ∫ R^3 ρ(y, t)g_ϵ(y)dy = lim_{h→0} lim_{R→∞} ∫ R^3 ρ(y, t + h) − ρ(y, t) h g^R_ϵ (y)dy = lim_{R→∞} lim_{h→0} ∫ R^3 ρ(y, t + h) − ρ(y, t) h g^R_ϵ (y)dy = lim_{R→∞} d dt ∫ R^3 ρ(y, t)g^R_ϵ (y)dy = lim_{R→∞} ∫ R^3 m · ∇_yg^R_ϵ (y)dy = ∫ R^3

m · ∇_yg_ϵ(y)dy. (5.36) Step 2. In this step, we show that ∫ R^3 ρ(y, t)g_ϵ(y)dy → ∫ R^3 ρ(y, t) |y − x| dy as ϵ → 0 uniformly in t for t ∈ (0, T ), (5.37) and lim_{ϵ→0} ∫ R^3 m(y, t) · ∇_yg_ϵ(y)dy = ∫ R^3 m(y, t) · ∇_y( 1 |y − x| )dy, (5.38) for t ∈ (0, T ).

We prove (5.37) as follows. Since ρ ∈ L^∞([0, T ]; L^r(R^3 )) with r > 3/2 and r ≥ γ, we have, by using Hölder inequality, | ∫ R^3 ρ(y, t) |y − x| dy − ∫ R^3 ρ(y, t)g_ϵ(y)dy| ≤ ∫ ϵ≤|y−x|≤2ϵ ρ(y, t) |y − x| dy ≤ ( ∫ ϵ≤|y−x|≤2ϵ ρ^r(y, t)dy)^{1/r} ( ∫ ϵ≤|y−x|≤2ϵ 1 |y − x|^l dy)^{1/l}

≤ ||ρ||_L∞_{([0,T ];L}r_{(R}3_{))}( ∫_{2ϵ} ϵ 4πs^{2−l}ds) 1/l , (5.39)

where l =^r_{r−1} . Since r > 3/2, l < 3, (5.37) follows. Next (5.38) can be shown as follows.

Since m ∈ L^∞([0, T ]; L^s(R^3 )) for s > 3, we have | ∫ R^3 m(y, t) · ∇_yg_ϵ(y)dy − ∫ R^3 m(y, t) · ∇_y 1 |y − x| dy| = | ∫ ϵ≤|y−x|≤2ϵ m(y, t) · ∇_y(g_ϵ(y) − 1 |y − x| )dy| = | ∫ ϵ≤|y−x|≤2ϵ m(y, t) · ∇_y( 1 |y − x| (α_ϵ(|y − x|) − 1))dy| ≤ ∫ ϵ≤|y−x|≤2ϵ |m(y, t)|( 1 |y − x|^2 + 1 |y − x| δ_ϵ(|y − x|)))dy ≤ 2 ϵ ∫ ϵ≤|y−x|≤2ϵ |m(y, t)| 1 |y − x| dy ≤ 2 ϵ ||m||_L∞_{([0,T ];L}s_{(R}3_{))}( ∫ ϵ≤|y−x|≤2ϵ 1 |y − x|^q dy)^{1/q}

≤ 2 ϵ ||m||_L∞_{([0,T ];L}s_{(R}3_{))} (∫_{2ϵ} ϵ 4πτ^{2−s′} dτ )_{1/s}′ , (5.40)

where q =^s_{s−1} . Since s > 3, then q < 3/2. Therefore, (5.38) is proved. By (5.37) and (5.24), we have that ∫ R^3 ρ(y,t) |y−x| dy is differentiable with respect to t for (t, x) ∈

(0, T ) × R^3 , a. e. Moreover, by (5.24), (5.37) and (5.38), we obtain, d dt ∫ R^3 ρ(y, t) |y − x| dy = d dt (lim_{ϵ→0} ∫ R^3 ρ(y, t)g_ϵ(y)dy) = lim_{ϵ→0} d dt ∫ R^3 ρ(y, t)g_ϵ(y)dy = lim_{ϵ→0} ∫ R^3 m(y, t) · ∇_yg_ϵ(y)dy = ∫ R^3 m(y, t) · ∇_y( 1 |y − x| )dy. (5.41)

This proves (5.18). (5.19) and (5.20) then follows as we showed at the beginning of the proof of this Lemma.

