gr-qc/9901026 9 Jan 1999

Critical Behavior in Black Hole Thermodynamics

Rong-Gen Cai Center for Theoretical Physics, Seoul National University, Seoul 151-742, Korea

In this talk I introduce the critical behavior occurring at the extremal limit of black holes. The extremal limit of black holes is a critical point and a phase transition takes place from the extremal black holes to their nonextremal counterparts. Some critical exponents satisfying the scaling laws are obtained. From the scaling laws we introduce the concept of the effective dimension of black holes and discuss the relationship between the critical behavior and the statistical interpretation of black hole entropy.

PACS numbers: 04.70.Dy, 04.60.Kz, 05.70.Jk,11.25.-w

I. INTRODUCTION

Due to the celebrated works of Hawking [1] and Bekenstein [2], a black hole has a temperature proportional to the surface gravity on the black hole horizon and an entropy proportional to the area of event horizon. This put the first law of black hole thermodynamics on a solid fundament [3]. Also this made people believe that a black hole is a thermodynamic system.

The phase transition is an important phenomenon in the ordinary thermodynamics. It is therefore natural to ask whether there is any phase transition in the black hole thermodynamics. Davies [4] is the first person who discusses the critical behavior of Kerr-Newman black hole in terms of thermodynamics. For a Kerr-Newman black hole with mass M , charge Q and angular momentum J = aM , the black hole entropy is S = A 4 = 2π ( M^2 − 1 2 Q^2 + √ M^4 − J^2 − M^2Q^2 ) , (1)

and the Hawking temperature is T = κ 2π = √ M^2 − a^2 − Q^2 2M^2 − Q^2 + 2M √ M^2 − a^2 − Q^2

. (2)

According to the formula C_{J,Q} = (∂M/∂T )_{J,Q} , the heat capacity is C_{J,Q} = M T S^3 πJ^2 + πQ^4/4 − T^2S^3

. (3)

For the Schwarzschild black hole, C = −M/T < 0; For an extremal Kerr-Newman black hole, C_{J,Q} → 0^+. Thus the heat capacity must diverge at certain points: { Q_c = √ 3M/2, for RN black holes J_c = √ 2 √ 3 − 3M^2, for Kerr black holes (4)

Based on the infinity discontinuity of the heat capacity, Davies claimed that there are second-order phase transitions in black hole thermodynamics. Many authors have investigated the critical points in the different black holes [5–8]. Lousto [9] claimed that the critical points of Davies satisfy the fourth law of black hole thermodynamics: scaling laws, from which he assigned the effective spatial dimension of black holes to be two, and thought that his result is in complete agreement with the membrane picture of black holes [10]. However, he found later that his calculation has some errors. Thus his two-dimensional effective model of black holes becomes invalid.

On the other hand, some people think that there exist a critical point at the extremal limit of black holes and a second-order phase transition takes place from an extremal black hole to its nonextremal counterpart [11]. Kaburaki [12] found that the critical point at extremal limit also obeys the scaling laws by investigating the thermal equilibrium fluctuations of Kerr-Newman black hole in the micro-canonical ensemble. The present author and collaborators have investigated in detail the critical behavior in the BTZ black holes [13], dilaton black holes [14], and black p-branes [15], respectively, and obtained some interesting results. This article is devoted to showing these results in the nondilatonic black p-branes and arbitrary dimensional dilatonic black holes.

The organization of this paper is as follows. In next section we will discuss the critical behavior in the nondilatonic black p-branes and calculate the relevant critical exponents. In Sec. III we investigate the case of arbitrary dimensional dilatonic black holes. The conclusion and discussion are presented in Sec. IV.

II. CRITICAL BEHAVIOR FOR NONDILATONIC BLACK P -BRANES

The nondilatonic black p-branes we will consider come from the following action [16]

S_{d+p} = 1 16π ∫ d^{(d+p)} x √ −g [ R − 2 (d − 2)!

