arXiv:gr-qc/0703073v2 16 Mar 2007

The Chevreton Tensor and Einstein-Maxwell Spacetimes Conformal to Einstein Spaces

Göran Bergqvist and Ingemar Eriksson Matematiska institutionen, Linköpings universitet, SE-581 83 Linköping, Sweden gober@mai.liu.se, ineri@mai.liu.se

March 13, 2007

Abstract In this paper we characterize the source-free Einstein-Maxwell spacetimes which have a trace-free Chevreton tensor. We show that this is equivalent to the Chevreton tensor being of pure-radiation type and that it restricts the spacetimes to Petrov types N or O. We prove that the trace of the Chevreton tensor is related to the Bach tensor and use this to find all Einstein-Maxwell spacetimes with a zero cosmological constant that have a vanishing Bach tensor. Among these spacetimes we then look for those which are conformal to Einstein spaces. We find that the electromagnetic field and the Weyl tensor must be aligned, and in the case that the electromagnetic field is null, the spacetime must be conformally Ricci-flat and all such solutions are known. In the non-null case, since the general solution is not known on closed form, we settle with giving the integrability conditions in the general case, but we do give new explicit examples of Einstein-Maxwell spacetimes that are conformal to Einstein spaces, and we also find examples where the vanishing of the Bach tensor does not imply that the spacetime is conformal to a C-space. The non-aligned Einstein-Maxwell spacetimes with vanishing Bach tensor are conformally C-spaces, but none of them are conformal to Einstein spaces.

1 Introduction

In this paper we first continue the characterization of the Chevreton tensor in four dimensional source-free Einstein-Maxwell theory. This leads to a new relation between the Chevreton tensor and the Bach tensor, and this then allows us to give a “factorization” of the Bach tensor, which we apply to investigate source-free Einstein-Maxwell spacetimes that are conformal to Einstein spaces.

The Chevreton tensor was introduced in 1964 [9] as an electromagnetic counterpart to the Bel-Robinson superenergy tensor for the gravitational field [2, 3]. It is given by

H_{abcd}{∇_{[1]}F_{[2]}} = 1 2 (T_{abcd}{∇_{[1]}F_{[2]}} + T_{cdab}{∇_{[1]}F_{[2]}}), (1)

where T_{abcd}{∇_{[1]}F_{[2]}} = − ∇_aF_{ce}∇_bF_d^e − ∇_aF_{de}∇_bF_c^e + g_{ab}∇_f F_{ce}∇^f F_d^e + 1 2 g_{cd}∇_aF_{ef} ∇_bF^{ef} − 1 4 g_{ab}g_{cd}∇_eF_{fh}∇^eF^{fh} (2) is the basic electromagnetic superenergy tensor [24]. Like all superenergy tensors it satisfies the Dominant Property (H_{abcd}v^a_1 v^b_2v^c_3v^d_4 ≥ 0, for all future-directed causal vectors v^a_i ) [5, 24]. For source-free electromagnetic fields the Chevreton tensor is completely symmetric in four dimensions [6]. In Special Relativity it is divergence-free and in Einstein-Maxwell theory it has been shown to give rise to conserved currents for hypersurface orthogonal Killing vectors [14]. The trace of the Chevreton tensor, H_{ab} = H_{abc}^c, is a symmetric, trace-free, and divergence-free two-index tensor [6]. The spinor form of the Chevreton tensor is given by H_{abcd}{∇_{[1]}F_{[2]}} =∇_{AB}′ φ_{CD}∇_A′_Bφ̄_C′_D′ + ∇_{BA}′ φ_{CD}∇_B′_Aφ̄_C′_D′ + ∇_{CD}′ φ_{AB} ∇_C′_Dφ̄_A′_B′ + ∇_{DC}′ φ_{AB} ∇_D′_Cφ̄_A′_B′ , (3) and the spinor form of the trace is given by H_{ab} = H_{abc}^c = −2∇_{CC}′ φ_{AB} ∇^{CC′}φ̄_A′_B′ . (4) In section 2 we study the case when the Chevreton tensor is trace-free. We prove that this is equivalent to the Chevreton tensor being of pure-radiation type and that it restricts the spacetime to Petrov type N or O. We show that the cosmological constant must be zero and we get a number of restrictions given in terms of the GHP spin-coefficient formalism. In section 5 we use this to find all such spacetimes.

In section 3 we give the relation between the trace of the Chevreton tensor and the Bach tensor. Hence, the solutions in section 5 are also those source-free Einstein-Maxwell spacetimes with a zero cosmological constant that have a vanishing Bach tensor.

The problem of finding spacetimes that are conformally related, ĝ_{ab} = e^{2Ω}g_{ab}, to Einstein spaces, satisfying R̂_{ab} − 1 4 R̂ĝ_{ab} = 0, (5)

is an old problem that dates back to Brinkmann’s work in 1924 [7]. The vanishing of the Bach tensor is a necessary condition for finding such a transformation [16]. Several attempts have been made in the literature to find conditions that are sufficient, and useful conditions have been found for all Petrov types excluding type N [16, 28]. For the special case of spacetimes conformally related to empty (or Ricci-flat) spaces, R̂_{ab} = 0, sufficient conditions have been given for the type N case by Czapor, McLenaghan, and Wünsch [11], but the general case of conformally Einstein spaces has proven to be very hard to analyze. Szekeres [26] does give sufficient conditions, but they involve solvability of differential equations. In the n-dimensional case conditions have been found in the generic case [15, 17].

In section 4 we look at the integrability conditions in Einstein-Maxwell spacetimes for finding a scalar that transforms the spacetime into an Einstein space.

In section 5 we find the spacetimes for which the Chevreton tensor is of pure-radiation type. These correspond to all Einstein-Maxwell spacetimes with a zero cosmological constant that have a vanishing Bach tensor. We divide them into three cases. In the case when the electromagnetic field and the Weyl tensor are non-aligned we find that there are no conformally Einstein space solutions. In the case of an aligned null electromagnetic field all solutions are conformally Ricciflat and they were previously found by Van den Bergh [12]. The aligned non-null case contains a subset of conformally Einstein solutions. We are not able to fully determine this set, but we do give some explicit solutions.

1.1 Conventions We assume that spacetime is a four dimensional Lorentzian manifold of signature (+, −, −, −) and we follow the conventions of [21] and [22], though we set 8πG = 1. The Einstein-Maxwell equations are given by R_{ab} − 1 4 Rg_{ab} = −T_{ab} = 2F_{ac}F_b^c − 1 2 g_{ab}F_{cd}F^{cd}, (6) where R = 4λ and λ is the cosmological constant. The electromagnetic field F_{ab} = −F_{ba} satisfies the source-free Maxwell equations ∇^aF_{ab} = 0, (7) ∇_{[a}F_{bc]} = 0. (8) The spinor version of these equations is given by T_{ab} = 4φ_{AB}φ̄_A′_B′ = 2Φ_{ABA}′_B′ , (9) Λ = 1 6 λ, (10) ∇^{AA′} φ_{AB} = 0, (11) where φ_{AB} is the Maxwell spinor and Φ_{ABA}′_B′ is the Ricci spinor. We note that the last equation can be written as ∇_{CC}′ φ_{AB} = ∇_C′_{(C} φ_{AB)}. (12) The Bianchi identity is given by ∇^{AA′} Ψ_{ABCD} = 2φ̄_E′^{A′} ∇_B^{E′} φ_{CD}, (13) where Ψ_{ABCD} is the Weyl spinor.

