gr-qc/9903022 v2 11 Mar 1999

Tilted String Cosmologies

Dominic Clancy^{1a}, Alexander Feinstein^{2b}, James E. Lidsey^{3c} & Reza Tavakol^{1d}

1Astronomy Unit, School of Mathematical Sciences, Queen Mary & Westfield College, Mile End Road, London, E1 4NS, U.K.

2Dpto. de Fisica Teorica, Universidad del Pais Vasco, Apdo. 644, E-48080, Bilbao, Spain

3Astronomy Centre and Centre for Theoretical Physics, University of Sussex, Brighton, BN1 9QH, U.K.

Abstract

Global symmetries of the string effective action are employed to generate tilted, homogeneous Bianchi type VI_h string cosmologies from a previously known stiff perfect fluid solution to Einstein gravity. The dilaton field is not constant on the surfaces of homogeneity. The future asymptotic state of the models is interpreted as a plane wave and is itself an exact solution to the string equations of motion to all orders in the inverse string tension. An inhomogeneous generalization of the Bianchi type III model is also found.

PACS NUMBERS: 04.20.Jb, 04.50.+h, 11.25.Mj, 98.80.Cq

aElectronic address: dominic@maths.qmw.ac.uk

bElectronic address: wtpfexxa@lg.ehu.es

cElectronic address: jel@astr.cpes.susx.ac.uk

dElectronic address: reza@maths.qmw.ac.uk

All five perturbative string theories contain a Neveu–Schwarz/Neveu–Schwarz (NS–NS) sector of bosonic fields, consisting of a graviton, g_{μν} , an antisymmetric two– form potential, B_{μν}, and a scalar dilaton field, ϕ [1]. If we assume that the moduli fields arising from the internal dimensions are trivial, the effective, four–dimensional action for these fields, to lowest–order in the inverse string tension, α0, is [2] S = ∫ d^4x √ −ge�^ϕ [ R + (∇ϕ)^2 − 1 12 H_{μνλ}H^{μνλ} ] , (1)

where R is the Ricci curvature of the spacetime, g ≡ detg_{μν} and H_{μνλ} ≡ ∂_{[μ}B_{νλ]} is the field strength of the two–form. The one–loop β–function equations correspond to the field equations derived from this effective action.

The dynamics of the very early universe below the string scale may have been determined by an action such as Eq. (1). The general, spatially isotropic and homogeneous Friedmann–Robertson–Walker (FRW) string cosmology is known and well understood [3]. However, it is generally accepted that spatial anisotropies and inhomogeneities would have been important in the very early universe and the study of string cosmologies that relax the FRW assumptions is therefore well motivated. This is the purpose of the present work.

The spatially homogeneous Bianchi [4, 5] and Kantowski–Sachs [6] cosmologies have been studied previously, and some inhomogeneous generalizations of these models were recently presented [7]. Bianchi cosmologies admit a three–dimensional Lie group of isometries that acts simply–transitively on three–dimensional, spacelike orbits [8]. The line element can be written in the form ds^2 = −dt^2 + h_{ij}(t)ω^iω^j, where h_{ij} is the metric on the surfaces of homogeneity, t = constant, and ω^i are one–forms that specify the Bianchi type. Barrow and Kunze have determined the general form of the field strength, H_{μνλ}, in these models when the two–form is spatially homogeneous, B_{μν} = B_{μν} (t) [4]. Homogeneous solutions have also been found by Betakis and Kehagias, who imposed different restrictions on the components of the dual of the field strength [5].

In all these previous studies, however, the dilaton field was assumed to be constant on the surfaces of homogeneity, ϕ = ϕ(t). In this paper we find homogeneous Bianchi type VI_h models where the dilaton field is not constant on these surfaces. We refer to these models as tilted because the field is spatially dependent. This can be consistent with the assumption of homogeneity if the pressure and energy density of the field remain homogeneous. Since these variables are defined in terms of the derivatives of the field, a linear dependence on one of the spatial coordinates is permitted.