F^2_d�_2 ] , (5)

where R is the scalar curvature and F_d�_2 denotes the (d − 2)-form anti symmetric tensor field. Performing the double-dimensional reduction by p dimensions, one has the dilatonic d-dimensional action:

S_d = 1 16π ∫ d^d √ −g [ R − 2(∇ϕ)^2 − 2 (d − 2)!

e�2aϕ_F 2_d�_2^]_, (6) where ϕ is the dilaton field, and the constant a is a = (d − 3) √ 2p √ (d − 2)(d + p − 2)

. (7)

The magnetically charged black holes in the action (6) are ds^2_d = [ 1 − ( r_+ r )_d�_3] [ 1 − (r�_r^{)d}�^{3]1}�^{(d}�^{3)b}_{dt}2 + [ 1 − ( r_+ r )_d�_3]�1 [ 1 − ( r�_r^{)d}�^{3]b}�^1_{dr}2

+ r^2 [ 1 − ( r�_r^{)d}�^{3]b}_{dΩ}2_d �2^, e^{aϕ} = [ 1 − ( r�_r^{)d}�^{3]}�^{(d}�^{3)b/2}_,

F_d�_2 = Qε_d�_2, (8)

where ε_d�_2 is the volume form on the unit (d−2)-sphere, the constant b is

b = 2p/(d − 2)(p + 1), (9)

and the charge Q is related to r� by

Q^2 =

(d − 3)(d + p − 2) 2(p + 1)

(r_+r�)^d�^3. (10)

Thus, one has the non-dilatonic black p-brane solutions in the action (5) [16]

ds^2_{d+p} = e^{2mϕ}dy^idy^i + e^{2nϕ}ds^2_d, (11)

where i = 1, 2, · · ·, p, and m = − √ 2(d − 2) √ p(d + p − 2) , n = − mp d − 2 . (12)

The Hawking temperature and the Bekenstein-Hawking entropy per unit volume of p-branes for the black pbranes (11) are easily obtained:

T = d − 3 4πr_+ [ 1 − ( r� + )_d�_3]1/(p+1) , (13)

S = Ω_d�_2 4 r^d�^2_+ [ 1 − ( r� + )_d�_3]p/(p+1) , (14)

where Ω_d�_2 is the volume of the unit (d − 2)-sphere. The ADM mass per unit volume of p-branes is found to be M = Ω_d�_2 16π [ (d − 2)r^d�^3_+ + d − 2 − p(d − 4) p + 1 r^d�^3� ] , (15)

which satisfies the first law of thermodynamics, dM = T dS + ΦdQ, (16) where Φ = Ω_d�_2Q/[4π(d − 3)r^d�^3_+ ] is the chemical potential corresponding to the conservative charge Q. The heat capacity per unit volume of p-branes is

C_Q = −

Ω_d�_2r_+ 4

[ 1 − (_r �_{r+}

)_d�_3]p/(p+1) [ 1 −^{p+2d}�^5_{p+1} (_r �_{r+}

)_d�_3]

× [ (d − 2)r^d�^3_+ − d − 2 − p(d − 4) p + 1 r^d�^3� ] . (17)

When the extremal limit (r� = r_+) is approached, the temperature, entropy, and the heat capacity approach zero. When 1 − (p + 2d − 5)(r�/r_+)^d�^3/(p + 1) = 0, the heat capacity diverges, which corresponds to the critical point of Davies in Kerr-Newman black holes [4].

