arXiv:gr-qc/0703045v6 29 Jun 2007

Conserving Integrals in Metric Theories of Gravitation

Dmitriy M. Palatnik^∗ March 2007

Abstract In this paper we present a location to first mentioning to result of Robert P. Geroch (?) The paper deals with conserving quantities of metric gravitational theories. They are constructed from Killing vector fileds (if any) and symmetric tensors of arbitrary rank with vanishing divergence. We also suggest alternative approach by introducing spinor field, which allows to construct conserved integrals of energy-momentum for any field configurations, even if timelike Killing vector doesn’t exist.

1 Energy-Momentum, Angular Momentum–Boosts Conservation

First off, result presented in this section was reported on seminar in EFI at U. of Chicago and belongs, probably, to Robert P. Geroch.

The problem of conserving integrals in general relativity is as old as the theory itself, and one should recognize the effort put by people in dealing with it. The most famous attempt is that of Landau and Lifshits [1], who constructed symmetric pseudo-tensor, describing energy-momentum of gravitational field. We should also acknowledge work of Tolman [2], Papapetrou [3], Bergmann [4], Møller [5], and Weinberg [6]. The details of the story one may find in [9].

Consider n-dimensional metric manifold (M, g_{ab}). We work with a class of theories specified by the action, S = −κ^{−1} ∫ dΩ √ |g|R + ∫ dΩ √ |g| Λ[g_{ab}, ψ] . (1) Here dΩ and R are volume element and scalar curvature, respectively, g is metric determinant, and Λ is the lagrangian density of the matter, depending on metric and some other fields, specified for short by ψ. If T^{ab} is stress-energy obtained from Λ, then T^{ab} = T^{(ab)} ; (2) ∇_aT^{ab} = 0 . (3) Let ξ_a be the Killing vector field, satisfying equations, 2∇_{(a}ξ_{b)} ≡ ∇_bξ_a + ∇_aξ_b = 0 . (4)

∗6400 N Sheridan Rd 2605, Chicago, IL 60626, USA. e-mail: david palatnik@yahoo.com

If solution to (4) exists, then from (2)–(4) follows, ∇_a{T^{ab}ξ_b} = ξ_b∇_aT^{ab} + T^{ab}∇_{(a}ξ_{b)} = 0 . (5) Then, integrating (5) over n-dimensional volume and using the Gauss theorem with appropriate boundary of integration, we obtain conserved integral, Q = ∫ dΣ_a √ |g| T^{ab}ξ_b . (6) Here dΣ_a is element of integration over (n-1)-dimensional hypersurface.

Consider the limit of weak gravitational field, κ → 0. In flat spacetime and Cartesian coordinates, x^a, solution of (4) is ξ_a = p_a + ω_{ab} x^b ; (7) here n constants p_a and n(n − 1)/2 constants ω_{ab} = ω_{[ab]} are arbitrary. It is known that flat n-dimensional spacetime possesses exactly n(n + 1)/2 Killing vectors. Substituting (7) into (6), we obtain, Q = p_bP^b + 1 2 ω_{bc}M^{bc} . (8) Here P^b = ∫ dΣ_aT^{ab} ; (9) M^{bc} = ∫ dΣ_a{T^{ab}x^c − T^{ac}x^b} . (10) Arbitrariness of coefficients p_b and ω_{bc} in (8) causes conservation of integrals, P^b and M^{bc}, individually. In 4-dimensional spacetime we may take dΣ_a = (dV, 0, 0, 0), where dV is element of space volume, and then we recognize P^b as energy-momentum, and M^{bc} as angular momentum or boosts of the system. What if solution of (4) for, say, timelike Killing vector doesn’t exist? Well, then respective integral, corresponding to energy, doesn’t exist, too. The situation is similar to the one taking place in quantum mechanics, where existence of energy (conservation of hamiltonian) depends on existence of translational symmetry of the system in time.

2 General Case

Suppose, the Killing equations have q independent vectors as the solution, ξ^{(n)}_a , n = 1, 2, ..., q. We may consider two separate cases. 1. Let Q^{aa1a2 ...ap} be symmetric tensor of (p+1)-rank with vanishing divergence: Q^{aa1a2...ap} = Q^{(aa1a2...ap)} ; (11) ∇_aQ^{aa1a2...ap} = 0 . (12)

Construct vectors, Q^{a {m1m2 ...mp}} = Q^{aa1a2 ...ap} ξ^{(m1)}_{a1} ξ^{(m2 )}_{a2} ...ξ^{(mp)}_{ap} ; (13) Then, it follows from the Killing equations (4) and from (11), (12), that divergence of Q^{a {m1m2 ...mp}} vanishes, ∇_aQ^{a {m1 m2...mp}} = 0 , (14) and the conserved integrals are Q^{{m1m2...mp}} = ∫ dΣ_a √ |g| Q^{aa1a2 ...ap} ξ^{(m1)}_{a1} ξ^{(m2)}_{a2} ...ξ^{(mp)}_{ap} . (15) Here Q^{{m1m2 ...mp}} = Q^{{(m1m2 ...mp)}} and m_1, m_2, ..., m_p = 1, 2, ..., q, so that we obtain N =^{(p+q−1)!}_{p ! (q−1)!} individually conserved integrals, where N is equal to the number of components of symmetric object of rank p with each index running q values.^1

