arXiv:gr-qc/0703113v1 22 Mar 2007

Reconstructing the Equation of State for Dark Energy In the Double Complex Symmetric Gravitational Theory^∗

Shao Ying,^† Gui Yuan-Xing^‡, Wang Wei Department of Physics, Dalian University of Technology, Dalian 116023

We propose to study the accelerating expansion of the universe in the double complex symmetric gravitational theory (DCSGT). The universe we live in is taken as the real part of the whole spacetime M^4_C (J) which is double complex. By introducing the spatially flat FRW metric, not only the double Friedmann Equations but also the two constraint conditions p_J = 0 and J^2 = 1 are obtained. Furthermore, using parametric D_L(z) ansatz, we reconstruct the ω^′ (z) and V(ϕ) for dark energy from real observational data. We find that in the two cases of J = i, p_J = 0 and J = ε, p_J � 0, the corresponding equations of state ω^′ (z) remain close to -1 at present (z = 0) and change from below -1 to above -1. The results illustrate that the whole spacetime, i.e. the double complex spacetime M^4_C (J), may be either ordinary complex (J = i, p_J = 0) or hyperbolic complex (J = ε, p_J � 0). And the fate of the universe would be Big Rip in the future.

PACS numbers: 04.20.-q; 98.80.-k; 98.80.Es

I. INTRODUCTION

Current astrophysical observations have indicated that the universe undergoes accelerated expansion during recent redshift times^{[1,2]}. The accelerating expansion has been attributed to the existence of mysterious dark energy^{[3]} with negative pressure which can induce repulsive gravity and thus cause accelerated expansion. The cosmological constant Λ with equation of state ω =^p_ρ = −1^{[4]} is the simplest and most obvious candidate for dark energy. However this model raises theoretical problems related to the fine tunned value. These difficulties have led to a variety of alternative models where the dark energy component varies with time (eg. quintessence, phantom etc.)^{[5]}. Other physically motivated models predicting late accelerated expansion include modified gravity^{[6]}, chaplygin gas^{[7]}, braneworld^{[8]}, quintom^{[9,10]} etc. It is interesting that the equation of state ω for the quintom model crosses -1 in the near past. In addition, some researches have presented to reconstruct the properties of dark energy from observations^{[11]}.

On the other hand, differing from these models, Moffat proposed the nonsymmetric gravitational theory (NGT)^{[12]} as a possible alternative of dark energy^{[13]}. Meanwhile, a so-called the double complex symmetric gravitational theory (DCSGT) have been established^{[14]}. Moreover, the corresponding double complex Einstein’s field equations have been obtained. NGT and DCSGT are also the generalized gravitational theory presented as the unified field theory of gravity and electromagnetism. Thus, the questions arise whether we can obtain the corresponding equations of state for dark energy in the DCSGT or whether the accelerating expansion of the universe can be studied in the DCSGT. In this paper, we will answer these questions. For instance, the universe we live in has been taken as the real part of the whole spacetime M^4_C(J) which is double complex. This paper is organized as

†Email: sybb37@student.dlut.edu.cn; Photo code: 0411-84707869(office) ‡Email: thphys@dlut.edu.cn; Photo code: 0411-84706203(office) ∗Supported by National Science Foundation of China under Grant No 10573004

follows. We obtain in Sec two, by introducing spatially flat FRW metric, the double Friedmann Equations in the DCSGT and the two constraint conditions p_J = 0 and J^2 = 1. In Sec three, the equation of state ω^′ (z), potential V(ϕ) and scalar field ϕ for dark energy are reconstructed from real observational data. Sec four is a conclusion.

II. THE FRIEDMANN EQUATIONS IN THE DCSGT

In the double complex symmetric gravitational theory (DC- SGT), metric tensor is a double complex symmetric tensor. Correspondingly, connection and curvature are forced to be double complex. The real diffeomorphism symmetry of standard Riemannian geometry is extended to complex diffeomorphism symmetry. In the double complex manifold of coordinates M^4_C(J), the double complex symmetric metric g_{μν}(J) is defined by

g_{μν}(J) = s_{μν} + Ja_{μν}, (1)

where s_{μν} and a_{μν} are the real symmetric tensors, and the double imaginary unit J = i, ε (J = i, J^2 = −1; J = ε, J^2 = 1, J � 1)^{[15,16]}. The real contravariant tensor s^{μν} is associated with s_{μν} by the relation

s^{μν} s_{μσ} = δ^ν_σ, (2)

and also

g^{μν}g_{μσ} = δ^ν_σ. (3)