In a self-gravitating thermodynamic system, the thermodynamical ensembles are not equivalent generally. To study the critical behavior in black hole thermodynamics, it is reasonable to choose the micro-canonical ensemble [12–15], in which the thermodynamical potential function is the entropy of system. Rewriting (16) we have dS = βdM − φdQ, (18) where β = T �^1 and φ = βΦ. From (18) it follows that the intrinsic variables are {M, Q} and the conjugate variables {β, −φ}.Thus the eigenvalues corresponding to the fluctuation modes β and φ are

λ_m = ( ∂M ∂β ) Q = −T^2C_Q, (19)

λ_q = − ( ∂Q ∂φ ) M = −T K_M , (20)

respectively, where K_M ≡ β ( ∂Q ∂φ ) M = 4π(d − 3)r^d�^3_+ Ω_d�_2 [ 1 − d − 2 − p(d − 4) (p + 1)(d − 2) ( r� + )_d�_3] {[ 1 + d − 2 − p(d − 4) p + 1)(d − 2) ( r� + )_d�_3]

+ 2 (d − 3) ( r� + )_d�_3 [ d − 3 p + 1 − d − 2 − p(d − 4) (p + 1)(d − 2) × ( 1 − p + d − 2 p + 1 ( r� + )_d�_3)]

× [ 1 − ( r� + )_d�_3]�1 �1 . (21)

Obviously, the two eigenvalues approach zero as the extremal limit is approached. Hence some second moments must diverge at the extremal limit [15]. As in the ordinary thermodynamics, the divergence of second moments means that the extremal limit is a critical point and a second-order phase transition takes place from the extremal to nonextremal black p-branes. As is well known, the extremal black p-braes are very different from the nonextremal in many aspects, such as the thermodynamic description and geometric structures [13]. In particular, it has been shown that some extremal black p-branes are supersymmetric and the supersymmetry is absent for the nonextremal black p-branes. So the occurrence of phase transition are consistent with the changes of symmetry. The extremal and nonextremal black pbranes are two different phases. The extremal black pbranes are in the disordered phase and the nonextremal black p-branes in the ordered phase. The order parameters of the phase transition can be defined as the differences of the conjugate variables between the two phases [12–15], such as η_φ = φ_+ − φ� can be regarded as the order parameters of black p-branes, where the suffixes “+” and “−” mean that the quantity is taken at the r_+ and r�, respectively. The second-order derivatives of entropy with respect to the intrinsic variables are the inverse eigenvalues, ζ_m ≡ ( ∂^2S ∂M^2 ) Q = λ�1_{m = −}^{β2}_C Q , (22) ζ_q ≡ ( ∂^2S ∂Q^2 ) M = λ�1_{q = −}^β_{KM . (23)}

Correspondingly, we can define the critical exponents of these quantities as follows,

ζ_m ∼ ε�^α_M (for Q fixed),

∼ ε�ψ_{Q (for M fixed), (24)}

ζ_q ∼ ε�^γ_M (for Q fixed),

∼ ε�σ_{Q (for M fixed), (25)}

η_φ ∼ ε^β_M (for Q fixed), ∼ ε^δ �1_Q

(for M fixed), (26)

where ε_M and ε_Q represent the infinitesimal deviations of M and Q from their limit values. These critical exponents are found to be

α = ψ = γ = σ = p + 2 p + 1

, β = δ�^1 = − 1 p + 1

. (27)

The critical exponents β and δ�^1 are negative, which shows the fact that the order parameter η_φ diverges at the extremal limit. This is because the critical temperature is zero in this phase transition. It is easy to check that these critical exponents satisfy the scaling laws of the “first kind,”

α + 2β + γ = 2, β(δ − 1) = γ, ψ(β + γ) = α. (28)

That scaling laws (28) hold for the black p-branes is related to the fact that the black p-brane entropy (14) is a homogeneous function, satisfying

S(λM, λQ) = λ^{(d}�^{2)/(d}�^{3)}S(M, Q), (29)

where λ is a positive constant.