Proof of Theorem 5.1 We prove Theorem 5.1 in the following steps.

Step 1 In this step, we prove (5.1). This can be proved by using (5.25) in which g^R_ϵ (y) is replaced by f^R_ϵ (y), i.e., d dt ∫ R^3 ρ(y, t)f^R_ϵ (y)dy = ∫ R^3 m(y, t) · ∇_yf^R_ϵ (y)dy, t ∈ [0, T ], a.e., (5.42) where f^R_ϵ is defined in (5.22). We integrate (5.42) to get ∫ R^3 ρ(y, t)f^R_ϵ (y)dy − ∫ R^3 ρ(y, 0)f^R_ϵ (y)dy = ∫_t 0 ∫ R^3

m(y, s) · ∇_yf^R_ϵ (y)dy, (5.43)

By using a same argument as in the proof of Lemma 5.4, we can prove

lim_{ϵ→0} lim_{R→∞} ∫ R^3 ρ(y, t)f^R_ϵ (y)dy = ∫ R^3 ρ(y, t)dy, lim_{ϵ→0} lim_{R→∞} ∫ R^3 ρ(y, 0)f^R_ϵ (y)dy = ∫ R^3 ρ(y, 0)dy, and lim_{ϵ→0} lim_{R→∞} ∫_t 0 ∫ R^3 m(y, s) · ∇_yf^R_ϵ (y)dy = 0. (5.1) follows from (5.43) by letting R → ∞ and ϵ → 0.

Step 2 In this step, we show that ∫_t 0 ∫ R^3 ρ(x, s)∂_sΦ(x, s)dxds = 1 2 (∫ R^3 (ρΦ)(x, t)dx − ∫ R^3 (ρΦ)(x, 0)dx ) , t ∈ [0, T ). (5.44)

This is can be proved as follows. ∫_t 0 ∫ R^3 ρ(x, s)∂_sΦ(x, s)dxds = lim_{h→0} 1 h ∫_t 0 ∫ R^3 ρ(x, s) ∫ R^3 ρ(y, s + h) − ρ(y, s) |x − y| dydxds = lim_{h→0} 1 h (∫_{t+h} h ∫ R^3 ∫ R^3 ρ(x, s − h)ρ(y, s) |x − y| dydxds − ∫_t 0 ∫ R^3 ∫ R^3 ρ(x, s)ρ(y, s) |x − y| dydxds )

= lim_{h→0} 1 h ∫_t h ∫ R^3 ∫ R^3 (ρ(x, s − h) − ρ(x, s))ρ(y, s) |x − y| dydxds + lim_{h→0} 1 h ∫_{t+h} t ∫ R^3 ∫ R^3 ρ(x, s − h)ρ(y, s) |x − y| dydxds − lim_{h→0} 1 h ∫_h 0 ∫ R^3 ∫ R^3 ρ(x, s − h)ρ(y, s) |x − y| dydxds = lim_{h→0} 1 h ∫_t h ∫ R^3 ∫ R^3 (ρ(x, s − h) − ρ(x, s))ρ(y, s) |x − y| dydxds + ∫ R^3 (ρΦ)(x, t)dx − ∫ R^3

(ρΦ)(x, 0)dx. (5.45)

