gr-qc/9802055 v2 21 Feb 1998

Vacuum polarization in the Szekeres Class of colliding plane wave space-times

Miquel Dorca^{� y}

Enrico Fermi Institute The University of Chicago 5640 Ellis Avenue Chicago IL 60637

February 19, 1998

Abstract

We study the quantization of a scalar field on a classical background given by the Szekeres Class of solutions, which represent the collision of two gravitational plane waves with constant polarization. These solutions consist of two approaching gravitational plane waves moving in a flat background and an interaction region which always contains a curvature singularity. Following a suitable approximate procedure, introduced in a previous paper, we propose a way to compute the vacuum expectation value of the stress-energy tensor throughout the causal past region of the collision center in the quantum state which corresponds to the vacuum before the arrival of the waves.

PACS: 04.62.+v; 04.60.-m; 11.10.Gh; 04.30.-w; 04.20.Jb

Keywords: Semiclassical gravity; Quantum field theory in curved space-time; Stress-energy tensor renormalization; Colliding plane waves; Vacuum stability

EFI-98-08

�E-mail: mdorca@rainbow.uchicago.edu yPresent address: Box 1843, Department of Physics, Brown University, Providence RI 02912 1

1 introduction

Gravitational waves in General Relativity are considered as perturbations of the space-time geometry which propagate with the speed of light. Contrarily to the behaviour of electromagnetic waves in flat space, when gravitational waves pass through each other there is a non-linear interaction. Of course, such a difference arise from the fact that, unlike Maxwell’s equations, Einstein’s equations are highly non-linear. The situation is very different in the linearized theory of gravity where gravitational waves superpose without interaction. Even in the full Einstein-Maxwell theory, Maxwell’s equations remain linear indicating non direct electromagnetic interaction between two pure electromagnetic waves. In that case, however, there is a non-linear interaction of the waves through the gravitational field generated by their electromagnetic energy. Although very small, the magnitude of such an interaction is similar to the magnitude of the interaction between pure gravitational waves.

In order to find exact solutions of Einstein’s equations describing plane wave collisions it is necessary to introduce several simplifying assumptions. Perhaps, the most restrictive simplification would be the assumption that the interacting waves have plane symmetry. Indeed, exact gravitational plane waves are very simple time dependent plane symmetric solutions of Einstein’s equations [1]. That may not seem a very restrictive assumption if we intuitively think of plane fronted waves as approximations to spherical waves at large distances from their sources. However, the global features of the two type of waves are very different. In fact, exact gravitational plane waves exhibit two main surprising global features, namely: i) the absence of a global Cauchy surface, which is a consequence of the focusing effect that the waves exert on null rays [2], ii) the presence of a coordinate singularity on some hypersurface behind the wave. Such a singularity may be physically understood in terms of caustics that are formed in the regions where the null rays are focused [3]. For pure gravitational plane waves, a whole three-dimensional congruence of parallel null geodesics may be focused into a line. For pure electromagnetic plane waves, the region of focusing may be a simple event. From this property it follows that we can conveniently consider the inverse of the focusing time as a measure of the strength of the wave. In particular, for a pure electromagnetic wave such inverse time equals the electromagnetic energy per unit surface of the wave.

Beyond the assumption that the wave front is plane, the imposition of plane symmetry also requires that the magnitude of the wave is constant all over the entire plane. Furthermore, if we only consider head on collisions, then it makes sense to impose the condition of plane symmetry globally. Actually, it may seem that there is not loss of generality if we concentrate only on head on collisions. The reasons are that the particular case of plane waves propagating in the same direction is trivial since the waves do not interact, they simply superpose linearly [4, 5]. Also, we may think that it is always possible to make a Lorentz transformation in order to include oblique collisions. However, the assumption of global plane symmetry would severely blur the physical interpretation of the solutions obtained in this particular way.

Nevertheless, besides their simplicity, one expects that exact plane waves may be relevant for the study of the strong time dependent gravitational fields that may be produced in the collision of black holes [6, 7] or to represent travelling waves on strongly gravitating cosmic strings [8]. In recent years these waves have been used in classical general relativity to test some conjectures on the stability of Cauchy horizons [9, 10], and in string theory to test classical and quantum string behaviour in strong gravitational fields [11, 12, 13]. Their interest also stems from the fact that plane waves are a subclass of exact classical solutions to string theory [14, 15, 16].

It is known that when waves are coupled to quantum fields there is neither vacuum polarization nor the spontaneous creation of particles. In that sense they behave very much as electromagnetic or Yang-Mills plane waves in flat space-time [17, 18]. Still the classical focusing of geodesics has a quantum counterpart: when quantum particles are present the quantum field stress-energy tensor between scattering states is unbounded at the Cauchy horizon, i.e. where classical test particles focus after colliding with the plane wave [19]. This suggests that the Cauchy horizon of plane waves may be unstable under the presence of quantum particles. The classical instability of the null Cauchy horizons of plane waves is manifest when non-linear plane symmetric gravitational radiation collides with the background wave, i.e. when two plane waves collide. In this case the focusing effect of each wave distorts the causal structure of the space-time near the previous null horizons and either a spacelike curvature singularity or a new regular Killing-Cauchy horizon is formed. However, it is generally believed that the Killing-Cauchy horizons of the colliding plane wave space-times are unstable in the sense that “generic” perturbations will transform them into spacelike curvature singularities. In fact, this has been proved under general plane symmetric perturbations [20]. Also exact colliding plane wave solutions with classical fields are known that have spacelike curvature singularities and which reduce, in the vacuum limit, to colliding plane wave solutions with a regular Killing-Cauchy horizon [21].

Note that the singularities derived from plane wave collisions are not the result of the collapse of matter but the result of the non-linear effects of pure gravity. Note also that the presence of a Killing-Cauchy horizon in a colliding plane wave space-time implies a breakdown of predictability since the geometry beyond the horizon is not uniquely determined by the initial data posed by the incoming colliding waves. In fact, these extensions exhibit a wide variety, they may or may not contain space-like curvature singularities. Even they may contain time-like singularities, which can be avoided for certain observers in a space-like motion (see [22] for a review on the subject).

The interaction of quantum fields with colliding plane waves was first considered by Yurtsever [23] for the singular Khan-Penrose solution [24], which describes the collision of two plane impulsive gravitational waves. In that case, an unambiguous “out” vacuum state was possible to define in a relatively simple way. More recently, Dorca and Verdaguer [25, 26] noticed that the presence of a Killing-Cauchy horizon in a non singular colliding plane wave space-time could be used to define an unambiguous “out” vacuum state related to the preferred Hadamard state introduced by Kay and Wald in more generic space-times with Killing-Cauchy horizons [27]. With this premise, Dorca and Verdaguer studied the interaction of quantum fields in a particular non-singular colliding plane wave space-time, the interaction region of which was isometric to a region inside the event horizon of a Schwarzschild black hole [28, 29]. Later on the same premise was applied by Feinstein and Sebastián [30] to the Bel-Szekeres solution [31], which represents the head on collision of two electromagnetic plane waves with an interaction region isometric to the Bertotti-Robinson universe [32] filled with an uniform electric field. In all these examples it was found that the initial state, defined to be the vacuum state in the flat region before the arrival of the waves, contained a spectrum of “out” particles consistent, in the long wavelength limit, with a thermal spectrum with a temperature inversely proportional to the focusing time of the waves.

A further step in the study of the interaction of quantum fields with colliding plane waves is the computation of the expectation value of the stress-energy tensor. However, the non perturbative evaluation of the stress-energy tensor of a quantum field in a dynamically evolving space-time is generally a difficult task. Even when the exact modes of the quantum field equation are known it may not be possible to perform the mode sums in order to get the quantum field two point function or, more precisely, the Hadamard function, which is the key ingredient in the evaluation of the stress-energy tensor. This problem was first considered by Yurtsever [23] for the Khan-Penrose solution [24]. In that case it was possible to determine the behaviour of the stress-energy tensor near the singularity of the interaction region. It was shown that for the conformal coupling case (i.e. ξ = 1/6) the energy density and two of the principal pressures were positive and unbounded towards the singularity. This problem has been also considered by Dorca and Verdaguer in the mentioned above non-singular colliding plane wave spacetime with an interaction region isometric to an interior region of a Schwarzschild black hole. As in the case of Yurtsever for the Khan-Penrose solution, the expectation value of the stress-energy tensor was calculated in the state representing the Minkowski vacuum in the flat region before the arrival of the waves. This value was first computed in a region close to both the Killing-Cauchy horizon and the topological singularities, the folding singularities, that the colliding plane wave space-time contains [22]. In that particular region, the calculations were simplified due to the blueshift effect on the energy of the initial quantum modes as they reached the Killing-Cauchy horizon [33]. In a recent work [34], an approximation procedure was proposed by the author in order to calculate such an expectation value throughout the causal past region of the collision center. That approximation has been also applied by the author in the Bel-Szekeres space-time [35]. In all of these calculations, it was found that the stress-energy diverged as the Killing-Cauchy horizon was approached. The rest energy density was positive and unbounded towards the horizon. Two of the principal pressures were negative and of the same order of magnitude of the energy density. It was also pointed out that such a behaviour suggested that the non singular Killing-Cauchy horizon is indeed unstable under quantum perturbations and a curvature singularity would be the general outcome of a generic plane wave space-time when backreaction is taking into account. Note that this is a non perturbative effect, it is the result of the nonlinearity of gravity, since gravitational waves in the linear approximation do not polarize the vacuum. In fact the vacuum stress-energy tensor of a quantum field in a weakly inhomogeneous background was computed by Horowitz [36], and it is easy to see that such tensor can be written in terms of the linearized Einstein tensor only [37], which vanishes for gravitational waves [38, 39].