In the calculations we will also make use of the Newman-Penrose (NP) and Geroch-Held- Penrose (GHP) spin-coefficient formalisms [21]. We will mainly use the GHP formalism since it offers several advantages over NP for algebraic computations.

2 Vanishing trace of the Chevreton tensor

In this section we investigate the consequences of the Chevreton tensor being trace-free, H_{abc}^c = H_{ab} = 0. This is equivalent to ∇_{CC}′ φ_{AB} ∇^{CC′}φ̄_A′_B′ = 0. (14) The simplest solution to this equation is that the electromagnetic field is covariantly constant, ∇_{CC}′ φ_{AB} = 0, which is satisfied if and only if the Chevreton tensor is zero, H_{abcd} = 0 [24]. The only solution with this property is the Bertotti-Robinson solution [25], which is given by ds^2 = k^2 ( sinh^2 xdt^2 − dθ^2 − sin^2 θdϕ^2 − dx^2 ) , (15) and is of Petrov type O. We will thus assume that the Chevreton tensor is not identically zero, then ∇_{CC}′ φ_{AB} ≠ 0, and we have an equation of the type S_{ABCC}′S̄_A′_B′^{CC′} = 0, (16) with solution [21] S_{ABCC}′ = (o_C o_C′ + iβ_Cβ̄_C′ )η_{AB} . (17) We want to show that S_{ABCC}′ is proportional to o_Ao_B o_C o_C′ . Assume that o_Aβ^A ≠ 0 and let (o^A, ι^A) be a spin-basis, then the symmetric spinor η_{AB} can be decomposed as η_{AB} = Ao_Ao_B + Bo_Aι_B + Bι_Ao_B + Cι_Aι_B . (18) By the source-free Maxwell equations (12), S_{AC}^C_C′ = 0, so (o^C o_C′ + iβ^Cβ̄_C′ )(Ao_Ao_C + Bo_Aι_C + Bι_Ao_C + Cι_Aι_C ) = 0. (19) Expanding this gives − Bo_Ao_C′ − Cι_Ao_C′ + iβ̄_C′ β^C (Ao_Ao_C + Bo_Aι_C + Bι_Ao_C + Cι_Aι_C ) = 0. (20) Contracting with β̄^{C′} gives β̄^{C′} o_{C′} (Bo_A + Cι_A) = 0. (21) Thus, either o_A and β_A are proportional, or B and C are zero. For the second case, equation (20) also gives us that o_A and β_A are proportional. Hence, we have that S_{ABCC}′ = o_C o_C′ η_{AB} . (22) The source-free Maxwell equations (12) imply that o_C′ o^Aη_{AB} = o_C′ o^B η_{AB} = 0, (23) so ∇_{CC}′ φ_{AB} = S_{ABCC}′ = ηo_C o_C′ o_Ao_B , (24) where the scalar η is assumed to be nonzero. We note that the spin-boost weight of η is {−3, −1}. Also, with l^a = o^Ao^{A′} , if the Chevreton tensor is trace-free, then it will be given by H_{abcd} = 4ηη̄l_al_bl_cl_d. On the other hand, if the Chevreton tensor is given by H_{abcd} ∝ l_al_bl_cl_d, where l^a is a null vector, then it is trace-free. Hence, Theorem 1. The Chevreton tensor is of pure-radiation type, H_{abcd} ∝ l_al_bl_cl_d, where l^a is a null vector, if and only if it is trace-free, H_{abc}^c = 0.

We can now substitute with equation (24) whenever we have a derivative of the Maxwell spinor present. We start by examining the expression ∇_{C(C}′ ∇^C_D′_)φ_{AB} =□_C′_D′ φ_{AB} = −Φ_C′_D′_A^Eφ_{EB} − Φ_C′_D′_B′^E φ_{AE} = − 2φ̄_C′_D′ (φ_A^Eφ_{EB} + φ_B^E φ_{AE} ) = 0, (25) where in the last step we used the Einstein-Maxwell equations (9). But from (24) we also have that 2∇_{C(C}′ ∇^C_D′_)φ_{AB} =∇_{CC}′ ∇^C_D′ φ_{AB} + ∇_{CD}′ ∇^C_C′ φ_{AB} =∇_{CC}′ (ηo_D′ o^C o_Ao_B) + ∇_{CD}′ (ηo_C′ o^C o_Ao_B) =o_Ao_B η(o^C ∇_{CC}′ o_D′ + o_D′ ∇_{CC}′ o^C + o^C ∇_{CD}′ o_C′ + o_C′ ∇_{CD}′ o^C ) + o_Ao_B (o^C o_C′ ∇_{CD}′ η + o^C o_D′ ∇_{CC}′ η) + ηo_D′ o^C (o_A∇_{CC}′ o_B + o_B∇_{CC}′ o_A) + ηo_C′ o^C (o_A∇_{CD}′ o_B + o_B∇_{CD}′ o_A) =0. (26) Contracting this with o^B gives o_D′ o^C o^B ∇_{CC}′ o_B + o_C′ o^C o^B∇_{CD}′ o_B = 0. (27) Now, contracting with o^{C′} gives o^B o^C o^{C′} ∇_{CC}′ o_B = o^B IPo_B = κ = 0, (28) and contraction by ι^{C′} ι^{D′} gives o^B o^C ι^{C′} ∇_{CC}′ o_B = o^B ∂o_B = σ = 0. (29) The vanishing of κ and σ implies that l^a = o^Ao^{A′} generates a shear-free geodetic null congruence [22]. The Bianchi identity (13) is now given by ∇^{AA′} Ψ_{ABCD} = 2φ̄_E′^{A′} ηo^{E′} o_B o_C o_D. (30) Thus one contraction of ∇^{AA′} Ψ_{ABCD} with o^B gives zero, and this together with the fact that l^a generates a shear-free geodetic null congruence gives us, via the generalized Goldberg-Sachs theorem [22], that Ψ_{ABCD} has o^A as a four-fold repeated principal null direction, Ψ_{ABCD} = Ψ_4o_Ao_Bo_C o_D. (31) The spacetime is thus of Petrov type N or O. We state this as a theorem, Theorem 2. If the Chevreton tensor in source-free Einstein-Maxwell theory is trace-free, then the spacetime is of Petrov type N or O and the electromagnetic field satisfies ∇_{CC}′ φ_{AB} = ηo_C′ o_C o_Ao_B, (32) where in Petrov type N, o^A coincides with the principal null direction of the Weyl spinor.