On the other hand, 1 h ∫_t h ∫ R^3 ∫ R^3 (ρ(x, s − h) − ρ(x, s))ρ(y, s) |x − y| dydxds = 1 h ∫_t 0 ∫ R^3 ∫ R^3 (ρ(x, τ) − ρ(x, τ + h))ρ(y, τ) |x − y| dydxdτ + 1 h ∫_t 0 ∫ R^3 ∫ R^3 (ρ(x, τ) − ρ(x, τ + h))(ρ(y, τ + h) − ρ(y, τ)) |x − y| dydxdτ − 1 h ∫_t t−h ∫ R^3 ∫ R^3 (ρ(x, τ) − ρ(x, τ + h))ρ(y, τ + h) |x − y| dydxdτ. (5.46) Since lim_{h→0} 1 h ∫ R^3 ρ(y, τ + h) − ρ(y, τ) |x − y| dy = −∂_τ Φ(x, τ)

, | 1 h ∫ R^3 ρ(y, τ + h) − ρ(y, τ) |x − y| dy| ≤ |∂_τ Φ(x, τ)| + 1, (5.47) for small |h|. Therefore, | 1 h ∫_t 0 ∫ R^3 ∫ R^3 (ρ(x, τ) − ρ(x, τ + h))(ρ(y, τ + h) − ρ(y, τ)) |x − y| dydxdτ| ≤ (||∂_tΦ||_L∞_{([0,T ]×R}3 + 1) ∫_t 0 ∫ R^3 |(ρ(y, τ + h) − ρ(x, τ)|dydτ. (5.48) Then (5.2), (5.20) and (5.48) imply

lim_{h→0} 1 h ∫_t 0 ∫ R^3 ∫ R^3 (ρ(x, τ) − ρ(x, τ + h))(ρ(y, τ + h) − ρ(y, τ)) |x − y| dydxdτ = 0. (5.49) Similarly, we have, for small |h|, | 1 h ∫_t t−h ∫ R^3 ∫ R^3 (ρ(x, τ) − ρ(x, τ + h))ρ(y, τ + h) |x − y| dydxdτ| ≤ (||∂_tΦ||_L∞_{([0,T ]×R}3 + 1) ∫_t t−h ∫ R^3 ρ(y, τ + h)dydτ. (5.50) Since ρ ∈ L^∞([0, T ]; L^1(R^3 )), (5.50) implies,

lim_{h→0} 1 h ∫_t t−h ∫ R^3 ∫ R^3 (ρ(x, τ) − ρ(x, τ + h))ρ(y, τ + h) |x − y| dydxdτ = 0. (5.51) Hence, (5.46), (5.49) and (5.51) yield

lim_{h→0} 1 h ∫_t h ∫ R^3 ∫ R^3 (ρ(x, s − h) − ρ(x, s))ρ(y, s) |x − y| dydxdτ = lim_{h→0} 1 h ∫_t 0 ∫ R^3 ∫ R^3 (ρ(x, τ) − ρ(x, τ + h))ρ(y, τ) |x − y| dydxdτ. (5.52) This, together with (5.45), implies (5.44). Step 3 In this step, we prove (5.3).

Since ρ ∈ L^∞([0, T ; L^1(R^3 )) ∩ L^∞([0, T ]; L^r (R^3 )), where r > 3/2 and r ≥ γ, we have, in view of (5.7) that ∇Φ ∈ L^∞([0, T ]; L^{3/2}(R^3 )) ∩ L^∞([0, T ]; L^λ(R^3 )), (5.53) if r < 3, where^1_λ =^1_r −^1_3 . We also know that λ > 3 if r > 3/2. Similarly, by (5.7), we have

∇Φ ∈ L^∞([0, T ]; L^{3/2}(R^3 )) ∩ L^∞([0, T ] × R^3 ), (5.54)

if r ≥ 3. Furthermore, because (ρ, m) satisfies the first equation of (1.1) in the sense of distributions, then by a density argument as in [15], in view of (5.19), (5.20), (5.53 and

(5.54), we have, ∫ R^3 (ρΦ)(x, t)dx − ∫ R^3 (ρΦ)(x, 0)dx = ∫_t 0 ∫ R^3 ρ(x, s)∂_sΦ(x, s)dxds + ∫_t 0 ∫ R^3 m(x, s) · ∇Φ(x, s)dxds, (5.55) for t ∈ [0, T ). This, together with (5.10) and (5.44), implies (5.3), due to the fact E(t) = ∫ R^3 η(x, t)dx − 1 2 ∫ R^3 (ρΦ)(x, t)dx, (5.56) for t ∈ [0, T ).

