gr-qc/9904051 20 Apr 1999

Quantum corrected geodesics

Diego A. R. Dalvit^{1 ∗} and Francisco D. Mazzitelli^{2 †} 1 Theoretical Astrophysics, MS B288, Los Alamos National Laboratory, Los Alamos, NM 87545, USA 2 Departamento de Física J. J. Giambiagi, Facultad de Ciencias Exactas y Naturales Universidad de Buenos Aires- Ciudad Universitaria, Pabellón I 1428 Buenos Aires, Argentina

Abstract

We compute the graviton-induced corrections to the trajectory of a classical test particle. We show that the motion of the test particle is governed by an effective action given by the expectation value (with respect to the graviton state) of the classical action. We analyze the quantum corrected equations of motion for the test particle in two particular backgrounds: a Robertson Walker spacetime and a 2 + 1 dimensional spacetime with rotational symmetry. In both cases we show that the quantum corrected trajectory is not a geodesic of the background metric.

Typeset using REVTEX

∗dalvit@lanl.gov

†fmazzi@df.uba.ar

I. INTRODUCTION

A full quantum theory of gravity is still out of reach. However, in situations where the spacetime curvature is well below Planck’s curvature, it is possible to compute some quantum gravity effects. Indeed, metric fluctuations can be quantized using standard methods. The non renormalizability of the resulting quantum field theory is not an impediment for making meaningful quantum corrections. The key point is to consider general relativity as an effective field theory [1].

Although the leading long distance quantum corrections are expected to be too small in realistic situations, the analysis of general relativity as an effective field theory is of conceptual interest. Moreover, tiny but measurable quantum gravity effects could show up when measuring the decoherence of wavepackets of a non relativistic particle subjected to the gravitational potential [2]. On the other hand, recent speculations raise the length scale relevant for quantum gravity effects from Planck length to a TeV scale [3]. In this situation, the effects of metric fluctuations could be easier to observe.

In the context of effective field theories, it is in principle possible to compute an effective action and effective field equations for the mean value of the spacetime metric. The effective field equations (known as semiclassical Einstein equations or backreaction equations) include the backreaction of quantum matter fields and of the metric fluctuations on the spacetime metric. These equations should be the starting point to investigate interesting physical problems like, for example, the dynamical evolution of a black hole geometry taking into account the evaporation process.

The backreaction equations have been investigated by several authors in the last twenty years or so [4]. However, due to the complexity of the problem (and also to the non renormalizability of the theory) most works considered scalar or spinor quantum matter fields, but the graviton contribution was simply omitted.

It is in general stressed that the graviton effects should be similar to those of a couple of massless, minimally coupled scalar fields. While this is true at the level of the backreaction equations, there is an important physical difference that has been pointed only recently [5]. When metric fluctuations are taken into account, the background geometry (i.e. the metric that solves the backreaction equations), turns out to be non physical. The reason is the following: any classical or quantum device used to measure the spacetime geometry will also feel the graviton fluctuations. As the coupling between the device and the metric is non linear, the device will not measure the background geometry, which therefore is not the relevant physical quantity to compute. In particular, in Ref. [5] we have shown that, working in the Newtonian approximation, the trajectory of a classical test particle is not a geodesic of the background metric. Instead its motion is determined by a quantum corrected equation that takes into account its coupling to the gravitons. Moreover, while the backreaction equations and their solutions depend on the gauge fixing of the gravitons, this dependence cancels out in the quantum corrected equation of motion for the test particle.

The aim of this paper is to analyze the effect of the gravitons on the motion of a test particle beyond the Newtonian approximation. In order to avoid technical complications, we will assume we know a solution to the backreaction equations, and will focus only on the departure of the test particle’s equation of motion from the geodesic equation of the background metric. Moreover, we will consider models where it is easy to fix completely the gauge of the gravitons and quantize the theory by taking into account the remaining degrees of freedom.

The paper is organized as follows. In Section II we prove that the effective action that governs the motion of the test particle is the mean value of the classical action. In Section III we consider Robertson Walker universes. We first briefly describe how to quantize the metric fluctuations in terms of massless scalar fields. Then we compute the quantum corrections to the geodesic equation and solve the quantum corrected equations of motion perturbatively. In particular, we find the graviton corrections to the cosmological redshift. In Section IV we consider three dimensional gravity coupled to a Maxwell field. Following Ref. [6], we first show that this model is exactly soluble: one can fully fix the gauge and show that the degrees of freedom reside in the Maxwell field. Then we compute the quantum corrected equation of motion for the test particle. We show that, even in regions where the background metric is locally flat, the trajectory of the test particle is not a straight line. Section V contains our final remarks.