On the other hand, in an ordinary thermodynamic system, an important physical quantity related to phase transitions is the two-point correlation function, which has generally the form for a large distance, G(r) ∼ exp(−r/ξ) r^{d̄}�^{2+η}

, (30)

where η is the Fisher’s exponent, d̄ is the effective spatial dimension of the system under consideration, and ξ is the correlation length and diverges at the critical point. Similarly, the critical exponents of the correlation length for black p-branes can be defined as:

ξ ∼ ε�^ν_M (for Q fixed),

∼ ε�μ_{Q (for M fixed). (31)}

Combining with those in Eq. (28), these critical exponents form the scaling laws of the “second kind” ν(2 − η) = γ, νd̄ = 2 − α, μ(β + γ) = ν. (32) Because of the absence of quantum theory of gravity, we have not yet the correlation function of quantum black holes. Here we use the correlation function of scalar fields on the background of these black p-branes to mimic the one of black p-branes (from the obtained result below, it seems an appropriate approach to study the critical behavior of black holes at the present time). From the work of Traschen [17] who studied the behavior of scalar fields on the background of Reissner-Nordström black holes, it is found that the inverse surface gravity of the black hole plays the role of the correlation length of scalar fields. For the black p-branes, this conclusion holds as well. With the help of the surface gravity of black p-branes (13), we obtain

ν = μ = 1 p + 1

. (33)

Substituting (33) into (32), we find η = −p, d̄ = p. (34) When p = 0, the black p-branes (11) reduce to the nondilatonic d-dimensional black holes. In this case, a similar calculation gives

α = ψ = γ = σ = 3/2, β = δ�^1 = −1/2, η = −1, d̄ = 1, (35)

from which it is easy to see that these critical exponents are independent of the dimensionality of spacetime and parameters of black holes. These critical exponents are exactly the same as those of three dimensional BTZ black holes [13]. Recall the fact that the BTZ black holes are also exact non-dilatonic black hole solutions in string theory, we find that these critical exponents are universal for non-dilatonic black holes, an important feature of critical behavior in the non-dilatonic black holes. For the dilatonic black holes with the coupling constant a obeying (7), we find that the effective spatial dimension is also p (it is one for p=0). For a general a, the scaling laws still hold, but these critical exponents and effective dimension will depend on the coupling constant a and the dimension d of spacetime. In the next section, for the sake of generality, we will discuss case of an arbitrary dimensional dilatonic black holes.

III. CRITICAL BEHAVIOR FOR ARBITRARY DIMENSIONAL DILATONIC BLACK HOLES

If the coupling constant a between the dilaton and (d− 2)-form is not related to the parameter p in the action (6), instead of b in (9), the parameter b in the magnetically charged black hole solutions (8) should be

b = 2a^2(d − 2)/[(d − 3)(2(d − 3) + a^2(d − 2)]. (36)

And the charge Q becomes

Q^2 =

(d − 2)(d − 3)^2 2(d − 3) + (d − 2)a^2

(r_+ r�)^d�^3. (37)

The ADM mass of the solution is M = Ω_d�_2(d − 2) 16π [ r^d�^3_+ +

2(d − 3) − (d − 2)a^2 2(d − 3) + (d − 2)a^2 r^d�^3� ] . (38)

The Hawking temperature and Bekenstein-Hawking entropy of the holes are

T = d − 3 4πr_+ [ 1 − ( r� + )_d�_3]1�(d�2)b/2 , (39)

S = Ω_d�_2r^d�^2_+ 4 [ 1 − ( r� + )_d�_3](d�2)b/2 , (40)

respectively. In this case, at the extremal limit (r� = r_+), the entropy always vanishes because of b > 0. But the behavior of Hawking temperature strongly depends on the parameter a. When b = 2/(d − 2), the limiting temperature is finite. When b > 2/(d − 2), the Hawking temperature diverges at the extremal limit. The Hawking temperature is zero as b < 2/(d − 2). The behavior of thermodynamics is a general characteristic of dilatonic black hole thermodynamics.

