gr-qc/9904074 29 Apr 1999

Gödel-type Spacetimes in Induced Matter Gravity Theory

H.L. Carrion^∗, M.J. Rebouças^† and A.F.F. Teixeira^‡

Centro Brasileiro de Pesquisas Físicas Departamento de Relatividade e Partículas Rua Dr. Xavier Sigaud 150 22290-180 Rio de Janeiro – RJ, Brazil

April 28, 1999

Abstract

A five-dimensional (5D) generalized Gödel-type manifolds are examined in the light of the equivalence problem techniques, as formulated by Cartan. The necessary and sufficient conditions for local homogeneity of these 5D manifolds are derived. The local equivalence of these homogeneous Riemannian manifolds is studied. It is found that they are characterized by three essential parameters k, m^2 and ω : identical triads (k, m^2, ω) correspond to locally equivalent 5D manifolds. An irreducible set of isometrically nonequivalent 5D locally homogeneous Riemannian generalized Gödeltype metrics are exhibited. A classification of these manifolds based on the essential parameters is presented, and the Killing vector fields as well as the corresponding Lie algebra of each class are determined. It is shown that the generalized Gödel-type 5D manifolds admit maximal group of isometry G_r with r = 7, r = 9 or r = 15 depending on the essential parameters k, m^2 and ω . The breakdown of causality in all these classes of homogeneous Gödel-type manifolds are also examined. It is found that in three out of the six irreducible classes the causality can be violated. The unique generalized Gödel-type solution of the induced matter (IM) field equations is found. The question as to whether the induced matter version of general relativity is an effective therapy for these type of causal anomalies of general relativity is also discussed in connection with a recent work by Romero, Tavakol and Zalaletdinov.

∗e-mail: lenyj@cbpf.br †e-mail: reboucas@cbpf.br ‡e-mail: teixeira@cbpf.br

1 Introduction

The field equations of the general relativity theory, which in the usual notation are written in the form G_{αβ} = κ T_{αβ} , (1.1)

relate the geometry of the spacetime to its source. The general relativity theory, however, does not prescribe the various forms of matter, and takes over the energy-momentum tensor T_{αβ} from other branches of physics. In this sense, general relativity (GR) is not a closed theory. The separation between the gravitational field and its source has been often considered as one undesirable feature of GR [1] – [3].

Recently, Wesson and co-workers [4, 5] have introduced a new approach to GR, in which the matter and its role in the determination of the spacetime geometry is given from a purely five-dimensional geometrical point of view. In their five-dimensional (5D) version of general relativity the field equations are given by

^G_{AB} = 0 . (1.2)

Henceforth, the five-dimensional geometrical objects are denoted by overhats and Latin letters are 5D indices and run from 0 to 4. In this new approach to GR the 5D vacuum field equations (1.2) give rise to both curvature and matter in 4D. Indeed, it can be shown [5] that it is always possible to rewrite the fifteen field equations (1.2) as a set of equations such that ten of which are precisely Einstein’s field equations (1.1) in 4D with an induced energy-momentum κ T_{αβ} = ϕ_{α ; β} ϕ − ε 2 ϕ^2 { ϕ^∗ g^∗_{αβ} ϕ − g^{∗∗}_{αβ} + g^{γδ} g^∗_{αγ} g^∗_{βδ} − g^{γδ} g^∗_{γδ} g^∗_{αβ} 2 + g_{αβ} 4 [ g^{∗γδ} g^∗_{γδ} + (g^{γδ} g^∗_{γδ})^2 ] } , (1.3)

where the Greek letters denote 4D indices and run from 0 to 3, g_{44} ≡ ε ϕ^2 with ε = ±1, ϕ_α ≡ ∂ϕ/∂x^α, a star denotes ∂/∂x^4, and a semicolon denotes the usual 4D covariant derivative. Obviously, the remaining five equations (a wave equation and four conservation laws) are automatically satisfied by any solution of the 5D vacuum equations (1.2). Thus, not only the matter but also its role in the determination of the geometry of the 4D spacetime can be considered to have a five-dimensional geometrical origin. This approach unifies the gravitational field with its source (not just with a particular field) within a purely 5D geometrical framework. This 5D version of general relativity is often referred to as induced matter gravity theory (IM gravity theory, for short). The IM theory has become a focus of a recent research field [6]. The basic features of the theory have been explored by Wesson and others [7] – [11], whereas the implications for cosmology and astrophysics have been investigated by a number of researchers [12] – [32]. For a fairly updated list of references on IM gravity theory and related issues we refer the reader to Overduin and Wesson [6].

In general relativity, the causal structure of 4D spacetime has locally the same qualitative nature as the flat spacetime of special relativity — causality holds locally. The global question, however, is left open and significant differences can occur. On large scale, the violation of causality is not excluded. Actually, it has long been known that there are solutions to the Einstein field equations which possess causal anomalies in the form of closed timelike curves. The famous solution found by Gödel [33] in 1949 might not be the first but it certainly is the best known example of a cosmological model which makes it apparent that general relativity, as it is normally formulated, does not exclude the existence of closed timelike world lines, despite its Lorentzian character which leads to the local validity of the causality principle. Owing to its striking properties Gödel’s model has a well-recognized importance and has to a certain extent motivated the investigations on rotating cosmological Gödel-type models and on causal anomalies in the framework of general relativity [34] – [52] and other theories of gravitation [53] – [63].