Step 4 In this step, we proof (5.4).

First, since ρ ∈ L^∞([0, T ]; L^1(R^3 ) ∩ L^∞([0, T ]; L^r (R^3 ) with r > 3/2, it follows from [22]), [29] and [30] that 1 2 ∫ R^3 (ρΦ)(x, t)dx = − 1 8π ∫ R^3 |∇Φ|^2(x, t)dx, t ∈ [0, T ]. Using (2.19), we have, for γ > 4/3 1 8π |∇Φ|^2}dx = ∫ 1 2 ρBρdx ≤ C ∫ ρ^{4/3}dx( ∫ ρdx)^{2/3} = M^{2/3} ∫ ρ^{4/3}dx, (5.57)

where A(ρ) is given by (2.3). Taking p = 1, q = 4/3, r = γ, and a =^{34 γ−1}_{γ−1} in Young’s inequality (2.17), we obtain, ||ρ||_{4/3} ≤ ||ρ||^a_1 ||ρ||^{1−a}_γ = M^a||ρ||^{1−a}_γ . (5.58) This is ∫ ρ^{4/3}dx ≤ M^{43 a}( ∫ ρ^γ dx)^b, (5.59)

where b =^1_{3(γ−1)} . Since γ > 4/3, we have 0 < b < 1. Therefore, (5.57) and (5.59) imply ∫ 1 2 ρBρdx ≤ C(γ − 1)^bM^{43 a+ 23} ( ∫ A(ρ)dx)^b. (5.60)

Using the inequality (cf.[15] p. 145) αβ ≤ ϵα^s + ϵ^{−t/s}β^t, (5.61) if s^{−1} + t^{−1} = 1 (s, t > 1) and ϵ > 0, since b < 1, we can bound C(γ − 1)^bM^43^{a+ 2}3 ( ∫ A(ρ)dx)^b by^1_2 ∫ A(ρ)dx + C_2, where C_2 is a constant depending only on M and γ (we can take ϵ = 1/2 and s = 1/b and t = (1 − s^{−1})^{−1} in (2.26) since s > 1 due to 0 < b < 1). Therefore, 1 2 | ∫ R^3 (ρΦ)(x, t)dx| = 1 8π ||∇Φ(·, t)||^2 ≤ 1 2 ∫ R^3 ρ^γ (x, t) γ − 1 dx + C, (5.62)

for t ∈ [0, T ), where C is a constant only depending on M = ∫ R^3 ∫ ρ(x, t)dx = ∫ R^3 ρ(x, 0)dx (cf. (5.1)) and γ. This, together with (5.3), implies (5.4).

6 Appendix

In this appendix, we prove the following theorem which is Remark 13 in Section 5. Theorem If (ρ, m) ∈ L^∞([0, T ]; L^1(R^3 )) satisfies the first equation of (1.1) in the sense of distributions, then lim_{ϵ→0} sup 0≤t≤T,|y|≤1 ∫ R^3 |ρ(x, t) − ρ(x − ϵy, t)|dx = 0, t ∈ (0, T ), a.e., (6.1) implies lim_{h→0} ∫_t 0 ∫ R^3 |ρ(x, t + h) − ρ(x, t)|dx = 0, t ∈ (0, T ), a.e. (6.2) Proof. For any fixed t ∈ (0, T ) and small h, we let w(x) = ρ(x, t + h) − ρ(x, t). First, we note that if ψ(x) ∈ C^1(R^3 )) with ψ and ∇ψ being bounded in R^3 , then ∫ R^3 w(x)ψ(x)dx = ∫_{t+h} t ∫ R^3 m(x, s) · ∇ψ(x)dxds. (6.3) This is because (ρ, m) ∈ L^∞([0, T ]; L^1(R^3 )) satisfies the first equation of (1.1) in the sense of distributions. The justification of (6.3) is standard, for instance, see [15]. In view of (6.3), we have | ∫ R^3 w(x)ψ(x)dx| ≤ h sup_{x∈R3} |∇ψ(x)|||m||_L∞_{([0,T ];L}1_{(R}3_{))}. (6.4) We choose ψ as ψ(x) = ∫ R^3 sgn(x − ϵy)δ(y)dy, where sgn is the sign function, δ ∈ C^∞_0 (R^3 ) is a smooth function satisfying 0 ≤ δ(y) ≤ 1, ∫ R^3 δ(y)dy = 1 and supp δ ⊂ {y ∈ R 3 : |y| ≤ 1}. Then |∇ψ| ≤^C_ϵ for some constant C.