The double complex symmetric connection Γ^λ_{μν}(J) and curvature R_{μν}(J) are determined by the equations

g_{μν;λ}(J) = ∂_λg_{μν}(J) − g_{ρν}(J)g^ρ_{μλ}(J) − g_{μρ}(J)Γ^ρ_{νλ}(J) = 0, (4)

R^λ_{μνσ}(J) = −∂_σΓ^λ_{μν}(J)+∂_νΓ^λ_{μσ}(J)+Γ^λ_{ρν}(J)Γ^ρ_{μσ}(J)−Γ^λ_{ρσ}(J)Γ^ρ_{μν}(J). (5) From curvature tensor, we can obtain the double complex Bianchi identities ( R^{μν}(J) − 1 2 g^{μν}(J)R(J) ) ;ν = 0. (6)

The action is denoted by S = S_{grav} + S_M , where S_{grav} and S_M are respectively gravity action and matter action

S_{grav} = 1 2 ∫ d^4 x [ G^{μν}(J)R_{μν}(J) + ( G^{μν}(J)R_{μν}(J)

)_†] , (7)

1 √ −g(J) ( δS_M δg^{μν}(J)

) = 8πGT_{μν}(J), (8)

where G^{μν}(J) := √ −g(J)g^{μν}(J) = S^{μν} + JA^{μν}, “†”denotes complex conjugation and T_{μν}(J) = τ_{μν} + Jτ^′_{μν} is a double complex symmetric source tensor. The variation with respect to g^{μν}(J) and dividing the equation by √ −g(J) can lead to

R_{μν}(J) − 1 2 g_{μν}(J)R(J) = −8πGT_{μν}(J). (9)

Eq.(9) is the double complex Einstein’s field equation in the DCSGT^{14}. Eq.(9) is written as

R_{μν}(J) = −8πG ( T_{μν}(J) − 1 2 g_{μν}(J)T (J) ) . Let us consider the spatially flat FRW metric

ds^2 = −dt^2 + a^2(t)[dr^2 + r^2(dθ^2 + sin^2θdϕ^2)]. (10)

The double complex symmetric metric tensor g_{μν}(J) is determined by

g_{00}(J) = −(1 + J),

g_{11}(J) = a^2(t) + Ja^2(t),

g_{22}(J) = a^2(t)r^2 + Ja^2(t)r^2,

g_{33}(J) = a^2(t)r^2 sin^2 θ + Ja^2(t)r^2 sin^2 θ. (11)

The energy-momentum tensor T_{μν}(J) in the double complex symmetric spacetime is defined

T^{μν}(J) = [(ρ_C +p_C)U^μU^ν+p_Cg^{μν}]+J[(ρ_J +p_J)U^{′μ}U^{′ν}+p_Jg^{μν}], (12) where ρ_C , p_C and ρ_J , p_J are energy density and pressure respectively in real and imaginary spacetime respectively. We define

s_{μν}U^μU^ν = −1, a_{μν}U^{′ μ}U^{′ν} = −1, (13)

T_{μν}(J) = g_{μα}g_{νβ}T^{αβ}(J), (14)

Substituting Eqs.(11) and (12) into Eq.(9), the double evolutive equations of the universe are expressed ä a = − 4πG 3 [(3p_C + ρ_C ) + J^2(p_J − ρ_J )], (15)

p_C − ρ_C + (2 − J^2)ρ_J + (4 − J^2)p_J = 0, (16)

2 ȧ^2 a^2 + ä a = 4πG[(ρ_C − p_C) + J^2(ρ_J − p_J)], (17)

2 ȧ^2 a^2 + ä a = 4πG[(ρ_C − p_C) + J^2ρ_J + (J^2 − 2)p_J], (18)

where dot means derivative with respect to time.

From Eqs.(15)-(18), we can obtain two constraint conditions

p_J = 0 or J^2 = 1, (19)

and Hubble parameter

H^2 = 8πG 3 [ρ_C + 1 2 J^2(ρ_J − p_J)], (20)

Ḣ = −4πG(ρ_C + p_C). (21)

Eqs.(20) and (21) are the Friedmann Equations in the DCSGT.