Type VI_h models are interesting because they have a non–zero measure in the space of homogeneous initial data [4]. The cosmologies are generated by employing the global symmetries of the string effective action (1) [9, 10, 11]. A tilted, Bianchi type VI_h, stiff perfect fluid solution of Einstein gravity is taken as the seed solution [12]. A given Bianchi model with a perfect fluid source is tilted if the fluid velocity vector is not orthogonal to the spatial hypersurfaces [13]. Such a model appears spatially inhomogeneous to an observer comoving with the fluid, but homogeneous to one with a worldline that is orthogonal to the t = constant surfaces.

To proceed, we perform the conformal transformation:

g̃_{μν} = Ω^2g_{μν} , Ω^2 ≡ e�^ϕ (2)

to the Einstein–frame, where the dilaton field is minimally coupled to gravity. The action (1) then takes the form S = ∫ d^4x √ −g̃ [ R̃ − 1 2 ( ~∇ϕ )_2 − 1 12 e�^{2ϕ}H̃_{μνλ}H̃^{μνλ} ] (3) and the metrics in the string– and Einstein–frames are related by ds^2_s = e^ϕds^2_e. A stiff perfect fluid source for a homogeneous solution of Einstein gravity is dynamically equivalent to that of a massless, minimally coupled scalar field [14]. Eq. (3) therefore implies that such a solution may be reinterpreted as a truncated string cosmology with a vanishing two–form potential.

In view of this, we consider the tilted, Bianchi type VI_h stiff perfect fluid cosmology found by Wainwright, Ince and Marshman [12]. The line element and fluid four– velocity are given by

ds^2_e = e^f ( −dt^2 + dz^2 ) + e�^{2z} sinh 2t ( e^pdx^2 + e�^pdy^2 ) (4) and u_μ = φ_{,μ} |φ_{,ν}φ^{,ν}|^{1/2} , (5)

respectively, where f = 1 2 ( k^2 + m^2 + α^2 + β^2 − 1 ) ln sinh 2t + (km + αβ) ln tanh t (6) p = −2kz + k ln sinh 2t + m ln tanh t (7)

represent the longitudinal and transverse components of the gravitational field, the scalar quantity, φ, is given by

φ = −2αz + α ln sinh 2t + β ln tanh t, (8)

the constants {α, β, k, m} satisfy the constraint

β^2 − α^2 + m^2 − k^2 − 3 = 0 (9)

and the constant k ≡ (−h)�^{1/2} is related to the group parameter, h < 0.

The fluid flow is not orthogonal to the group orbits if α ≠ 0 and the cosmology is in general tilted [12]. It is orthogonal when α = 0 and reduces to the Ellis–MacCallum vacuum solution when α = β = 0 [15]. The cases k^2 = 1 and k = 0 represent tilted Bianchi type III and V models, respectively. The solution (4)–(9) may be viewed as a truncated string cosmology with a trivial two–form potential if the dilaton field is identified with φ in Eq. (8) and if Eq. (4) is interpreted as the Einstein–frame metric.

The transverse space is spanned by the variables x^a = (x, y) and we assume that it has a toroidal topology, S^1 ×S^1. The components of the metric (4) are independent of x^a and it therefore admits an abelian group of isometries, G_2 [16]. This group acts on the two–dimensional orbits and the two, commuting spacelike Killing vectors are ∂/∂x^a. When all massless degrees of freedom in Eq. (1) are independent of x^a, the field equations exhibit a global O(2, 2) symmetry [9]. Application of this symmetry to a given G_2 solution leads to a new, inequivalent solution.

The O(2, 2) symmetry becomes manifest in the string frame when the only non– trivial component of the two–form potential is B_{xy} = B_{xy}(t, z) [9]. We now employ the tilted, type VI_h cosmology (4)–(9) as a seed for generating a class of string cosmologies with a non–trivial two–form. The isomorphism O(2, 2) = SL(2, R) × SL(2, R) implies that an O(2, 2) symmetry transformation may be expressed in terms of two SL(2, R) transformations [10, 17]. One of these corresponds to an Ehlers transformation and leaves the two–form potential invariant [18, 19]. The other may be employed to generate a non–trivial two–form potential from a solution where such a field is zero. If we denote the string–frame metric on the transverse space as Γ_{ab}, with determinant Γ ≡ detΓ_{ab}, and define a complex scalar field ρ ≡ B_{xy} + i √ Γ, this SL(2, R) transformation is given by [17]

ρ̄ = aρ + b cρ + d , (10)

where ad − bc = 1.

