arXiv:gr-qc/9407042 v5 10 Oct 2002

Simultaneous Hamiltonian Treatment of Class A Spacetimes and Reduction of Degrees of Freedom at the Quantum Level

T. Christodoulakis^1 , E. Korfiatis, E.C. Vagenas^2

University of Athens, Physics Department, Nuclear and Particle Physics Section, Panepistimioupolis, Ilisia 157 71, Athens, Greece

Dedication One of us (T.C.) wishes to dedicate this work to the memory of his late father Ioannis Christodoulakis whose sudden death during the preparation of an early version of this work in 1994 greatly sorrowed him.

We consider the quantization of a general spatially homogeneous space-time belonging to an arbitrary but fixed Class A Bianchi type. Exploiting the information furnished by the quantum version of the momentum constraints, we use as variables the two simplest scalar contractions of C^α_{βγ} and γαβ as well as the determinant of γαβ ; We thus arrive at an equation for the wave function in terms of these quantities. This fact enables us to treat in a uniform manner all Class A cosmologies. For these spacetimes the Langrangian used correctly reproduces Einstein’s equations. We also discuss the imposition of simplifying ansätzen at the quantum level in a way that respects the scalings of the quadratic Hamiltonian constraint.

1. Introduction

Since the pioneering work of DeWitt [1] a lot of minisuperspace models have appeared in the literature [2]. In all these models, a particular Bianchi type symmetry group is selected and a, more or less, simple form for the time dependent matrix γ_{αβ}(t) (appearing in the spatial part of the metric) is adopted; it is not thus easy to determine which of the properties of these quantum models can be expected to hold as more and more degrees of freedom (eventually leading to the full theory) are taken into account. Yet, the investigation of precisely such kind of properties is one of the main reasons for considering Quantum Cosmology. In this work we try to avoid this fragmentation by considering the wavefunction to be a function of the minimum possible number of scalar under the action GL(3,R) combinations of C^α_{βγ} and γ_{αβ} , and γ_{αβ} to be (in principle) unrestricted. The paper is organised as follows : In section II we set-up the Wheeler-DeWitt equation for a general spatially homogeneous metric. Thus, exploiting the relations between the curvature invariants and the “scalars” constructed out of C^α_{βγ} and γ_{αβ} we present an equation for Ψ in terms of the two simplest independent scalar contractions and γ = detγ_{αβ} ; As an indicative example we solve the resulting equation for the type II case. In section III we describe a reduction scheme for implementing various simplifing ansätzen at the quantum level. Employing two simple ansätzen we again give, using this reduction scheme, two indicative examples of reduced minisuperspace models. Finally the results obtained are discussed in section IV.

2. Curvature Invariants and The Reduced Wheeler-DeWitt Equation

Our starting point is the action for pure gravity S_{gr} = − ∫ d^3xdt √ −^{(4)}g^{(4)}R (2.1)

A spatially homogeneous space-time is characterised by the line element

ds^2 = −N^2(t)dt^2 + g_{ij}(x, t)dx^idx^j + 2N_idx^idt (2.2)

1 e-mail: tchris@cc.uoa.gr 2 e-mail: hvagenas@cc.uoa.gr

where

g = γ_{αβ} (t)σ^α(x)σ^β(x) ⇔ g_{ij} = γ_{αβ} (t)σ^α_i (x)σ^β_j (x) (2.3)

N_i = N_α(t)σ^α_i (x) (2.4)

Lower case Latin indices are world (tensor) indices and range from 1. . .3 while lower case Greek indices number the different one-forms and take values in the same range. The exterior derivative of any basis one-form (being a two-form) is a linear combination of the wedge product of any two of them, i.e.

dσ^α = C^α_{βγ} σ^β ∧ σ^γ ⇔ σ^α_{i,j} − σ^α_{j,i} = 2C^α_{βγ} σ^γ_i σ^β_j (2.5)

The coefficients C^α_{βγ} are, in general, functions of the point x. When the space is homogeneous and admits a 3-dimensional isometry group, there exist 3 one-forms such that the C ’s become independent of x and are then called structure constants of the corresponding isometry group. After substitution of metric (2.2) into action (2.1), the passage to the phase space leads to the following Hamiltonian action [3] : S = ∫ dt [ N_7 ( 1 2 G_{αβγδ}π^{αβ}π^{γδ} + √ γR ) − 1N^ρ ( C^α_{βρ}γ_{αμ}π^{βμ} + C^γ_{μγ} γ_{ρϵ}π^{ϵμ} ) ] (2.6)

where G_{αβγδ} = γ^{−1/2} (γ_{αγ} γ_{βδ} + γ_{αδ}γ_{βγ} − γ_{αβ} γ_{γδ} ) , γ = det [γ_{αβ}] (2.7) with inverse G^{αβγδ} = 1 4 γ^{1/0} ( γ^{αγ} γ^{βδ} + γ^{αδ} γ^{βγ} − 2γ^{αβ} γ^{γδ} ) (2.8)

N^2_0 = −N^2 + γ^{αβ} N_αN_β, N^ρ = γ^{ρδ} N_δ (2.9) and R = C^β_{λμ}C^α_{θτ} γ_{αβ}γ^{θλ}γ^{τμ} + 2γ^{βν} C^α_{βδ}C^δ_{να} + 4γ^{νλ}C^μ_{μν}C^β_{βλ} (2.10) is the Ricci scalar of the slice t=constant. Action (2.6) describes a system of ten degrees of freedom (six γ_{αβ} plus the Lagrange multipliers N_0 , N_α ) among which there are constraints. Treating this system according to Dirac’s [4] theory one arrives at the primary constraints ( Π^0, Π^α ) ≈ (0, 0, 0, 0) which in turn lead to the secondary :

H_0 := 1 2 G_{αβγδ}π^{αβ}π^{γδ} + √ γR ≈ 0 H_α := C^ν_{βα}γ_{νμ}π^{βμ} + C^γ_{μγ} γ_{ατ} π^{μτ} ≈ 0. (2.11)

If we restrict attention to the Class A subgroup then C^γ_{μγ} = 0 and constraints (2.11) are first class, satisfying : {H_0, H_α} = 0, {H_α, H_β} = − 1 2 C^γ_{αβ}H_γ . (2.12)

In deriving (2.12) use has been made of the basic P.B.’s {γ_{αβ} , π^{μν}} = δ^{μν}_{αβ} . For the Class B case further restrictions on the phase- space variables are introduced by the requirement that constraints (2.11) should be preserved in time, indicating that action (2.6) does not correctly reproduces Einstein’s Equations [3]. For this reason it is understood that in the rest of the paper we are mostly concerned with Class A spacetimes.