The plan of the paper is the following. In section 2 the geometry of plane fronted waves and colliding plane waves is briefly reviewed. In section 3 the mode solutions of the scalar field equation are given throughout the causal past of the collision center in the four different regions of the space-time. It is explicitly seen that an exact expression for these mode solutions can be easily found everywhere but in the interaction region. However, following the directions of two previous works [34, 35], we will give an adequate approximation for the field solutions in the interaction region. Such an approximation will allow us to recover the singularity pattern of a Hadamard function, which is essential in order to perform a correct regularization. In section 4 a brief summary of the main point-splitting regularization formulae is given. Finally, in section 5, a procedure to calculate the Hadamard function is introduced. Also, are given the basic details to compute the vacuum expectation value of the stress-energy tensor in the causal region of the collision center. A summary and some consequences of the results are discussed in section 6. Also, some bitensor covariant expansions have been stored in the Appendices.

2 Description of the geometry

In this section we start with a review of the geometrical properties of gravitational plane waves, and we follow with a geometrical analysis of the head on collision of two gravitational plane waves.

2.1 Gravitational and electromagnetic plane waves

The appropriate notation to describe plane waves is that of Newman and Penrose (1962) [40]. We introduce a thetrad on null vectors, namely, two real vectors n^μ, l^μ, and a complex null vector m^μ and its complex conjugate m̄^μ, such that n^μl_μ = 1, m^μm̄_μ = −1, and they satisfy the completeness relation,

g_{μν} = l_μn_ν + n_μl_ν − m_μm̄_ν − m̄_μm_ν.

Then we can write the ten independent components of the Ricci and the ten independent components of the Weyl tensor in this thetrad basis. This turns to be physically convenient since the components of the Weyl tensor in the thetrad basis have a well established meaning of Coulomb components or transverse and longitudinal wave components in the null directions n^μ, l^μ [41]. This interpretation is also very useful to analyze the interaction of two of such waves since it is possible to align the basis vectors n^μ and l^μ with the propagation directions of the two waves. Furthermore, if we consider the interaction between transverse waves, the problem reduces to find the interaction between the respective transverse Weyl components.

In the context of plane waves we introduce the class of pp-waves, i.e plane fronted gravitational waves with parallel rays. They are defined by the property that they admit a covariantly constant null vector field, which is possible to interpret as the rays of the wave and it may be identified with the thetrad vector l^μ. There exist a family of 2-surfaces orthogonal to l^μ that may be interpreted as wave surfaces [42]. It is convenient to use a null coordinate u, defined by l_μ = u_{,μ}, and the metric can be written in the Kerr-Shild form as,

ds^2 = 2 dudr + H(u, X, Y ) du^2 − dX^2 − dY^2, (1)

where the coordinates X and Y span the wave surfaces. These type of metrics are either of algebraic type N, or conformally flat and the only non-zero component of the Weyl tensor, in the thetrad basis, is the transverse wave component in the l^μ direction. The modulus term of this component can be conveniently interpreted as the amplitude of the wave and its phase term as the polarization of the wave.

If we suppose that these space-times are solutions of Einstein’s equations, the function H in the metric (1) must satisfy the differential equation, H_{,XX} + H_{,Y Y} = 0. Recall that this is a linear differential equation which means that distinct solutions of ppwaves (1) may be superposed, i.e. two independent pp-waves, propagating in the same direction do not interact [4, 5]. Another remarkable property of pp-waves, which was pointed out by Yurtsever [43], states that any gravitational wave space-time that is flat before the arrival of the wave and returns to a perfect flatness after the wave passes, i.e. a sandwich wave, it is necessarily a pp-wave.

In Einstein-Maxwell theory, the particular class of plane-symmetric waves are defined to be pp-waves in which the curvature field components are the same at every point of the wave surfaces, i.e. the transversal X, Y -planes. There is only one non-null component of the Ricci tensor and, as mentioned above, only one non-null component of the Weyl tensor. Both components depend only on second derivatives of the function H(u, X, Y ) with respect to the transversal coordinates X and Y . Therefore, the plane symmetry condition implies that H(u, X, Y ) is quadratic in X and Y , i.e.,

H(u, X, Y ) = h_{11}(u)X^2 + 2 h_{12}(u)XY + h_{22}(u)Y^2.

In that case the non null components of the Ricci tensor, in the thetrad basis, is given by the combination (h_{11} +h_{22})/2 and the non null component of the Weyl tensor, in the thetrad basis, i.e. the transversal wave component in the direction l^μ, is given by the combination, 1 2 (h_{11} − h_{22} + i 2 h_{12}). Then, depending on the values of h_{ij} (u), we will distinguish between two type of waves, namely, i) pure gravitational waves, when h_{11} = −h_{22}, and therefore the Ricci tensor is exactly zero and we have a vacuum solution of Einstein’s equations. If in addition h_{11} is proportional to h_{12}, then the wave has constant linear polarization. ii) pure electromagnetic waves when h_{11} = h_{22} and h_{12} = 0, and therefore the Weyl tensor is exactly zero.

In order to consider the collision and interaction of plane waves it is first convenient to change to Rosen-like coordinates (u, v, x, y), where u and v are two null coordinates, x and y two transverse coordinates, and the line element (1) can be transformed into, ds^2 = 2 dudv − e^{−U} ( e^V cosh W dx^2 − 2 sinh W dxdy + e^{−V} cosh W dy^2 ) , (2)

where U, V and W are functions of u only. In the case of linear polarization, it is always possible to set W = 0.

However, the line element (2) in Rosen form, always contains a coordinate singularity on some hypersurface behind the wave. This singularity appear as a consequence of the focusing effect which plane waves exert on null geodesics. Physically it may be interpreted as a caustic produced in the region of null ray focusing [3]. Related to this focusing property of plane waves, as was first pointed out by Penrose [2], there is the fact that plane wave space-times do not contain global Cauchy surfaces, i.e it is not possible to set up initial values for a plane wave on any global space-like surface which lies entirely at the causal past of the wave front.

2.2 Colliding waves

The colliding plane wave space-time consists of two approaching waves, regions II and III, in a flat background, region IV, and an interaction region, region I. The two waves move in the direction of two null coordinates u and v, and since they have plane symmetry in the direction of the transversal coordinates x and y, the interaction region retains a twoparameter symmetry group of motions generated by the Killing vectors ∂_x and ∂_y. At each point of the interaction region, the null directions, along coordinates u and v, are orthogonal to the planes spanned by ∂_x and ∂_y. We may align the thetrad vectors n^μ and l^μ with these two null directions in such a way that, l_μ = u_{,μ}/L and n_μ = v_{,μ}/N, being L and N two functions which do not depend on coordinates x and y.

The general line element for the interaction region can be written in Szekeres form as ds^2 = 2e^{−M} dudv − e^{−U} ( e^V cosh W + 2 sinh W dxdy + e^{−V} cosh W dy^2 ) , (3)

where M, U, V and W are functions of u and v only. These functions are constrained by Einstein’s equations together with a suitable set of initial conditions at the boundaries with the plane wave regions II and III. It is possible to set in general,

e^{−U} = a(u) + b(v), (4)

with a(u) and b(v), two arbitrary monotonically decreasing functions that may be considered piecewise C^1. Recall that the line element (3) is rather convenient because it is similar to that for a single plane wave in Rosen form (2), except that the functions M, U, V and W are functions of both coordinates u and v in region I, of coordinate u alone in region II and of coordinate v alone in region III. In region IV all these functions are constant and may be set to be zero by an appropriate coordinate parametrization.

The appropriate junction conditions across the null hypersurfaces u = 0 and v = 0, are those of O’Brian and Synge [44]. These conditions demand that only the components, g_{μν} , g^{ij}g_{ij,0}, g^{i0}g_{ij,0}, should be continuous through the null hypersurfaces. Notice that O’Brian and Synge conditions are weaker than the usual Lichnerowicz conditions, which require that the metric tensor is C^1 and piecewise at least C^2. In particular, Lichnerowicz conditions exclude the possibility of impulsive gravitational waves.

The function U is appropriately set by the boundary conditions (see for instance [22]): a(u) = 1 2 ; u ≤ 0, and ȧ(0) = 0, b(v) = 1 2 ; v ≤ 0, and ḃ(0) = 0.

Thus, the values of exp(−U) are 1 in region IV, 1/2 + b(v) in region III, 1/2 + a(u) in region II and a(u) + b(v) in region I. The statement that U is an smooth function across the null boundaries requires that the function a(u) must have the same form in both regions I and II. Similarly, the function b(v) must have the same form in regions I and III. Furthermore, being a(u) and b(v) monotonically decreasing functions, it is always possible to express them in the form, a(u) = 1 2 − Θ(u) (c_1 u)^{n1} , b(v) = 1 2 − Θ(v) (c_2 v)^{n2} , (5) for a certain positive values of the parameters c_1, c_2, n_1, n_2 and where Θ(ζ) is the usual step function. Recall that this expressions for a(u) and b(v) apply globally. Observe that, since functions a(u) and b(v) are monotonically decreasing, it is inevitable that a singularity, either a curvature singularity or a Killing Cauchy horizon, at a(u) + b(v) = 0 is formed. The two constants c_1 and c_2 in (5) are a measure of the strength of the waves. In fact, the larger these parameters are, the sooner the singularity is produced. It is also possible to use further rescaling on null coordinates u and v to set c_1 = c_2 = 1, and with this rescaling, as depicted in Fig. 1, we have a symmetric wave collision. Once a rescaling is used, to set c_1 = c_2 = 1, then a measure of the strength of the waves is absorbed into the function exp(−M) in line element (3). In fact, exp(−M) will be proportional to L_1L_2, where the two new parameters L_1 and L_2 are directly related to c_1 and c_2 as L_1 = c^{−1}_1 and L_2 = c^{−1}_2 .