In the following section, we will study the reconstructions of the equations of state for dark energy in the two constraints p_J = 0 and J^2 = 1, respectively.

III. THE RECONSTRUCTIONS OF EQUATIONS OF STATE ω_ϕ AND POTENTIAL V(ϕ) FOR DARK ENERGY

If the density and pressure of the matter of the universe are respectively

ρ_C = ρ_m + ρ^′ , p_C = p_m + p^′ , (22)

where ρ_m =^{3H20}_{8πG} Ω_{0m}(1+z)^3 and p_m = 0 are energy density and pressure of nonrelativistic matter, ρ^′ and p^′ are energy density and pressure for scalar field ϕ

ρ^′ = λ 2 ϕ̇^2 + V(ϕ), p^′ = λ 2 ϕ̇^2 − V(ϕ), (23)

where λ = ±1 corresponding to ordinary scalar field and phantom scalar field. Substituting Eqs.(22) and (23) into Eqs.(20) and (21), then we can obtain

H^2 = 8πG 3 [ρ_m + λ 2 ϕ̇^2 + V(ϕ) + 1 2 J^2(ρ_J − p_J)], (24)

Ḣ = −4πG(ρ_m + λϕ̇^2). (25)

A. the case of p_J = 0

If the first constraint condition p_J = 0, Eq.(24) is rewritten as H^2 = 8πG 3 [ 4 − J_2

2(2 − J^2) ρ_m + λ 2 ϕ̇^2 + 2

2 − J^2

V(ϕ) ] . (26)

From Eqs.(25) and (26), the double potential V(z) and scalar field ϕ can be obtained

V(z) =

3H_0^2 8πG [ (2 − J_2)H_2

2H_0^2 − 1 2 Ω_{0m}(1+z)^3−

(2 − J^2)(1 + z)H 6H_0^2 dH dz ] , (27) ( dϕ dz )^2 = 1 λ 3H_0^2 8πG [ 2 3H_0^2(1 + z)H dH dz − Ω_{0m}(1 + z) H^2 ] , (28)

where^{dz}_{dt} = −(1 + z)H(z). And the equation of state for dark energy is

ω^′ (z) = p^′ ρ^′ = (4−J^2)(1+z) 3(2−J^2)H dH dz − 1

1 −^{2H20}_{(2−J2)H2} Ω_{0m}(1 + z)^3 +^{J2(1+z)}_{3(2−J2)H}^{dH}_{dz}

. (29)

Eqs.(27)-(29) show that potential V(z) and equation of state ω^′ (z) are only dependent of double imaginary unit J, but field function ϕ is dependent of λ, i.e. V(z) and ω^′ (z) are modelindependent. Therefore, the following quantities are shown for λ = 1 (ordinary scalar field). When J = i (corresponding to the ordinary complex 4D spacetime), Eqs.(27)-(29) are potential V(z), field ϕ and equation of state ω^′ (z) in the ordinary complex symmetric gravitational theory (OCSGT). When J = ε (corresponding to the hyperbolic complex 4D spacetime), V(z), ϕ and ω^′ (z) are obtained in the hyperbolic complex symmetric gravitational theory (HCSGT)^{[14]}.

In the following we will concretely study the state parameters ω^′ (z) corresponding to J = i, ε from the observational data. Hence we will deny the equation of state ω^′ (z) in the HC- SGT (J = ε) for the constraint condition p_J = 0. The observational data we will adopt are the Full Gold dataset (FG) (157 data points 0 < z < 1.7) compiled by Riess et al^{[17]}, which is one of the most reliable and robust SnIa datasets existing. And all reconstructed quantities are shown for Ω_m = 0.3.