In order to quantize the classical action (2.6) we follow Dirac’s quantization prescription [4] : Firstly we have to realize constraints (2.11) as (possibly Hermitian) operators acting on some Hilbert space spanned by their common null eigenvectors; secondly, we must check consistency, i.e. we need to verify that these operators form a closed quantum algebra, preferably isomorphic to (2.12); thirdly, we have to find the

Ψ’s by solving the linear quantum constraints as well as the Wheeler-DeWitt equation. Adopting the Schrödinger representation, i.e. : γ̂_{αβ} = γ_{αβ} , π̂^{αβ} = −i ∂ ∂γ_{αβ} , ( N̂_0, N̂_α ) = (N_0, N_α) ( Π̂^0, Π̂^α ) = ( −i ∂ ∂N_0 , −i ∂ ∂N_α ) , (2.13)

we readily see that the quantum analogs of the primary constraints simply inform us that Ψ is not a function of N_0 , N_α . In turning the linear constraints (2.11) into operators we adopt the prescription of having all the π^{αβ} ’s to the far right so that the quantum constraints maintain the classical symmetries. Thus we have :

Ĥ_αΨ := C^ν_{βα}γ_{νμ}π̂^{βμ}Ψ = 0 (2.14)

In turning the quadratic constraint (2.11) into an operator annihilating the wave function Ψ we adopt the quantization prescription of Kuchar and Hajicek [5], which amounts in realizing the “kinetic part” of this constraint as the conformal Laplacian based on the “physical” metric :

Σ^{AB} = ∂x^A ∂γ_{αβ} ∂x^B ∂γ_{γδ} G_{αβγδ} induced by G_{αβγδ} and the solutions x^A to the linear quantum constraints (2.14) :

∇^{Conf}_Σ = ∇_Σ + D − 2 4 (D − 1)

R_Σ (2.15)

D is the dimension of the reduced minisuperspace spanned by the x^A ’s. This quantization rule is mandatory if one wants to respect the classical covariance of the action (2.6) : γ_{αβ} → γ̃_{αβ}(γ_{μν} ), N → Ñ = f(γ_{αβ} )N, (2.16) or, equivalently, the freedom to multiply constraint H_0 by an arbitrary function. Thus, the Wheeler-DeWitt equation which Ψ has to satisfy takes the form : − 1 2 [ Σ^{AB} ∂^2 ∂x^A∂x^B − Γ^Λ_{AB}Σ^{KB} ∂ ∂x^Λ + D − 2 4(D − 1)

R_Σ + √ γR ] Ψ = 0 (2.17)

where Γ^Λ_{AB} , R_Σ are the Christoffel symbol’s and the Ricci scalar corresponding to Σ_{MN} (inverse to Σ^{AB} ). It is tedious but straightforward to verify (using [ γ̂_{αβ}, π̂^{γδ} ] = −iδ^{γδ}_{αβ} ) that the quantum constraints satisfy an algebra completely analogous to (2.12) : { Ĥ_0, Ĥ_α } = 0, { Ĥ_α, Ĥ_β } = − i 2 C^γ_{αβ}Ĥ_γ (2.18)

We next come to the measure of the Hilbert space to be constructed by the solutions to (2.17, 2.14) : It is desirable to have a measure μ under which the state-vector-defining operators (2.17, 2.14) be Hermitian; the most general Hermitian operator conditions corresponding to the linear constraints (2.11) are [6] :

X̂_αΨ = 1 2μ ( μC^β_{αγ}γ_{βδ} π̂^{γδ} + π̂^{γδ} C^β_{αγ}γ_{βδ} μ ) Ψ = 0 (2.19)

If we want X̂_α ’s to be identical to Ĥ_α ’s in (2.14) we immediately conclude (bearing in mind that C^τ_{τα} = 0) that μ must also satisfy (2.14), i.e. :

C^β_{αγ}γ_{βδ}π̂^{γδ} μ = 0 (2.20)

Finally, the Hermiticity of (2.17) fixes the measure to be : μ = √ detΣ_{AB} (2.21)

which can be seen to satisfy (2.20).

Let us now start our investigation of the space of state vectors by considering the solutions to (2.14): Except for the trivial Bianchi type I (see end of the section IV) and type II (which is explicitly solved below), in all other Class A Bianchi types conditions (2.14) comprise a set of 3 independent PDE’s in 6 variables. As a result, we expect the general solution to these equations, if it exists, to be a function of 3 combinations γ_{αβ} ; the existence of the solutions to (2.14) is guaranteed by Frobenius theorem : The quantum algebra (2.18) satisfied by the Ĥ_α ’s (seen as vector fields on the configuration space) is essentially the integrability conditions required by the theorem. As one can easily verify, every combination of C^α_{βγ} and γ_{αβ} that is scalar under the action GL(3,R) (i.e. has all the frame indices contracted), as well as γ is a solution to these equations. Thus the general solution to (2.14) is a function of γ and any scalar combination of C^α_{βγ} and γ_{αβ} .