Thus, for the case where B_{xy} = 0, Eq. (10) implies that

Γ̄ = Γ

(d^2 + c^2Γ)^2

(11) B̄_{xy} = acΓ + bd c^2Γ + d^2

, (12)

where Γ = e^{2ϕ}�^{4z} sinh^2 2t (13)

and ϕ is given by Eq. (8).

The ‘shifted’ dilaton field, Φ ≡ ϕ − (ln Γ)/2, and the longitudinal component of the string–frame metric are singlets under Eq. (10) [9, 10]. This implies that

e^{ϕ̄} = e^ϕ d^2 + c^2Γ

(14)

f̄ = f + ϕ − ϕ̄, (15)

where f is given by Eq. (6). The components of the transverse string–frame metric transform as Γ̄_{aa} = Γ_{aa}(Γ̄/Γ)^{1/2} and Γ̄_{xy} = 0 [17]. The corresponding metrics in the string– and Einstein–frames are therefore given by

ds̄^2_s = e^{f +ϕ} ( −dt^2 + dz^2 ) + Γ^{1/2} d^2 + c^2Γ ( e^pdx^2 + e�^pdy^2 ) (16) and ds̄^2_e = e^f ( d^2 + c^2Γ ) ( −dt^2 + dz^2 ) + Γ^{1/2}e�^ϕ ( e^pdx^2 + e�^pdy^2 ) , (17) respectively. The transverse part of the Einstein–frame metric is invariant under the transformation (10).

In general, the dual solution (17) does not preserve the one–forms of the Bianchi type VI_h metric. Two of the one–forms have a direct dependence on the spatial variable z and this leads to the linear dependence exhibited by the transverse component, p, in Eq. (7) [8]. The third one–form is dz and can not be multiplied by a function of z if the spacetime is to remain homogeneous. Since the longitudinal component of the metric (17) is z–dependent, homogeneity is broken along this direction and the solution therefore represents an inhomogeneous G_2 cosmology [16].

On the other hand, the determinant Γ is independent of the spatial coordinates if α = −1, i.e., Γ = tanh^{2β} t. In this case, the Einstein–frame metric is an homogeneous type VI_h spacetime. The two–form potential (12) is spatially homogeneous for this value of α, but the model is tilted due to the spatial dependence of the dilaton field (14). The string–frame metric (16) is not homogeneous, however, because the longitudinal component of the metric acquires a z–dependence from the dilaton.

The string effective action (1) exhibits a further global SL(2, R) symmetry that may be employed to generate a second class of models from the solution (4)–(9) [11]. The symmetry is manifest in the Einstein–frame when formulated in terms of the dual of the field strength, H̃^{μνλ} ≡ e^{2ϕ}ϵ̃^{μνλκ} ~∇_κσ, where ϵ̃^{μνλκ} is the covariantly constant four–form and σ is interpreted as a pseudo–scalar axion field . The dilaton and axion fields then parametrize the SL(2, R)/U(1) coset. The SL(2, R) transformation acts on the complex scalar field χ ≡ σ + ie�^ϕ such that χ̄ = (a0χ + b0)/(c0χ + d0), where a0d0 − b0c0 = 1 [11].

When the axion field is initially zero, the transformed dilaton and axion fields are therefore given by

e^{ϕ̄} = c0^2e�^ϕ + d0^2e^ϕ (18)

σ̄ = a0c0e�^ϕ + b0d0e^ϕ c0^2e�^ϕ + d0^2e^ϕ

, (19)

where ϕ is given by Eq. (8). The Einstein–frame metric is invariant under this SL(2, R) transformation and the string–frame metric is given by [11]

ds̄^2_s = e^{ϕ̄}ds^2_e, (20)

where ds^2_e is given by Eq. (4). The α = −1 solution generated by this SL(2, R) transformation is different to Eq. (16), since the longitudinal part of the string– frame metric is not invariant under Eq. (20). Moreover, the two–form potential (12) derived from the transformation (10) is spatially independent and this implies that the axion field must be independent of time. For the solution (19), however, the axion depends on both space and time.