Once a value for function U is set, Einstein’s equations together with suitable initial conditions at the boundaries with the null hypersurfaces u = 0 and v = 0, will determine the values for the remaining functions, i.e V , M and W . For the particular case of linearly polarized plane waves, we may set W = 0. In that case, one possible family of solution of Einstein’s equations which satisfy the boundary conditions is the Szekeres Class of solutions [45], for which,

e^{V (u,v)} = (a + b)^{p1+p2} (√ 1/2 + b + √ 1/2 − a )_{−2}p_1 (√

1/2 + a + √ 1/2 − b )_{−2}p_2

, (6)

e^{−M (u,v)} = (a + b)^{[(p1+p2)2−1]/2} (1/2 + a)^{p2}^{/2}(1/2 + b)^{p2}1^{/2} (√ 1/2 − a √ 1/2 − b + √ 1/2 + a √ 1/2 + b

)_{−2}p_1p_2 , (7) where p_1 and p_2 are two real parameters related to the parameters n_1 and n_2 in the definition of functions a(u) and b(v) (5) by,

p^2_1 = 2 ( 1 − 1 n_1 ) , p^2 = 2 ( 1 − 1 n_2 ) . (8)

In order to satisfy the boundary conditions, it is necessary that, n_i ≥ 2 with i = 1, 2, and therefore the constants p_i are restricted to the range of values 1 ≤ p^2_i < 2. For instance, the particular values p_1 = p_2 = 1 correspond to the Khan-Penrose solution [24]. In this family of solutions, there is always a scalar polynomial curvature singularity in the interaction region on the surface a(u) + b(v) = 0.

We will restrict in the following sections to the Szekeres Class of solutions. The colliding plane wave space-times can be briefly described as follows (see Fig. 1): The general spacetime contains four regions, namely: two single plane wave regions (regions II and III) moving in a Minkowski flat background (region IV) and an interaction region (region I). These four space-time regions are separated by the two null wave fronts u = 0 and v = 0. Namely, the boundary between regions I and II is {0 ≤ u < 1, v = 0}, the boundary between regions I and III is {u = 0, 0 ≤ v < 1}, and the boundary between regions II and III with region IV is {u ≤ 0, v = 0} ∪ {u = 0, v ≤ 0}. The interaction region is bounded by a scalar polynomial curvature singularity at the surface a(u) + b(v) = 0. Region I meets region IV only at the surface u = v = 0, and the plane wave region II or III meets the singularity of region I at P = {u = 1, v = 0} or P^′ = {u = 0, v = 1}, respectively. Observe that, the single plane wave regions II and III always contain a singularity at the hypersurface u = 1 for region II and v = 1 for region III. For the particular case of the Khan and Penrose solution, which corresponds to the values n_1 = n_2 = 2, these singularities are just coordinate singularities. For all the other cases, i.e. n_1, n_2 > 2, these singularities are non-scalar curvature singularities [46]. However, in what follows we will refer generically to them as folding singularities. The reason for this terminology comes from the behaviour of null geodesics near them. Namely, only a null measure set of null geodesics which enter into the plane wave regions II or III hit the singularities, all the rest are folded to end up into the interaction region. Such a behaviour suggest that the whole singularity at u = 1 in region II (or v = 1 in region III) should be identified with the surface P = {u = 1, v = 0} (or P^′ = {u = 0, v = 1}) in region I (see for instance [25] for a 3-dimensional plot of a space-time of this type).

3 Mode propagation

For simplicity we will consider in this section a massless scalar field, which satisfies the usual Klein-Gordon equation,

2ϕ = 0. (9)

Following the directions of the approximation procedure introduced in the previous works [34, 35], we will be interested in the value of the quantum field ϕ all over the causal past region of the collision center. The reason is essentially because the calculations can be greatly simplified in this region. We will start with the field solution in the flat region prior to the arrival of the waves, which is chosen to be the usual vacuum in Minkowski spacetime. This vacuum solution will set a well posed initial value problem on the null boundary Σ = {u = 0, v ≤ 0} ∪ {u ≤ 0, v = 0}, by means of which a unique solution for the field equation can be found throughout the space-time, i.e., in the plane wave regions (regions II and III), and in the interaction region (region I). However, although it is rather easy to find the solution of the field equation in regions II and III which matches smoothly with the boundary conditions, it turns out to be a difficult problem for the interaction region. The reason is essentially due to the intrinsic differences between the geometry of the plane wave regions and the interaction region. In fact, as mentioned in section 2, the plane wave regions are either conformally flat or type N in the Petrov classification, but the interaction region can be more generic. We will refer, from now on, to this problem as the mode propagation problem.

We will consider the line element, ds^2 = 2e^{−M (u,v)}dudv − e^{−U (u,v)} ( e^{V (u,v)}dx^2 + e^{−V (u,v)}dy^2 ) , (10)

which applies globally to the four space-time regions, and where the functions U, V and M, can be directly read off (4)-(7). Then, the field equation can be separated in a planewave form solution for the transversal coordinates x and y, with k_x and k_y, respectively, as separation constants. This plane-wave separation is just a trivial consequence of the translational symmetry of the space-time on the planes spanned by the Killing vectors ∂_x and ∂_y. The field solution is thus, ϕ(u, v, x, y) = e^{U (u,v)/2} f(u, v) e^{ikxx+ikyy}, (11) where the function f(u, v) satisfies the following second order differential equation,

f_{,uv} + Ω(u, v) f = 0; Ω(u, v) = − ( e^{−U/2} ) ,uv e^{−U/2} + 1 2 e^{−M +U} ( k^2_xe^{−V} + k^2_y e^V ) . (12)

From now on, we will refer to Ω(u, v) as the potential term. In the flat region (region IV) this potential term is simply,

Ω_{IV}(u, v) = L_1L_2(k^2_x + k^2_y), (13) where we have used that the functions U and V in (10) are zero in the flat region, and the function exp(−M) = 2L_1L_2. Using (13), equation (12) can be solved as, f(u, v) = e^{−i2k̂+u−i2k̂−v}, (14) where k_± are two new separation constants with dimensions of energy, and we define for convenience two dimensionless constants as k̂_± ≡ √ L_1L_2 k_±. These new separation constants are directly related to the previous ones k_x and k_y by,

4 k_+k_− = k^2_x + k^2_y . (15) The field solution in region IV reduces, thus, to the usual Minkowski plane wave solution, i.e, ϕ_k(u, v, x, y) = 1 √ 2k_− (2π)^3 e^{−i2k̂+u−i2k̂−v+ikx x+ikyy}. (16) These modes are well normalized on the null hypersurface Σ, which is the boundary of the plane wave regions II and III with the flat region IV. Even though Σ is a null hypersurface, a well defined scalar product is given by (see [25] for details),

(ϕ_1, ϕ_2) = −i ∫ dxdy [∫_0 −∞ ( ϕ_1^↔∂_uϕ^∗_2 )| | | v=0 du + ∫_0 −∞ ( ϕ_1^↔∂_vϕ^∗_2 )| | | u=0 dv ] . (17)

The modes (16) will determine on Σ a well posed set of boundary conditions for modes in regions II and III. There, the potential term in equation (12) is simply,

Ω_i(u, v) = 1 2 e^{−Mi+Ui} ( k^2_xe^{−Vi} + k^2_y e^{Vi} ) , (18)

where the label i = II or i = III in the functions U, V and M, stands for their particular values in the plane wave regions II or III. Then, the solution of equation (12) in regions II and III with the boundary conditions imposed by the flat modes (16) on the hypersurface Σ, can be easily found as, f(u, v) = e^{−i2k̂−v−iAII (u)/(2k̂−)}; in region II,

e^{−i2k̂+u−iAIII(v)/(2k̂+)}; in region III,

(19)

where the generic function A_i(ζ), with i =II, III is given by,

A_i(ζ) = ∫ ζ 0 dζ^′ 1 2 e^{−Mi(ζ′)+Ui(ζ′)} ( e^{−Vi(ζ′)}k^2_x + e^{Vi(ζ′)}k^2_y ) . (20)

Therefore, the well normalized “in” modes in regions II and III are,

ϕ(u, v, x, y) = 1 √ 2k_−(2π)^3 e^{ikxx+iky y} 1 cos u e^{−i2k̂−v−iAII(u)/(2k̂−)}; in region II, 1 cos v e^{−i2k̂+u−iAIII(v)/(2k̂+)}; in region III,

(21)

Now the Cauchy problem is well posed on the boundary Σ_I = {u = 0, 0 ≤ v < 1} ∪ {0 ≤ u < 1, v = 0} between plane wave regions II and III and interaction region. Notice that the initial modes (21) are well normalized on the boundary Σ between the flat region and the plane wave regions, and this means, from general grounds, that they remain well normalized on the boundary between the plane waves and the interaction region. This can be seen explicitly using a well defined scalar product on the hypersurface Σ_I, which similarly to (17) is,