If the spacetime is of Petrov type O, i.e., Ψ_{ABCD} = 0, then the Bianchi identity gives us that φ_{AB} o^B = 0. Hence, the electromagnetic field is null, with φ_{AB} = ϕ_2o_Ao_B, and the solutions are given by [25] ds^2 = −dx^2 − dy^2 + 2dudv + κ_o(x^2 + y^2)f^2(u)du^2/2. (33)

To continue the characterization we decompose the derivative of the Maxwell spinor into its spin-basis components. First,

IPφ_{AB} = o^C o^{C′} ∇_{CC}′ φ_{AB} = 0, (34a) IP^′φ_{AB} = ι^C ι^{C′} ∇_{CC}′ φ_{AB} = ηo_Ao_B, (34b) ∂φ_{AB} = o^C ι^{C′} ∇_{CC′} φ_{AB} = 0, (34c) ∂^′φ_{AB} = ι^C o^{C′} ∇_{CC′} φ_{AB} = 0. (34d)

The Maxwell spinor expanded in the spin-basis is given by

φ_{AB} = ϕ_2o_Ao_B − ϕ_1(o_Aι_B + ι_Ao_B ) + ϕ_0ι_Aι_B . (35)

Thus, the first equation gives

o_Ao_B IPϕ_2 + ϕ_2(o_AIPo_B + o_B IPo_A) − (o_Aι_B + ι_Ao_B)IPϕ_1 − ϕ_1(o_AIPι_B + ι_B IPo_A + o_BIPι_A + ι_AIPo_B ) + ι_Aι_B IPΦ_0 + ϕ_0(ι_AIPι_B + ι_B IPι_A) = 0. (36)

Contracting this with o^Ao^B , o^Aι^B , and ι^Aι^B gives

IPϕ_0 = 0, (37a) IPϕ_1 = −ϕ_0τ^′, (37b) IPϕ_2 = −2ϕ_1τ^′. (37c)

Likewise the three other equations give

IP^′ϕ_0 = −2ϕ_1τ, ∂ϕ_0 = 0, ∂^′ϕ_0 = −2ϕ_1ρ, (37d) IP^′ϕ_1 = −ϕ_0κ^′ − ϕ_2τ, ∂ϕ_1 = −ϕ_0ρ^′, ∂^′ϕ_1 = −ϕ_0σ^′ − ϕ_2ρ, (37e) IP^′ϕ_2 = η − 2ϕ_1κ^′, ∂ϕ_2 = −2ϕ_1ρ^′, ∂^′ϕ_2 = −2ϕ_1σ^′. (37f)

With these equations the only information that remains of the Bianchi identity is

IPΨ_4 = ρΨ_4 − 2ϕ̄_0η, (38a) ∂Ψ_4 = τΨ_4 − 2ϕ̄_1η. (38b)

Knowing all the components of the derivatives of the electromagnetic field allows us to calculate all commutators for ϕ_0, ϕ_1, and ϕ_2 to extract more information. We start with applying commutators to ϕ_0, which is a {2, 0} weighted quantity, ( IPIP^′ − IP^′IP ) ϕ_0 = (τ̄ − τ^′) ∂ϕ_0 + (τ − τ̄^′) ∂^′ϕ_0 − 2(−ττ^′ + Φ_{11} − Λ)ϕ_0. (39)

Using the above equations (37) and the GHP equations give

− 2ϕ_1 ( (τ − τ̄^′)ρ + Φ_{01} ) + 2ττ^′ϕ_0 = − 2ρϕ_1(τ − τ̄^′) + 2ττ^′ϕ_0 + 2Φ_{11}ϕ_0 − 2Λϕ_0, (40) or Λϕ_0 = 0, (41)

where we have used Φ_{11}ϕ_0 = Φ_{01}ϕ_1. Next, ( IP^′ ∂^′ − ∂^′IP^′ ) ϕ_0 = ρ̄^′ ∂^′ϕ_0 + σ^′ ∂ϕ_0 − τ̄IP^′ϕ_0 − κ^′IPϕ_0 + 2(ρκ^′ − τσ^′)ϕ_0, (42)

which reduces to

Λϕ_1 = 0. (43)

The other commutators on ϕ_0 are identically satisfied or reproduce the same conditions as those above.

Continuing with ϕ_1, which is a {0, 0} weighted quantity, we get from the commutator ( IP^′ ∂^′ − ∂^′IP^′ ) ϕ_1 = ρ̄^′ ∂^′ϕ_1 + σ^′ ∂ϕ_1 − τ̄IP^′ϕ_1 − κ^′IPϕ_1 (44)

that

ρη + ϕ_0Ψ_4 − 2Λϕ_2 = 0. (45)

The other commutators on ϕ_1 are identically satisfied or reproduce the same conditions as already found.

Last, we calculate the commutators for ϕ_2, which is a {−2, 0} weighted quantity. From ( IPIP^′ − IP^′IP ) ϕ_2 = (τ̄ − τ^′) ∂ϕ_2 + (τ − τ̄^′) ∂^′ϕ_2 + 2(−ττ^′ + Φ_{11} − Λ)ϕ_2 (46)

we get

IPη = −2Λϕ_2. (47)

Next, ( IP^′ ∂^′ − ∂^′IP^′ ) ϕ_2 = ρ̄^′ ∂^′ϕ_2 + σ^′ ∂ϕ_2 − τ̄IP^′ϕ_2 − κ^′IPϕ_2 − 2(ρκ^′ − τσ^′)ϕ_2 (48)

gives

∂^′η = τ̄ η − 2ϕ_1Ψ_4. (49)

From ( IP^′ ∂ − ∂IP^′ ) ϕ_2 = ρ^′ ∂ϕ_2 + σ̄^′ ∂^′ϕ_2 − τIP^′ϕ_2 − κ̄^′IPϕ_2 − 2(−ρ^′τ + Φ_{12})ϕ_2 (50)

we get ∂η = τη. (51) Finally, we have that ( ∂ ∂^′ − ∂^′ ∂ ) ϕ_2 = (ρ̄^′ − ρ^′)IPϕ_2 + (ρ − ρ̄)IP^′ϕ_2 − 2(ρρ^′ − Φ_{11} − Λ)ϕ_2, (52) which gives us that

(ρ − ρ̄)η + 2Λϕ_2 = 0. (53)

The two other commutators for ϕ_2 give no new information.

Collecting the results from the commutators we have the following conditions

ϕ_0Λ = 0, (54a) ϕ_1Λ = 0, (54b) ρη + ϕ_0Ψ_4 − 2Λϕ_2 = 0, (54c) (ρ − ρ̄)η + 2Λϕ_2 = 0, (54d) IPη = −2Λϕ_2, (54e) ∂η = τη, (54f) ∂^′η = τ̄η − 2ϕ_1Ψ_4. (54g)

If Λ ≠ 0, then this implies that ϕ_0 = ϕ_1 = 0. The Maxwell equations (37) then imply that ρ = 0 and this in turn, by (54), implies that ϕ_2 = 0. Thus, if Λ is non-zero, then the electromagnetic field vanishes. In the case of a covariantly constant electromagnetic field we have η = 0 and we get directly that Λ = 0. Hence, Theorem 3. If the Chevreton tensor of a source-free Einstein-Maxwell spacetime is trace-free, the cosmological constant must be zero, λ = 0.