As it is well known [7], the number of independent curvature invariants of a three-dimensional space is generically three. One can arbitrarily choose them to be :

R_1 = g^{ij} R_{ij} R_2 = R^i_jR^j_i R_3 = R^i_jR^j_kR^k_i (2.22)

For the case of (the spatial part of) metric (2.2) : R^{ij} = σ^i_κσ^j_λ ( C^κ_{βδ}C^λ_{μν}γ^{δμ} γ^{βν} + 2C^α_{βγ} C^γ_{μα}γ^{βκ}γ^{μλ} − 2C^κ_{βδ}C^ν_{μν}γ^{δμ}C^γ_{μα}γ^{βλ} − 2C^λ_{βδ}C^ν_{μν} γ^{δμ}γ^{βκ} + 2C^α_{βδ}C^τ_{μν} γ_{ατ} γ^{νδ} γ^{βλ}γ^{μκ} ) (2.23)

see [8]. From this relation it is evident that the curvature invariants will be complicated combinations of terms involving scalar contractions of C^α_{βγ} and γ_{αβ} (and thus they will also satisfy (2.14)). Searching for the most convenient contractions to take as independent variables we immediately spot the three simplest contractions appearing in expression (2.10) for the Ricci scalar, namely : C^β_{λμ}C^α_{θτ} γ_{αβ} γ^{θλ}γ^{τμ} , γ^{βν} C^α_{βδ}C^δ_{να}, γ^{νλ}C^μ_{μν}C^β_{βλ}. However, as one can see in the appendix, the third contraction is a multiple of the second i.e. γ^{νλ}C^μ_{μν} C^β_{βλ} = λγ^{βν} C^α_{βδ}C^δ_{να} . The presence of γ in the potential term of (2.17), as well as the fact that γ is a solution to (2.14), suggests that the three independent variables can be taken to be :

x^1 := C^β_{λμ}C^α_{θτ} γ_{αβ}γ^{θλ}γ^{τμ} x^2 := γ^{βν} C^α_{βδ}C^δ_{να} x^3 := γ (2.24)

instead of R_1, R_2, R_3 (see appendix for the exact expressions of R_1, R_2, R_3 in terms of x^1, x^2, x^3 ). Therefore the general solution to (2.14) is an arbitrary function of x^1, x^2, x^3 say Ψ = Ψ(x^1, x^2, x^3). Note that x^1, x^2, x^3 are the “physical coordinates” defined by Kuchar and Hajicek [5]. We now turn our attention to (2.17). In trying to calculate Σ^{AB} and thus implement the conclusion that Ψ = Ψ(x^1, x^2, x^3) one is coming across terms quartic in C ’s which are not manifest combinations of sums of products of x^1, x^2, x^3 . One such typical term could, for example, be :

∂^2Ψ ∂x^2∂x^1 ∂x^2 ∂γ_{αβ} ∂x^1 ∂γ_{γδ} γ_{αγ} γ_{βδ} = ∂^2Ψ ∂x^2∂x^1 (2C^κ_{γν}C^ν_{ακ}C^ϵ_{μδ}C^ξ_{τβ} γ_{ϵξ} γ^{γμ}γ^{ατ} γ^{δβ} − C^κ_{γν} C^ν_{ακ}C^γ_{μδ}C^α_{τβ} γ^{μτ} γ^{δβ} ) In deriving this relation use has been made of the identity : ∂γ^{αβ} ∂γ_{γδ} = − 1 2 ( γ^{αγ} γ^{βδ} + γ^{αδ}γ^{βγ} )

easily obtainable from the basic relations : ∂γ_{αβ} ∂γ_{γδ} = δ^{γδ}_{αβ}, γ^{αβ} γ_{βδ} = δ^α_δ . In order to actually show that all terms of the sort are, indeed, algebraic combinations of x^1, x^2, x^3 we have to count the number of independent “scalar” contractions that can be constructed out of C^α_{βγ} and γ_{αβ} . The procedure we adopt is closely similar to that used in [7] to count the number of independent curvature invariants in d-dimensions. As it is well known, C^α_{βγ} , being the structure constants of a 3-dimensional Lie group, are antisymmetric in their lower indices and satisfy the Jacobi identities : T^δ_{αβγ} := C^δ_{μγ} C^μ_{αβ} + C^δ_{μα}C^μ_{βγ} + C^δ_{μβ}C^μ_{γα} = 0 T^δ_{αβγ} being fully antisymmetric in its lower indices. The symmetric matrix γ_{αβ} has 6 independent components. The antisymmetry of C^α_{βγ} leaves it with 9 components restricted by the 3 independent Jacobi Identities. Thus C^α_{βγ} has 6 independent components. If we are interested in scalar contractions of C^α_{βγ} and γ_{αβ} then the 9 components Λ^α_β of an element of GL(3,R) can be chosen arbitrarily. Hence, the 6 independent components of γ_{αβ} and the 6 independent C^α_{βγ} ’s are subject to 9 restrictions when put together to form scalar combinations. The number of independent such scalar combinations is therefore 6 + 6 − 9 = 3. Note that 3 is the maximum number of independent scalars; it is achieved only in Bianchi types VIII, IX : In these types R_1 ≠ R_2 ≠ R_3 ≠ R_1 ≠ 0 (this is why sometimes it is said that these types mimic more faithfully the generic three-space); and there is a number density of weight −1, namely m = det[m^{αβ}] (see appendix). This m can be used to promote x^3 to a true scalar by taking the combination^{x3}_{m2} . In all other Bianchi types m = 0 and, as it can be seen either by direct calculation or from the relations given in the appendix, the number of independent R_1, R_2, R_3 is less than 3; namely it is two for types VI_{−1} , VII_0 one for type II and 0 for type I and are sufficient to describe the corresponding three geometries [9]. Now x^3 cannot be promoted to a true scalar. Nevertheless, since it explicitly appears in the interaction term of (2.17) and because it is a solution to (2.14), we must include it among the independent variables.