II. EFFECTIVE ACTION FOR A TEST PARTICLE

In this Section we will show that, when quantum metric fluctuations are taken into account, the effective action for the test particle is the mean value of its classical action. This result is summarized in Eq.(5) below (the reader may want to accept this as a reasonable assumption and skip this section).

Consider pure gravity described by Einstein-Hilbert action^1 S_G = (2/κ^2) ∫ d^4x √ −gR, where κ^2 = 32πG, and imagine that in addition we have some type of matter content described by an action S_M. The effect of quantum metric fluctuations can be analyzed with the background field method, expanding the whole action S_G + S_M around a background metric as g_{μν} → g_{μν} + κh_{μν} , and integrating over the graviton field h_{μν} to get an effective action for the background metric. In order to fix the gauge one chooses a gauge-fixing function χ^μ[g, h], a gauge-fixing action S_{gf} [g, h] = −(1/2) ∫ d^4x √ −gχ^μg_{μν} χ^ν, and the corresponding ghost action S_{gh}.

Imagine that in addition we have a classical test particle that moves in the above background metric and we wish to study the effects of metric fluctuations on it. We couple gravity to the particle by means of the standard action S_m[x] = −m ∫ √ −g_{μν} dx^μdx^ν, where x^μ denotes the path of this test particle. The complete effective action S_{eff} for the background metric g_{μν} and for the test particle m is obtained by integrating the whole action S ≡ S_G + S_M + S_{gf} + S_m + S_{gh} over the graviton and ghost fields. To evaluate it in the one loop approximation we first expand S up to second order in gravitons. The second order term reads

S^{(2)} = ∫ d^4y √ −gh_{μν} F^{μνρσ}h_{ρσ} − ∫ d^4y √ −gh_{μν} m^{μνρσ}h_{ρσ} (1)

1 Our metric has signature (� + ++) and the curvature tensor is defined as R^μ_{· ναβ} = ∂_αΓ^μ_{νβ} � . . ., R_{αβ} = R^μ_{· αμβ} and R = g^{αβ}R_{αβ}. We use units ~ = c = 1.

where F̂ ≡ F^{μνρσ} is a second order differential operator that depends on the background metric, and m^{μνρσ} is a tensor depending on the position and velocity of the test particle, m^{μνρσ}(y) = mκ^2 8 ∫ dτ δ^4(y − x(τ ))ẋ^μẋ^νẋ^ρẋ^σ (2)

There is also a second order term in ghost fields, that for gauge-fixing functions linear in the metric fluctuations decouple from the gravitons, and couple only to the background metric.

The result of the path integral is the classical action S_{clas} = S_G + S_M + S_m plus the sum of two functional determinants,

S_{eff} = S_{clas} + i 2 Tr ln(F̂ − m̂) − iTr ln Ĝ (3)

where Ĝ is also a second order differential operator that arises from integrating over ghosts. Once the effective action is evaluated, one can derive the equations of motion for the background metric g_{μν} , the so called semiclassical Einstein equations, i.e. δS_{eff}/δg_{μν} = 0. To solve these equations one can discard all contributions coming from the test particle, as they are vanishingly small. As they stand, these equations (obtained from the standard in-out effective action) are neither real nor causal. In order to get real and causal equations of motion for the background metric, the in-in effective action must be evaluated [7]. Alternatively, one can take twice the real and causal part of the propagators in the in-out field equations. In both ways one gets semiclassical Einstein equations suitable for initial value problems.

¿From the effective action given above one can also derive the quantum corrected equation of motion for the test particle, i.e. δS_{eff} /δx^ρ = 0, which will be our main concern in what follows. The same comments about reality and causality apply to this equation of motion. In this paper we will work with the usual in-out effective action and use the adequate propagators in the quantum corrected equations.

In general it is extremely complicated, if not impossible, to work out the functional traces in Eq.(3), so several approximation methods have been developed to deal with them. However, in this paper we will only focus on the quantum effects of the coupling between the test particle and gravitons. We can make use of the fact that the test particle has a small mass, so we can expand Eq.(3) in powers of m and just keep the leading contribution. In this way we find that the whole effective action reads

S_{eff} [g_{μν}, x] = S_{clas} + i 2 Trln F̂ − iTr ln Ĝ − ∫ d^4x √ −g⟨h_{μν} m^{μνρσ}h_{ρσ}⟩ (4) The expectation value is taken with respect to the graviton state. The effective action for the test particle will be the sum of the classical term S_m[x] and this last term, so that we conclude that in fact that effective action is the expectation value of the classical one

S_{eff} [x] = ⟨S_m[x]⟩ (5)

It is important to stress that due to the non linear nature of the coupling between gravity and test particle, the effective lagrangian is not the same as the classical lagrangian evaluated in the expectation value for the particle’s path.