Hence, we have that

ρΦ + ϕ_0Ψ_4 = 0, (55a) ρ = ρ̄, (55b) IPη = 0, (55c) ∂η = τη, (55d) ∂^′η = τ̄η − 2ϕ_1Ψ_4. (55e)

Thus, source-free Einstein-Maxwell spacetimes with non-vanishing trace-free Chevreton tensor satisfy (37), (38), and (55). If we look at spacetimes with a zero cosmological constant, then we will see in the next section that these are also the conditions for source-free Einstein-Maxwell spacetimes to have a vanishing Bach tensor.

3 Relation to the Bach tensor

In this section we examine the relation between the Bach tensor and the trace of the Chevreton tensor, H_{ab}. We can rewrite the trace (4) by the Leibniz rule as H_{ab} = −2∇_{CC}′ φ_{AB} ∇^{CC′}φ̄_A′_B′ = −□(φ_{AB}φ̄_A′_B′ ) + φ_{AB} □φ̄_A′_B′ + φ̄_A′_B′ □φ_{AB}, (56) where □ = ∇^a∇_a. Using the Maxwell wave equation [22], □φ_{AB} = 2Ψ_{ABCD}φ^{CD} − 8Λφ_{AB} , (57) this equals −□(φ_{AB}φ̄_A′_B′ ) + 2φ_{AB}φ̄^{C′D′}Ψ̄_A′_B′_C′_D′ + 2φ̄_A′_B′ φ^{CD}Ψ_{ABCD} − 16Λφ_{AB}φ̄_A′_B′ , (58) or, rewritten in terms of the energy-momentum tensor and the cosmological constant, H_{ab} = − 1 4 □T_{ab} + 1 2 C_{acbd}T^{cd} − 2 3 λT_{ab}. (59) If we now use the Einstein equations (6) we get H_{ab} = 1 4 □R_{ab} − 1 2 C_{acbd}R^{cd} + 2 3 λ(R_{ab} − 1 4 Rg_{ab}), (60) which is a purely geometric description of H_{ab}. This relation was derived in [13]. Now, since H_{ab} is divergence-free, symmetric and trace-free, and since it is a combination of the Einstein tensor, a term that is quadratic in the Riemann tensor, and a double derivative of the Riemann tensor, H_{ab} should be a linear combination of the completely known tensors with these properties [1, 4, 10].

We will show that H_{ab} is related to the conformally well-behaved Bach tensor, which is defined by [22] B_{ab} = ∇^c∇^dC_{acbd} − 1 2 R^{cd}C_{acbd}. (61) The first term of the right-hand side can be rewritten as ∇^c∇^dC_{acbd} =∇^{CC′} ∇^{DD′} ε_A′_C′ ε_B′_D′ Ψ_{ABCD} + cc = ∇^C_A′ ∇^D_B′ Ψ_{ABCD} + cc =∇^C_A′ (2φ̄_B′_E′ ∇_A^{E′} φ_{BC} ) + cc =2∇^C_A′φ̄_B′_E′ ∇_A^{E′} φ_{BC} + 2φ̄_B′_E′ ∇^C_A′ ∇_A^{E′} φ_{BC} + cc =H_{ab} + 2φ̄_B′_E′ ∇^C_A′ ∇_C^{E′} φ_{AB} + cc, (62) where the Bianchi identity (13) was used in the second step and “cc” denotes the complex conjugate. Now, by use of the Maxwell wave equation (57), Einstien’s equations (6), and the fact that the trace of a symmetric spinor index pair vanishes, ∇^C_A′ ∇_C^{E′} φ_{AB} = − □_A′^{E′} φ_{AB} − 1 2 ε_A′^{E′} □φ_{AB} =Φ_A′^{E′}_A^F φ_{F B} + Φ_A′^{E′}_B^F φ_{AF} − ε_A′^{E′} φ^{CD}Ψ_{ABCD} + 4Λε_A′^{E′} φ_{AB} = − ε_A′^{E′} φ^{CD}Ψ_{ABCD} + 4Λε_A′^{E′} φ_{AB} . (63) Hence, ∇^c∇^dC_{acbd} =H_{ab} − 2φ̄_A′_B′ φ^{CD}Ψ_{ABCD} + 8Λφ_{AB}φ̄_A′_B′ + cc. =2H_{ab} + 1 2 R^{cd}C_{acbd} + 4ΛT_{ab}, (64) or, using (61),

B_{ab} = 2H_{ab} + 2 3 λT_{ab}. (65) Note that we have here the Bach tensor written completely in terms of the electromagnetic field and its covariant derivative.

Theorem 4. In Einstein-Maxwell spacetimes with a source-free electromagnetic field, the Bach tensor, B_{ab}, is related to the trace of the Chevreton tensor, H_{ab}, by

B_{ab} = 2H_{ab} + 2 3 λT_{ab}, (66) where T_{ab} is the energy-momentum tensor and λ is the cosmological constant.

We note that this result is not related to the conformally invariant theory of gravitation and electromagnetism, B_{ab} = 16πκ^2T_{ab}, suggested by Merkulov [18], since we have used the Einstein-Maxwell equations.

4 Conformally Einstein spaces

In this section we look at the integrability conditions for a source-free Einstein-Maxwell spacetime to be conformal to (i.e., have the same null cone structure as) an Einstein space.

A spacetime is said to be conformal to an Einstein space if there exists a conformal transformation ĝ_{ab} = e^{2Ω}g_{ab} such that in the transformed spacetime we have R̂_{ab} − 1 4 R̂ĝ_{ab} = 0. (67)

The vanishing of the Bach tensor is a necessary - but not sufficient - condition for a spacetime to be conformally related to an Einstein space [16]. Useful sufficiency conditions have been given for Petrov types I, II, D, where the invariant J = Ψ_{ABCD}Ψ^{CD}_{EF} Ψ^{EF AB} ≠ 0 , and III, where J = 0 [16, 28], but Petrov type N (also J = 0) has proven to be very difficult to analyze [11, 26]. All Petrov type O spacetimes are conformally flat [23], so they are trivially conformally Einstein spaces. If we restrict our study to Einstein-Maxwell spacetimes with a zero cosmological constant, then theorem 4 tells us that the vanishing of the Bach tensor is equivalent to the Chevreton tensor being trace-free. For the case of Einstein-Maxwell spacetimes with a cosmological constant, the vanishing of the Bach tensor gives the equation ∇_{CC}′ φ_{AB} ∇^{CC′}φ̄_A′_B′ = 4Λφ_{AB}φ̄_A′_B′ , (68) which is a much more difficult equation to analyze. Hence, we assume that the cosmological constant is zero and theorem 2 then restricts us to Petrov type N.