Two recent articles have been concerned with five-dimensional Gödel-type spacetimes. Firstly in Ref. [64] the main geometrical properties of five-dimensional Riemannian manifolds endowed with a 5D counterpart of the 4D Gödel-type metric of general relativity were investigated. Among several results, an irreducible set of isometrically nonequivalent 5D homogeneous (locally) Gödel-type metrics were exhibited. Therein it was also shown that, apart from the degenerated Gödel-type metric, in all classes of homogeneous Gödel-type geometries there is breakdown of causality. As no use of any particular field equations was made in this first paper, its results hold for any 5D Gödel-type manifolds regardless of the underlying 5D Kaluza-Klein gravity theory. In the second article [65] the classes of 5D Gödel-type spacetimes discussed in [64] were investigated from a more physical viewpoint. Particularly, it was examined the question as to whether the induced matter theory of gravitation permits the family of noncausal solutions of Gödel-type metrics studied in [64]. It was shown that the IM gravity excludes this class of 5D Gödel-type non-causal geometries as solution to its field equations.

In both articles [64, 65] the 5D Gödel-type family of metrics discussed is the simplest 5D class of geometries for which the section u = const (u is the extra coordinate) is the 4D Gödel-type metric of general relativity. Actually the 5D Gödel-type line element of both papers does not depend on the fifth coordinate u, and therefore as regards to the IM theory a radiation-like equation of state is an underlying assumption of both articles. However, it is well know [6] that the dependence of the 5D metric on the extra coordinate is necessary to ensure that the 5D IM theory permits the induction of matter of a very general type in 4D.

In this work, on the one hand, we shall examine the main geometrical properties of a class of generalized Gödel-type geometries in which the 5D metric depends on the fifth coordinate, generalizing therefore the results found in Ref. [64]. On the other hand, we shall also investigate the question as to whether the induced matter gravity theory, as formulated by Wesson and co-workers [4, 5], admits these generalized Gödel-type metrics as solutions to its field equations, thus also extending the investigations of Ref. [65].

The outline of this article is as follows. In the next section we present a summary of some important prerequisites for Section 3, where using the equivalence problem techniques as formulated by Cartan [66] we derive the necessary and sufficient conditions for local homogeneity of this class of 5D generalized Gödel-type manifolds. In Section 3 we also exhibit an irreducible set of isometrically nonequivalent homogeneous generalized Gödeltype metrics. In Section 4 we discuss the integration of the Killing equations and present the Killing vector fields as well as the corresponding Lie algebra for all homogeneous generalized Gödel-type metrics. In the last section we examine whether the IM field equations permit solutions of this generalized Gödel-type class of geometries. The unique solution of this type is found therein. The question as to whether the IM version of general relativity rules out the existence of closed timelike curves of Gödel type is also discussed (Section 5) in connection with a recent paper by Romero et al. [67].

2 Prerequisites

The arbitrariness in the choice of coordinates in the metric theories of gravitation gives rise to the problem of deciding whether or not two manifolds whose metrics g and g̃ are given explicitly in terms of coordinates, viz.,

ds^2 = g_{μν} dx^μ dx^ν and ds̃^2 = g̃_{μν} dx̃^μ dx̃^ν , (2.1)

are locally isometric. This is the so-called equivalence problem (see Cartan [66] for the local equivalence of n-dimensional Riemannian manifolds, Karlhede [68] and MacCallum [69] for the special case n = 4 of general relativity).

The Cartan solution [66] to the equivalence problem for Riemannian manifolds can be summarized as follows. Two n-dimensional Lorentzian Riemannian manifolds M_n and ~M_n are locally equivalent if there exist coordinate and generalized n-dimensional Lorentz transformations such that the following algebraic equations relating the frame components of the curvature tensor and their covariant derivatives: R^A_{BCD} = ~R^A_{BCD} , R^A_{BCD;M1} = ~R^A_{BCD;M1} , R^A_{BCD;M1M2} = ~R^A_{BCD;M1M2} , . . R^A_{BCD;M1...Mp+1} = ~R^A_{BCD;M1...Mp+1} (2.2)

are compatible as algebraic equations in ( x^μ, ξ^A ) . Here and in what follows we use a semicolon to denote covariant derivatives. Note that x^μ are coordinates on the manifold M_n while ξ^A parametrize the group of allowed frame transformations [n-dimensional generalized Lorentz group usually denoted [70] by O(n − 1, 1) ]. Reciprocally, equations (2.2) imply local equivalence between the n-dimensional manifolds M_n and ~M_n.

In practice, a fixed frame is chosen to perform the calculations so that only coordinates appear in the components of the curvature tensor, i.e. there is no explicit dependence on the parameters ξ^A of the generalized Lorentz group.

Another important practical point to be considered, once one wishes to test the local equivalence of two Riemannian manifolds, is that before attempting to solve eqs. (2.2) one can extract and compare partial pieces of information at each step of differentiation as, for example, the number {t_0, t_1, . . . , t_p} of functionally independent functions of the coordinates x^μ contained in the corresponding set I_p = {R^A_{BCD} , R^A_{BCD;M1} , R^A_{BCD;M1M2} , . . . , R^A_{BCD;M1M2...Mp} } , (2.3) and the isotropy subgroup {H_0, H_1, . . . , H_p} of the symmetry group G_r under which the set corresponding I_p is invariant. They must be the same for each step q = 0, 1, · · · , p if the manifolds are locally equivalent.

In practice it is also important to note that in calculating the curvature and its covariant derivatives, in a chosen frame, one can stop as soon as one reaches a step at which the p^{th} derivatives (say) are algebraically expressible in terms of the previous ones, and the residual isotropy group (residual frame freedom) at that step is the same isotropy group of the previous step, i.e. H_p = H_{(p−1)}. In this case further differentiation will not yield any new piece of information. Actually, if H_p = H_{(p−1)} and, in a given frame, the p^{th} derivative is expressible in terms of its predecessors, for any q > p the q^{th} derivatives can all be expressed in terms of the 0^{th}, 1^{st}, · · ·, (p − 1)^{th} derivatives [66, 69].