The calculation described so far preserves the covariance in the background metric g_{μν} . Alternatively, one can fully fix the gauge of the quantum fluctuations of the geometry and quantize the remaining degrees of freedom. As can be easily proved, the argument leading to Eq. (5) remains unchanged, since it relies only on the fact that the test particle mass is small.

III. QUANTUM CORRECTIONS TO GEODESICS FOR FLAT ROBERTSON-WALKER METRICS

A. Non covariant quantization

In this subsection we briefly review the non-covariant method of quantization for flat Robertson-Walker universes. The metrics we are dealing with are therefore of the form ds^2 = −dt^2 + a^2(t)dx^2, where a(t) is the expansion coefficient . The action for the matter content in RW metrics has the form

S_M = ∫ d^4x √ −g [ 1 2 (ρ + p)u^μu^νg_{μν} + 1 2 (ρ + 3p) ] (6) where u^μ, ρ and p and the fluid’s four-velocity, density and pressure respectively. The associated classical Einstein equations are R_{μν} = − 1 2 ( T_{μν} − 1 2 g_{μν} T^λ_λ ) (7) where the classical energy-momentum tensor is T_{μν} = (ρ + p)u_μu_ν − pg_{μν} .

There are different ways to quantize the theory. One is based on the background field method, which was described above. Here we follow another quantization procedure that starts from the classical theory of perturbations in RW, developed in [8]. One considers perturbations such that δρ = δp = δu^μ = 0, and metric perturbations h_{μν} that satisfy u^μh_{μν} = 0, and further imposes the gauge conditions h^{μν}_{;ν} = 0. Finally one ends up with only two independent components of the metric, h_+ and h_×, which can be expressed in terms of the original components of h_{μν} , and that correspond to the two polarizations of a gravitational wave. The above conditions on the metric imply that h_{0μ} = 0 and a transversality condition ~∇_jh^{ij} = 0, where ~∇_j denotes the covariant derivative with respect to the spatial part of the metric. Both components h_+ and h_×, and also h^j_i , verify the field equation for a minimally coupled massless scalar field in RW

2ϕ = −a^{−3 ∂}_{∂t}^(a^{3 ∂}_{∂t}ϕ^) + ∇^2ϕ = 0 (8)

To quantize we use the non-covariant quantization procedure of [9,10]. First one writes the second order term of the action S_G + S_M in terms of the two independent degrees of freedom of the field, h_+ and h_×

S^{(2)}_{G+M} = 1 2 ∫ d^4x √ −g[∂_μh_+(x)∂^μh_+(x) + ∂_μh_×(x)∂^μh_×(x)] (9) and then imposes equal-time canonical conmutation relations for the two scalar fields [h_a(x, t), Π_b(x^′, t)] = iδ_{ab}δ(x − x^′), where a, b = +, × and Π_a is the canonical momentum conjugate to h_a. This quantization procedure is equivalent to that for the individual modes h^j_i . Instead of using canonical quantization, one can also do path integrals. One expands the action in terms of the individual modes h^j_i (or in terms of h_+ and h_×) and integrates over them in order to get an effective action for the background metric. For the one loop effective action one needs the second order term of the expansion of the action in terms of metric perturbations, namely S^{(2)}_{G+M} = 1/2 ∫ d^4y √ −gh^i_j2h^j_i , where 2 denotes the scalar D’Alambertian operator. Finally one has to evaluate the functional determinant of this differential operator.

B. Quantum corrected geodesic equation

Having summed up how to quantize metric perturbations in RW, let us see how such quantum metric fluctuations affect the motion of a classical test particle. As described in the previous section, the effective action for the test particle is the expectation value of the classical action, namely

S_{eff} [x] = −m ∫ √ −g_{μν} (x)dx^μdx^ν − mκ^2 8 ∫ dτ ⟨h_{ij} (x)h_{lm}(x)⟩ẋ^iẋ^jẋ^lẋ^m (10) where the dot denotes the derivative with respect to τ . The graviton two-point function can be expressed in terms of the scalar two-point function ⟨ϕ(x)ϕ(x^′)⟩ as ⟨h_{ij} (x)h_{lm}(x^′)⟩ = − 1 3 a^2(t)a^2(t^′) ( δ_{ij}δ_{lm} − 3 2 δ_{il}δ_{jm} − 3 2 δ_{im}δ_{jl} ) ⟨ϕ(x)ϕ(x^′)⟩ (11) We recall that in these expressions the metric g_{μν} is the solution to the semiclassical Einstein equations that follow from quantizing gravity in a RW universe. In the following we will assume that these equations have been solved and that the quantum corrected expansion factor a(t) has been found.