To find the conformally Einstein solutions we will use the fact that they are a subclass of the conformally C-spaces, which satisfy ^∇^aĈ_{abcd} = 0. (69)

Hence, a spacetime is conformal to a C-space if and only if there exists a smooth real scalar Ω such that

∇^{AA′} (e^ΩΨ_{ABCD}) = 0 (70)

and this implies for Petrov type N that [11]

κ = σ = 0,

IPΩ = ρ −

IPΨ_4 Ψ_4 , ∂Ω = τ − ∂Ψ_4 Ψ_4

. (71)

In our case the Bianchi equations (38) together with the fact that Ω is real valued give us that

IPΩ = 2 ϕ̄_0η Ψ_4 = 2 ϕ_0η̄ Ψ̄_4 , ∂Ω = 2 ϕ̄_1η Ψ_4

. (72)

By equations (55) the above reality condition is already satisfied. Let IP^′Ω = A, which is of spin-boost weight {−1, −1}. We now use the commutators to extract integrability conditions for a conformally C-space. The first commutator for Ω gives us (IPIP^′ − IP^′IP)Ω = (τ̄ − τ^′) ∂Ω + (τ − τ̄^′) ∂^′Ω, (73) or IPA = 2IP^′( ϕ̄_0η Ψ_4

) + 2(τ̄ − τ^′) ϕ̄_1η Ψ_4

+ 2(τ − τ̄^′) ϕ_1η̄ Ψ̄_4 . (74) The second commutator (IP ∂ − ∂IP)Ω = ρ ∂Ω − τ̄^′IPΩ (75) is identically satisfied. The third commutator (IP^′ ∂^′ − ∂^′IP^′)Ω = ρ̄^′ ∂^′Ω + σ^′ ∂Ω − τ̄IP^′Ω − κ^′IPΩ (76) gives us that

∂^′A = 2IP^′(ϕ^1η̄ Ψ̄_4 ) − 2 ρ̄^′ϕ_1η̄ Ψ̄_4 − 2 σ^′ϕ̄_1η Ψ_4 + 2 κ^′ϕ̄_0η Ψ_4

+ τ̄A. (77)

The last commutator ( ∂ ∂^′ − ∂^′ ∂)Ω = (ρ̄^′ − ρ^′)IPΩ (78) gives us that ϕ̄_1η Ψ^2_4

∂^′Ψ_4 − τ̄ ϕ̄_1η Ψ_4 = ϕ_1η̄ Ψ̄2_4

∂Ψ̄_4 − τϕ^1η̄ Ψ̄_4 (79) If we further demand that the spacetime is conformal to an Einstein space then [21] Φ_{ABA}′_B′ = ∇_{A(A}′ Υ_B′_{)B} − Υ_{A(A}′ Υ_B′_{)B} , (80) where Υ_{AA}′ = ∇_aΩ, must be satisfied. The o^Ao^B o^{A′} o^{B′} , o^Ao^Bι^{A′} o^{B′} , and o^Ao^B ι^{A′} ι^{B′} components are identically satisfied, while o^Aι^B ι^{A′} ι^{B′} gives

∂A = 2 ϕ̄_1ηA Ψ_4

+ 2ϕ_1ϕ̄_2 − 2 σ̄^′ϕ_1η̄ Ψ̄_4 − 2 ρ^′ϕ̄_1η Ψ_4

, (81) ι^Aι^B ι^{A′} ι^{B′} gives

IP^′A = 2ϕ_2ϕ̄_2 + A^2 − 2 κ̄^′ϕ_1η̄ Ψ̄_4 − 2 κ^′ϕ̄_1η Ψ_4

, (82)

and finally o^Aι^B o^{A′} ι^{B′} gives

IPA = 4ϕ_1ϕ̄_1 − 2 τ^′ϕ̄_1η Ψ_4 − 2 τ̄^′ϕ_1η̄ Ψ̄_4 − 2

∂(ϕ^1η̄ Ψ̄_4 ) − ρA − 2 ρ^′ϕ̄_0η Ψ_4 + 2 Aϕ̄_0η Ψ_4 + 4 ϕ_1ϕ̄_1ηη̄ Ψ_4Ψ̄_4

. (83)

If the space is also conformally Ricci-flat, R̂_{ab} = 0, then

∇^a∇_aΩ + ∇^aΩ∇_aΩ = 0. (84)

5 Solutions

In this section we will give the source-free Einstein-Maxwell spacetimes with trace-free Chevreton tensor. These are spacetimes with a zero cosmological constant and vanishing Bach tensor. Among these we will then look for conformally Einstein space solutions.

First, the two Petrov type O solutions (15) and (33) are both conformally flat, R̂_{abcd} = 0 and are thus trivially conformally Einstein spaces.

The Petrov type N solutions are divided into different cases, depending on whether the electromagnetic field and the Weyl tensor are aligned or not. They are said to be aligned if [25]

Ψ_{ABCD}φ^{AB} = 0, (85) or o_Ao_B φ^{AB} = 0. (86)

This means that the Weyl tensor and the electromagnetic field have a common principal null direction, o_A. The aligned case will be further divided into a null or non-null electromagnetic field.

5.1 Non-aligned The general Petrov type N non-aligned non-null Einstein-Maxwell solution [25] was found by Cahen and Leroy [8] and by Szekeres [27], and it is given by

ds^2 = − 1 2 cos^2(ar) ( dx^2 + dy^2 ) + 2b ( 2r + sin(2ar) a ) dudx + 4dudr − 4 a^2 ( 2b^2 sin^2(ar) − 2e^{2u} − raa^′_u ) du^2, (87)

where

a = a(x, u) = g(u)cosech (e^ux + f(u)) , (88) b = b(x, u) = −e^u coth (e^ux + f(u)) , (89) and g = g(u) ≠ 0 and f = f(u) are arbitrary^1. As can be checked, with for example GRTensorII 2 , the Bach tensor vanishes for these spacetimes. This result does not seem to have been noticed before.

We will now analyze this case for conformal Einstein space solutions. We have that ϕ_0 ≠ 0 and by a null rotation about o_A we set ϕ_1 = 0. From equation (55) we have that η = − ϕ_0Ψ_4 ρ , (90)

and taking a ∂^′-derivative and using (55) we get ∂^′Ψ_4 = τ̄Ψ_4. (91)

Our Maxwell equations (37) give us IPϕ_0 = 0, IPϕ_2 = 0, ∂ϕ_0 = 0, ∂ϕ_2 = 0, ∂^′ϕ_0 = 0, ∂^′ϕ_2 = 0, IP^′ϕ_0 = 0, IP^′ϕ_2 = − ϕ_0Ψ_4 ρ , (92) and ϕ_0κ^′ = −ϕ_2τ, ϕ_0σ^′ = −ϕ_2ρ, ρ^′ = τ^′ = 0. (93) The equations for the conformal scalar are

IPΩ = −

Φ_{00} ρ , (94) ∂Ω = 0, (95) IP^′Ω = A. (96) The integrability conditions for conformal C-space are

IPA =

Φ_{00} ρ^2

IP^′ρ, (97) ∂^′A = ϕ^2τΦ^{00}

ϕ_0ρ

+ τ̄A, (98)

while the conditions for conformally Einstein space give us that IPA = −ρA − AΦ_{00} ρ , (99) ∂A = 0, (100) IP^′A = Φ_{22} + A^2. (101)

1The coordinate transformation x^′ = x + e^{−u}f(u) makes computations in GRTensorII considerably faster. 2This is a package which runs within MAPLE and is available from address http://grtensor.org.