Moreover, | ∫ R^3 w(x)ψ(x)dx − ∫ R^3 |w(x)|dx| = | ∫ R^3 ∫ R^3 (w(x) − w(x − ϵy))sgn(x − ϵy)δ(y)dydx| ≤ sup_{|y|≤1} ∫ R^3 |w(x) − w(x − ϵy)|dy ≤ sup_{|y|≤1} ∫ R^3 |ρ(x, t) − ρ(x − ϵy, t)|dx + sup_{|y|≤1} ∫ R^3 |ρ(x, t + h) − ρ(x − ϵy, t + h)|dx. (6.5)

Therefore, ∫ R^3 |w(x)|dx ≤ sup_{|y|≤1} ∫ R^3 |ρ(x, t) − ρ(x − ϵy, t)|dx + sup_{|y|≤1} ∫ R^3 |ρ(x, t + h) − ρ(x − ϵy, t + h)|dx + Ch ϵ ||m||_L∞_{([0,T ];L}1_{(R}3_{))}. (6.6)

We let h → 0 first in (6.6), (6.2) follows from (6.1) because ϵ is arbitrary.

Acknowledgments Luo was supported in part by the National Science Foundation under Grant DMS-0606853.

Smoller was supported in part by the National Science Foundation under Grant DMS- 0603754. We thank Wen-Qing Xu for a helpful discussion. Luo is grateful to Cathleen Morawetz for her encouragement and interest in this work.

References

[1] G. Auchmuty and R. Beals , Variational solutions of some nonlinear free boundary problems, Arch. Rat. Mech. Anal.43, 255-271 (1971).

[2] G. Auchmuty, The global branching of rotating stars, Arch. Rat. Mech. Anal. 114, 179- 194 (1991).

[3] L. Caffarelli and A. Friedman, The shape of axi-symmetric rotating fluid, J. Funct. Anal., 694, 109-142 (1980).

[4] S. Chandrasekhar, Introduction to the Stellar Structure, University of Chicago Press (1939).

[5] Chanillo, Sagun and Li, Yan Yan, On diameters of uniformly rotating stars. Comm.

Math. Phys. 166, no. 2, 417–430 (1994).

[6] G.C. Chen & H. Frid, Large time behavior of entropy solutions of conservation laws, J.

Differential Equations, 152, 308-357 (1999).

[7] G.C. Chen & H. Frid, Divegence-measure fields and hyperbolic conservation laws, Arch.

Rat. Mech. Anal.147, 89-118 (1991).

[8] G. C. Chen & H. Frid, Extended divergence-measure fields and the Euler equations for gas dynamics, Comm. Math. Phys. 236, no. 2, 251-280 (2003).

[9] C. M. Dafermos, Entropy and the stability of classical solutions of hyperbolic system of conservation laws, Recent Mathematical Methods in Nonlinear Wave Propagation, Montecatini Terme, 1994, Lecture Notes in Math. Vol. 1640, Springer-Verlag, Berlin, 48-69 (1996).

[10] Y. Deng, T.P. Liu, T. Yang & Z.Yao, Solutions of Euler-Poisson equations for gaseous stars, Arch. Ration. Mech. Anal. 164 , no. 3, 261–285 (2002).