The geodesic equation for the test particle follows from δS_{eff} [x]/δx^ρ = 0. For the temporal component we get

d^2t dτ^2 + a(t)a^′(t) ( dx dτ )_2 − κ^2 8 ẋ^iẋ^jẋ^lẋ^m ∂ ∂t G_{ijlm}[x(t)] = 0 (12)

where a^′(t) ≡ da/dt and G_{ijlm}[x(t)] is the coincident limit of the graviton two-point function, evaluated along the trayectory of the particle. For the n-th spatial component (n = 1, 2, 3) we obtain d dτ ( a^2(t) dx^n dτ − κ^2 2 G_{ijkl}[x(t)]δ^{in}ẋ^jẋ^kẋ^l ) = 0 (13)

Now let us solve Eqs.(12,13) for dx/dτ and dt/dτ . From Eq.(13) we see that the expression in parenthesis is conserved. These conserved three quantities reflect the spatial translational invariance of RW metric, which is preserved upon the quantization procedure. Therefore a^2(t) dx^n dτ − κ^2 2 G_{ijkl}[x(t)]δ^{in}ẋ^jẋ^kẋ^l = α (14)

where α is a dimensionless constant that depends on the initial velocity of the particle. Plugging this identity into Eq.(12) we find^2 dt dτ = 1 + a−2(t)^3∑ n=1 ( α + κ^2 2 G_{ijkl}[x(t)]δ^{in}ẋ^jẋ^kẋ^l )_2 (15)

Now we solve Eqs.(14,15) perturbatively in terms of the coupling between the test particle and gravitons. Let us assume that the initial velocity of the test particle is in the x = x^1 direction. The zeroth order approximation corresponds to neglecting the coupling between the particle and gravitons, which results in dx dτ = α a^2(t)

(16) dt dτ = √ 1 + α^2a^{−2}(t) (17)

Note that the limiting case of a light ray (null limit) dx/dt = 1 is obtained when α → ∞.

When the coupling is taken into account, we see that the particle still moves in the same x direction, and we get dx dτ = α a^2(t) ( 1 + α^2κ^2 3a^2(t) ⟨ϕ^2(t)⟩ ) (18) dt dτ = √ 1 + α^2a^{−2}(t) ( 1 + α^2κ^2 3a^4(t) ⟨ϕ^2(t)⟩ 1 + α^2a^{−2}(t) ) (19)

where we expressed the graviton two point function in terms of the scalar two-point function as G_{xxxx}(t) = (2/3)a^4(t)⟨ϕ^2(t)⟩. The speed of the particle results dx dt = αa^{−2}(t) √ 1 + α^2a^{−2}(t) ( 1 + 32 3 πG⟨ϕ^2(t)⟩ α^2a^{−2}(t) 1 + α^2a^{−2}(t) ) (20)

This is the main result of this section. It expresses the quantum corrections to the velocity of a test particle that moves in a flat Robertson-Walker quantum background. In the null limit dx/dt ≈ a^{−1}(t)[1 + (32/3)πG⟨ϕ^2(t)⟩] (21) describes the graviton correction to the cosmological redshift.

To estimate the effect of this quantum correction on the classical trayectory of the test particle, we first have to evaluate the two-point function in the coincident limit, ⟨ϕ^2(t)⟩. As is

2 This equation also follows from the very definition of the proper time. Indeed, from 1 = (dt/dτ)^2 � a^2(t)(dx/dτ)^2 we easily get Eq.(15).

well known, this coincident limit is divergent, so a renormalization procedure is compelling. In the following we will calculate ⟨ϕ^2(t)⟩ for particular RW metrics, namely a(t) = a_0e^{Ht} (de Sitter) and a(t) = a_0t^c

For de Sitter spacetime, the two-point function not only has UV problems but also IR ones. However, in the late time limit t = t^′ ≫ H^{−1} it is possible to give an approximate form for the renormalized function. It was shown by several authors [11–14] that the coincident limit grows linearly with the coordinate time, ⟨ϕ^2(t)⟩ ≈ H^3t/2π^2. Using that κ^2 ∝ R^{−1}_{Planck} and that for de Sitter the curvature is constant R ∝ H^2, we conclude that the quantum correction is proportional to (R/R_{Planck})F (t), where the function F (t) = α^2Hta^{−2}_0 e^{−2Ht}/(1+ α^2a^{−2}_0 exp^{−2Ht}) decreases exponentially for late times. The velocity of the test particle in the late time limit is therefore given by dx dt = αa^{−2}_0 e^{−2Ht} √ 1 + α^2a^{−2}_0 e^{−2Ht} ( 1 + 16G~H^2F (t) 3πc^5 ) (22)

where we have restored units ~ and c.

As we pointed out before, the scale factor a(t) should be a solution to the semiclassical Einstein equations. A perturbative solution will be of the form a(t) = a_{clas}(t) + δa(t), a_{clas} being the classical scale factor and δa ≪ a_{clas}. It is well known that the semiclassical Einstein equations admit de Sitter solutions [15] a(t) = a_0e^{Ht} with H = H_{clas}(1+γ^{H2clas}_{RPlanck} ), γ = O(1).