Hence, A = − ϕ_2τΦ_{00} ϕ_0ρτ̄ , (102)

and we thus get the following conditions

IP^′ρ = ϕ_2τ ϕ_0τ̄

(ρ^2 + Φ_{00}), (103)

Ψ_4 = ϕ_2ρ ϕ_0 ( IP^′τ τ − IP^′τ̄ τ̄ ) , (104)

ϕ_2τ ϕ_0τ̄ = ϕ̄_2τ̄ ϕ̄_0τ . (105)

Given these conditions the commutators for A and ρ are identically satisfied. We see that the gradient of Ω is proportional to the gradient of ρ,

IPΩ = −

Φ_{00} ρ(ρ^2 + Φ_{00}) IPρ, ∂Ω = − Φ^{00} ρ(ρ^2 + Φ_{00}) ∂ρ, ∂^′Ω = − Φ^{00} ρ(ρ^2 + Φ_{00}) ∂^′ρ, IP^′Ω = −

Φ_{00} ρ(ρ^2 + Φ_{00})

IP^′ρ, (106)

and since Φ_{00} is constant with respect to the GHP derivatives, we can integrate this to Ω = ∫ Φ_{00} ρ(ρ^2 + Φ_{00}) dρ = 1 2 ln ( ρ^2 + Φ_{00}

ρ^2 ) + C, (107)

where the constant C can be set to zero.

The null rotated (ϕ_1 = 0) and coordinate transformed form of the metric (87) is given by

ds^2 = − 1 2 cos^2(ar) ( dx^2 + dy^2 ) + ( 4rb + 2 b sin(2ar) a + cos^2(ar)h ) dudx + 4dudr − 1 2 ( cos^2(ar)h^2 + 4 bh sin(2ar) a − 16 b^2 cos^2(ar)

a^2

+ 16 e^{2u} g^2 − 8r g^′_u g − 8rbx ) du^2, (108)

where

a = a(x, u) = g(u)cosech(e^ux), (109) b = b(x, u) = −e^u coth(e^ux), (110)

and g = g(u) ≠ 0 and h = h(u) are arbitrary. For this metric, the conformal scalar Ω would be given by

Ω = − 1 2 ln sin^2(ar), (111) but the conformal metric ĝ_{ab} = e^{2Ω}g_{ab} has Φ̂_{22} ≠ 0 and is thus not an Einstein space. This is due to the fact that among the integrability conditions given above, (104) is not satisfied. We note however that this metric represents a conformally C-space with vanishing Bach tensor and we have a situation which differs from Petrov types I, II, and D. If these spacetimes are conformal to C-spaces and have a vanishing Bach tensor then they are conformal to Einstein spaces [16].

Given that the metric (87) represents the general non-aligned solution, we draw the conclusion that there are no Einstein-Maxwell spacetimes conformal to Einstein spaces in this class. We were unable to find a contradiction directly by using the commutators, though we note that if we restrict to conformally Ricci-flat spaces then (84) yields

A(ρ^2 + Φ_{00}) = 0, (112)

which is a contradiction.

5.2 Aligned, non-null electromagnetic field Here, ϕ_0 = 0, ϕ_1 ≠ 0. By a null rotation we set ϕ_2 = 0 and the Maxwell equations (37) are reduced to

ρ^′ = τ^′ = σ^′ = 0, (113) η = 2κ^′ϕ_1. (114)

The general aligned non-null solutions are known [8, 27], though not given on closed form. The solutions are quite complicated, so we therefore integrated the subset with trace-free Chevreton tensor directly. The integration procedure is given in appendix A, and we find that our solutions are given (with x^3 = x and x^4 = y) by

ds^2 = 2(Φ_{11}r^2 − U^∘(x, y, u))du^2 + 2dudr − 1 2P (x, y)^2 (dx^2 + dy^2), (115)

with

P^2 ( ∂^2 ∂x^2 + ∂^2 ∂y^2 ) ln P = Φ_{11}, (116) ( ∂^2 ∂x^2 + ∂^2 ∂y^2 ) U^∘ = 0. (117)

This metric was given in [27] (without stating that P^′_u = 0), though it was not known that the Bach tensor vanished. If we look for conformal Einstein space solutions, the conformal scalar should satisfy

IPΩ = 0, (118)

∂Ω = 2Φ_{11} κ^′

Ψ_4

, (119)

IP^′Ω = A. (120)

The integrability conditions for conformally C-spaces are

IPA = 0, (121)

∂A = 2Φ_{11}IP^′( κ^′ Ψ_4

), (122) κ^′ Ψ^2_4

∂^′Ψ_4 = κ̄^′

Ψ̄2_4

∂Ψ̄_4. (123)

The last condition here is not generally satisfied, as can be checked with for example GRtensorII. Hence, in the general case, these spacetimes have a vanishing Bach tensor but are not conformally C-spaces and therefore not conformally Einstein spaces.

The conditions for conformal Einstein spaces are

∂A = 2Φ^{11}κ^′A

Ψ_4

, (124)

IP^′A = A^2 −

2κ̄^{′2}Φ_{11}

Ψ̄_4 −

2κ^{′2}Φ_{11}

Ψ_4

, (125)

IPA = 2Φ_{11} − 2Φ_{11} ∂( κ̄^′ Ψ̄_4 ) + 4Φ^{211} κ^′κ̄^′ Ψ_4Ψ̄_4

. (126)

The commutator [IP, IP^′]A yields 2Φ_{11}A = 0, so we must take A = 0, which reduces our integrability conditions to

Ψ_4IP^′κ^′ = κ^′IP^′Ψ_4, (127)

∂^′Ψ_4 = −2Ψ_4 ( Ψ_4 κ^′ + κ̄^′Φ_{11} Ψ̄_4 ) , (128)

Ψ_4κ̄^{′2} + Ψ̄_4κ^{′2} = 0. (129)

The equation for conformally Ricci-flat space yields

Ψ_4Ψ̄_4 + 4Φ_{11}κ^′κ̄^′ = 0, (130)

so conformally Einstein spaces in this class must be proper conformally Einstein spaces, i.e., not conformally Ricci-flat.