(ϕ_1, ϕ_2) = −i ∫ dxdy [∫_1 0 e^{−UII} (u) ( ϕ_1^↔∂_uϕ^∗_2 )| | | v=0 du + ∫_1 0 e^{−UIII} (v) ( ϕ_1^↔∂_vϕ^∗_2 )| | | u=0 dv ] . (22) The correct normalization of modes (21) follows easily from the fact that functions A_i(x) in (20) are unbounded at the folding singularities, P = {u = 1, v = 0} and P^′ = {u = 0, v = 1}. We have now to solve equation (12) in region I with the boundary conditions imposed by (21) on the lines Σ_I = {u = 0, 0 ≤ v < 1}∪{0 ≤ u < 1, v = 0}, which are characteristic lines for the partial differential equation (12). Thus, the only independent boundary conditions, i.e. the Cauchy data, are the initial values of the function f(u, v) on them (the normal derivatives of the field on the characteristics, which are usually part of the Cauchy data, are determined by the values of the function f(u, v) itself, see [47] for details). Furthermore, if we recall that the collision center is determined by the condition u = v, then the subset of Cauchy data that affects the neighborhood of the collision center, i.e its causal past, lies on the segments, Σ̂_I = {u = 0, 0 ≤ v < ŝ} ∪ {0 ≤ u < ŝ, v = 0} [47], where ŝ^{n1} + ŝ^{n2} = 1 and n_1, n_2 are defined in (8). We will denote the causal future region of these Cauchy data (or equivalently, the causal past region of the collision center) by region S, see Fig. 2.

We can determine the behaviour of the solutions of equation (12) in the region near the singularity using the following change of coordinates, σ = b(v) + a(u), ρ = b(v) − a(u). (23)

Then equation (12) becomes, f_{,σσ} − f_{,ρρ} + Ω(σ, ρ)f = 0, (24) where the potential term is, Ω(σ, ρ) = 1 4σ^2 [ 1 + 2e^{−M̂} σ^{α−β+1} ȧḃ ( e^{−V̂} k^2_1 + σ^{2β}e^{V̂} k^2 ) ] , (25)

and where we have used for convenience two dimensionless separation constants k_1 and k_2, directly related to k_x and k_y by,

k_1 = √ L_1L_2 k_x, k_2 = √ L_1L_2 k_y. (26)

Observe that this equation has a singular point at σ = 0 due to the term σ^{−2} on the potential Ω(σ, ρ). In fact, we have written the functions exp(−M) and exp(±V ) in the following way,

e^{−M} = σ^αe^{−M̂} , e^V = σ^βe^{V̂} , α = (β^2 − 1)/2, β = p_1 + p_2, (27)

as can be directly seen by (6)-(7), where the new functions exp(M̂ ) and exp(±V̂ ), are bounded at σ = 0. It is straightforward to see from (27) that α ± β + 1 ≥ 0. Thus, the singularity term in equation (24) is only given by the factor σ^{−2}.

Observe also that near the singularity σ = a(u) + b(v) = 0, the potential term (25) blows up due to the factor σ^{−2} but it is perfectly smooth on coordinate ρ = b(v) − a(u). Thus, the relevant features are related to coordinate σ only. Therefore, we may not expect any physically remarkable difference if we substitute coordinate ρ in (25) by its constant value ρ ≡ ρ_s = b(ŝ) − a(ŝ) when the singularity is approached from inside region S, i.e. when u, v → ŝ such that ŝ^{n1} + ŝ^{n2} = 1. Then, we will expect a solution of equation (24) of the type f(σ, ρ) = g(σ) exp(ik_3ρ), being k_3 a separation constant and where the new function g depends only on coordinate σ and satisfies the differential equation, g_{,σσ} + [ Ω(σ, ρ_s) + k^2_3 ] g = 0. We could now attempt to solve this Schrödinger-type of differential equation. For instance, we could try to find a solution by a WKB expansion. Unfortunately, the initial conditions for equation (24) are given on the boundaries Σ_I and there the coordinates σ, ρ are not well defined. This means that, even though coordinates σ and ρ would allow us to find a solution near the singularity σ = 0, they cannot be used to find a solution near the boundaries with the plane waves, and therefore they are not convenient for the mode propagation problem. Nevertheless, it will be useful in what follows to know that this type of solution can be found near the singularity.

In fact, we should return to equation (12) in coordinates u, v and we should recall that we are only interested in finding the field solution in the neighborhood of the collision’s center. Thus, the potential term of equation (12) is restricted into region S, and the boundary conditions are given on the segments Σ̂_I (see Fig. 2). Then if, in analogy with the change (23), we use the notation σ = e^{−U} , such potential term is simply given by, Ω(u, v) = ȧḃ 4σ^2 + 1 2 e^{−M̂} σ^{α−β−1} ( e^{−V̂} k^2_x + σ^{2β}e^{V̂} k^2_y ) , (28) with α, β and e^{−V̂} , e^{−M̂} defined in (27). Observe that functions e^{−V̂} , e^{−M̂} and ȧ(u)ḃ(v) are perfectly smooth in the entire region S. However, (28) blows up when the term σ = 1 − u^{n1} − v^{n2} goes to zero at the point u = v = ŝ, where ŝ^{n1} + ŝ^{n2} = 1. Taking all of this into account, it would be useful to find an adequate approximation for the potential (28) such that: i) it preserves the essential features of (28), ii) it allows us to find a solution of equation (12) which smoothly matches with the boundary conditions at Σ̂_I.

In order to find such an approximation it would be rather convenient to introduce a new set of coordinates naturally adapted to this problem. Recall that coordinates (23) are convenient to solve equation (12) close to the singularity, but they are not well defined globally and particularly on the boundaries with the single plane waves. Nevertheless, since σ = a(u) + b(v) behaves near the singularity in region S as, σ ≃ ȧ_s (u − ŝ) + ḃ_s (v − ŝ), with ȧ_s = ȧ(ŝ), ḃ_s = ḃ(ŝ), we may define in analogy with (23) a new time-like and space-like coordinates as, t = [ ḃ_s (v − ŝ) + ȧ_s (u − ŝ) ] (ȧ_sḃ_s)^{−1/2}, z = [ ḃ_s (v − ŝ) − ȧ_s (u − ŝ) ] (ȧ_sḃ_s)^{−1/2}, (29)

where in fact, t and z apply globally and close to the singularity in region S they behave like coordinates (23). Indeed, t → σ(ȧ_sḃ_s)^{−1/2} and z → (ρ − ρ_s)(ȧ_sḃ_s)^{−1/2} as the singularity u = v = ŝ is approached. The factor (ȧ_sḃ_s)^{−1/2} is used to ensure that such a coordinate change represents a Lorentz transformation.

We can easily find an expression for the function σ(u, v) in coordinates t, z in the neighborhood of the singularity u = v = ŝ by expanding σ(u, v) in terms of a Taylor series centered in u = v = ŝ, with u − ŝ and v − ŝ expressed, from (29), in terms of coordinates t and z. The result is,

σ(t, z) = t (ȧ_sḃ_s)^{1/2} + ∑ n=2 [ a^{(n)}_s ȧ^n_s (t − z 2 )n + b^{(n)}_s ḃn_s (t + z 2 )n] (ȧ_sḃ_s)^{n/2} n! . (30)

Observe, however, that in region S we expect the physical remarkable effects to occur near the singularity u = v = ŝ, where the potential term (28) grows unbounded as σ(t, z) → 0. Recall that in the neighborhood of σ(t, z) = 0 the relevant term in (30) is the first order term t (ȧ_sḃ_s)^{1/2}, which is insensitive to coordinate z. Therefore, we may not expect any physically remarkable difference if instead of working with the function σ(t, z), which depends on both coordinates t and z, we change to a new function σ(t) depending only on coordinate t and directly derived from (30) by taking z = 0 throughout the entire region S, i.e.,

σ(t) = t (ȧ_sḃ_s)^{1/2} + ∑ n=2 ( a^{(n)}_s ȧ^n_s + b^{(n)}_s ḃn_s ) ( t 2 )n (ȧ_sḃ_s)^{n/2} n! . (31)

Observe also that the rest of the functions which appear in (28), i.e. e^{±V̂ (u,v)}, e^{−M̂(u,v)} and ȧ(u)ḃ(v), are perfectly smooth all over region S. Thus, we may not also expect any physically remarkable difference if we substitute these functions, which also depend on both coordinates t and z, by approximate functions depending on coordinate t alone. The procedure would be equivalent to the one used for σ(u, v). Namely, given a smooth function ψ(u, v) in region S, we expand it by a Taylor series centered in the singularity u = v = ŝ. Then, we substitute u − ŝ, v − ŝ by coordinates t, z using the definition (29) and finally we take z = 0. The result would simply be, ψ(t) = ψ(ŝ, ŝ) + ∑ n=1 ( 1 ȧ_s ∂ ∂u + 1 ḃ_s ∂ ∂v )n ψ(u, v) | | | | | u=v=ŝ ( t 2 )n (ȧ_sḃ_s)^{n/2} n! . (32)

Recall that the boundary conditions for equation (12) restricted in region S, lie on the segments Σ̂_I and since the endpoints of these segments are not close to the singularities P or P^′, we may suppose that the boundary conditions are not significantly different from the flat boundary conditions. This fact, together with the prior replacements of u, v-dependent functions by related t-dependent functions in the potential term (28), suggest that we may reproduce the main physical features if we replace the four-region mode propagation problem by a much simpler problem. Such a problem would consist in solving equation (12) with a potential term (28) depending on coordinate t alone and where the boundary conditions would be imposed by the flat Minkowski modes (16) below the hypersurface {T = 0, −ŝ < Z < ŝ}, where we denote T = u + v, Z = v − u (see Fig. 3). Recall, however, that all this discussion is absolutely non applicable when a solution for equation (12) in the neighborhood of the folding singularities P or P^′ is required. This is non applicable because the boundary conditions (21) are unbounded as the folding singularities are approached and therefore these boundary conditions strongly differ from their counterparts (16) in the flat region.