Therefore, as long as^{H3clast}_{RPlanck} ≪ 1 the correction to the scale factor is given by^{δa}_{aclas} ≃

γ^{H3clast}

R_{Planck} . Replacing a(t) = aclas(t) + δa(t) in Eq. (22) we obtain, to first order in all quantum

corrections dx dt = αa^{−2}_0 e^{−2Hclast} √ 1 + α^2a^{−2}_0 e^{−2Hclast} ( 1 + 16G~H^2F (t) 3πc^5 − γ 2 + α^2a^{−2}_{clas}(t) 1 + α^2a^{−2}_{clas}(t)

H^3_{clas}t R_{Planck} ) (23)

where F (t) is to be evaluated with the classical value for the Hubble parameter. This shows that the quantum correction to the geodesics coming from the graviton coupling (second term in Eq. (23)) and the one coming from the semiclassical Einstein equations (third term) are of the same order of magnitude.

Consider now metrics with a(t) = a_0t^c. Although these are not solutions to the semiclassical Einstein equation, they are useful to illustrate the corrections to the geodesics. In this case there are no infrared divergencies. In the Appendix we give some details as to how to evaluate the renormalized two-point function. The result is ⟨ϕ^2(t)⟩ ∝ t^{−2} log(t^2μ^2), where μ is an (arbitrary) renormalization scale. Since for these metrics the curvature is R ∝ t^{−2}, we obtain that the quantum correction also has the form (R/R_{Planck})F (t), where now F (t) = α^2a^{−2}_0 t^{−2c} log(t^2μ^2)/(1 + α^2a^{−2}_0 t^{−2c}), which also decreases for long times. The velocity of the test particle is dx dt = αa^{−2}_0 t^{−2c} √ 1 + α^2a^{−2}_0 t^{−2c} ( 1 + 2c(2c − 1)G~F (t) 3πc^5t^2 ) (24)

IV. QUANTUM CORRECTIONS TO GEODESICS IN THREE DIMENSIONAL GRAVITY

A. Three dimensional General Relativity

In this section we will consider 2+1 gravity coupled to Maxwell fields. Under the assumption of rotational symmetry, this model is exactly soluble. Moreover, it is possible to associate a well defined quantum operator to the spacetime metric. Therefore, it is particularly useful to analyze the effective action for a test particle and the corrections to the geodesics. In this subsection we will follow closely Refs. [6,16].

At the classical level, the theory is governed by the Einstein-Maxwell equations, which read R_{ab} = 8πG∇_aϕ∇_bϕ (25) g^{ab}∇_a∇_bϕ = 0 (26)

where the electromagnetic field has been written in terms of a scalar field as F_{ab} = ϵ_{abc}∇^cϕ. Assuming rotational symmetry, the above equations can be easily solved. The metric can be written as

g_{ab}dx^adx^b = e^{GΓ(r,t)}[−dt^2 + dr^2] + r^2dθ^2 (27)

Moreover, the scalar field decouples from the metric

g^{ab}∇_a∇_bϕ = 0 → (−∂^2_t + ∂^2_r )ϕ = 0 (28)

Therefore, one can solve the 1 + 1 Klein Gordon equation for ϕ and then determine Γ from the Einstein equation. The result is Γ(r, t) = 1 2 ∫_r 0 dr^′ r^′ [(∂_tϕ)^2 + (∂_r0ϕ)^2] (29)

Note that, as r → ∞, Γ tends to a constant value Γ(∞, t) = H_0. The metric becomes locally flat with a deficit angle 2π(1 − e^{−GH0/2}).

To quantize the theory, one can promote ϕ to an operator ϕ̂ describing a free quantum scalar field in 1 + 1 dimensions. The spacetime metric is a secondary operator that can be expressed in terms of ϕ̂ as

ĝ_{rr} = −ĝ_{tt} = e^{GΓ̂} (30)

where Γ̂ is the operator defined by Eq.(29) with ϕ → ϕ̂.

For simplicity in what follows we will consider the metric operator in the asymptotic region r → ∞, where the operator Γ̂ is time independent. For a given coherent state of the scalar field (denoted by |F ⟩ and peaked around a classical configuration F (r, t)), it is easy to show that ⟨F |ϕ̂|F ⟩ = F (r, t) ⟨F |ĝ_{rr}|F ⟩ = exp [ 1 ~ ∫_∞ 0 dw |F (w)|^2(e^{G~w} − 1) ] (31)

For sufficiently low frequencies (i.e. when the Fourier transform of the classical configuration is peaked around a low frequency), the mean value of the metric operator can be approximated by < F |ĝ_{rr}|F >= g_{rr} ( 1 +~

G^2 2 ∫_∞ 0 dw w^2 |F (w)|^2 ) (32)

The first term is the value of the metric we would obtain from the classical field equations for a classical scalar field configuration given by F (r, t). The second term represents a small quantum correction. As in the classical case, for r → ∞ the mean value of the metric describes a locally flat spacetime, but with a quantum corrected deficit angle.