The first integrability condition (127) translates (using z = x + iy and the results from appendix A) into

∂^2U^∘ ∂z^2 ∂^2U^∘ ∂z∂u = ∂U^∘ ∂z ∂^3U^∘ ∂z^2∂u , (131)

with solution

U^∘ = f(u)g(z) + f(u)g(z). (132)

In the simple case when g(z) = z the third integrability condition translates to f(u) ∂P ∂z + f(u) ∂P ∂z̄ = 0, (133) which gives U^∘ = h(u)(az + āz̄), ā ∂P ∂z + a ∂P ∂z̄ = 0, (134)

where h(u) is real and a is a constant satisfying |a| = 1. We rotate the xy-plane such that

U^∘ = h(u)x. (135)

This then implies that P = P (y) and we can give the explicit solution to equation (116), P = 1 2 Φ_{11} + e^{2C1y+2C2} C_1e^{C1y+C2} , (136)

where C_1 and C_2 are constants. The conformal scalar can then be integrated to

Ω = ln ( Φ_{11} + e^{2C1 y+2C2} Φ_{11} − e^{2C1 y+2C2} ) , (137)

and it transforms the spacetime into an Einstein space. Hence, the metric (115) satisfying (135) and (136) is conformal to an Einstein space.

In the general case (132), we are not able to solve the differential equations of the integrability conditions. The third integrability condition (129) becomes f(u) ( ∂ḡ ∂z̄ )_2 ( 2 ∂P ∂z ∂g ∂z + P ∂^2g ∂z^2 ) + f(u) ( ∂g ∂z )_2 ( 2 ∂P ∂z̄ ∂ḡ ∂z̄ + P ∂^2ḡ ∂z̄^2 ) = 0, (138)

which implies

U^∘ = h(u)(ag(z) + ag(z)), (139)

where h(u) is real and a is a constant satisfying |a| = 1. (The other possibility, that 2^{∂P}_{∂z}^{∂g}_{∂z} + P^{∂2g}_{∂z2} = 0, yields^{∂2 ln P}_{∂z∂z̄} = 0, which is a contradiction.)

The second integrability condition (129) yields the equation ∂g ∂z ( ∂P ∂z )_2 + P ∂P ∂z ∂^2g ∂z^2 − P ∂^2P ∂z^2 ∂g ∂z − 1 2 P^2

∂^3g ∂z^3 + P^2 (_{∂2g} ∂z^2 )_2 ∂g ∂z + 1 4 Φ_{11} a (_{∂g} ∂z )_2 ā^{∂ḡ}_{∂z̄} = 0, (140)

which we are not able to analyze further. From the simple case g(z) = z we know at least that the set of conformally Einstein spaces in this class is not empty.

5.3 Aligned, null electromagnetic field Here, ϕ_0 = ϕ_1 = 0 and our Maxwell equations (37) give us that ρ = τ = 0. As we see from the Bianchi identity (13), these spacetimes are C-spaces. The integrability conditions for the conformal scalar are then trivially

IPΩ = 0, IPA = 0, (141) ∂Ω = 0, ∂A = 0, (142) IP^′Ω = A. (143)

The conditions for conformally Einstein spaces are

IP^′A = Φ_{22} + A^2. (144)

The commutators for A are identically satisfied, so we get no further integrability conditions. Hence, all these spacetimes are conformally Einstein spaces. In fact, since the conformal scalar here satisfies ∇^a∇_aΩ = ∇^aΩ∇_aΩ = 0, these spacetimes are conformally Ricci-flat (84). These solutions were found by Van den Bergh [12]. They belong to the family of pp waves and are given by

ds^2 = −2dζdζ̄ + 2dudv + 2 ( f(ζ, u) + f(ζ, u) + κ_0ζζ̄(F (u))^2 ) du^2, (145)

where f(ζ, u) is analytic in ζ and both f(ζ, u) and F (u) depend arbitrarily on u. The coordinate transformation ζ^′ = ζ √ F (u) brings the metric into the form

ds^2 = −2F (u)dζdζ̄ − F^′_u(u)du ( ζdζ̄ + ζ̄dζ ) + 2dudv + 2 ( f(ζ, u) + f(ζ, u) + κ_0ζζ̄F (u) − ζζ̄ (F^′_u(u))^2 4F (u) ) du^2, (146)

where Φ_{22} = κ_0 and we can find an explicit solution for the conformal scalar Ω which gives the Ricci-flat metric,

Ω(u) = − 1 2 ln ( sin^2(u √ κ_0 + C) ) . (147)

6 Conclusion

We have given the characterization of all source-free Einstein-Maxwell spacetimes for which the Chevreton electromagnetic superenergy tensor is trace-free. This is equivalent to the Chevreton tensor being of pure-radiation type, H_{abcd} ∝ l_al_bl_cl_d, (148) where l_a is a null vector. This also implies that the spacetime must be of Petrov type N or O and that the cosmological constant must be zero. The connection between the trace of the Chevreton tensor and the Bach tensor is given by

B_{ab} = 2H_{ab} + 2 3 λT_{ab}. (149) We find all source-free Einstein-Maxwell spacetimes with a zero cosmological constant that have a vanishing Bach tensor. We use this to study the spacetimes which are conformally related to Einstein spaces. The result is given in the following table

Petrov type Electromagnetic field Chevreton Conformally Einstein Metric O non-null 0 conformally flat (15) O null ∝ l_al_bl_cl_d conformally flat (33) N non-aligned, non-null ∝ l_al_bl_cl_d no (87) N aligned, non-null ∝ l_al_bl_cl_d some (115) N aligned, null ∝ l_al_bl_cl_d conformally Ricci-flat (145)

All these metrics are previously known. The first two cases are trivially conformally Einstein spaces, since they are of Petrov type O.

The third case is interesting, because it is a conformally C-space with a vanishing Bach tensor, but it is not conformal to an Einstein space. It seems that the only previously found example of a spacetime (not necessarily Einstein-Maxwell) with these properties is the one found by Nurowski and Plebański [20],

ds^2 = e^{2ϕ} [ −dx^2 − dy^2 + 2 3 (dx + y^3du)(ydr + 11 9 dx − 1 9 y^3du) ] . (150)

It belongs to the Fefferman class of metrics which is of Petrov type N and the principal null direction of the Weyl tensor is geodetic, shear-free, twisting, and a conformal Killing vector field.

In the fourth case we have a situation where we have spacetimes with a vanishing Bach tensor that in the general case are not even conformally C-spaces. We have not been able to determine the full subset of spacetimes that are conformal to Einstein spaces, but we found some explicit examples. These are proper conformally Einstein spaces, i.e., not conformally Ricci-flat, and to our knowledge this is the first example of such Einstein-Maxwell spacetimes.

In the last case we find that all spacetimes are necessary conformally Ricci-flat. These were previously found by Van den Bergh [12].

Acknowledgments

The authors wish to thank José Senovilla and Brian Edgar for valuable comments and discussions.