Repeating the calculations in the previous section, we have the heat capacity

C_Q = −

(d − 2)Ω_d�_2r^d�^2_+ 4 [ 1 − ( r� + )_d�_3](d�2)b/2

× [ 1 −^{2(d}�^{3)}�^{(d}�^{2)a2}

2(d�3)+(d�2)a^2 (_r �_{r+}

)_d�_3] { 1 − [ 2(d − 3) + 1 −^{2(d}�^{2)2a2}

2(d�3)+(d�2)a^2 ] (_r �_{r+}

)_d�_3} . (41)

and k_M in Eq. (21) is K_M ≡ β ( ∂Q ∂φ ) M = 4π(d − 3) Ω_d�_2

[ 1 −^{2(d}�^{3)}�^{(d}�^{2)a2}

2(d�3)+(d�2)a^2 (_r �_{r+}

)_d�_3] [ 1 +^{2(d}�^{3)}�^{(d}�^{2)a2}

2(d�3)+(d�2)a^2 (_r �_{r+}

)_d�_3]

× { 1 r^d�^3 + 2(d − 3)^2 − (d − 2)a^2 2(d − 3) + (d − 2)a^2 × 2r^d�^3� (d − 3)r^{2(d}�^{3)} + [ 1 − ( r� + )_d�_3]}

. (42)

Thus we have the nonvanishing second moments in the micro-canonical ensemble, ⟨δβδβ⟩ = −k_B β^2 C_Q , ⟨δφδφ⟩ = −k_B β K_M , ⟨δβδΦ⟩ = k_B βΦ C_Q , ⟨δΦδΦ⟩ = −k_B ( T K_M + Φ^2 C_Q ) . (43)

From the above, we can see that, when b = 2/(d − 2), these second moments are finite at the extremal limit. In this case, the extremal limit of black hole is not a critical point, just as the a = 1 dilaton black holes in four dimensions [14]. Except this case, all second moments diverge as the extremal limit is approached. This means that the extremal limit is a critical point. Similar to the previous section, we can obtain the critical exponents in the “ first kind”

α = ψ = γ = σ =

4(d − 3)^2 + (d − 4)(d − 2)a^2 (d − 3)[2(d − 3) + (d − 2)a^2] , β = δ�^1 = −

2(d − 3)^2 − (d − 2)a^2 (d − 3)[2(d − 3) + (d − 2)a^2]

, (44)

and in the “second kind”

ν = μ =

2(d − 3)^2 − (d − 2)a^2 (d − 3)[2(d − 3) + (d − 2)a^2] , η = − (d − 2)^2a^2 2(d − 3)^2 − (d − 2)a^2

. (45)

From the scaling laws (32), we have the effective spatial dimension for an arbitrary dimensional dilatonic black hole

d̄ = (d − 2)^2a^2

2(d − 3)^2 − (d − 2)a^2

. (46)

In general, the effective dimension will be on longer an integer. In particular, when a^2 > 2(d − 3)^3/(d − 2), the effective dimension is negative. The implication has been discussed in [14]. This can be explained in the intersecting M-brane configurations [19]. On the other hand, if d̄ is remanded to be an integer, then the relation (46) gives us a constrain on the coupling constant a. To understand further its meaning is quite interesting.

IV. CONCLUSION

From the above and combining with the results obtained in Refs. [13–15], we have the following conclusions:

(1) The extremal limit of dilatonic and non-dilatonic black p-branes is critical point and corresponding critical exponents obey the scaling laws.

(2) For the non-dilatonic black holes and black strings, the effective spatial dimension is one. This result is also reached in the BTZ black holes and 3-dimensional black strings [13].

(3) For the non-dilatonic black p-branes (black string for p = 1), the effective dimension is p, so does it for the dilatonic black holes produced by the double-dimensional reduction of the non-dilatonic black p-branes.

(4) For other dilatonic black holes and black p-branes, the effective spatial dimension depends on the parameters in theories.