[11] Y. Deng, J. Xiang & T. Yang, Blowup phenomena of the Euler-Poisson equations for gaseous stars, J. of Math. Anal. and Appl., 286, 295-306 (2003).

[12] L. Evans & R. Gariepy, Measure theory and Fine properties of functions, CRC press, Boca Raton, FL ( 1992).

[13] A. Friedman & B. Turkington, Asymptotic estimates for an axi-symmetric rotating fluid.

J. Func. Anal. 37, 136-163 (1980).

[14] A. Friedman & B. Turkington, Existence and dimensions of a rotating white dwarf. J.

Diff. Eqns. 42, 414-437 (1981).

[15] E. Feireisl, Dynamics of Viscous Compressible Fluids, Oxford University Press: New York (2004).

[16] Y. Guo & G. Rein, Stable steady states in stellar dynamics, Arch. Rat. Mech. Anal. 147, 225-243 (1999).

[17] D. Gilbarg & N. Trudinger, Elliptic Partial Differentail Equations of Second Order (2nd ed.), Springer (1983).

[18] P. Lax, Shock Waves and Entropy, Contribution to Nonlinear Functional Analysis, E.

A. Zarantonello, ed., Academic Press, New York 603-634 (1971).

[19] N. R. Lebovitz, The virial tensor and its application to self-gravitating fluids, Astrophys.

J. 134 (1961) 500–536.

[20] N. R. Lebovitz & A. Lifschitz, Short-wavelength instabilities of Riemann ellipsoids, Philos. Trans. Roy. Soc. London Ser. A 354, no. 1709, 927–950 (1996).

[21] Li, Yan Yan, On uniformly rotating stars, Arch. Rat. Mech. Anal. 115, no. 4, 367–393 (1991).

[22] E. H. Lieb & M. Loss, Analysis, American Mathematical Society, Providence, Rhode Island (1997).

[23] S. S. Lin, Stability of gaseous stars in spherically symmetric motions, SIAM J. Math.

Anal. 28, no. 3, 539–569 (1997).

[24] P.L. Lions, The concentration-compactness principle in the calculus of variations. The locally compact case. Part I, Ann. Inst. H. Poincaré Anal. Non Linéaire, 1, 109-145 (1984).

[25] T. Luo & J. Smoller, Rotating fluids with self-gravitation in bounded domains. Arch.

Rat. Mech. Anal. 173, no. 3, 345–377 (2004).

[26] R. McCann, Stable rotating binary stars and fluid in a tube, Houston Journal of Mathematics, 32, no. 2, 603-631 (2006).

[27] T. Makino, Blowing up of the Euler-Poisson equation for the evolution of gaseous star, Transport Theory and Statistical Physics, 21, 615-624 (1992).

[28] M. Reed & B.Simon, Methods of Modern Mathematical Physics II: Fourier Analysis, Self-Adjointness, Academic Press, NewYork (1975).

[29] G. Rein, Reduction and a concentration-compactness principle for energy-casimir functionals, SIAM J. Math. Anal. Vol 33, No. 4, 896-912 (2001).

[30] G. Rein, Non-linear stability of gaseous stars. Arch. Rat. Mech. Anal. 168, no. 2, 115–130 (2003).

[31] W. Rudin, Principles of Mathematical Analysis (3rd Ed.), McGraw-Hill, Auckland (1976).

[32] J. Smoller, Shock Waves and Reaction-Diffusion Equations, 2nd Ed.), Springer, Berlin, New York (1994).

[33] J. L. Tassoui, Theory of Rotating Stars, Princeton University Press, Princeton (1978).

[34] D. Wang, Global Solutions and Stability for Self-Gravitating Isentropic Gases, J. of Math. Anal. & Appl., 229, 530-542 (1999).

Tao Luo Department of Mathematical Sciences , Worcester Polytechnic Institute 100 Institute Road, Worcester, MA 01609-2280 E-mail: tl48@georgetown.edu

Joel Smoller Department of Mathematics, University of Michigan 525 East University Ave. Ann Arbor, MI 48109-1109. E-mail: smoller@umich.edu