A Integration of the aligned non-null solution

The metric (115) representing the aligned non-null Einstein-Maxwell spacetime with vanishing Bach tensor was given in [27], though without details. We need the expressions for the spin coefficients to analyze possible conformally Einstein space solutions and we therefore give a brief review of the integration in the NP formalism. We follow the coordinate choices of [19] quite closely.

With l^μ equal to a gradient and m^μ, n^μ parallelly propagated, both ϕ_1 and ϕ_2 are independent of r, so with a null rotation we set ϕ_2 = 0 and we have the following setup

l^μ = δ^μ_2 , (151) n^μ = δ^μ_1 + Uδ^μ_2 + X^iδ^μ_i , (152) m^μ = ωδ^μ_2 + ξ^iδ^μ_i , (153)

where i = 3, 4 and x^1 = u, x^2 = r and

κ = σ = ρ = τ = μ = λ = π = ε = Λ = ϕ_0 = ϕ_2 = 0, α = −β̄, η = −2ϕ_1ν. (154)

Radial integration yields

Ψ_4 = Ψ^∘_4, ξ^i = ξ^{∘i}, (155) α = α^∘, ω = ω^∘, (156) γ = Φ_{11}r + iγ^∘, X^i = X^{∘i}, (157) ν = ν^∘, U = −Φ_{11}r^2 + U^∘, (158)

where we have set γ^∘ real by a shift of the r-origin. From the two NP equations −Δᾱ − δγ = ᾱ(γ̄ − γ), (159) Δα − δ̄γ = α(γ̄ − γ), (160) we extract ω = 0. By use of coordinate freedom and a spatial rotation we set

ξ^{∘3} = P, ξ^{∘4} = iP, (161)

with P real. Now, δ = 2P ∂ ∂z̄ , δ̄ = 2P ∂ ∂z , (162)

with z = x^3 + ix^4. The transverse metric equation δX^{∘i} − Δξ^{∘i} = −2iγ^∘ξ^{∘i} (163) gives δ(X^{∘3} + iX^{∘4}) = 0 and we can use our coordinate freedom to set X^{∘3} = X^{∘4} = 0. Left from the above equation is now ΔP = 2iγ^∘P ⇔ ∂P ∂u = 2iγ^∘P ⇔ γ^∘ = ∂P ∂u = 0, (164)

since both P and γ^∘ are real. From the remaining NP and metric equations we now get

α^∘ = ∂P ∂z , ν^∘ = −2P ∂U^∘ ∂z , Ψ^∘_4 = −4 ∂ ∂z ( P^2 ∂U^∘ ∂z ) , (165)

and the conditions

4P^2

∂^2 ln P ∂z∂z̄ = Φ_{11}, (166) ∂^2U^∘ ∂z∂z̄ = 0. (167)

References

[1] Balfagón A and Jaén X, Review of some classical gravitational superenergy tensors using computational techniques, Classical and Quantum Gravity 17, 2491–2497.

[2] Bel L, Sur la radiation gravitionnelle, Les Comptes Rendus de l’Académie des Sciences de Paris 247 (1958), 1094–1096.

[3] Bel L, Introduction d’un tenseur de quatriéme ordre, Les Comptes Rendus de l’Académie des Sciences de Paris 248 (1959), 1297–1300.

[4] Bergman J, Edgar S B, and Herberthson M, The Bach tensor and other divergence-free tensors, International Journal of Geometric Methods in Modern Physics 2 (2005), 13–21.

[5] Bergqvist G, Positivity of general superenergy tensors, Communications in Mathematical Physics 207 (1999), 467-479.

[6] Bergqvist G, Eriksson I, and Senovilla J M M, New electromagnetic conservation laws, Classical and Quantum Gravity 20 (2003), 2663–2668.

[7] Brinkmann H W, Riemann spaces conformal to Einstein spaces, Mathematische Annalen 91 (1924), 269–278

[8] Cahen M and Leroy J, Exact solutions of Einstein-Maxwell equations, Journal of Mathematics and Mechanics 16 (1966), 501–508.

[9] Chevreton M, Sur le tenseur de superénergie du champ électromagnétique, Il Nuovo Cimento 34 (1964), 901–913.

[10] Collinson C D, A class of conserved tensors in arbitrary gravitational field, Proceedings of the Cambridge Philosophical Society 58 (1962), 346–362.

[11] Czapor S R, McLenaghan R G, and Wünsch V, Conformal C and empty spaces of Petrov type N, General Relativity and Gravitation 34 (2002), 385–402.

[12] Van den Bergh N, Conformally Ricci flat Einstein-Maxwell solutions with a null electromagnetic field, General Relativity and Gravitation 18 (1986), 1105–1110.

[13] Edgar S B, On the structure of the new electromagnetic conservation laws, Classical and Quantum Gravity 21 (2004), L21–L25.

[14] Eriksson I, Conserved matter superenergy currents for hypersurface orthogonal Killing vectors, Classical and Quantum Gravity 23 (2006), 2279–2290.

[15] Gover A R and Nurowski P, Obstructions to conformally Einstein metrics in n dimensions, Journal of Geometry and Physics 56 (2006), 450–484.

[16] Kozameh C N, Newman E T, and Tod K P, Conformal Einstein spaces, General Relativity and Gravitation 17 (1985), 343–352.

[17] Listing M, Conformal Einstein spaces in N-dimensions, Annals of Global Analysis and Geometry 20 (2001), 183–197.

[18] Merkulov S A, A conformally invariant theory of gravitation and electromagnetism, Classical and Quantum Gravity 1 (1984), 349–354.

[19] Newman E T and Tamburino L A, Empty space metrics containing hypersurface orthogonal geodesic rays, Journal of Mathematical Physics 3 (1962), 902–907.

[20] Nurowski P and Plebański J F, Non-vacuum twisting type-N metrics, Classical and Quantum Gravity 18 (2001), 341–351.

[21] Penrose R and Rindler W, Spinors and spacetime vol 1., Cambridge University Press, 1984. [22] Penrose R and Rindler W, Spinors and spacetime vol 2., Cambridge University Press, 1986. [23] Schouten J A, Über die konforme Abbildung n-dimensionaler Mannigfaltigkeiten mit quadratischer Massbestimmung auf eine Mannigfaltigkeit mit euklidischer Massbestimmung, Mathematische Zeitschrift 11 (1921), 58–88.

[24] Senovilla J M M, Superenergy tensors, Classical and Quantum Gravity 17 (2000), 2799– 2841.

[25] Stephani H, Kramer D, MacCallum M, Hoenselaers, and Herlt E, Exact solutions to Einstein’s field equations, 2nd ed., Cambridge University Press, 2003.

[26] Szekeres P, Spaces conformal to a class of spaces in general relativity, Proceedings of the Royal Society of London A 274 (1963), 206–211.

[27] Szekeres P, On the propagation of gravitational fields in matter, Journal of Mathematical Physics 7 (1966), 751–761.

[28] Wünsch V, Conformal C- and Einstein spaces, Mathematische Nachrichten 146 (1990), 237–245.