Since there are t_p essential coordinates, in 5D clearly 5−t_p are ignorable, so the isotropy group will have dimension s = dim (H_p), and the group of isometries of the metric will have dimension r given by (see Cartan [66])

r = s + 5 − t_p , (2.4)

acting on an orbit with dimension

d = r − s = 5 − t_p . (2.5)

3 Homogeneity and Nonequivalent Metrics

The line element of the five-dimensional generalized Gödel-type manifolds M_5 we are concerned with is given by

dŝ^2 = dt^2 + 2 H(x) dt dy − dx^2 − G(x) dy^2 − ~F^2(ũ) (dz̃^2 + dũ^2) , (3.1)

where H(x), G(x) and ~F (ũ) are arbitrary real functions. By a suitable choice of coordinates the line element (3.1) can be brought into the form

dŝ^2 = [ dt + H(x) dy ]^2 − dx^2 − D^2(x) dy^2 − F^2(u) dz^2 − du^2 , (3.2)

where D^2(x) = G + H^2 and u clearly is a new fifth coordinate.

At an arbitrary point of M_5 one can choose the following set of linearly independent one-forms ^Θ^A:

^Θ^0 = dt + H(x) dy , ^Θ^1 = dx , ^Θ^2 = D(x) dy , ^Θ^3 = F (u) dz , ^Θ^4 = du , (3.3)

such that the Gödel-type line element (3.2) can be written as

dŝ^2 = ^η_{AB} ^Θ^A ^Θ^B = ( ^Θ^0)^2 − ( ^Θ^1)^2 − ( ^Θ^2)^2 − ( ^Θ^3)^2 − ( ^Θ^4)^2 . (3.4)

Here and in what follows capital letters are 5D Lorentz frame indices and run from 0 to 4; they are raised and lowered with Lorentz matrices ^η^{AB} = ^η_{AB} = diag(+1, −1, −1, −1, −1), respectively.

Using as input the one-forms (3.3) and the Lorentz frame (3.4), the computer algebra package classi [69, 71], e.g., gives the following nonvanishing Lorentz frame components ^R_{ABCD} of the curvature:

^R_{0101} = ^R_{0202} = − 1 4 ( H^′ D )2 , (3.5)

^R_{0112} = 1 2 ( H^′ D )_′ , (3.6)

^R_{1212} = D^{′′} D − 3 4 ( H^′ D )2 , (3.7)

^R_{3434} = F̈ F , (3.8) where the prime and the dot denote, respectively, derivative with respect to x and u.

For 5D (local) homogeneity from eq. (2.5) one must have t_q = 0 for q = 0, 1, · · · p, that is, the number of functionally independent functions of the coordinates x^μ in the set I_p must be zero. Therefore, from eqs. (3.5) – (3.8) we conclude that for 5D homogeneity it is necessary that H^′ D = const ≡ − 2 ω , (3.9) D^{′′} D = const ≡ m^2 , (3.10) F̈ F = const ≡ k . (3.11)

The above necessary conditions are also sufficient for 5D local homogeneity. Indeed, under these conditions the nonvanishing frame components of the curvature reduce to

^R_{0101} = ^R_{0202} = −ω^2 , (3.12) ^R_{1212} = m^2 − 3 ω^2 , (3.13) ^R_{3434} = k . (3.14)

Following Cartan’s method for the local equivalence, we calculate the first covariant derivative of the Riemann tensor. One obtains the following non-null covariant derivatives of the curvature:

^R_{0112;1} = ^R_{0212;2} = ω (m^2 − 4 ω^2) . (3.15) Clearly, regardless of the value of the constant k , the first covariant derivative of the curvature is algebraically expressible in terms of the Riemann tensor. Moreover, the number of functionally independent functions of the coordinates x^μ among the components of the curvature and its first covariant derivative is zero (t_0 = t_1 = 0). As far as the dimension of the residual isotropy group is concerned we distinguish three different classes of locally homogeneous 5D generalized Gödel-type curved manifolds, according to the relevant parameters m^2, ω and k , namely [72]

1. dim (H_0) = dim (H_1) = 2 when

a) ω ≠ 0 , any real k , m^2 ≠ 4 ω^2 ; b) ω = 0 , k ≠ 0 , m^2 ≠ 0 ;

2. dim (H_0) = dim (H_1) = 4 when

a) ω ≠ 0 , any real k , m^2 = 4 ω^2 ; b) ω = 0 , k = 0 , m^2 ≠ 0 ; c) ω = 0 , k ≠ 0 , m^2 = 0 ;

3. dim (H_0) = dim (H_1) = 10 when ω = k = m^2 = 0 .

Thus, from eqs. (2.4) and (2.5) one finds that the locally homogeneous 5D generalized Gödel-type manifolds admit a (local) G_r, with either r = 7, r = 9 , or r = 15 acting on an orbit of dimension d = 5, that is on the manifold M_5.

The above results can be collected together in the following theorems:

Theorem 1 The necessary and sufficient conditions for a five-dimensional generalized Gödel-type manifold to be locally homogeneous are those given by equations (3.9) – (3.11).

Theorem 2 The five-dimensional homogeneous generalized Gödel-type manifolds are locally characterized by three independent real parameters ω, k and m^2 : identical triads (ω, k, m^2) specify locally equivalent manifolds.