The late–time asymptotic behaviour of both solutions (16) and (20) may be determined in the Einstein–frame. For the solution (16) with α = −1, Γ → 1 as t → ∞ and Eq. (12) then implies that the two–form potential approaches a constant value. Moreover, Eq. (14) implies that the dilaton field asymptotes to its original form, modulo a constant shift in its value, and we may specify d^2 + c^2Γ = 1 without loss of generality. The original seed solution (4) is therefore recovered in this late–time limit.

For the solution (20), it follows from Eq. (18) that ϕ̄ → ∞. The axion field, σ, approaches a constant value in this limit and becomes dynamically negligible. In both models, therefore, the solutions asymptote to the seed solution (4). The late–time limit of this metric when α = −1 can be analyzed by defining new coordinates u ≡ 1 2 + k^2 exp [ (2 + k^2)(t − z) ] (21) v ≡ 2�^{(2+k2)} 2 + k^2 exp [ (2 + k^2)(t + z) ] (22)

and rescaling the transverse coordinates. The line element (4) then tends to the Rosen form of a plane wave:

ds^2_e = −dudv + u^{2(1+k)/(2+k2)}dx^2 + u^{2(1}�^{k)/(2+k2)}dy^2 (23)

and the dilaton field becomes null:

ϕ = ϕ_0 − 2 2 + k^2 ln u, (24)

where ϕ_0 is a constant.

Defining a further set of variables {v̄, x̄, ȳ}: v ≡ v̄ − 1 (2 + k^2)u ( x̄^2 + ȳ^2 + 2kx̄ȳ ) (25) x ≡ 1 √ 2 u�^{(1+k)/(2+k2)} (x̄ + ȳ) (26) y ≡ 1 √ 2 u�^{(1}�^{k)/(2+k2)} (x̄ − ȳ) (27)

implies that the metric (23) may also be written as a plane wave in Brinkmann coordinates [19]:

ds^2_e = −dudv̄ + F (u, x̄, ȳ)du^2 + dx̄^2 + dȳ^2, (28) where F = − 1 (2 + k^2)^2 [ x̄^2 + ȳ^2 + 2k^3x̄ȳ ] 1 u^2

(29)

The dilaton field (24) and metric (28) are independent of the variable v̄ and the solution admits a covariantly constant, null Killing vector field, l^μ, such that l_μl^μ = ∇_μl_ν = 0. Since the gradient of the dilaton field is proportional to l_μ, the one–loop β–function equations reduce to the single constraint R̃_{uu} = (∂_uϕ)^2/2 when expressed in terms of the Einstein–frame variables. It can be verified by direct substitution that this constraint is identically satisfied. Thus, the asymptotic form of the tilted solutions in the late time limit is itself an exact solution to the one–loop β–function equations.

Moreover, all higher–order terms in the σ–model perturbation theory are second– rank tensors constructed from powers of the Riemann tensor, the gradient of the dilaton field, the metric, the three–form field strength and their covariant derivatives [1]. It can be shown by applying a geometrical argument due to Horowitz and Steif [20] that a plane–wave background of the form (24) and (28) acquires no α0– corrections because the Riemann tensor is orthogonal to l^μ and ∇^μ on all its indices and because ∇_μϕ is proportional to l_μ. Consequently, the asymptotic solution (24) and (28) represents an exact solution to the classical string equations of motion to all orders in the inverse string tension.

The asymptotic form of the type III (h = −1) cosmologies is of particular interest. For the tilted solution generated by the SL(2, R) transformation (10), the string– frame metric asymptotes to ds̄^2_s = −dUdV + U^2dx^2 + U�^2dy^2, where U ≡ u^{1/3}, V ≡ 3v and we have specified k = 1 without loss of generality. Since there exists an abelian isometry ỹ = y + γ for some constant γ in this metric, we may consider a Buscher transformation associated with this transverse coordinate [21]. For the case where ac = −bd, the two–form potential asymptotically vanishes and the Buscher transformation generates an inequivalent solution, where Γ̄_{yy} = Γ�^1_{yy} , ϕ̄ = ϕ − ln Γ_{yy} and all other components remain invariant. Thus, the tilted type III model with ac = −bd is dual to ds^2_s = −dUdV + U^2(dx^2 + dy^2) with a constant dilaton and this is the Milne form of flat space expressed in an expanding frame.