In order to solve this Schrödinger-type problem, rather than relying on the discussed approximations for the exact field equation (12), we will rewrite a new field equation using an adequate approximation for the line element throughout the entire causal past of the collision center. This new approach, which may seem redundant in the case of the particle production problem, is absolutely necessary when the renormalization of the stress-energy tensor is discussed. This is essentially because the process of renormalization involves the subtraction of the infinite divergences that arise from the formal definition of the stressenergy tensor, and these divergences can be expressed as entirely geometric terms, which are independent of any possible approximations in the field equation. This means that in order to recover the geometric divergences in the stress-energy tensor, any approximation in the field equation must be related to a suitable approximation in the space-time geometry.

The approximations just discussed above can be essentially recovered by changing the exact colliding plane wave line element throughout the causal region of the collision’s center (10) into a related line element. This new line element would basically consist in replacing the metric coefficients σ(u, v) = e^{−U (u,v)}, σ(u, v)^{±β}e^{±V̂ (u,v)}, σ(u, v)^{−α}e^{−M̂ (u,v)} in (10), which depend on both coordinates u and v, by new functions of coordinate t alone in the sense described in (31)-(32), i.e.,

dŝ^2_I = 1 2 σ(t)^α e^{−M̂ (t)} ( dt^2 − dz^2 ) − σ(t)^{1+β} ( e^{V̂ (t)} dx^2 + σ(t)^{−2β} e^{−V̂ (t)} dy^2 ) . (33)

We will suppose that the line element (33) applies all over the causal past of the collision center, not only in the interaction region but also through the plane wave regions II and III in the sense of Fig. 3. The plane wave collision starts at t = t_0 = −ŝ (ḃ_s + ȧ_s) (ȧ_sḃ_s)^{−1/2} but to avoid smoothness problems derived from such an approximation, we will suppose that (33) applies exactly on a range t_0 +ϵ < t < 0, for a certain ϵ > 0. In the range t_0 ≤ t ≤ t_0 +ϵ, as described below, we will interpolate a line element which smoothly matches with the flat space at t = t_0. Nevertheless, the particular details of this matching will not affect the main physical features.

The exact field equation for this approximate space-time is,

(2 + ξR) ϕ = 0, (34)

where it is necessary to consider a coupling curvature term in the field equation because, although the exact space-time is a vacuum solution, we have a bounded nonzero value for R in the approximated space-time. In order to solve this new field equation, we start rewriting the line element (33) in the following general way,

ds^2 = (f_1f_2f_3) dt^{∗2} − ( f_1f_2 f_3 ) dz^2 − ( f_2f_3 f_1 ) dx^2 − ( f_1f_3 f_2 ) dy^2, (35)

where the f_i are functions of coordinate t alone, which for values of t_0 + ϵ < t < 0, can be straightforwardly determined by direct comparison with (33) as

f^2_1 (t) = 1 2 e^{−V̂ (t)−M̂(t)} σ(t)^{(β−1)2/2}, f^2_2 (t) = 1 2 e^{V̂ (t)−M̂(t)} σ(t)^{(β+1)2/2}, f^2_3 (t) = σ^2(t), (36)

where definitions (27) have been used. For values t ≤ t_0 we take f_1(t) = f_2(t) = √ L_1L_2, f_3(t) = 1, which correspond to their values in flat space. Finally, in the interval t_0 ≤ t ≤ t_0 + ϵ, we smoothly interpolate each f_i(t) (i = 1, 2, 3) between these values. Also, in order to prevent singularities in the field equation, we conveniently reparametrize coordinate t, by t^∗(t), as follows, dt^∗ dt = 1 f_3(t)

. (37)

Now, we use the following ansatz for the field solutions, ϕ_k = h(t^∗) e^{ikxx+ikyy+ikz z}, (38) where the plane wave factor in coordinates x, y is related to the translational symmetry of the space-time along the transversal directions x, y, and the plane wave factor in coordinate z is just a consequence of our approximation. Then equation (34) directly leads to the following Schrödinger-like differential equation for the function h(t^∗),

h_{,t}∗_t∗ + ω^2(t) h = 0, V (t) ≡ ω^2(t) = f^2_0 (t) + f^2_1 (t) k^2_x + f^2_2 (t) k^2_y + f^2_3 (t) k^2_z , (39)

where the function f_0(t) stands for,

f^2_0 (t) = [f_1(t)f_2(t)f_3(t)] ξR. (40)

Observe from (8) and (27), that the range of the parameter β in (36) is β^2 < 8. Then, we always have that either (β + 1)^2/4 < 1 or (β − 1)^2/4 < 1.

Now, it would be rather convenient to discuss whether or not it makes sense to solve the differential equation (39) in terms of a WKB expansion. Observe that, when the parameter β = ±1 in (36), then the frequency ω(t) goes to a non-zero constant value towards the singularity σ = 0. Then the short-wavelength condition, i.e. ω^{−1}d/dt^∗ ln ω ≪ 1, holds and is particularly accurate near the singularity. Hence, equation (39) admits everywhere a WKB solution.

However, when β ≠ ±1, the exponents of the σ-terms in the functions f_i in (36) are all non-zero. Thus, all the functions f_i vanish at the singularity σ = 0. Also the function f^2_0 = ξ R (f_1f_2f_3) vanishes at σ = 0. This can be easily seen because f_0 can be expressed in terms of f_1, f_2 and f_3, as

f^2_0 = ξ f̈_1 f_1 + f̈_2 f_2 + f̈_3 f_3 − 1 2 (ḟ_1 f_1 + ḟ_2 f_2 + ḟ_3 f_3 )_2 , and substituting the values (36) we have that f^2_0 is proportional to σ. Therefore, the frequency term ω(t) in (39) goes to zero towards the singularity σ = 0. Hence, the short wavelength condition does not hold in the region close to the singularity and thus a WKB solution for equation (39) is not directly appropriate in this region. Nevertheless, we can still use a WKB solution, which at least would be appropriate if we are not close enough to the singularity σ = 0 (recall that σ = 0 means from (37) that t^∗ → ∞). Observe, however, that such a WKB expansion may still give information near the singularity. The reason lies upon the fact that we can interpret this WKB solution as a limit case of a set of WKB expansions which are truly appropriate near the singularity. Such a limit process may be briefly introduced as follows: we add a small quantity to V (t) in (39). Then, the short wavelength holds and it reduces to (dt/dt^∗) dV/dt ≪ 2 ω^3, where now the frequency ω(t) is non-zero and dt/dt^∗ = f_3(t) → 0 towards the singularity. Hence, the differential equation (39) admits a WKB solution everywhere. We could then perform the involved calculations and finally set the small quantity that we have introduced in V (t) to zero. Mathematically, adding this small quantity to V (t) would be equivalent to subtract a small amount δ > 0 into the exponents of the σ-terms of functions f_1 and f_2 in (36), i.e.,

f^2_1 (t) = 1 2 e^{−V̂ (t)−M̂(t)} σ(t)^{(β−1)2/2−2δ}, f^2_2 (t) = 1 2 e^{V̂ (t)−M̂(t)} σ(t)^{(β+1)2/2−2δ}, (41)

which is also equivalent to slightly change the line element (35) by including a factor σ(t)^{−2δ} to the metric coefficients g_t∗_t∗, g_{zz} only. Then, the function f_0 is finite at the singularity and is given by f^2_0 = 2ȧ_sḃ_sδ + O(σ).

Finally, using a WKB expansion, the mode solutions ϕ_k which reduce to the flat mode solutions in the region prior to the arrival of the waves, are

ϕ_k = ω̂^{1/2} √ (2π)^32k_− W (t) e^{ikxx+ikyy+ik3 z−i} ∫_t∗ W (ζ)dζ^∗ , (42)

where we denote ω̂^2 = k^2_1 + k^2 + k^2_3 with k_1 and k_2 given in (26), k_3 = k_z and where W (t) stands for an adiabatic series in powers of the time-dependent frequency ω(t) of the modes and its derivatives. Up to adiabatic order four (i.e. up to terms involving four derivatives of ω(t)) W (t) it is given by,

W (t) = ω +

A_2 ω^3 + B_2 ω^5 + A_4 ω^5 + B_4 ω^7 + C_4 ω^9 + D_4 ω^{11}

, (43)

where, using the notation V̇ ≡ dV/dt^∗,

A_2 = − V̈ 8 , B_2 = 5 32 V̇^2, (44)

A_4 = .... V 32 , B_4 = −

28 V̇^{...}V + 19 V̈^2 128 , C_4 = 221 258 V̇^2 V̈ , D_4 = −1105 2048

V̇^4,

and A_n, B_n, ... denote the n adiabatic terms in W (t). Up to adiabatic order zero it is simply W (t) = ω(t). Observe the two following facts:

(i) Near the singularity σ = 0 we have W (t) ≃ ω(t). This is because the higher adiabatic corrections vanish at the singularity. In fact, for the case β = ±1 in (36), these higher adiabatic corrections naturally vanish. Also, for the case β ≠ ±1 and under the limit prescription introduced in (41), they also vanish.