Theorem 3 The five-dimensional locally homogeneous generalized Gödel-type manifolds admit group of isometry G_r with

(i) r = 7 if either of the above conditions (1.a) and (1.b) is fulfilled;

(ii) r = 9 if one of the above set of conditions (2.a), (2.b) and (2.c) is fulfilled;

(iii) r = 15 if the above condition (3) is satisfied.

We shall now focus our attention on the irreducible set of isometrically nonequivalent homogeneous generalized Gödel-type metrics. These nonequivalent classes of metrics can be obtained by a similar procedure to that used by Rebouças and Tiomno [41], namely by integrating equations (3.9) – (3.11), and eliminating through coordinate transformations the non-essential integration constants taking into account the relevant parameters according to the above theorem 2. For the sake of brevity, however, we shall only present the irreducible classes without going into details of calculations. It turns out that one ought to distinguish six classes of metrics according to:

Class I : m^2 > 0 , any real k , ω ≠ 0. The line element for this class of homogeneous generalized Gödel-type manifolds can always be brought [in cylindrical coordinates (r, ϕ, z)] into the form

dŝ^2 = [ dt + H(r) dϕ ]^2 − D^2(r) dϕ^2 − dr^2 − F^2(u) dz^2 − du^2 (3.16)

with the metric functions given by H(r) = 2 ω m^2

[1 − cosh (mr)] , (3.17)

D(r) = m^{−1} sinh (mr) , (3.18)

F (u) = α^{−1} sin (α u) if k = −α^2 < 0 , u if k = 0 , α^{−1} sinh (α u) if k = α^2 > 0 .

(3.19)

According to theorem 3 the possible isometry groups for this class are either G_7 (for m^2 ≠ 4 ω^2) or G_9 (when m^2 = 4 ω^2), irrespective of the value of k .

Class II : m^2 = 0 , any real k , ω ≠ 0. The line element for this class can be brought into the form (3.16), with the metric function F (u) given by (3.19), but now the functions H(r) and D(r) are given by

H(r) = − ω r^2 and D(r) = r . (3.20)

For this class from theorem 3 there is a group G_7 of isometries, regardless of the value of k. Class III : m^2 ≡ −μ^2 < 0 , any real k , ω ≠ 0. Similarly for this class the line element reduces to (3.16) with F (u) given by (3.19) and H(r) = 2 ω μ^2

[cos (μr) − 1] , (3.21)

D(r) = μ^{−1} sin (μr) . (3.22)

From theorem 3, regardless the value of k for this class there is a group G_7 of isometries.

Class IV : m^2 ≠ 0 , any real k , and ω = 0. We shall refer to this class as degenerated Gödel-type manifolds, since the cross term in the line element, related to the rotation ω in 4D Gödel model, vanishes. By a trivial coordinate transformation one can make H = 0 with D(r) given, respectively, by (3.18) or (3.22) depending on whether m^2 > 0 or m^2 ≡ −μ^2 < 0. The function F (u) depends on the sign of k and is again given by (3.19). For this class according to theorem 3 one may have either a G_7 for k ≠ 0, or a G_9 for k = 0 .

Class V : m^2 = 0 , k ≠ 0 , and ω = 0. By a trivial coordinate transformation one can make H = 0 , D = r and F (u) = α^{−1} sin (α u) or F (u) = α^{−1} sinh (α u) depending on whether k < 0 or k > 0 , respectively. From theorem 3 there is a group G_9 of isometries.

Class VI : m^2 = 0 , k = 0 , and ω = 0. From (3.12) – (3.14) this corresponds to the 5D flat manifold. Therefore, one can make H = 0 , D(r) = r and F (u) = u . Theorem 3 ensures that there is a group G_{15} of isometries.

4 Killing Vector Fields

In this section we shall present the infinitesimal generators of isometries of the 5D homogeneous generalized Gödel-type manifolds, whose line element (3.16) can be brought into the Lorentzian form (3.4) with ^Θ^A given by

^Θ^0 = dt + H(r) dϕ , ^Θ^1 = dr , ^Θ^2 = D(r) dϕ , ^Θ^3 = F (u) dz , ^Θ^4 = du , (4.1)

where the functions H(r) , D(r) and F (u) depend upon the essential parameters m^2 , k and ω according to the above classes of locally homogeneous manifolds.

Denoting the coordinate components of a generic Killing vector field ^K by ^K^u ≡ (Q, R, S, Z̄, U), where Q, R, S, Z̄ and U are functions of all coordinates t, r, ϕ, z, u, then the fifteen Killing equations

^K_{(A;B)} ≡ ^K_{A;B} + ^K_{B;A} = 0 (4.2)

can be written in the Lorentz frame (3.4) – (4.1) as

T_t = 0 , T_u − U_t = 0 , (4.3) R_r = 0 , U_r + R_u = 0 , (4.4) U_u = 0 , (4.5) D (T_r − R_t) − H_rP = 0 , (4.6) DP_u + U_ϕ − HU_t = 0 , (4.7)

T_ϕ + H_rR − DP_t = 0 , (4.8) R_ϕ − HR_t − D_rP + DP_r = 0 , (4.9) P_ϕ − HP_t + D_rR = 0 , (4.10) T_z − F Z_t = 0 , (4.11) F Z_r + R_z = 0 , (4.12) Z_z + U F_u = 0 , (4.13) U_z + F Z_u − Z F_u = 0 , (4.14) DP_z + F (Z_ϕ − HZ_t) = 0 , (4.15)

where the subscripts denote partial derivatives, and where we have made T ≡ H S + Q, P ≡ D S, and Z ≡ F Z̄ (4.16) to make easier the comparison and the use of the results obtained in [42]. To this end we note that with the changes u → z and U → Z the above equations (4.3) – (4.10) are formally identical to the Killing equations (4) to (11) of [42]. However, in the equations (4.3) – (4.10) the functions T, R, P, U depend additionally on the fifth coordinate u. Taking into account this similitude, the integration of the Killing equations (4.3) – (4.15) can be obtained in two steps as follows. First, by analogy with (4) to (11) of Ref. [42] one integrates (4.3) – (4.10), but at this step instead of the integration constants one has integration functions of the fifth coordinate u. Second, one uses the remaining eqs. (4.11) – (4.15) to achieve explicit forms for these integration functions and to obtain the last component U of the generic Killing vector K.