To summarize thus far, we have found homogeneous models that can be interpreted as string cosmologies, where the dilaton field is not constant on the surfaces of homogeneity. The models are homogeneous in the conformally related Einstein–frame and asymptote to a perturbatively exact plane wave at late times. It would be interesting to show that this plane wave is also an exact solution at the non–perturbative level, i.e., that it corresponds to an exact conformal field theory (CFT). This is important because the propagation of first–quantized strings in a particular background can be determined by interpreting the string solution as a two–dimensional CFT. (For a review see, e.g., Ref. [22]). Amati and Klimcik have shown that Ricci flat plane wave solutions are non–perturbatively exact [23]. The question that arises is whether their method can be extended to include a non–trivial dilaton field.

Another interesting limit is associated with the asymptotic state of the inhomogeneous G_2 model (16) generated by the transformation (10) from the orthogonal type III stiff perfect fluid cosmology, where α = 0 and k = 1. We specialise to the case where a = 0 and b = −c = 1 and assume that d is arbitrary. The string–frame metric (16), dilaton field (14) and two–form potential (12) are then given by ds̄^2_s = −dwdr + w d^2 + w^2 ( wdx^2 + w�^1dy^2 ) (30)

ϕ̄ = − ln(d^2 + w^2) (31) B̄_{xy} = d d^2 + w^2

(32)

in the limit t → ∞, where w ≡ e^{2(t}�^{z)}/2 and r ≡ e^{2(t+z)}/8.

In the limit d = 0, the metric (30) is related to the Bianchi III form of flat space, ds^2 = −dwdr + dx^2 + w^2dy^2, by a Buscher transformation. The existence of a covariantly constant null Killing vector field implies that the solution (30)–(32) acquires no higher–order corrections and is therefore perturbatively exact to all orders. However, it also admits a CFT interpretation in terms of a gauged Wess–Zumino– Witten (WZW) model [22, 24, 25]. WZW models correspond to conformally invariant non–linear σ–models. The background (30)–(32) can be derived by taking a special singular limit of the gauged [SU(2) × SL(2, R)]/[U(1) × R] WZW model [24]^1.

The solutions presented above are also relevant to the pre–big bang inflationary scenario [26]. The fundamental postulate of this scenario is that the initial state of the universe should be in the deeply perturbative regime of small curvature and coupling. Inflation is then driven by the kinetic energy of the dilaton field and this causes the curvature and coupling to grow. The Einstein–frame metric (4) asymptotes to a spatially flat, Bianchi type I form at early times, t → 0. The solution in this limit may be interpreted as a generalization of the Kasner metric to include a massless scalar field, where each of the three scale factors vary as some power of synchronous time. For a certain region of parameter space, the time–reversal of a solution of this form corresponds to a pre–big bang, superinflationary expansion in the string frame [27].

A generic initial state for the pre–big bang cosmology has recently been formulated in terms of an arbitrary mixture of incoming gravitational and scalar waves [28]. The time symmetry of the cosmological field equations implies that the future asymptotic states of the models considered in this work can be reinterpreted as past initial states for pre–big bang cosmologies. The plane wave solutions (28) and (30) provide analytical examples of an initial state for a universe that evolves into a Kasner–like behaviour. It would be interesting to consider such a transition further and, in particular, to study the role played by the tilt of the dilaton field in the pre–big bang scenario.

D. C. was supported by the Particle Physics and Astronomy Research Council, PPARC, A.F. was supported by Spanish Science Ministry Grant 172.310-0250/96 and

1The reader is referred to Ref. [22] for a review of WZW models and the derivation of this result.

Basque Country University Grant UPV 172.310-EB150/98, J. E. L. was supported by the Royal Society and R. T. benefited from PPARC UK Grant No. L39094.

References

1. M. B. Green, J. H. Schwarz, and E. Witten, Superstring Theory: Vol. 1 (Cambridge Univ. Press, Cambridge, 1987), J. Polchinski, String Theory: Vol. 1 (Cambridge Univ. Press, Cambridge, 1998).

2. E. S. Fradkin and A. A. Tseytlin, Phys. Lett. B158, 316 (1985); Nucl. Phys.

B261, 1 (1985); C. Callan, D. Friedan, E. Martinec, and M. Perry, Nucl. Phys. B262, 593 (1985).