2. Let us take, again, symmetric tensor of (p+1)-rank, Q^{aa1a2...ap} , with vanishing divergence, (so that equations (11), (12) still take place), but assume now that its trace vanishes too, Q^{aa1a2 ...ap} g_{a1a2} = 0 . (16) Suppose, that there exists vector χ_a, solution of the Killing’s equations, ∇_aχ_b + ∇_bχ_a = 2 g_{ab} . (17) We use notations for a set of vectors, X^{(A)}a = {ξ^{(n)}a , χ_a}, (A = 1, 2, ..., q + 1). Let us construct vectors, Q^{a {A1A2 ...Ap}} = Q^{aa1a2...ap} X^{(A1)}_{a1} X^{(A2)}_{a2} ...X^{(Ap)}_{ap} ; (18) Then, from (4), (11), (12), (16) and (17), it follows, ∇_aQ^{a {A1A2...Ap}} = 0 . (19) From (19) we obtain conserved integrals, Q^{{A1A2...Ap}} = ∫ dΣ_a √ |g| Q^{aa1a2...ap} X^{(A1)}_{a1} X^{(A2)}_{a2} ...X^{(Ap)}_{ap} . (20) 3 Examples

1. We introduce the first example in order to try vector χ_a. Consider 4-dimensional flat spacetime and take Cartesian coordinates, x^a = (ct, x^α). The metric is g_{ab} = η_{ab} = diag(1, −1, −1, −1). Take stress-energy of

1 I wish to thank B.S. Tsirelson for bringing to my attention formula for N.

electromagnetic field with no charges, T^{ab} =^1_{4π} {−F^{ac} F^b_c+^1_4 g^{ab} F_{cd} F^{cd}}, which satisfies equations, ∇_aT^{ab} = 0, T^a_a = 0, and T^{ab} = T^{(ab)}. We may find from (17) solution for χ_a,

χ_a = η_{ab} x^b . (21)

Then, taking dΣ_a = (dV, 0, 0, 0), we obtain from (20),

ct ∫ dV T^0_0 + ∫ dV T^0_α x^α = Const. (22)

This equation describes propagation of electromagnetic radiation. (Static cases, which describe configurations with non-zero charges are not valid, since charges contribute their own stress-energy with non-vanishing trace.)

2. Second example is Bel-Robinson tensor [7, 8], which in vacuum (R_{ab} = 0), in 4-dimensional spacetime, is:

T^{abcd} = R^{a c}_{e f} R^{bedf} + R̃^{a c}_{e f} R̃^{bedf} , (23)

where R̃_{aecf} = 1 2 ϵ^{bd}_{ae} R_{bdcf} . (24) Here ϵ_{abcd} is absolute antisymmetric unit tensor. Bel-Robinson is symmetric, traceless, and in vacuum is divergence-free,

T^{abcd} = T^{(abcd)} ; (25) g_{ab}T^{abcd} = 0 ; (26) ∇_aT^{abcd} = 0 . (27)

Using formula (20), we obtain conserved integrals,

Q^{{A1A2A3 }} = ∫ dΣ_a √ |g| T^{abcd}X^{(A1)}_b X^{(A2)}_c X^{(A3)}_d . (28)

3. The third example is the Lanczos-Lovelock tensor, 2τ^{ab}, which exists if dimension of spacetime, n ≠ 4:

τ^{ab} = R^a_{cde} R^{bcde} − 2R_{cd} R^{cadb} − 2R^a_c R^{bc} + R R^{ab} − 1 4 g^{ab} ( R_{cdef} R^{cdef} − 4R_{cd} R^{cd} + R^2 ) . (29)

This tensor is symmetric, τ^{ab} = τ^{(ab)}, and divergence-free, ∇_aτ^{ab} = 0; thus, the conserved integrals are of the form (15): Q^{{m}} = ∫ dΣ_a √ |g| τ^{ab}ξ^{(m)}_b . (30)

4. As the fourth example, we suggest another conserving integral for 4-dimensional empty spacetime (R_{ab} = 0). Let ξ_a be a Killing vector field. First, introduce twist,

ω_a = ϵ_{abcd} ξ^b∇^cξ^d . (31) As it is known [7], twist satisfies equations, ∇_{[a}ω_{b]} = 0 (32) ω_aξ^a = 0 . (33)