(ii) In the flat region prior to the arrival of the waves we have W (t) = ω̂ = (k^2_1 + k^2 + k^2_3 )^{1/2}. In that case, since f_3 = 1, we can use (37) to set t^∗ = t, where without loss of generality we choose the value t^∗ = t_0 at t = t_0. Therefore, the mode solutions (42) in the flat region reduce to,

ϕ^{IV}_k = 1 √ (2π)^32k_− e^{ikxx+ikyy+ikz z−iω̂t}. (45) To see how (45) are related to the flat modes (16), recall first that the new separation constant k_z is related to the original k_± by the ordinary null momentum relations, i.e.,

ω̂ = k̂_+ + k̂_−, k_z = k̂_+ − k̂_−. (46)

In fact, flat modes (16) have the same formal expression as (45) where instead of t there is a time-like coordinate T = v+u and instead of z there is a space-like coordinate Z = v−u, and coordinates (t, z) and (T, Z) are simply related by a Lorentz boost such that, t = γ(T +βZ), z = γ(Z + βT ), with γ = ḃ_s + ȧ_s 2 √ ȧ_sḃ_s , β = ḃ_s − ȧ_s ḃ_s + ȧ_s . (47)

Unfortunately, we use the same notation β in (47) and in (27), but note that there is not possible confusion.

It is important to understand, however, that we are constructing a set of mode solutions as an adiabatic series in terms of derivatives of the frequency ω(t) in the differential equation (39). This procedure is similar but not equivalent to the construction of an adiabatic vacuum state where the field modes are expanded as an adiabatic series in terms of the derivatives of the metric coefficients (see for example [48] for details). In fact, observe for instance that the term f^2_0 (t) in (39) involves two derivatives of the metric since it is directly related to the curvature scalar. Thus, it would be a second order term for an eventual adiabatic vacuum, but it is simply a zeroth order term in our adiabatic series in derivatives of ω(t).

4 Hadamard function in the interaction region

The key ingredient to calculate the vacuum expectation value of the stress-energy tensor is the Hadamard function G^{(1)}(x, x^′), which is defined as the vacuum expectation value of the anticommutator of the field, i.e.,

G^{(1)}(x, x^′) = ⟨{ϕ(x), ϕ(x^′)}⟩ = ∑ k {u_k(x) u^∗_k(x^′) + u_k(x^′) u^∗_k(x)} . (48)

This Hadamard function contains non-physical divergence terms which can be subtracted by the following point splitting prescription,

G^{(1)}_B (x, x^′) = G^{(1)}(x, x^′) − S(x, x^′), (49) where S(x, x^′) is the midpoint expansion of a locally constructed quantity commonly referred as a Hadamard elementary solution (see for example [49]) and given by

S(x, x^′) = 1 8π^2 { − 2 σ − 2Δ^{(2)}_{μ̄ν̄} σ^{μ̄}σ^{ν̄} σ − 2Δ^{(4)}_{μ̄ν̄ρ̄τ̄} σ^{μ̄}σ^{ν̄}σ^{ρ̄}σ^{τ̄} σ − a^{(0)}_1 ln(μ^{−2}σ) − [( a^{(0)}_1 Δ^{(2)}_{μ̄ν̄} + a^{(2)}_{1 μ̄ν̄} ) σ^{μ̄}σ^{ν̄} − 1 2 a^{(0)}_2 σ ] ln(μ^{−2}σ) − 3 4 a^{(0)}_2 σ } , (50)

where the coefficients Δ^{(2)}_{μ̄ν̄} , Δ^{(4)}_{μ̄ν̄ρ̄τ̄} , a^{(0)}_1 · · · are written in Appendix A. We use the standard definition for the geodetic biscalar σ(x, x^′) = (1/2)s^2(x, x^′), being s(x, x^′) the proper distance between the points x and x^′ on a non-null geodesic connecting them. Also, σ_{μ̄}(x, x^′) = (∂/∂x^{μ̄})σ(x, x^′) is a geodesic tangent vector at the point x̄ with modulus s(x, x^′), being x̄ the midpoint between x and x^′ on the geodesic. The parameter μ in the logarithmic term of (50) is an arbitrary length parameter, which is related to the two-parameter ambiguity of the point-splitting regularization scheme [49]. Then we can compute ⟨T_{μν} ⟩ by means of the following differential operation,

⟨T_{μν} (x)⟩ = lim_{x→x′} D_{μν} G^{(1)}(x, x^′), (51)

where D_{μν} is a nonlocal differential operator, which in the conformal coupling case (ξ = 1/6) is given by,

D_{μν} = 1 6 (∇_μ′ ∇_ν + ∇_ν′ ∇_μ) − 1 24 g_{μν} ( ∇_α′∇^α + ∇_α∇^{α′} ) − 1 12 (∇_μ∇_ν + ∇_μ′ ∇_ν′ ) + 1 48 g_{μν} ( ∇_α∇^α + ∇_α′∇^{α′} ) − 1 12 ( R_{μν} − 1 4 R g_{μν} ) . (52)

However, the above differential operation and its limit have no immediate covariant meaning because G^{(1)}(x, x^′) is not an ordinary function but a biscalar and the differential operator D_{μν} is nonlocal; thus we need to deal with the nonlocal formalism of bitensors (see, for example [50, 51] or the Appendix B of reference [33] for a review on this subject).

The regularization procedure (49), however, fails to give a covariantly conserved stressenergy tensor essentially because the locally constructed Hadamard function (50) is not in general symmetric on the endpoints x and x^′ (i.e. it satisfies the field equation at the point x but fails to satisfy it at x^′) (see [52] for details). Thus, to ensure covariant conservation, we must introduce an additional prescription:

⟨T_{μν} (x)⟩ = ⟨T^B_{μν} (x)⟩ − a^{(0)}_2 (x) 64π^2 g_{μν} . (53)

Note that this last term is responsible for the trace anomaly in the conformal coupling case, because even though ⟨T^B_{μν}(x)⟩ has null trace when ξ = 1/6, the trace of ⟨T_{μν}(x)⟩ is given by ⟨T^μ_μ ⟩ = −a^{(0)}_2 (x)/(16π^2). The regularization prescription just given in (53) satisfies the well known four Wald’s axioms [49, 53, 54, 55], a set of properties that any physically reasonable expectation value of the stress-energy tensor of a quantum field should satisfy. There is still an ambiguity in this prescription since two independent conserved local curvature terms, which are quadratic in the curvature, can be added to this stress-energy tensor. In particular, the μ-parameter ambiguity in (50) is a consequence of this (see [49] for details). Such a two-parameter ambiguity, however, cannot be resolved within the limits of the semiclassical theory, it may be resolved in a complete quantum theory of gravity [49]. Note, however, that in some sense this ambiguity does not affect the knowledge of the matter distribution because a tensor of this kind belongs properly to the left hand side of Einstein equations, i.e. to the geometry rather than to the matter distribution.

5 Procedure to compute hT_{μν} i

After this preliminary introduction on the point-splitting regularization technique, we may proceed to calculate the Hadamard function G^{(1)}(x, x^′) in the interaction region for the initial vacuum state defined by the modes ϕ_k, (42). The Hadamard function can be written as,

G^{(1)}(x, x^′) = ∑ k ϕ_k(x) ϕ^∗_k(x^′) + c.c. (54)

Note that solutions ϕ_k contain the function h(t^∗), which cannot be calculated analytically but may be approximated up to any adiabatic order as described in (43)-(44). Thus, we have the inherent ambiguity of where to cut the adiabatic series. In fact, this is an asymptotic expansion, which has a well established ultraviolet limit but it may have convergence problems in the low-energy limit. However, observe from (37) and (39) that since: (i) dt/dt^∗ → 0, (ii) V (t) = ω^2(t) is bounded and, under the prescription introduced in (41), is also non-zero towards the singularity, then the adiabatic series (43) reduces to W ≃ ω near the singularity. This means that we could cut the adiabatic series (43) at order zero if we were interested in a calculation near the singularity. However, this is only partially true. In fact, it would be true if we were only interested in the particle production problem, which essentially would involve the evaluation of a Bogoliubov transformation between two different sets of field modes. Unfortunately it is not sufficient for the calculation of the vacuum expectation value of the stress-energy tensor. This is because G^{(1)} calculated with h(t^∗) at order zero does not reproduce the short-distance singular structure of a Hadamard elementary solution (50) in the coincidence limit x → x^′. The smallest adiabatic order for the function h(t^∗) which we need to recover the singular structure of G^{(1)} is order four, basically because our adiabatic construction of the mode solutions is similar (but not equivalent) to an adiabatic vacuum state (see [48] for details).