We have used the above two-steps procedure to integrate the Killing equations (4.3) – (4.15) for all class of homogeneous generalized Gödel-type manifolds. However, for the sake of brevity, we shall only present the Killing vector fields and the corresponding Lie algebras without going into details of calculations, which can be verified by using, for example, the computer algebra program killnf, written in classi by Åman [71].

Class I : m^2 > 0 , any real k , ω ≠ 0. In the integration of the Killing equation for this general class one is led to distinguish two different subclasses of solutions depending on whether m^2 ≠ 4 ω^2 or m^2 = 4 ω^2. We shall refer to these subclasses as classes Ia and Ib, respectively.

Class Ia : m^2 > 0 , any real k , m^2 ≠ 4 ω^2. In the coordinate basis in which as (3.16) is given, a set of linearly independent Killing vector fields K_N (N is an enumerating index) is given by

K_1 = ∂_t , K_2 = 2 ω m ∂_t − m ∂_ϕ , (4.17)

K_3 = − H D sin ϕ ∂_t + cos ϕ ∂_r − D_r D sin ϕ ∂_ϕ , (4.18)

K_4 = − H D cos ϕ ∂_t − sin ϕ ∂_r − D_r D cos ϕ ∂_ϕ , (4.19)

K_5 = sin z ∂_u + F_u F cos z ∂_z , (4.20)

K_6 = cos z ∂_u − F_u F sin z ∂_z , (4.21) K_7 = ∂_z . (4.22)

The Lie algebra has the following nonvanishing commutators:

[K_2, K_3] = −m K_4 , [K_2, K_4] = m K_3 , [K_3, K_4] = m K_2 , (4.23) [K_5, K_6] = − k K_7 , [K_5, K_7] = −K_6 , [K_6, K_7] = K_5 . (4.24)

Therefore the corresponding algebra is L_{Ia} = L_k ⊕ τ ⊕ so (2, 1). Here and in what follows the symbols ⊕ and ⊂+ denote and direct and semi-direct sum of sub-algebras, and the sub-algebra L_k is so (3) for k < 0 , so (2, 1) for k > 0 , and t^2 ⊂+ so (2) for k = 0 . For the present class L_k is generated by K_5, K_6 and K_7, the symbol τ is associated to the time translation K_1, and finally the infinitesimal generators of sub-algebra so (2, 1) are K_2, K_3 and K_4.

Class Ib : m^2 = 4 ω^2 , any real k , ω ≠ 0. For this class the Killing vector fields are

K_1 = ∂_t , K_2 = ∂_t − m ∂_ϕ , (4.25)

K_3 = − H D sin ϕ ∂_t + cos ϕ ∂_r − D_r D sin ϕ ∂_ϕ , (4.26)

K_4 = − H D cos ϕ ∂_t − sin ϕ ∂_r − D_r D cos ϕ ∂_ϕ , (4.27)

K_5 = − H D cos(mt + ϕ) ∂_t + sin(mt + ϕ) ∂_r + 1 D cos(mt + ϕ) ∂_ϕ , (4.28)

K_6 = − H D sin(mt + ϕ) ∂_t − cos(mt + ϕ) ∂_r + 1 D sin(mt + ϕ) ∂_ϕ , (4.29)

K_7 = sin z ∂_u + F_u F cos z ∂_z , (4.30)

K_8 = cos z ∂_u − F_u F sin z ∂_z , (4.31) K_9 = ∂_z , (4.32)

whose Lie algebra is given by [K_1, K_5] = −m K_6 , [K_1, K_6] = m K_5 , [K_2, K_3] = −m K_4 , (4.33) [K_2, K_4] = m K_3 , [K_3, K_4] = m K_2 , [K_5, K_6] = m K_1 , (4.34) [K_7, K_8] = − k K_9 , [K_7, K_9] = −K_8 , [K_8, K_9] = K_7 . (4.35)

So, the corresponding algebra for this case is L_{Ib} = L_k ⊕ so (2, 1) ⊕ so (2, 1). As in the previous class the sub-algebra L_k depends on the sign of k, and here is generated by K_7, K_8 and K_9. The two sub-algebras so (2, 1) are generated by the Killing vector fields K_1, K_5, K_6 and K_2, K_3, K_4.