Let us construct a vector, R^a = R^{abcd}ω_b∇_cξ_d . (34) We intend to prove, that ∇_aR^a = 0 . (35) Really, ∇_aR^a = (∇_aR^{abcd})ω_b∇_cξ_d + R^{abcd}(∇_{[a}ω_{b]})(∇_cξ_d) + R^{abcd}ω_b∇_a∇_cξ_d . (36) The first term on the r.h.s. of (36) vanishes in vacuum due to Bianchi identity, ∇_aR^{abcd} = ∇^cR^{bd} − ∇^dR^{bc} ; (37) the second term vanishes due to (32), and for the third term we use well known [7] equation,

∇_a∇_bξ_c = −R_{bcad} ξ^d ; (38) so that we could write,

R^{abcd}ω_b∇_a∇_cξ_d = −R^{abcd}R_{aecd} ξ^eω_b = − 1 4 R^{ef gh}R_{ef gh} ξ^aω_a = 0 . (39)

In the second line of (39) we used the fact that the Lanczos tensor (29) in 4-dimensional case vanishes identically, and the third line follows from equation (33). This completes the proof of (35). Thus, the conserved integral is, S = ∫ dΣ_a √ |g| R^{abcd}ω_b∇_cξ_d . (40)

It would take additional research to establish properties of integrals (40).

4 Alternative Approach: Spinor Fields

The problem, though, of approach suggested above is that Killing vector exists only for very restricted class of solutions of Einstein equations. The aim of this section is to demonstrate how this problem can be solved by introducing a (physical) spinor field. Consider Einstein equations with the ‘λ-term.’ Denote Einstein tensor, G^{ab} = c^4 8πk {R^{ab} − 1 2 g^{ab} R} . (41) Here dimensional coefficient is introduced for convenience. Evidently, ∇_aG^{ab} = 0 . (42) The Einstein equations are, G_{ab} = λg_{ab} + T_{ab} ; (43) here T_{ab} is stress-energy of matter. We introduce 4-spinor fields, ξ, ξ. By definition, ∇_aξ = ∂_aξ − Γ_aξ ; (44) (ξ∇_a) = ∂_aξ + ξ Γ_a . (45) For covariantly constant Dirac matrices, γ_a, we obtain, ∇_aγ_b = ∂_aγ_b − Γ^c_{ba}γ_c − [Γ_a, γ_b] = 0 . (46) We take the action of spinor fields as S_ξ = i ℓ c ∫ dΩ √ −g G^a_b ξ γ^b∇_aξ ; (47) here ℓ is characteristic length, considered to be small parameter (the Planck’s length?) Varying action (47), we obtain equations for spinor fields;

G^a_b γ^b∇_aξ = 0 ; (48) (ξ∇_a)γ^bG^a_b = 0 . (49) Introduce vector, J^a = G^a_b ξγ^bξ . (50) Now, we may write, ∇_aJ^a = (∇_aG^a_b )ξγ^bξ + (ξ∇_a)γ^bG^a_b ξ + ξ G^a_b γ^b∇_aξ + G^a_b ξ(∇_aγ^b)ξ = 0 . (51)

Here we used equations (42), (46), (48), (49). Integrating (51) over 4-dim spacetime with appropriate boundary and using Gauss theorem, we obtain, that integral,

E = ∫ dV √ −g {T^{0a} ξγ_aξ + λξγ^0ξ} , (52)

is conserved. We also used equations (43). In the limit of weak gravitational field, if on spatial infinity ξγ_aξ → (1, 0, 0, 0), we obtain energy integral for E. If ξγ_aξ → (0, 1, 0, 0), we obtain component of momentum for E. Note, that in that case spinors satisfy standard Dirac equations, since due to ‘λ-term’ G^a_b ∝ δ^a_b . Since spinor fields are introduced into the system, one should use tetrad formalism for solving Einstein equations. We should use following formulae:

γ_a = (e_a)^AΔ_A ; (53) Γ_a = 1 4 (e_b)^B ∇_a(e^b)^AΔ_{[A}Δ_{B]} ; (54)

Here (e_a)^A is a tetrad (A = 0,1,2,3), and Δ_A are standard constant Dirac matrices.

References

[1] L.D. Landau, E.M. Lifshits, The Classical Theory of Fields, Pergamon Press, 1975 [2] R.C. Tolman, Relativity, Thermodynamics and Cosmology, Oxford U. Press, London, 1934 [3] A. Papapetrou, Proc. R. Ir. Acad., A52, 11 (1948) [4] P.G. Bergmann, R. Thompson, Phys. Rev., 89, 400 (1953) [5] C. Møller, Ann. Phys. (NY) 4, 347 (1958) [6] S. Weinberg, Gravitation and Cosmology, John Wiley and Sons, Inc., NY, 1972 [7] R.M. Wald, General Relativity, The U. of Chicago Press, 1984 [8] S. Deser, gr-qc/9901007 [9] Ragab M. Gad, gr-qc/0403039