In the mode sum (54) we use the shortened notation ∑ k ≡ ∫_∞ 0 dk_− /k_− ∫_∞ −∞ dk_x ∫_∞ −∞ dk_y or equivalently ∑ k ≡ (L_1L_2)^{−1} ∫_∞ −∞ dk_1 ∫_∞ −∞ dk_2 ∫_∞ −∞ dk_3/ω̂, where the change of variables

(46) and the usual notation (26) have been used. Therefore we have,

G^{(1)}(x, x^′) = 1 2(2π)^3 L_1L_2 ∫_∞ −∞ ∫_∞ −∞ ∫_∞ −∞ dk_1 dk_2 dk_3 √ W (t)W (t^′) × e^{−i} ∫_t∗ t∗′ W (ζ)dζ^∗+ikx(x−x^′)+iky(y−y^′)+ikz (z−z^′ ) + c.c. (55) We assume that the points x and x^′ are connected by a non-null geodesic in such a way that they are at the same proper distance ϵ from a third midpoint x̄. We parametrize the geodesic by its proper distance τ and with abuse of notation we denote the end points by x and x^′, which should not be confused with the third component of (t, z, x, y). Then we expand the integrand function in powers of ϵ and we finally integrate term by term to get an expression up to ϵ^2. The details of such a tedious calculation can be found in ref. [34]. The result is,

G^{(1)}(x, x^′) = Ā + σ b̄ + C_ᾱ¯_β σ^ᾱσ^{β̄} + D_ᾱ¯_{βγ̄}¯_δ σ^ᾱσ^{β̄}σ^{γ̄}σ^{δ̄} + 1 8π^2 { − 2 σ − 2Δ^{(2)}_{μ̄ν̄} σ^{μ̄}σ^{ν̄} σ (56)

−2Δ^{(4)}_{μ̄ν̄ρ̄τ̄} σ^{μ̄}σ^{ν̄} σ^{ρ̄}σ^{τ̄} σ − a^{(0)}_1 L − [( a^{(0)}_1 Δ^{(2)}_{μ̄ν̄} + a^{(2)}_{1 μ̄ν̄} ) σ^{μ̄}σ^{ν̄} − 1 2 a^{(0)}_2 σ ] L }

where L is a logarithmic term defined as L = 2γ + ln(σ ξR/2) and γ is the Euler’s constant. All the involved coefficients Ā, b̄, C_ᾱ¯_β... depend on which particular space-time, belonging to the Szekeres Class of solutions, we are performing the calculations.

According to (49), the Hadamard function can be regularized using the elementary Hadamard solution (50) and finally the regularized expression for G^{(1)}(x, x^′) up to order ϵ^2 is,

G^{(1)}_B (x, x^′) = Ā + σ B̄ + C_ᾱ¯_β σ^ᾱσ^{β̄} + D_ᾱ¯_{βγ̄}¯_δ σ^ᾱσ^{β̄}σ^{γ̄}σ^{δ̄} + 1 8π^2 { −a^{(0)}_1 L̂ − [( a^{(0)}_1 Δ^{(2)}_{μ̄ν̄} + a^{(2)}_{1 μ̄ν̄} ) σ^{μ̄}σ^{ν̄} − 1 2 a^{(0)}_2 σ ] L̂ } , (57)

where L̂ is a bounded logarithmic term given by, L̂ = 2γ +ln(μ^2 ξR/2), μ being the arbitrary length parameter introduced in (50), and where the coefficient B̄ is B̄ = b + 3 a^{(0)}_2 /(32π^2). From (57) we can directly read off the regularized mean square field in the “in” vacuum state as ⟨ϕ^2⟩ = Ā/2 − a^{(0)}_1 L̂/(16π^2). It is important to remark, however, that the term D_ᾱ¯_{βγ̄}¯_δ in (57) appears only as a consequence of our approximate procedure of calculating the Hadamard function, i.e. using an adiabatic order four expansion for the initial modes in powers of the mode frequency ω(t) and its derivatives. Had we used an exact expression for the initial modes (or an adiabatic vacuum state [48]), such a term would not appear.

Now, to calculate the vacuum expectation value of the stress-energy tensor we have to apply the differential operator (52) to (57). As we have already pointed out, this is not straightforward because we work with nonlocal quantities. Note first that the operator (52) acts on bitensors which depend on the end points x and x^′, but the expression (57) for G^{(1)}_B depends on the midpoint x̄. This means that we need to covariantly expand (57) in terms of the endpoints x and x^′. Also, the presence of quartic σ^μ terms in (57) gives, after differentiation, path dependent terms which must be conveniently averaged. The details of such a calculation may be found for instance in [33, 34]. Then, in the orthonormal basis θ_1 = g^{1/2}_{tt} dt, θ_2 = g^{1/2}_{zz} dz, θ_3 = g^{1/2}_{xx} dx, θ_4 = g^{1/2}_{yy} dy, using the trace anomaly prescription (53), we may obtain the expectation values ⟨T_{μν}⟩ in the conformal coupling case and for values t_0 + ϵ < t < 0 of coordinate t. For values of t ≤ t_0, ⟨T_{μν} ⟩ = 0, and to be consistent with the approximation we have used for the space-time geometry, we should require that the value of ⟨T_{μν} ⟩ goes smoothly to zero as t → t_0. In fact, this can be achieved using an adequate matching of the line element (33) with the flat line element through the interval t_0 ≤ t ≤ t_0 + ϵ.

As a consequence of the logarithmic term in the Hadamard function (57), it will appear a similar term in the stress-energy tensor. The argument of this logarithm depends on the curvature scalar and thus it will grow unbounded as the flat region is approached. However, the coefficient that will appear in front of such a logarithm, depends only on locally constructed curvature terms (as can be seen from (57)). Therefore, with an adequate matching of the space-time geometry, this coefficient will also smoothly vanish towards the flat space region, below t = t_0. The details of such a matching, however, will not affect the main features of the stress-energy tensor, particularly when the singularity is approached.

Recall that the components of ⟨T_{μν} ⟩ are expressed in the orthonormal thetrad basis (θ_1, θ_2, θ_3, θ_4) defined upon coordinates (t, z, x, y), with t and z defined in (29). These coordinates allow us to describe symmetrically the head on plane wave collision. Thus, written in these coordinates, the stress energy tensor is diagonal. However, an observer at rest at the collision center is better described by means of the comoving coordinates T = v + u, Z = v−u, such that Z = 0 for the observer’s worldline. Observe that the coordinate systems (t, z) and (T, Z) are related by the Lorentz transformation (47). Therefore, the stress-energy tensor in the observer’s orthonormal comoving frame will be determined by expressing ⟨T_{μν} ⟩ in the orthonormal thetrad basis θ_{^1} = g^{1/2}_{T T} dT , θ_{^2} = g^{1/2}_{ZZ} dZ, θ_3 = g^{1/2}_{xx} dx, θ_4 = g^{1/2}_{yy} dy, defined upon coordinates (T, Z, x, y). This can be directly achieved by transforming ⟨T_{μν} ⟩, expressed in the basis (θ_1, θ_2, θ_3, θ_4), by the Lorentz transformation (47), i.e.,

⟨T^_1^_1⟩ = γ^2 ( ⟨T_{11}⟩ + β^2⟨T_{22}⟩ ) , ⟨T_{^2^2}⟩ = γ^2 ( ⟨T_{22}⟩ + β^2⟨T_{11}⟩ ) , ⟨T^_1^_2⟩ = γ^2β (⟨T_{11}⟩ + ⟨T_{22}⟩) . (58)

Observe that in comoving coordinates (T, Z) the collision is not symmetrical anymore and the stress-energy tensor acquires a non-diagonal term ⟨T_{^1^2}⟩, which indicates the flux of momentum in the Z direction.

6 Conclusions

We have given a procedure to calculate the expectation value of the stress-energy tensor of a massless scalar field in a family of space-times representing the head on collision of two gravitational plane waves throughout the causal past of the collision center and in the field state which corresponds to the physical vacuum state before the collision. We have considered this particular region essentially because, as we pointed out in a previous work

[34, 35], we could introduce a suitable approximation to the space-time metric (see Fig. 3) which not only allow us to dramatically simplify the calculations but also to keep unchanged the main physical features, in particular the behaviour of the stress-energy tensor near the singularity of the interaction region.

Unfortunately, a general expression for the stress-energy tensor has not been found. The reason is because the approximation (33) that we have used in the line element, throughout the causal past of the collision center, depends on which particular solution, from the Szekeres Class of solutions, we are considering. Nevertheless, one could expect that near the singularity the main physical effects would be related to the exponents of the singular σ(t) terms in the line element (33). Thus, the main contribution to the stress-energy tensor would be essentially related to these exponents and only trivially sensitive to the remaining smooth functions.

Acknowledgements

I am grateful to R. M. Wald, R. Geroch, E. Verdaguer, A. Campos, E. Calzetta, A. Feinstein, J. Ibañez and A. Van Tonder for helpful discussions. I am also grateful to the Physics Department of Brown University for their hospitality and to the Grup de Física Teòrica (IFAE) de l’Universitat Autònoma de Barcelona. This work has been partially supported by NSF grant PHY 95-14726 to The University of Chicago and by the Direcció General de Recerca de la Generalitat de Catalunya through the grant 1995BEAI300165.