Class II : m^2 = 0 , any real k , ω ≠ 0. For this class the Killing vector fields turns out to be the following:

K_1 = ∂_t , K_2 = ∂_ϕ , (4.36)

K_3 = − ω r sin ϕ ∂_t − cos ϕ ∂_r + 1 r sin ϕ ∂_ϕ , (4.37)

K_4 = − ω r cos ϕ ∂_t + sin ϕ ∂_r + 1 r cos ϕ ∂_ϕ , (4.38)

K_5 = sin z ∂_u + F_u F cos z ∂_z , (4.39)

K_6 = cos z ∂_u − F_u F sin z ∂_z , (4.40) K_7 = ∂_z . (4.41)

The Lie algebra has the following nonvanishing commutators:

[K_2, K_3] = K_4 , [K_2, K_4] = −K_3 , [K_3, K_4] = 2 ω K_1 , (4.42) [K_5, K_6] = − k K_7 , [K_5, K_7] = −K_6 , [K_6, K_7] = K_5 . (4.43)

Therefore, the corresponding algebra for this case is L_{II} = L_k ⊕ L_4. The sub-algebra L_4 is generated by K_1, K_2, K_3 and K_4. This algebra L_4 is soluble and does not contain abelian 3D sub-algebras; it is classified as type III with q = 0 by Petrov [73]. The sub-algebra L_k is the same of the previous classes and is generated by K_5, K_6 and K_7.

Class III : m^2 ≡ −μ^2 < 0 , any real k , ω ≠ 0. For this class the set of linearly independent Killling vector fields we have found is given by

K_1 = ∂_t , K_2 = 2 ω μ ∂_t + μ ∂_ϕ , (4.44)

K_3 = − H D sin ϕ ∂_t + cos ϕ ∂_r − D_r D sin ϕ ∂_ϕ , (4.45)

K_4 = − H D cos ϕ ∂_t − sin ϕ ∂_r − D_r D cos ϕ ∂_ϕ , (4.46)

K_5 = sin z ∂_u + F_u F cos z ∂_z , (4.47)

K_6 = cos z ∂_u − F_u F sin z ∂_z , (4.48) K_7 = ∂_z . (4.49)

The Lie algebra has the following nonvanishing commutators:

[K_2, K_3] = μ K_4 , [K_2, K_4] = −μ K_3 , [K_3, K_4] = μ K_2 , (4.50) [K_5, K_6] = − k K_7 , [K_5, K_7] = −K_6 , [K_6, K_7] = K_5 . (4.51)

Thus, the corresponding algebra for this case is L_{III} = L_k ⊕ τ ⊕ so (3). Here τ is associated to the Killing vector field K_1, whereas to the sub-algebra so (3) correspond K_2, K_3 and K_4. Again L_k is generated by K_5, K_6 and K_7.

Class IV : m^2 ≠ 0 , any real k , ω = 0. In the integration of the Killing equation for this general class one is led to distinguish two different subclasses according to k ≠ 0 or k = 0. We shall denote these subclasses as classes IVa and IVb, respectively.

Class IVa : m^2 ≠ 0 , k ≠ 0, ω = 0. This class corresponds to the so-called degenerated Gödel-type manifolds. One obtains for this class the following Killing vector fields:

K_1 = ∂_t , K_2 = ∂_ϕ , (4.52)

K_3 = cos ϕ ∂_r − D_r D sin ϕ ∂_ϕ , (4.53)

K_4 = − sin ϕ ∂_r − D_r D cos ϕ ∂_ϕ , (4.54)

K_5 = sin z ∂_u + F_u F cos z ∂_z , (4.55)

K_6 = cos z ∂_u − F_u F sin z ∂_z , (4.56) K_7 = ∂_z , (4.57) where D(r) = (1/m) sinh mr for m^2 > 0 , or D(r) = (1/μ) sin μr for m^2 ≡ −μ^2 < 0, and the function F (u) for k ≠ 0 is given by (3.19). The Lie algebra has the following nonvanishing commutators:

[K_2, K_3] = K_4 , [K_2, K_4] = −K_3 , [K_3, K_4] = −m^2 K_2 , (4.58) [K_5, K_6] = − k K_7 , [K_5, K_7] = −K_6 , [K_6, K_7] = K_5 , (4.59)

where one should substitute −m^2 by μ^2 if m^2 < 0. So, the corresponding Lie algebra is L_{IV a} = L_k ⊕ τ ⊕ L_m, where L_m is so (2, 1) for m^2 > 0, and so (3) for m^2 = −μ^2 < 0. The sub-algebra L_k (generated by K_5, K_6 and K_7) is so (3) for k < 0 , and so (2, 1) for k > 0 . Again τ is associated to the Killing vector field K_1.

Class IVb : m^2 ≠ 0 , k = 0, ω = 0. We shall refer to this class as doubly-degenerated Gödel-type manifolds. One obtains for this class the following Killing vector fields:

K_1 = ∂_t , K_2 = ∂_ϕ , (4.60)

K_3 = cos ϕ ∂_r − D_r D sin ϕ ∂_ϕ , (4.61)

K_4 = − sin ϕ ∂_r − D_r D cos ϕ ∂_ϕ , (4.62)

K_5 = sin z ∂_u + 1 u cos z ∂_z , (4.63)

K_6 = cos z ∂_u − 1 u sin z ∂_z , (4.64) K_7 = ∂_z , (4.65)

K_8 = u sin z ∂_t + t sin z ∂_u + 1 u t cos z ∂_z , (4.66)

K_9 = u cos z ∂_t + t cos z ∂_u − 1 u t sin z ∂_z , (4.67)

where again D(r) = (1/m) sinh mr for m^2 > 0 , or D(r) = (1/μ) sin μr for m^2 ≡ −μ^2 < 0.