Since m is a number (and thus transparent to the derivatives with respect to γ_{αβ} ) we conclude that (2.24) are valid variables for all Class A types. In any case the above considerations show that the system of (2.17)-(2.14) is self consistent, as one expects from the first class algebra (2.18). The same conclusion follows from the considerations of Kuchar and Hajicek [5] for the particular case of zero cocycle. Thus we finally get from (2.17) the equation :

(5x^1x^1 + 16(λ − 1)x^2x^2 − 8λx^1x^2 + 128W )

∂^2Ψ ∂x^1∂x^1 + (x^2x^2 − 16W )

∂^2Ψ ∂x^2∂x^2 +(−3x^3x^3)

∂^2Ψ ∂x^3∂x^3 + (2x^1x^2 + 16W )

∂^2Ψ ∂x^1∂x^2 + (2x^1x^3)

∂^2Ψ ∂x^1∂x^3 + (2x^2x^3)

∂^2Ψ ∂x^2∂x^3 A^Λ ∂Ψ ∂x^Λ − 2x^3 ( x^1 + 2(1 + 2λ)x^2 ) Ψ = 0 (2.25)

where W := ϵm √ x^1 − 2x^2 2x^3

(2.26)

see appendix for the definition of m, ϵ and A^Λ = −Γ^Λ_{MN} Σ^{MN} is the corresponding linear term of the Laplacian. For all Bianchi types except VIII, IX this term is A^Λ = (5x^1 − 4λx^2, x^2, −3x^3). Equation (2.25) can be compactly written as : [ Σ^{AB}∂_A∂_B + A^Λ∂_Λ − 2x^3 ( x^1 + 2(1 + 2λ)x^2 )] Ψ = 0. (2.27)

Note that using the conformal covariance of our operator we have multiplied by (x^3)^{1/2} and thus the “physical” metric in (2.27) is : Σ^{AB} = L_{μνκλ} ∂x^A ∂γ_{μν} ∂x^B ∂γ_{κλ} where L_{μνκλ} = γ_{μκ}γ_{νλ} + γ_{μλ}γ_{νκ} − γ_{μν} γ_{κλ} Of course, λ is zero for all Class A cases. We only include it to show that the above reduction from (2.17) to (2.25) can be made for Class B Bianchi types as well; this is also the reason it appears in the examples at the end of the next section. This equation constitutes our main result; it has, over (2.17-2.21), the conceptual advantage of enabling us to treat in a uniform manner each and every particular Class A Bianchi type. It also has the technical advantage of a much more simpler interaction term, while the reduced minisuperspace metric Σ^{AB} is no more complicated than G_{αβγδ} appearing in (2.17-2.21) (except of course for the square root term which, however, vanishes for all but VIII, IX Bianchi types). For any

(Class A) Bianchi type Σ^{AB} in (2.27) is flat; one can easily see it for the lower Bianchi types (all except the VIII, IX) by transforming to coordinates :

d^1 := √ x^1 − 2x^2

x^2 d^2 := (x^2)^{3/8}(x^3)^{−1/8} d^3 := x^2x^3 (2.28)

in which equation (2.25) becomes : [ (d^1)^2 − 2(λ − 2)

] ∂^2Ψ ∂(d^1)^2

+ 2d^2d^3

∂^2Ψ ∂d^2∂d^3 + d^1 ∂Ψ ∂d^1 −2d^3((d^1)^2 + 4(λ + 1))Ψ = 0 (2.29)

making explicit the flatness of Σ^{AB} .

We now give, as an indicative example, the general solution to (2.25) for the Bianchi II geometry. This Bianchi type is of some importance since it can be considered as the highly anisotropic limit of type IX and it has recently been also treated in [10]. The only non-vanishing structure constants are C^1_{23} = −C^1_{32} = 1 and one can easily verify that the scalar x^2 in (2.24) is identically zero. Thus the wave-function satisfying (2.25) depends only on x^1 := χ and x^3 := γ reducing to the equation :

5χ^2

∂^2Ψ ∂χ^2 − 3γ^2

∂^2Ψ ∂γ^2 + 2χγ ∂^2Ψ ∂χ∂γ + 5χ ∂Ψ ∂χ − 3γ ∂Ψ ∂γ − 2γχΨ = 0. (2.30)

Effecting the transformation v = γχ, u = γ^3χ and assuming Ψ(u, v) = U (u)V (v) we get two ODE’s :

16u^2 d^2U du^2 + 16u dU du − CU = 0 (2.31)

4v^2 d^2V dv^2 + 4v dV dv − (C + 2v) V = 0 (2.32)

where C is a separation constant.

The first of these is an Euler equation while the second can be easily transformed into a Bessel equation, further reduction to the one and only true degree of freedom for the type II [9], namely χ, requires considerations of the quantum version of some classical integrals of motion [11]. At this point we deem it important to conclude this section underlining the fact that no extra (by hand) assumption has been used in arriving at (2.25); the only “arbitrariness” involved is the factor ordering of the π^{αβ} ’s to the far right in (2.14). Thus the theory itself naturally leads us to consider as equivalent any two hexads γ^{(1)}_{αβ} , γ^{(2)}_{αβ} iff they correspond to the same triplet (x^1, x^2, x^3) for a given Class A Bianchi type under consideration. This is hardly a surprise since the linear constraints H_α are the generators of the inner automorphisms and therefore the two exads corresponding to the same triplet will be inner automorphically related, i.e. γ^{(2)}_{αβ} = Λ^μ_αΛ^ν_βγ^{(1)}_{μν} with Λ ∈ InAut[G] [12]. The proper investigation of this point and other related issues is too long to be included here; it has been given in [9]. Finally, we wish to remark that the solutions to (2.25) are intended to form the Hilbert space of the general spatially homogeneous Bianchi cosmology for each and every Class A group type separately : no transitions between different Class A Bianchi types can be considered; indeed the structure constants appearing in (2.24) are merely (mostly) discrete parameters and not dynamical variables. If one wishes to consider such transitions one has to go deeper in Quantum Gravity, beyond the Quantum Cosmology approximation.