B. Effective action for a test particle

According to our general discussion in Section 2, the effective action for a test particle moving in the 2 + 1 dimensional spacetime is given by

S_{eff} [x] =< S_m[x] >= −m < ∫ dt √ e^{GΓ̂}(1 − ṙ^2) − r^2θ̇^2 > (33)

where the mean value is taken with respect to the coherent state |F ⟩. Here a dot denotes derivative with respect to t. As in the previous section we will consider only the asymptotic region where the metric operator is time independent.

We write the metric operator as e^{GΓ̂} = ⟨e^{GΓ̂}⟩ + Δ̂. The effective lagrangian then becomes

L_{eff} = −mL̄⟨ [ 1 + Δ̂(1 − ṙ2) L̄2 ] ⟩ (34)

where L̄ is proportional to the classical lagrangian evaluated in the mean value of the metric

L̄ = √ ⟨e^{GΓ̂}⟩(1 − ṙ^2) − r^2θ̇^2 (35)

Note that, after a redefinition of the angular variable θ → √ ⟨e^{GΓ̂}⟩θ, L̄ becomes proportional to the lagrangian of the test particle in a locally flat spacetime. The deficit angle is given by 2π(1 − √ ⟨e^{GΓ̂}⟩). Assuming that the quantum fluctuations around the mean value are small^3 we get

L_{eff} = −mL̄ [ 1 − 1 8 (1 − ṙ^2)^2Δ^2 L̄4 ] (36)

3This is not always the case. See Ref. [16].

where Δ^2 = ⟨Δ̂^2⟩ = ⟨(e^{GΓ̂} − ⟨e^{GΓ̂}⟩)^2⟩. The above equation is the starting point to describe the quantum corrections to the trajectory of the test particle.

Let us first consider a non relativistic motion of the particle. In this situation we have L̄ ≃ √ ⟨e^{GΓ̂}⟩ [ 1 − ṙ^2 2 − r^2θ̇^2 2⟨e^{GΓ̂}⟩ ] (37)

Therefore, the effective lagrangian can be approximated by L_{eff} ≃ −m √ ⟨e^{GΓ̂}⟩ [ 1 − 1 8 ( Δg g )_2] [ 1 − ṙ^2 2 − r^2θ̇^2 2⟨e^{GΓ̂}⟩ ( 1 + 1 2 ( Δg g )_2)] (38)

where (_{Δg} g )_2

=^{Δ2}_{⟨e}G_{Γ̂⟩2} .

We can see from the Eq. (38) that in this nonrelativistic limit the effective lagrangian has, up to an irrelevant constant factor, the same form that L̄, but with a different deficit

angle. Indeed, after the redefinition of the angular variable θ → √ ⟨e^{GΓ̂}⟩ ( 1 −^1_4 (_{Δg} g )_2) θ, the effective lagrangian becomes proportional to the flat spacetime lagrangian. Therefore the trajectories will be straight lines in a locally flat spacetime. However, the global properties of the trajectories will be different from the ones obtained with the mean value of the metric ⟨e^{GΓ̂}⟩, since the deficit angle for the effective lagrangian is now given by 2π(1 − √ ⟨e^{GΓ̂}⟩ ( 1 −^1_4 (_{Δg} g )_2) ). In the general case (a relativistic particle), the situation is different. Indeed, one can prove that it is not possible to redefine θ in order to bring L_{eff} (Eq. (36)) to a flat spacetime form. As a consequence, although the mean value of the metric is locally flat, the test particle “sees” a much more complex geometry.

The conclusion of this section is that, again, the trajectories of the test particle do not coincide with the geodesics of the mean value of the metric.

V. FINAL REMARKS

Let us summarize the new results contained in this paper. We have computed the quantum corrections to the trajectory of a test particle by taking into account the quantum fluctuations of the spacetime metric. We have analyzed two particular models where it is easy to fix completely the gauge of the quantum fluctuations and quantize the remaining degrees of freedom.

For a Robertson Walker spacetime, the fluctuations of the metric can be described by two massless, minimally coupled scalar fields. The quantum corrected trajectory has the same symmetries as the classical trajectory. However, it contains a quantum correction proportional to the graviton two point function and to the initial velocity of the test particle. This additional term produces, in particular, a quantum correction to the gravitational redshift.