The Lie algebra has the following nonvanishing commutators:

[K_2, K_3] = K_4 , [K_2, K_4] = −K_3 , [K_3, K_4] = −m^2 K_2 , (4.68) [K_5, K_7] = −K_6 , [K_6, K_7] = K_5 , [K_1, K_8] = K_5 , (4.69) [K_1, K_9] = K_6 , [K_5, K_8] = K_1 , [K_6, K_9] = K_1 , (4.70) [K_7, K_8] = K_9 , [K_7, K_9] = −K_8 , [K_8, K_9] = −K_7 , (4.71)

where one should substitute −m^2 by μ^2 if m^2 < 0. So, the corresponding Lie algebra is L_{IV b} = t^3 ⊂+ so (2, 1) ⊕ L_m, where L_m is generated by K_2, K_3, K_4, and is either so (2, 1) or so (3) depending on whether m^2 > 0 or m^2 = −μ^2 < 0. The sub-algebra t^3 ⊂+ so (2, 1) is generated by K_1, K_5, K_6, K_7, K_8, K_9.

Class V : m^2 = 0 , k ≠ 0, ω = 0. A set of linearly independent Killing vector field for this class is

K_1 = ∂_t , K_2 = ∂_ϕ , (4.72)

K_3 = cos ϕ ∂_r − 1 r sin ϕ ∂_ϕ , (4.73)

K_4 = − sin ϕ ∂_r − 1 r cos ϕ ∂_ϕ , (4.74)

K_5 = sin z ∂_u + F_u F cos z ∂_z , (4.75)

K_6 = cos z ∂_u − F_u F sin z ∂_z , (4.76)

K_7 = ∂_z , (4.77)

K_8 = r sin ϕ ∂_t + t sin ϕ ∂_r + 1 r t cos ϕ ∂_ϕ , (4.78)

K_9 = r cos ϕ ∂_t + t cos ϕ ∂_r − 1 r t sin ϕ ∂_ϕ , (4.79)

where F (u) depends upon the sign of k and is given by eq. (3.19).

The Lie algebra has the following nonvanishing commutators:

[K_2, K_3] = K_4 , [K_2, K_4] = −K_3 , [K_5, K_6] = − k K_7 , (4.80) [K_5, K_7] = −K_6 , [K_6, K_7] = K_5 , [K_1, K_8] = −K_4 , (4.81) [K_1, K_9] = K_3 , [K_4, K_8] = −K_1 , [K_3, K_9] = K_1 , (4.82) [K_2, K_8] = K_9 , [K_2, K_9] = −K_8 , [K_8, K_9] = −K_2 . (4.83)

So, the corresponding Lie algebra is L_V = t^3 ⊂+ so (2, 1) ⊕ L_k, where L_k is generated by K_5, K_6, K_7, and is either so (2, 1) or so (3) depending on whether k > 0 or k < 0. The sub-algebra t^3 ⊂+ so (2, 1) is generated by K_1, K_2, K_3, K_4, K_8, K_9.

Class VI : m^2 = 0 , k = 0, ω = 0. From (3.12) – (3.14) this case corresponds to the 5D flat manifold whose Lie algebra is L_{V I} = so (4, 1) since it clearly has the well known fifteen Killing vector fields, namely five translations, four spacetime rotations, and six space rotations.

It is worth noting that none of the above Lie algebras is semi-simple, but some of their sub-algebras are. Besides, most of the simple sub-algebras are noncompact. The 3D sub-algebra so (3) present in all classes is compact, though.

The number of Killing vector fields we have found for each of the above six classes makes explicit that the 5D locally homogeneous generalized Gödel-type manifolds admit a group of isometry G_7 when (1a): m^2 ≠ 4 ω^2 , any real k , ω ≠ 0, or when (1b): m^2 ≠ 0, k ≠ 0, ω = 0 . Groups G_9 of isometry occur when (2a): m^2 = 4 ω^2, any real k, ω ≠ 0, or (2b): m^2 ≠ 0, k = 0, ω = 0, or when (2c): m^2 = 0, k ≠ 0, ω = 0. Clearly when m^2 = ω = k = 0 there is G_{15}. These possible groups are in agreement with theorem 3 of the previous section. Actually the integration of the Killing equations constitutes a different way of deriving that theorem. Furthermore, these equations also show that the isotropy subgroup H of G_r is such that dim (H) = 2 when the above conditions (1a) and (1b) are satisfied, while the conditions (2a), (2b) and (2c) lead to dim (H) = 4 , also in agreement with the previous section. Clearly dim (H) = 10 when m^2 = ω = k = 0.

5 Causal Anomalies and Final Remarks

In this section we shall initially be concerned with the problem of causal anomalies in the generalized Gödel-type manifolds. Then we proceed by examining whether the IM gravity allows solutions of generalized Gödel-type metrics (3.16). Finally, we conclude by addressing to the general question as to whether the IM gravity theory rules out the 4D noncausal Gödel-type solutions to Einstein’s equations of general relativity.

In the first three of the six classes of homogeneous generalized Gödel-type manifolds we have discussed in Section 3, there are closed timelike curves. Indeed, the analysis made in a previous paper [64] can be easily extended to the generalized 5D Gödel-type manifolds of the present article. To this end, we write the line element (3.16) in the form ds^2 = dt^2 + 2 H(r) dt dϕ − dr^2 − G(r) dϕ^2 − F^2(u) dz^2 − du^2 , (5.1) where G(r) = D^2 −H^2 and (r, ϕ, z) are cylindrical coordinates. Now, the existence of closed timelike curves of the Gödel-type depends on the behavior of G(r). Indeed, if G(r) < 0 for a certain range of r (r_1 < r < r_2, say), Gödel’s circles [74] u, t, z, r = const are closed timelike curves.

Since one can always make H = 0 for the generalized Gödel-type manifolds of classes IV, V and VI, then G(r) > 0 for all r > 0. Thus there are no closed timelike Gödel’s circles in these classes of manifolds.