3. Reducing the Degrees of Freedom at the Quantum Level

Despite the simplification achieved in the previous section, equation (2.25) is still too difficult to solve in its full generality. We would like thus to study simplified models with less (than six) degrees of freedom. The way to do this, up to now, was to insert a particular choice for γ_{αβ} (say diag(a(t), b(t), c(t)) in the classical action (2.6), and quantize the resulting (further) reduced action. We, on the other hand, are already at the quantum level having as our degrees of freedom the combinations of γ_{αβ} and C^α_{βγ} appearing in (2.24); it is thus natural to adopt as simplifying Ansätz a restriction on x^A of the form f(x^A) = 0 which, given a particular Bianchi type, can be translated into a choice for the form of γ_{αβ} . We are thus presented with the task of defining the “reduced equivalent” of equation (2.25). Although there are standard ways to project an equation on a submanifold of a given manifold [13] , we have to bear in mind that the metric structure on the manifold spanned by x^A (as well as that corresponding to the manifold spanned by the γ_{αβ} ’s) is known only up to a rescaling : we are free to multiply (2.25) by an arbitrary function of x^A . Due to this, the “reduction rule” we are going to adopt must respect the conformal transformations of Σ^{AB} ; in fact the need to respect the scalings of G_{αβγδ} is the main reason behind Kuchar’s recipe for realizing the kinetic part of H_0 as the conformal Laplacian based on Σ_{AB} . In seeking to construct this procedure, let for a moment be general and consider an equation of the form : [ Σ^{AB}∂_A∂_B + A^Γ∂_Γ + V (x^A) ] Ψ = 0 (3.1)

on a D-dimensional space M spanned by x^A, A = 1, 2, . . ., D . We shall restrict our consideration to the case where Σ^{AB} is non-degenerate (detΣ^{AB} ≠ 0) and the submanifold on which we wish to define the reduced equivalent of (3.1) is non-null, i.e. no one of its tangent vectors has zero length with respect to Σ^{AB} . We are to interpret Σ^{AB} as a contravariant metric on M but, due to the freedom to arbitrary scale (3.1), we are only allowed to use in our construction the conformal equivalence class a representative of which is Σ^{AB} . Suppose now that we are given the D-L restricting conditions f^i(x^A) = 0, i = D, D − 1, . . . , L + 1 defining the L-dimensional submanifold N on which we wish to restrict (3.1). Consider the (D-L) one forms Φ^i :=^{∂f i(xΓ)}_{∂xΔ} dx^Δ spanning the subspace orthogonal (with respect to Σ^{AB} ) to the cotangent space of N . The hypothesis that N is non-null means that Σ^{ΓΔ}Φ^i_ΓΦ^i_Δ ≠ 0 for all i = D, D − 1, . . . , D − L (no summation in i). Let us suppose that f^i are such that the vector fields ξ_i := Σ^{ΓΔ}Φ^i_Δ∂_Γ are surface forming (i.e. {ξ_i, ξ_i} = C^k_{ij}ξ_k where {., .} stands for the Lie bracket). This implies that the system of first order partial differential equations ξ^Γ_i ∂_ΓΩ(x^Δ) = 0 admits L functionally independent solutions q^α(x^Γ), α = 1, 2, . . ., L, that is to say the general solution to this system is of the form : Ω(x^Γ) = Ω(q^α). Furthermore, no one of the f^i ’s can be functionally dependent on the q^α ’s since if f^i = f^i(q^α) for some i, then Σ^{ΓΔ}Φ^i_ΓΦ^i_Δ = 0 contradicting the hypothesis that N is non null. Therefore the D functions x^{′Γ} = (q^α, f^i) constitute a regular coordinate system for M, i.e. the Jacobian matrix [ ∂x^{′Γ}/∂x^Δ ] is non singular. Thus, via the inverse mapping theorem, we can always (in principle) express x^Γ as functions of x^{′Γ} .

We are now ready to define the reduction scheme : We supplement (3.1) with the requirement that Φ does not change when we move along the integral curves of each ξ_i ; thus we define as reduction of (3.1) the system of partial differential equations :

L_{ξi} Ψ = 0, i = D, D − 1, . . ., L + 1 (3.2) [ Σ^{AB}∂_A∂_B + A^Γ∂_Γ + V (x^A) ] Ψ = 0. (3.3)

Let as see why this system defines an equation on N . As we explained above (3.2) has a general solution Ψ = Ψ(q^α).Inserting this into (3.3) we get : Σ^{AB} ∂q^α ∂x^A ∂q^β ∂x^B ∂^2Ψ ∂q^α∂q^β + ( Σ^{AB} ∂^2q^γ ∂x^A∂x^B + A^Γ ∂q^γ ∂x^Γ ) ∂Ψ ∂q^γ + V Ψ = 0 (3.4)

where the coefficients are, in principle, functions of all x^Γ . Using the fact that x^Γ = x^Γ(q^α, f^i) and restricting on N (i.e. setting f^i = 0), we finally get an equation on N : [ σ^{αβ}(q)∂_α∂_β + α^γ (q)∂_γ + V (q) ] Ψ(q) = 0 (3.5)

In the rest of the section we give examples of the above reduction scheme exhibiting the solutions for a large class of five dimensional minisuperspace models (except Bianchi types VIII, IX). Starting from (2.28-2.29) let us reduce the number of independent γ_{αβ} to 5 by imposing the restriction (simplifying Ansätz) d^1 = const. (⇔ x^1 = μx^2). Thus the defining equation for N is :

f(d^1, d^2, d^3) := d^1 − c = 0 (3.6)

Hence the vector ξ is ξ = ( (d^1)^2 − 2(λ − 2)^∂_{∂d1} ) , implying that (3.2) is satisfied by Ψ = Ψ(d^2, d^3).