Let us assume that we solve the backreaction equations perturbatively and find a solution a(t) = a_c(t) + δa(t), where a_c(t) is the classical scale factor. Had we neglected the coupling between gravitons and test particle, we would have concluded that the test particle’s trajectories coincide with the geodesics of the metric a(t) = a_c(t) + δa(t). However, this coupling induces an additional correction to the equation of motion that is of the same order of magnitude as the one produced by δa(t). (we have shown this in the particular case of a de Sitter solution and, in a previous paper [5], in the Newtonian approximation). As a consequence, it is meaningless to compute δa(t) and neglect the graviton effects on the motion of the particle, which is the physical observable.

An interesting feature of our result is that the quantum corrections to the geodesic depend on the velocity of the test particle in such a way that one cannot define an ”effective metric” for the trajectory, i.e. a metric such that its geodesics coincide with all the quantum corrected trajectories. It is worth to note that, if one tries to define observationally an ”effective spacetime curvature” through a geodesic deviation equation, this effective curvature will be dependent on the initial four velocity of the geodesics under consideration.

In the case of three dimensional general relativity, there are no propagating degrees of freedom associated to the geometry. At the classical level one can make the degrees of freedom to reside in the matter field. At the quantum level, the operator associated to the metric can be written in terms of the matter field operator.

In this model, given a quantum state of the matter fields, it is easy to compute the mean value of the metric and of any function of it. In particular, we computed the mean value of the lagrangian for a test particle. We have shown that, even in the asymptotic region, where both the classical metric and the mean value of the quantum metric operator describe locally flat spacetimes, the test particle ”feels” the quantum fluctuations and the trajectory is not a straight line.

Now we would like to comment about related works. To our knowledge, the fact that the mean value of the metric is not enough to describe the spacetime geometry when the graviton contribution is taken into account, was first pointed out in Ref. [17]. It was stressed there that one can assign an effective metric to a given observable O(g_{μν} ), through the identity

g^{eff}_{μν} = O^{−1}⟨O(g_{μν} )⟩ (39)

The effective metric obviously depends on O. We agree with this point of view. Indeed, from our results it is easy to illustrate this fact. Consider for example the quantum corrected velocity of the test particle given in Eq. (20). Taking into account the classical result for the velocity, one can introduce an ”effective scale factor” through the identity

αa^{−2}_{eff} (t) √ 1 + α^2a^{−2}_{eff} (t) = αa^{−2}(t) √ 1 + α^2a^{−2}(t) ( 1 + 32 3 πG⟨ϕ^2(t)⟩ α^2a^{−2}(t) 1 + α^2a^{−2}(t) ) (40)

This gives^{aeff}_a ≃ 1 −^{α2+a2}_{α2+2a2}^{32}_3 πG⟨ϕ^2(t)⟩^{α2a}

�2_{(t)}

1+α2a�2(t) . The ”effective scale factor” depends on

the initial velocity of the particle.

In Ref. [18] the authors analyzed the graviton induced fluctuations of horizons in Robertson Walker and Schwarszchild spacetimes. The analysis was based on the study of the effects of gravitons on (nearly) null geodesics. They pointed out that, due to the interaction with the fluctuations of the metric, there are two effects on the trajectories of photons: the mean geodesic will deviate from the classical geodesic, and there will be stochastic fluctuations around the mean value. They studied the stochastic fluctuations and neglected the deviation of the mean value. In this sense, our work is complementary to Ref. [18], since we computed the mean value corrections. In our framework, the stochastic fluctuations could be analyzed by using the CTP formalism to compute the effective action for the test particle. It can be shown that the imaginary part of this CTP effective action introduces a noise term in the equation of motion (similar ideas have been applied to the semiclassical Einstein equations, see for example [19]).

In this paper we fixed completely the gauge of the metric fluctuations before quantization. Alternatively, one could use the covariant method described in Section II. We showed in a previous work [5] that the solution to the backreaction equation and the quantum corrections to the geodesics are both dependent on the gauge fixing procedure. In the Newtonian approximation, this dependence cancels when computing the trajectory of the test particle. Whether this is true or not beyond the Newtonian approximation is an open question, that will be addressed in a forthcoming paper.

VI. ACKNOWLEDGMENTS

We acknowledge the support from Universidad de Buenos Aires, Fundación Antorchas and CONICET (Argentina). We would like to thank M. Banados and D. Tiglio for pointing out Refs. [6,16] to us.