3. E. J. Copeland, A. Lahiri, and D. Wands, Phys. Rev. D50, 4868 (1994); Phys.

Rev. D51, 1569 (1995).

4. J. D. Barrow and K. E. Kunze, Phys. Rev. D55, 623 (1997).

5. N. A. Batakis and A. A. Kehagias, Phys. Lett. B356, 223 (1995); Nucl. Phys.

B449, 248 (1995); N. A. Batakis, Phys. Lett. B353, 39 (1995); Phys. Lett. B353, 450 (1995).

6. J. D. Barrow and M. P. Dabrowski, Phys. Rev. D55, 630 (1997).

7. A. Feinstein, R. Lazkoz, and M. A. Vazquez–Mozo, Phys. Rev. D56, 5166 (1997); J. D. Barrow and K. E. Kunze, Phys. Rev. D56, 741 (1997).

8. M. P. Ryan and L. S. Shepley, Homogeneous Relativistic Cosmologies (Princeton Univ. Press, Princeton, 1975).

9. K. A. Meissner and G. Veneziano, Phys. Lett. B267, 33 (1991); Mod. Phys.

Lett. A6, 3397 (1991); A. Sen, Phys. Lett. B271, 295 (1991); Phys. Lett. B274, 34 (1991); S. Hassan and A. Sen, Nucl. Phys. B375, 103 (1992); J. Maharana and J. H. Schwarz, Nucl. Phys. B390, 3 (1993).

10. A. Giveon, M. Porrati, and E. Rabinovici, Phys. Rep. 244, 77 (1994).

11. A. Shapere, S. Trivedi, and F. Wilczek, Mod. Phys. Lett. A6, 2677 (1991); A.

Sen, Int. J. Mod. Phys. A9, 3703 (1994).

12. J. Wainwright, W. C. W. Ince, and B. J. Marshman, Gen. Rel. Grav. 10, 259 (1979).

13. A. R. King and G. F. R. Ellis, Commun Math. Phys. 31, 209 (1973).

14. R. Tabensky and A. H. Taub, Commun. Math. Phys. 29, 61 (1973).

15. G. F. R. Ellis and M. A. H. MacCallum, Commun. Math. Phys. 12, 108 (1969). 16. M. Carmeli, Ch. Charach, and S. Malin, Phys. Rep. 76, 79 (1981). 17. R. Dijkgraaf, E. Verlinde, and H. Verlinde, in Perspectives in String Theory, eds. P. Di Vecchia and J. L. Petersen (World Scientific, Singapore, 1988).

18. J. Ehlers, PhD Dissertation (Hamburg, 1957).

19. J. B. Griffiths, Colliding Plane Waves in General Relativity (Clarendon, Oxford, 1991).

20. G. T. Horowitz and A. R. Steif, Phys. Rev. Lett. 64, 260 (1990). 21. T. H. Buscher, Phys. Lett. B194, 59 (1987). 22. A. A. Tseytlin, Class. Quantum Grav. 12, 2365 (1995). 23. D. Amati and C. Klimcik, Phys. Lett. B219, 443 (1989).

24. K. Sfetsos, Phys. Lett. B324, 335 (1994); K. Sfetsos and A. A. Tseytlin, Nucl.

Phys. B427, 245 (1994).

25. I. Bars, Perspectives in Mathematical Physics Vol. 3, eds. R. Penner and S-T Yau (International Press, New York, 1994); A. A. Tseytlin, From Superstrings to Supergravity, eds. M. J. Duff, S. Ferrara, and R. R. Khuri (World Scientific, Singapore, 1994); E. Kiritsis and C. Kounnas, Second Paris Cosmology Colloquium, eds. H. de Vega and N. Sanchez (World Scientific, 1995).

26. M. Gasperini and G. Veneziano, Astropart. Phys. 1, 317 (1993). 27. D. Clancy, J. E. Lidsey, and R. Tavakol, Phys. Rev. D58, 044017 (1998). 28. A. Buonanno, T. Damour, and G. Veneziano, “Pre–big bang bubbles from the gravitational instability of generic string vacua”, hep–th/9806230.