Inserting this Ψ into (2.28-2.29) and restricting to N we arrive at the equivalent of (3.5) :

d^2

∂^2Ψ(d^2d^3) ∂d^2∂d^3 − C Ψ(d^2, d^3) = 0 (3.7)

with C := c^2 + 4(λ + 1). Effecting the transformation :

d^2 = e^{s2} , d^3 = s^3

we arrive at a Klein-Gordon equation (in lightcone coordinates) :

∂^2Ψ ∂s^2∂s^3 = CΨ (3.8)

with well-known space of solutions. A particular solution can be reached by separation of variables in (3.8) and reads :

Ψ(d^2, d^3) = (d^2)^{l′} exp [ Cd^3/l^′ ] (3.9)

where l^′ is another separation constant. Another very interesting simplifying Ansätz is : d^3 = c^′ (: const.) ⇔ x^2x^3 = const. . Similarly to the previous case we arrive from (2.29) at the Wheeler-DeWitt equation for Ψ which has the form : [ (d^1)^2 − 2(λ − 2)

] ∂^2Ψ ∂(d^1)^2

+ d^1 ∂Ψ ∂d^1 − 2d^3((d^1)^2 + 4(λ + 1))Ψ = 0 (3.10)

This equation is of the Matthieu Modified type and is equivalent to equation (39) of [14] (under the identification d^1 = √ w − 2). There , of course, the reduction has been achieved by means of the quantum version of a classical integral of motion and not as a simplifying Ansätz.

4. Discussion

In this work we have investigated the quantization of the general spatially homogeneous geometry for each Class A Bianchi type. Counting the number of independent scalar contractions of γ_{αβ} and C^α_{βγ} we were led to identify the minimum number of variables (i.e. degrees of freedom) which Ψ can be assumed to depend upon : x^1, x^2, x^3 defined in (2.24). The very fact that this is possible establishes , in our opinion, the conceptual (as well as formal) connection of Quantum Cosmology with full Quantum Gravity : Indeed, adopting the long standing belief that the wave-functional of Quantum Gravity must be a functional of the geometry, let us restrict ourselves within the class of smooth functionals [15], consider some general solution to the full Wheeler-DeWitt equation of the form Ω = Ω(I) with I = ∫ d^3x √ g F ( R^i, R^i_jR^j_i , R^i_jR^j_kR^k_i ) . If we now insert in Ω the particular metric (2.2-2.5) we see, because of (2.23) and the relations for R_1, R_2, R_3 given in the appendix, that indeed Ω becomes a function of x^1, x^2, x^3 (forgetting, of course, the (possibly infinite) constant c = ∫ d^3x σ(x) with σ = det(σ^α_i ) which multiplies the √ x^3 ).

An important new feature of (2.25) is also the fact that it offers the possibility to study the quantum mechanics of spatially homogeneous geometries in a uniform manner for all (Class A) Bianchi types. Thus, the properties common to all these models can be more easily revealed. Our inability to solve (2.25) in its full generality leads us to consider simplified models, but again the advantage over the usual procedure is obvious : In our case the Ansätz is made on the x^A ’s enabling us to treat large subgroups of simplified models simultaneously. The reduction procedure we adopt has the unique property of being covariant under rescaling of Σ^{AB} . By this we mean the following : let us imagine that somebody, using a particular Σ^{AB} and following our reduction scheme, arrives at a reduced equation, say (3.5). Suppose now that someone else multiplies (3.1) with a function G(x). If he wants to reduce his scaled equation, he has to find the q ’s solving the system corresponding to the conditions (3.2) with Σ^{AB} replaced by G(x)Σ^{AB} ; it is therefore obvious that he will get the same set of q ’s as the previous person. This fact, together with the form of (3.4), leads to the conclusion that the reduced equation on N (for the second person) will be just (3.5) multiplied by g(q) = G(x) | | |_N . This establishes the conformal covariance of our reduction scheme. The form of (3.2-3.3) makes also explicit the covariance of our scheme under diffeomorphisms of M and N .

We would also like to briefly mention two important issues not touched upon in this work: The first issue concerns the normalisability of the solutions to; (2.17-2.21) and (2.25); as it is well known, G^{αβγδ} has signature (−, +, +, +, +, +) which implies that the solutions to (2.17- 2.21) are not expected to be normalisable with respect to all γ_{αβ} ’s. Σ^{AB} in (2.25) can also be seen to be of hyperbolic nature, implying that the same problem will occur. This non-normalisability is intrinsically connected with the long debated problem of time in Quantum Gravity and Quantum Cosmology. In connection to this problem, our reduction scheme (when it refers to one restricting condition) could be taken as a basis for a satisfactory definition of probability on any space-like hypersurface of Σ^{AB} ; but clearly much work is needed before something conclusive can be said. Another possibility of improving normalizability is the inclusion of matter fields, mostly half integer spin fields [16]. In particular the improvement is better if the matter is supersymmetric [17]. Recent results concerning supersymmetric FRW [18] and/or Bianchi models [19] show substantial improvement in the normalizability of the wavefunctions. The second issue is related to the question of whether action (2.6) gives equations of motion equivalent to Einstein’s Field equations for the metric (2.2); For unrestricted γ_{αβ} the answer is that the two sets of equations are equivalent only for Class A spacetimes. The examples cited at the end of section III do contain Class A spacetimes and might therefore correspond to valid classical actions. To see whether they actually do, one would have to test them case by case for the different Bianchi types and the restrictions adopted. We have not done this since it lied beyond the scope of our work.

Finally, we would like to remark that, for the case of Bianchi type I, x^1 = x^2 = 0 and equation (2.25) reduces to an Euler Equation for the single variable x^3 = γ . This indicates that the configuration space for this type is effectively one-dimensional, a number that points to the one-parameter Kasner family of classical solutions. The explanation for this reduction of the seemingly 12-dimensional phase-space (6 γ_{αβ} plus 6 π^{αβ} ) involves considering the action of the 9-parameter automorphism group (GL(3,R)) and is properly given by A. Ashtekar and J. Samuel (see in [12]). The fact that no H_α ’s exist (due to the vanishing of the structure constants) is adequately compensated by the existence of many classical integrals of motion; their quantum counterparts can be used to reduce the degrees of freedom to γ ≡ det[γ_{αβ}] [20]. Acknowledgement

An early version of this work is part of the 1995 PENNED program “Quantum and Classical Gravity- Black holes” (no 512) supported by the General Secretariat for the Research and Industry of the Hellenic Department of Industry, Research and Technology.