APPENDIX A:

In this appendix we calculate the renormalized two-point function ⟨ϕ(x)ϕ(x^′)⟩ in the coincide limit x^′ → x for a massless minimally coupled scalar field in flat Roberton-Walker metrics with a(t) = a_0t^c. Throughout this appendix we work in conformal time, η = [a_0(1−c)]^{−1}t^{1−c}. The metric reads ds^2 = C(η)(−dη^2+dx^2) where C(η) = a^2(t) = a^{2/(1−c)}_0 (1− c)^{2c/(1−c)}η^{2c/(1−c)}. The two-point function we wish to evaluate is basically the Hadamard function D^{(1)} = ⟨{ϕ(x), ϕ(x^′)}⟩. By means of the point-splitting technique, we separate the points x, x^′ only in their temporal component Δη ≡ η − η^′ = ϵ → 0. The Hadamard function then takes the form [20]

D^{(1)}(x, x^′) = −

C^{−1/2}(η)C^{−1/2}(η^′) 2π^2Δη^2 − R 24π^2 [ 1 2 log | | | | ϵ^2 Cη^2 | | | | + γ + 1 2 ψ( 3 2 + ν) + 1 2 ψ( 3 2 − ν) ] + R 48π^2

+ O(ϵ^2) (A1)

where ν = |1 − 3c|/(2|1 − c|), γ is Euler’s constant and ψ is Euler’s function. The first term on the right is the expression for D^{(1)} in the conformally coupled case, which can also be expanded in powers of ϵ − C^{−1/2}(η)C^{−1/2}(η^′) 2π^2Δη^2 = − 1 8π^2ϵ^2Σ + 1 24π^2 [ R_{αβ} t^αt^β Σ − 1 6 R ] + O(ϵ^2) (A2)

where t^μ is a unit vector that parametrizes the direction of splitting and Σ = t_μt^μ.

To renormalize we substract the second order adiabatic expansion for the Hadamard function, namely

D^{(1)}_{ad} (η, η^′) = − 1 8π^2ϵ^2Σ − R 24π^2 [ 1 2 log(μ^2ϵ^2) + γ ] + 1 24π^2 R_{αβ} t^αt^β Σ + O(ϵ^2) (A3)

where μ is an arbitrary scale with dimensions of energy. Finally

D^{(1)}_{ren}(x, x) = lim_{ϵ→0} ( D^{(1)}(η, η^′) − D^{(1)}_{ad} (η, η^′) ) = R 48π^2 log(Cμ^2η^2) (A4)

all constants having been absorbed into a redefinition of μ. We can now go back to coordinate time, and on using that for these metrics the scalar curvature is R = 6c(2c − 1)t^{−2}, we get the final result ⟨ϕ^2(t)⟩ =^{6c(2c−1)}_{96π2} t^{−2} log(t^2μ^2).

REFERENCES

[1] J.F. Donoghue, Phys. Rev. D 50, 3874 (1994). [2] W. L. Power and I.C. Percival, quant-ph/9811059.

[3] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Rev. D 59, 86004 (1999). [4] B. L. Hu and L. Parker, Phys. Rev. D 17, 933 (1978); for a recent discussion see B.L.

Hu, gr-qc/9902064, to appear in Int. J. Theor. Phys. [5] D.A.R. Dalvit and F.D. Mazzitelli, Phys. Rev. D 56, 7779 (1997). [6] A. Ashtekar and M. Pierri, J. Math. Phys. 37, 6250 (1996).

[7] J. Schwinger, J. Math. Phys. 2, 407 (1961); L. V. Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964) [Sov. Phys. JETP 20, 1018 (1965)]; E. Calzetta and B.L. Hu, Phys. Rev. D 35, 495 (1987).

[8] E.M. Lifshitz, Zh. Eksp. Theor. Phys. 16, 587 (1946); also J. Phys. USSR 10, 116 (1946).

[9] L.H. Ford and L. Parker, Phys. Rev. D 16, 1601 (1977). [10] B.L. Hu, Phys. Rev. D 18, 969 (1978).

[11] A. Vilenkin and L.H. Ford, Phys. Rev. D 26, 1231 (1982). [12] L.H. Ford and A. Vilenkin, Phys. Rev. D 33, 2833 (1986). [13] A. Linde, Phys. Lett. 116B, 335 (1982). [14] A.A. Starobinsky, Phys. Lett. 117B, 175 (1982). [15] S. Wada and T. Azuma, Phys. Lett. 132B, 313 (1983). [16] A. Ashtekhar, Phys. Rev. Lett. 77, 4864 (1996) [17] G.A. Vilkovisky, Class. Quant. Grav. 9, 895 (1992).

[18] L.H. Ford and N.F. Svaiter, Phys. Rev. D 54, 2640 (1996); ibid 56, 2226 (1997). [19] E. Calzetta and B.L. Hu, Phys.Rev. D 49, 6636 (1994); A. Campos and E. Verdaguer, Phys. Rev. D 53, 1927 (1996); F.C. Lombardo and F.D. Mazzitelli, Phys. Rev. D 55, 3889 (1997).

[20] N.D. Birrell and P.C.W. Davies, Quantum Fields in Curved Space (Cambridge Univ.

Press, London, 1982).