In spatially flat cosmology, the luminosity distance D_L(z) and Hubble parameter H(z) are simply related as (c = 1)

H(z) ≡ ȧ a = [ d dz ( D_L(z)

1 + z

)]_{−1}

. (30)

We use a rational ansatz for the luminosity distance D_L(z)^{[11]}

D_L 1 + z ≡ 2 H_0

[ z − α √1 + z + α

βz + γ √ 1 + z + 2 − α − γ ] , (31)

where α, β and γ are fitting parameters, which are determined by minimizing the function

χ^2(a_1...a_n) = N∑ i=1 (μ_{obs}(z_i) − μ_{th}(z_i))^2 σ^2_i

, (32)

where the total error published for the FG dataset σ^2_i = σ^2_{μi} + σ^2_{int} + σ^2_{νi}. The observational and theoretical distance modulus are defined as μ_{obs}(z_i) = m_{obs}(z_i) − M and μ_{th}(z_i) = 5 log_{10}(D_L(z)) + μ_0, respectively. The luminosity distance D_L is related to the measured quantity, the corrected apparent

FIG. 1: The plot shows the evolution of ω^′ (z) for the Ω_m = 0.3 in the DCSGT. The solid line and the dashed line respectively denote the ω^′ (z) in the OCSGT (J = i) and HCSGT (J = ε). Notice that the divergence of ω^′ (z) in the HCSGT is not consistent with the observations while the ω^′ (z) accords with the observations in the OCSGT and changes from below −1 to above −1.

peak B magnitude m_B as m_B = M + 25 + 5 log_{10} D_L, where M is the absolute peak luminosity. The minimization of Eq.(32) is made using the FindMinimum command of Mathematica. Moreover, the following constraints^{[11]} are applied to minimize χ^2,

Ω_m = ( β^2 αβ + γ

)^2, (33) and 4β + 2γ − α 2 − α

≥ 3Ω_m. (34)

Our reconstructions for ω^′ (z) are shown in fig1.(The curves plotted are for the best-fit values of the parameters α = 1.492, β = 0.583, γ = −0.190) Notice that the divergence of equation of state ω^′ (z)(J = ε) in the hyperbolic complex spacetime does not accord with observation facts. So we deny this situation. According to the evolution of ω^′ (z)(J = i) in the OCSGT, we find that the ω^′ (z) remains close to -1 at present (z = 0) and the fate of the universe would be Big Rip in the future. It is interesting that ω^′ (z) changes from below -1 to above -1, which agrees with the Quintom model^{[9,10]}. In fig 2 and 3, the potential V(z) reconstructed and the age of the universe obtained using t(z) = H^{−1}_0

∫_∞ z H_0dz (1+z)H , are respectively

shown. And we see that the age of universe is about 14 Gyr, which is consistent with the observations.

B. the case of J^2 = 1

We have discussed the case of p_J = 0, J = ε above. Below we will study the case of J^2 = 1(J = ε), but p_J � 0. Eq.(24) turns into

H^2 = 8πG 3 [ 5 6 ρ_m + λ 2 ϕ̇^2 + 2 3 V(ϕ) + 2 3 ρ_J ] . (35)

FIG. 2: The effective potential V(z) is shown in units of 3H^2_0 /8πG.

FIG. 3: The age of the Universe at a redshift z, given in Gyr, for the value of H_0 = 70kms^{−1} M pc^{−1}.

If the density parameter Ω_J in the imaginary part of the whole spacetime M^4_C(J) is Ω_J ≡^{ρJ}_{ρ0} = ρ_J/(^{3H20}_{8πG} ) = 1, then we can obtain

V(z) =

3H^2_0 8πG [ 3H_2

2H^2_0 − 1 2 Ω_{0m}(1 + z)^3 −

(1 + z)H 2H^2_0 dH dz − 1 ] , (36)

( dϕ dz )^2 = 1 λ 3H^2_0 8πG [ 2 3H^2_0 (1 + z)H dH dz − 1 H^2

Ω_{0m}(1 + z) ] . (37)

Furthermore, the equation of state for dark energy

ω^′ (z) = p^′ ρ^′ = −1 +^{5(1+z)}_{9H}^{dH}_{dz} +^{2H20}_{3H2}

1 −^{2H20}_{3H2} Ω_{0m}(1 + z)^3 −^{1+z}_{9H}^{dH}_{dz} −^{2H20}_{3H2}

. (38)

Eqs. (36)-(38) are potential V(ϕ), field ϕ and equation of state ω^′ (z) in the hyperbolic complex symmetric gravitational theory (HCSGT). We still apply the D_L(z) ansatz (31) and the two constraints (33) and (34) to minimize χ^2. Hence the equations of state ω^′ (z) and potential V(z) for dark energy are shown in fig4 and 5, respectively. Note that the ω^′ (z) remains close to -1 at present and changes from below -1 to above -1 for the

FIG. 4: The equation of state ω^′ (z) = p^′ /ρ^′ as a function of redshift z for p_J = 0 in the HCSGT (J = ε). The curve plotted is for Ω_m = 0.3. The ω^′ (z) changes from below -1 to above -1 and remains close to -1 at present.