The authors wish to thank Professor A.B. Lahanas, Dr. G. Diamandis, Dr. V. Georgalas and Dr. V.C. Spanos for helpful discussions and Professor M.A.H. MacCallum for clarifying the issue of automorphisms in connection to the reduction to x^A ’s (see appendix).

One of the authors (E.C.V.) acknowledges financial support from the University of Athens’ Special Account for Research.

5. Appendix : Calculating the Invariants

We give an outline of how the relations between higher order (in C^α_{βγ} ) scalars and the basic variables (x^1, x^2, x^3 ) arises.

Since C^α_{βγ} is antisymmetric in its lower indices, it can be expressed (in three dimensions) in terms of the totally antisymmetric symbol ϵ_{αβγ} , a symmetric matrix m^{αβ} and a vector a_γ :

C^α_{βγ} = ϵ_{βγδ} m^{δα} + δ^α_γ a_β − δ^α_β a_γ ⇔ m^{αβ} = 1 2 C^{(α}_{γδ} ϵ^{β)γδ} where the parenthesis means symmetrization :

a_γ = 1 2 C^α_{γα} and ϵ^{αβγ} = ϵ_{αβγ} . Using this representation of C^α_{βγ} (or directly through an algebraic computing facility) one can see that : γ^{νλ}C^μ_{μν}C^β_{βλ} = λγ^{βν} C^α_{βδ} C^{delta}_{να} with the number λ given in the following table :

Bianchi Type II III IV V VI VII VIII IX

λ any 1 2 2

(h + 1)^2 h^2 + 1 h^2 h^2 − 2 0 0

Under the (possibly time dependent) changes :

σ^α → σ̃^α = Λ^α_β σ^β

where ϵ_{αβγ} is a tensor density of weight 1 and therefore m^{αβ} has weight -1 (so that C^α_{βγ} be a tensor under GL(3,R)). This means that m := det[m^{αβ}] is a scalar density of weight -1 as well (m is non zero only for Bianchi types VIII, IX). Since γ_{αβ} is a second rank tensor γ := det[γ_{αβ}] is a scalar density of weight -2.

The calculation of the various scalars given below proceeds as follows :

One can use a matrix Λ_1 ∈ GL(3,R) to transform γ_{αβ} to the identity matrix I_3 . Under such a transformation m^{αβ} transforms to an arbitrary symmetric matrix m̃^{αβ} . Subsequently one can use an orthogonal matrix Λ_2 to diagonalise m̃^{αβ} (keeping γ_{αβ} the identity matrix). The product Λ = Λ_1Λ_2 transforms γ_{αβ} to I_3 and puts m^{αβ} to diagonal form.

In this way we have the structure constants in terms of the three eigenvalues of m^{αβ} say a, b, c and the components d, e, f of the vector a_γ . The Jacobi identities imply that a_γ is a null eigenvector of m^{αβ} and thus ad = be = cf = 0.

In this representation one can (through an algebraic computing facility) see that :

x^1 = 4 ( d^2 + e^2 + f^2 ) + 2 ( a^2 + b^2 + c^2 ) x^2 = 2 ( d^2 + e^2 + f^2 − ab − ac − bc ) and for example : w_1 := C^ι_{ξκ}C^ξ_{ιλ}C^μ_{νo}C^ν_{μπ}γ^{κo} γ^{λπ} = [ 2 ( d^2 + e^2 + f^2 − ab − ac − bc )]_2 − 8abc(a + b + c). The first term in w_1 is ( x^2

)_2

. The second term has to be a scalar. Therefore although at first sight it looks like -8mm^{αβ} γ_{αβ} it is actually the scalar-^{8m}_{x3} m^{αβ} γ_{αβ} . Thus w_1 := C^ι_{ξκ}C^ξ_{ιλ}C^μ_{νo}C^ν_{μπ}γ^{κo} γ^{λπ} = ( x^2

)_2 − 8m x^3 m^{αβ}γ_{αβ}

Working similarly, the following scalars (appearing when one tries to calculate Σ^{AB} and thus reach to (2.25)) can be calculated. w_2 := C^ι_{ξκ}C^ξ_{ιλ}C^μ_{νo}C^ν_{μπ} γ^{κo}γ^{λπ} = λ ( x^2

)_2 w_3 := C^ξ_{ξλ}C^ι_{ικ}C^μ_{νo}C^π_{σρ}γ^{κν} γ^{λσ}γ^{oρ} γ_{μπ} = λx^1x^2 2 w_4 := C^ι_{ξκ}C^ξ_{ιλ}C^κ_{μν}C^λ_{oπ} γ^{μo}γ^{νπ} = − 36m x^3 m^{αβ}γ_{αβ} w_5 := C^ι_{ξκ}C^ξ_{ιλ}C^ρ_{μν}C^σ_{oπ} γ^{κμ}γ^{λo}γ^{νπ} γ_{ρσ} = x^1x^2 2 + 2m x^3 m^{αβ} γ_{αβ} w_6 := C^ι_{ξκ}C^λ_{μν}C^o_{πθ}C^ρ_{στ} γ^{ξμ}γ^{κπ} γ^{νσ} γ^{θτ} γ_{ιλ}γ_{oρ} = (x^1)^2 2 − (λ − 1)^2

(x^2)^2 2 + 4m x^3 m^{αβ}γ_{αβ} w_7 := C^ι_{ξκ}C^λ_{μν}C^o_{πθ}C^ρ_{στ} γ^{ξπ} γ^{μσ} γ^{ιθ} γ^{ντ} γ_{ιλ}γ_{oρ} = (x^1)^2 − 2(λ − 1)^2(x^2)^2 + 16m x^3 m^{αβ} γ_{αβ} w_8 := C^ι_{ξκ}C^λ_{μν}C^o_{ιπ} C^σ_{λθ}γ^{ξμ}γ^{κν} γ^{πθ} γ_{σo} = (1 − λ^2)(x^2)^2 + λx^1x^2 + 8m x^3 m^{αβ} γ_{αβ} w_9 := C^ι_{ξκ}C^ξ_{ιλ}C^μ_{νo}C^π_{θρ}γ^{κν} γ^{λθ}γ^{oρ} γ_{μπ} = x^1x^2 2 + 2m x^3 m^{αβ}γ_{αβ} Using (2.23) we find the curvature invariants to be :