(5) Furthermore, near the extremal limit of the nondilatonic black p-branes, from Eqs. (13)-(15), we have

S ∼ T^p, M − M_{ext} ∼ T^{p+1}, (47)

where M_{ext} is the ADM mass of extremal black p-branes. Notice that the ADM mass and entropy of black p-branes are extensive quantities with respect to the volume of p-branes. Thus, near the extremal limit, the thermodynamic properties of non-dilatonic black p-branes can be described by the blackbody radiation in (1 + p) dimensions, which also further verify that the effective spatial dimension is p. For the dilatonic black holes (8) with constant a satisfying (7), the equation (47) is also valid. Although the entropy of dilatonic black holes is not an extensive quantity, the entropy can be regarded as the entropy density of the non-dilatonic black p-branes. Thus it seems to imply that these dilatonic black hole entropy can also be explained as the way of p-branes, although the string coupling becomes very large in this case. Therefore, the entropy for the near extremal nondilatonic black holes, black strings, and black p-branes may be explained by free massless fields on the world volume.

Recall the recent progress in understanding entropy of black holes [18], in which the constant dilaton field seems to be a necessary condition. Therefore, our conclusions are in complete agreement with the result of these investigations. In addition, Klebanov and Tseytlin [20] found that there are nondilatonic black p-branes whose near-extremal entropy may be explained by free massless fields on the world volume. Thus we also give an interpretation why the Bekenstein-Hawking entropy may be given a simple world volume interpretation only for the non-dilatonic p-branes (including the non-dilatonic black holes).

This research was supported by the Center for Theoretical Physics of Seoul National University.

[1] S. W. Hawking, Nature 248, 30 (1974); Commun. Math.

Phys. 43, 199 (1975).

[2] J. D. Bekenstein, Phys. Rev. D 7, 2333 (1973); 9, 3294 (1974).

[3] J. M. Bardeen, B. Carter, and S. W. Hawking, Commun.

Math. Phys. 31, 161 (1973).

[4] P. C. W. Davies, Proc. R. Soc. London A 353, 499 (1977);

Rep. Prog. Phys. 41, 1313 (1978); Class. Quantum Grav. 6, 1909 (1989).

[5] P. Hut, Mon. Not. R. Astron. Soc. 180, 379 (1977) [6] L. M. Sokolowski and P. Mazur, J. Phys. A 13, 1113 (1980).

[7] Y. K. Lau, Phys. Lett. A 186, 41 (1994); 188, 245 (1994). [8] J. P. Muniain and D. Píriz, Phys. Rev. D 53, 816 (1996). [9] C. O. Lousto, Nucl. Phys. B410, 433 (1993); B449, 433 (E) (1995); Phys. Rev. D 51, 1733 (1995); Gel. Rel. Grav. 27, 121 (1995).

[10] K. S. Thorne, R. H. Price, and D. A. Macdonald, Black Holes: The Membrane Paradigm (Yale University Press, New Heaven, CT, 1986).

[11] A. Curir, Gel. Rel. Grav. 13, 417 (1981); 13, 1177 (1981), D. Pavon and M. J. Rubbi, Phys. Rev. D 37, 2052 (1988); D. Pavon, ibid, 43, 2495 (1991); R. G. Cai, R. K. Su, and P. K. N. Yu, ibid, 48, 3474 (1993); 50, 2932 (1994);

[12] O. K. Kaburaki, Gen. Rel. Grav. 28, 843 (1996); Phys.

Lett. A 217, 315 (1996).

[13] R. G. Cai, Z. J. Lu, and Y. Z. Zhang, Phys. Rev. D 55, 853 (1997).

[14] R. G. Cai and Y. S. Myung, Nucl. Phys. B495, 339 (1997).

[15] R. G. Cai, Phys. Rev. Lett. 78, 2531 (1997). [16] G. W. Gibbons, G. T. Horowitz, and P. K. Townsend, Class. Quantum Grav. 12, 297 (1995).

[17] J. Traschen, Phys. Rev. D 50, 7144 (1994). [18] G. T. Horowitz, “Quantum States of Black Holes” Report gr-qc/9704072.

[19] I. R. Klebanov and A. A. Tseytlin, Nucl. Phys. B479, 319 (1996).

[20] I. R. Klebanov and A. A. Tseytlin, Nucl. Phys. B475, 164 (1996).