FIG. 5: The effective potential V(z) is shown in units of 3H^2_0 /8πG.

whole redshift range 0 < z < 1.7. The fate of the universe would be Big Rip in the future.

IV. CONCLUSIONS

In this paper, we have proposed to study the accelerating expansion of the universe in the double complex symmetric gravitational theory (DCSGT). The universe we live in is taken as the real part of the whole spacetime M^4_C(J) which is double complex. By introducing the spatially flat FRW metric, the double Friedmann Equations and two constraint conditions p_J = 0 and J^2 = 1 have been obtained. Furthermore, using parametric D_L(z) ansatz and real observational data, we have reconstructed the equation of state ω^′ (z) and potential V(ϕ) for the two constraints, respectively. The results have indicated that the corresponding state parameters ω^′ (z) are consistent with the observations for the two cases of J = i, p_J = 0 and J^2 = 1(J = ε), p_J � 0. So we have concluded that the whole spacetime M^4_C(J), may be either ordinary complex (J = i) for p_J = 0 or hyperbolic complex (J = ε(J^2 = 1)) for p_J � 0. Moreover, we find (see fig1 and 4) that the ω^′ (z) remains close to the −1 at present (z = 0) and changes from below -1 to above -1, which is consistent with the Quintom model^{[9,10]}. And fig1 and 4 show that when z < 0, ω^′ (z) < −1 which tell us that the fate of the universe would be Big Rip in the future. Since we have only studied the corresponding properties of the dark energy in the DC- SGT, some questions are not deeply discussed (eg. the relation (16) of matter between real and imaginary space and the properties of the whole spacetime). Hence, we will investigate these issues in detail in the forthcoming work.

V. ACKNOWLEDGEMENTS

This work was supported by National Science Foundation of China under Grant NO.10573004.

[1] A.G.Riess et al., Astron.J. 116(1998)1009. [2] S.Perlmutter et al., Astrophys.J. 517(1999)565. [3] D.Huterer and M.S.Turner, Phys.Rev.D64 (2001)123527. [4] V.Sahni and A.A.Starobinsky, Int.J.Mod.Phys. D9, 373 (2000);

T.Padmanabhan, Phys.Rept. 380 (2003)235.

[5] P.G.Ferreira and M.Joyce, Phys.Rev.D58 (1998)023503;

B.Ratra and P.J.E.Peebles, Rev.Mod.Phys. 75(2003)559. [6] K.Freese and M.Lewis, Phys.Lett. B540 (2002)1. [7] A.Y.Kamenshchik, U.Moschella and V.Pasquier, Phys.Lett.

B511(2001)265.

[8] V.Sahni and Y.Shtanov, JCAP 0311(2003)014. [9] B.Feng, X.L.Wang and X.M.Zhang, Phys.Lett. B607(2005)35. [10] Z.K.Guo, Y.S.Piao, X.M.Zhang and Y.Z.Zhang, Phys.Lett.

B608(2005)177.

[11] T.D.Saini et al., Phys.Rev.Lett. 85 (2000)6.

[12] J.W.Moffat, J.Math.Phys. 21(1980)1978; J.W.Moffat, J.Math.Phys. 29(1988)1655.

[13] J.W.Moffat, astro-ph/0403266.

[14] Y.B.Wu, Y.Shao and P.Dong, Acta.Phys.Sin. 53 (2004)2846;

J.W.Moffat, Phys.Lett. B491(2000)345; J.Moffat, Proc.Camb.Phil.Soc. 53(1957)473.

[15] Z.Z.Zhong, J.Math.Phys. 26(1985)2589. [16] J.Huck, J.Math.Phys. 34(1993)12. [17] A.G.Riess et al., Astrophys.J. 607 (2004)665. [18] S.Nesseris and L.Perivolaropoulos, astro-ph/0511040.