R_1 = x^1 + 2(1 + 2λ)x^2 R_2 = 3(x^1)^2 + 4(4λ − 1)(x^2)^2 + 4x^1x^2 + 64 m x^3 m^{αβ} γ_{αβ} R_3 = 3(x^1)^3 + 8(−4λ^3 + 12λ^2 − 6λ + 1)(x^2)^3 + 6(1 + 2λ)(x^1)^2x^2 + 12(x^2)^2x^1 − 192 m x^3 ( − m^{αβ} γ_{αβ}m^{γδ} m_{γδ} x^3 + 2m^{αβ}m_{βγ} m^γ_α x^3

+ 2m )

It now remains to express the terms involving the contractions of m^{αβ} and γ_{αβ} as functions of x^1, x^2, x^3 . It is straightforward to see that : ( m^{αβ}γ_{αβ} √ x^3

)_2

= (a + b + c)^2 = x^1 − 2x^2 2 ⇔ m^{αβ}γ_{αβ} √ x^3 = ϵ √ x^1 − 2x^2 2 , ϵ = sign(m^{αβ} γ_{αβ}) Analogously one finds that : m^{γδ} m_{γδ} x^4 = x^1 − λx^2 2 and m^{αβ} m_{βγ} m^γ_α x^3 √ x^3 = ϵ √ x^1 − 2x^2 2 ( 2x^1 + (2 − 3λ)x^2 4 ) + 3m √ x^3

References

[1] B.S. DeWitt, Phys. Rev. 160 (1967) 1113.

[2] For a comprehensive list of references see J. Haliwell “A bibliography of papers on Quantum Cosmology”, NSF-ITP-89-162.

[3] M.A.H. MacCallum and A.H.T. Taub, Commun. Math. Phys. 25 (1972) 173; R.M. Wald, General Relativity, University of Chicago, 1984; T. Christodoulakis and E. Korfiatis, J. Math.Phys. 33 (1992) 2863; G.E. Sneddon, J. Phys. A: Math.Gen., Vol. 9, No 2, (1976).

[4] P.A.M. Dirac, Can. J. Math. 2.129 (1950); Proc. Roy. Soc. London A246 (1958) 333; Phys. Rev. 114 (1959) 924; Lectures on Quantum Mechanics, Yeshiva University, N.Y., 1965.

[5] K.V. Kuchar and P. Hajicek, Phys. Rev. D41 (1990) 1091; J. Math. Phys. 31 (1990) 1723; see also V.D.

Ivashchuk, V.N. Melnikof and A.I. Zhuk, Nuovo Cim. B104 (1989) 575. [6] T. Christodoulakis and E. Korfiatis, Phys. Lett. B256 (1991) 424. [7] S. Weinberg, Gravitation and Cosmology, Wiley, N.Y., 1972 (p.p. 142).

12 T. Christodoulakis, E. Korfiatis, E.C. Vagenas

[8] T. Christodoulakis and E. Korfiatis, Nuovo Cim. N. 11 B109 (1994) 1155; M.A.H. MacCallum, General Relativity, Edit. S.W. Hawking and W. Israel, Cambridge University Press, 1979 (p.p. 533-580).

[9] T. Christodoulakis, E. Korfiatis, G.O. Papadopoulos, Commun. Math. Phys. 226, 377 (2002). [10] J.E. Lidsey, Phys. Lett. B352 (1995) 352; T. Christodoulakis, G. Kofinas, E. Korfiatis, A. Paschos, Phys.

Lett. B390 (1997) 55.

[11] T. Christodoulakis, G.O. Papadopoulos, Phys. Lett. B501 (2001) 264.

[12] The key role played by the automorphism group in Bianchi models has been stressed by: O. Heckman and E. Schücking, Relativistic Cosmology in Gravitation (An introduction to current research), Edit. L. Witten, Wiley, 1962; R.T. Jantzen, Commun. Math. Phys. 64 (1979) 211; A. Ashtekar and J. Samuel, Class. Quan. Grav. 8 (1991) 2191; O. Goussaert and M. Henneaux, Class. Quant. Grav. 10 (1993) 1607; T. Christodoulakis, G. Kofinas, E. Korfiatis, G.O. Papadopoulos, A. Paschos, J. Math. Phys. 42 (2001) 3580.

[13] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry Vol. II, Interscience, N.Y., 1963. [14] T. Christodoulakis, G. Kofinas, G.O. Papadopoulos, Phys. Lett. B514 (2001) 149. [15] This is only meant as a working hypothesis for demonstration of the argument; there are claims in the literature that the smooth functionals are a set of measure zero in the space of all functionals. However, in the absence of a mathematically rigorous measure theory for the space of functionals, we feel that one is allowed to make such a hypothesis.

[16] T. Christodoulakis, J. Zanelli, Phys. Rev. D29 (1984) 2738; T. Christodoulakis, C.G. Papadopoulos, Phys.

Rev. D38 (1988) 1063.

[17] For an excellent review up to 1996 see P.D.D’Eath, Supersymmetric Quantum Cosmology, Cambridge Zonographs on Mathematical Physics, Cambridge University Prhss, Cambridge, 1956.

[18] O. Obregon, J.J. Rosales, J. Socorro, V.I. Tkach, Class. Quant. Grav. 16 (1299) 2861; J.J. Rosales, V.I.

Tkach, A.I. Pashnev, Phys. Lett. A286 (2001) 15.

[19] V.I. Tkach, J.J. Rosales, O. Obregon, Class. Quant. Grav. 13 (1996) 2349. [20] T. Christodoulakis, T. Gakis, G.O. Papadopoulos, Class. Quant. Grav. 19, 1013 (2002).