A Some midpoint expansions

The coefficients for the midpoint expansion of the locally constructed Hadamard function (50) are:

a^{(0)}_1 = −R ( ξ − 1 6 ) , Δ^{(2)}_{μν} = 1 12 R_{μν} ,

a^{(0)}_2 = 1 2 (1 6 − ξ )_2

R^2 + 1 6 ( 1 5 − ξ ) R_{;α}^α − 1 180 R^{αβ}R_{αβ} + 1 180 R^{αβγδ}R_{αβγδ},

a^{(2)}_{1 μν} = 1 24 ( 1 10 − ξ ) R_{;μν} + 1 120 R_{μν;α}^α − 1 90 R^α_μR_{αν} + 1 180 R^{αβ}R_{αμβν} + 1 180 R^{αβγ}_μ R_{αβγν}, Δ^{(4)}_{μνρτ} = 3 160 R_{μν;ρτ} + 1 288 R_{μν} R_{ρτ} + 1 360 R^α_μ^β_νR_{αρβτ} . References

[1] O. R. Baldwin and G. B. Jeffrey Proc. R. Soc. London A111 (1926) 95.

[2] R. Penrose, Rev. Mod. Phys. 37 (1965) 215 .

[3] H. Bondi and F. A. E. Pirani, Proc. Roy. Soc. A 421, 395, (1989). [4] W. B. Bonnor, commun. Math. Phys. 13, 163, (1969). [5] P. C. Aichelburg, Gen. Rel. Grav. 2, 303, (1971).

[6] P. D. D’Eath, in Sources of gravitational radiation, edited by L. Smarr (Cambridge University Press, Cambridge, England, 1979).

[7] V. Ferrari, P. Pendenza and G. Veneziano, Gen. Rel. Grav. 20 (1980) 1185. [8] D. Garfinkle, Phys. Rev. D41 (1989) 1112; D. Garfinkle and T. Vachaspati, Phys. Rev.

D42 (1990) 1960.

[9] A. Ori, Phys. Rev. Lett. 68 (1992) 2117. [10] U. Yurtsever, Class. Quantum Grav. 10 (1993) L17.

[11] H. G. Vega, N. Sánchez, Phys. Lett. B244 (1990) 215 ; Nucl. Phys. B317 (1984) 706;

Phys. Rev. Lett. 65 (1990) 1517; Phys. Rev. D45 (1990) 2783. [12] H. G. Vega, M. Ramon-Medrano and N. Sánchez, Nucl. Phys. 351 (1991) 277. [13] O. Jofre, C. Nunez, Phys. Rev. D50 (1994) 5232.

[14] D. Amati and C. Klimcik, Phys. Lett. B210 (1988) 92; Phys. Lett. B210 (1984) 443. [15] G. T. Horowitz and A. R. Steif, Phys. Rev. Lett. 64 (1990) 260; Phys. Rev. D42 (1990) 1950.

[16] A.A. Tseytlin, Nucl. Phys. B390 (1993) 253; Phys. Rev. D47 (1993) 3421; K. Sfetsos and A.A. Tseytlin, Nucl. Phys. B427 (1994) 245; J. R. Russo and A.A. Tseytlin, Nucl. Phys. B448 (1995) 293.

[17] S. Deser, J. Phys. A8 (1975) 1972.

[18] G. W. Gibbons, Commun. Math. Phys. 45 (1975) 191. [19] J. Garriga and E. Verdaguer, Phys. Rev. D. 43 (1991) 391. [20] U. Yurtsever, Phys. Rev. D. 38 (1988) 1706; Phys. Rev. D. 40 (1989) 329. [21] Chandrasekhar and B.C. Xanthopoulos, Proc. R. Soc. London A414 (1987) 1. [22] J. B. Griffiths, Colliding Plane Waves in General Relativity, (Claredon Press, Oxford, 1991).

[23] U. Yurtsever, Phys Rev. D 40, (1989) 360.

[24] K. Khan and R. Penrose, Nature (London), 229, (1971) 185.

[25] M. Dorca and E. Verdaguer, Nucl. Phys B403 (1993) 770. [26] M. Dorca and E. Verdaguer, Phys. Rev. D, 50, (1994) 2631. [27] B. S. Kay and R. M. Wald, Phys. Rep. 207 (1991) 49.

[28] V. Ferrari and J. Ibañez, Gen. Rel. Grav., 19 (1987) 383; 19 (1987) 405; Chandrasekhar and B.C. Xanthopoulos, Proc. R. Soc. London A408 (1986) 175.

[29] S. A Hayward Class. Quantum Grav. 6 (1989) 1021: J. B. Griffiths, Colliding waves in general relativity, Clarendon Press, Oxford, 1991.

[30] A. Feinstein and M. A. Perez Sebastián, Class. Quantum Grav. 12 (1995) 2723. [31] P. Bell and P. Szekeres, Gen. Rel. Grav. 5, 275, (1974).

[32] I. Robinson, Bull. Acad. Polon. Sci. 7, 531, (1954); B. Bertotti, Phys. Rev. 116, 1331, (1959).

[33] M. Dorca and E. Verdaguer, Nucl. Phys B484 (1997) 435. [34] M. Dorca, e-Print Archive: gr-qc/9711025. [35] M. Dorca, e-Print Archive: gr-qc/9802050. [36] G. T. Horowitz, Phys. Rev. D. 21 (1980) 1445. [37] A. Campos and E. Verdaguer, Phys. Rev. D. 49 (1994) 1861.

[38] P. Candelas, Phys. Rev. D. 21 (1980) 2185; Sciama, P. Candelas and D. Deutsch, Adv.

Rev. 30 (1981) 327.

[39] V. P. Frolov and A. I. Zel’nikov, Proceedings of the Third Seminar on Quantum Gravity, (World Scientific, Singapore, 1985), p. 413; K. S. Thorne, W. H. Zurek and R. H. Price, Black Holes and the Membrane Paradigm, (Yale University Press, New Haven, 1986); D. W.

[40] E. Newman and R. Penrose, J. Math. Phys. 3, 566, (1962). [41] P. Szekeres, J. Math. Phys. 6, 1387, (1965). [42] W. Kundt, Z. Physik, 163, 77, (1961). [43] U. Yurtsever, Phys. Rev. D 37, 2803, (1988).

[44] S. O’Brian and J. L. Synge, Commun. Dubl. Inst. Adv. Stud. A9, (1952). [45] P. Szekeres, J. Math. Phys. 13, 286, (1972).

[46] D. A. Konkowski and T. M. Helliwell Class. Quantum Grav. 6 (1989) 1847 [47] P. R. Garabedian, Partial Differential Equations, (Wiley, New York, 1964).

[48] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University Press, 1982).

[49] R. M. Wald, Quantum Field Theory in Curved Space-Time and Black Hole Thermodynamics, (Chicago University Press, Chicago, 1994).

[50] B. S. DeWitt and R. W. Bhehme, Ann. Phys. 9 (1960) 220.

[51] S. M. Christensen, Phys. Rev. D. 14 (1976) 2490; Phys. Rev. D. 17 (1978) 946.

[52] R. M. Wald, Phys. Rev. D. 17 (1978) 1477.

[53] R. M. Wald Phys. Rev. D13 (1976) 3176.

[54] R. M. Wald, Commun. Math. Phys. 54 (1977) 1; Ann. Phys. 110 (1978) 472.

[55] S. M. Christensen, Bull. Am. Phys. Soc 20 (1975) 99.

[56] T. M. Helliwell and D.A. Kowkowski, Phys. Rev. D47 (1993) 4322.

[57] R. M. Wald, General Relativity (The University of Chicago Press, Chicago, 1984).

Figure captions

Fig. 1 The colliding plane wave space-time consists of two approaching waves, regions II and III, in a flat background, region IV, and an interaction region, region I. The two waves move in the direction of two null coordinates u and v. The four space-time regions are separated by the two null wave fronts u = 0 and v = 0. The boundary between regions I and II is {0 ≤ u < 1, v = 0}, the boundary between regions I and III is {u = 0, 0 ≤ v < 1}, and the boundary of regions II and III with region IV is Σ = {u ≤ 0, v = 0} ∪ {u = 0, v ≤ 0}. Region I meets region IV only at the surface u = v = 0. The singularity in the region I corresponds to the hypersurface u^{n1} + v^{n2} = 1 and plane wave regions II and III meet such a singularity only at P = {u = 1, v = 0} and P^′ = {u = 0, v = 1} respectively. The hypersurfaces u = 1 in region II and v = 1 in region III are a type of topological singularities commonly referred as folding singularities and they must be identified with P and P^′ respectively.

Fig. 2 The subset of Cauchy data which affects the evolution of the quantum field along the center u = v of the plane wave collision lies on the segments Σ̂_I = {0 ≤ u < ŝ, v = 0} ∪ {u = 0, 0 ≤ v < ŝ}, where ŝ^{n1} + ŝ^{n2} = 1. Region S is the causal future of this Cauchy data (or equivalently, the causal past of the collision center).

Fig. 3 We change the mode propagation problem for the plane wave collision, in the causal past of the collision center, region S, by a much simpler Schrödinger-type problem which consists in: i) performing a Lorentz transformation in order to work with an adequate set of coordinates (t, z), ii) eliminating the dependence of the field equation on coordinate z by taking z = 0 and iii) substituting the Cauchy data, which come from the single plane wave regions, on segments Σ̂_I = {0 ≤ u < ŝ, v = 0} ∪ {u = 0, 0 ≤ v < ŝ} by much simpler Minkowski Cauchy data. This procedure is essentially equivalent to: i) writing the line element in coordinates (t, z), ii) modifying the space-time geometry in the causal past of the collision center by eliminating the dependence on coordinate z in the line element, setting z = 0 and iii) smoothly matching this line element, through plane wave regions II and III, with the flat spacetime below the segment {T = 0, −ŝ < Z < ŝ}, where we denote T = u + v, Z = v − u.