On the other hand, following the above-outlined reasoning it easy to show (see [64] for details) that for each of the remaining three classes (Class I to Class III) one can always find a critical radius r_c such that for all r > r_c one has G(r) < 0, making clear that there are closed timelike curves in these families of homogeneuous generalized Gödel-type manifolds. However, in what follows we shall show that these types of noncausal curved manifolds are not permitted in the context of the induced matter theory.

In the Lorentz frame ^Θ^A given by (4.1) the nonvanishing frame components of the Einstein tensor ^G_{AB} = ^R_{AB} −^1_2 R ^η_{AB} are

^G_{00} = − D^{′′} D + 3 4 ( H^′ D )2 − F̈ F , (5.2)

^G_{02} = 1 2 ( H^′ D )_′ , (5.3)

^G_{11} = ^G_{22} = 1 4 ( H^′ D )2 + F̈ F , (5.4)

^G_{33} = ^G_{44} = D^{′′} D − 1 4 ( H^′ D )2 , (5.5)

where the prime and dot denote derivative with respect to r and u, respectively.

The field equations (1.2) require that ^G_{02} = 0, which in turn implies that H^′ D = const ≡ −2 ω . (5.6)

Inserting (5.6) into (5.4), (5.5) and (5.2) one easily finds that the IM field equations are fulfilled if and only if the independent parameters ω, k and m^2 [ see eqs. (3.9) – (3.10 ] vanish identically, which leads to the only solution given by

H = a , D = b r + c , and F = β u + γ, (5.7) where a, b, c, β, and γ are arbitrary real constants. However, these constants have no physical meaning, and can be taken to be a = c = γ = 0 and b = β = 1 by a suitable choice of coordinates. Indeed, if one performs the coordinate transformations t = t̄ − a b ϕ̄ , r = r̄ − c b , (5.8) ϕ = ϕ̄ b , z = z̄ β , u = ū − γ β , (5.9) the line element (5.1) becomes

dŝ^2 = dt̄^2 − dr̄^2 − r̄^2 dϕ̄^2 − dz̄^2 − dū^2 , (5.10)

in which we obviously have G(r̄) = r̄^2 > 0 for r̄ ≠ 0. The line element (5.10) corresponds to a manifestly flat 5D manifold, making it clear that the underlying manifold can be taken to be the simply connected Euclidean manifold R^5, and therefore as G(r̄) > 0 no closed timelike circles are permitted. Furthermore the above results clearly show that the IM theory does not admit any curved 5D Gödel-type metric (3.16) as solution to its field equations (1.2).

However, in a recent work Mc Manus [17] has shown that a one-parameter family of solutions of the field equations (1.2) previously found by Ponce de Leon [75] was in fact flat in five dimensions. And yet the corresponding 4D induced models were shown to be a perfect fluid family of Friedmann-Robertson-Walker curved models (see Refs. [11, 13, 19] and also [76] – [78], where other Riemann-flat solutions are also discussed).

Therefore a question which naturally arises here is whether the above 5D flat metric, which is the only solution to the IM field equations, can similarly give rise to any 4D curved spacetime. However, from (5.10) one obviously has that the corresponding 4D spacetime is nothing but the Minkowski flat space (this result can also be derived by using a computer algebra package as, e.g., classi [71, 69] to calculate the 4D curvature tensor for m^2 = ω = 0 ). In brief, the only solution of the IM field equations (1.2) of generalized Gödel-type is the 5D flat space (5.7), which give rise only to the 4D Minkowski (flat) spacetime, whose topology can be taken to be the simply connected Euclidean R^5, in which no closed timelike curves are permitted.

Although the above results can be looked upon as if the induced matter theory works as an effective therapy for the causal anomalies which arises when one starts from the specific generalized 5D Gödel-type family of metrics (5.1), this does not ensure that the induced matter version of general relativity is an efficient treatment for the causal anomalies (solutions with closed timelike curves) in general relativity as it has been conjectured in [65]. Actually, in a recent paper (which unfortunately has not been initially noticed by Rebouças and Teixeira [65]) Romero et al. [67] (see also [79]) have shown that the induced matter 5D scheme is indeed general enough to locally generate all solutions to 4D Einstein’s field equations. This is ensured by a theorem due to Campbell [80] which states that any analytic n-dimensional Riemannian space can be locally embedded in a (n + 1)-dimensional Ricci-flat space. In our context this amounts to saying that there must exist a five-dimensional Ricci-flat space which locally gives rise to the 4D Gödel noncausal solution of Einstein’s equations of general relativity. Thus, what still remains to be done regarding Gödel-type spaces is to find out this 5D Ricci-flat space which gives rise (locally) to the 4D Gödel-type spacetimes of general relativity.

To conclude it is worth stressing some features of the local underlying embedding of the induced matter theory. Any Riemann-flat manifold obviously is also Ricci-flat. The reverse, however, does not necessarily holds, and one can have Ricci-flat spaces which are not Riemann-flat. For the generalized 5D Gödel-type geometries we have discussed in this paper the condition for Ricci-flatness ( ^R_{AB} = 0) necessarily leads to Riemann-flat spaces. Remarkably many solutions of the field equations (1.2) are indeed Riemann-flat (see [11, 17, 19] and [75] – [78]). From a purely mathematical 5D point of view all Riemannflat spaces are locally equivalent (locally isometric). However, from the viewpoint of the 5D induced matter gravity all the above-referred 5D Riemann-flat solutions give rise to physically (and geometrically) distinct 4D spacetimes [11, 17, 19], [75] – [78]. On the other hand, in the light of the equivalence problem techniques we have discussed in Section 2, these 5D Riemann-flat examples also show that all 5D Cartan scalars (2.3) can vanish identically, with or without the vanishing of the corresponding (induced) 4D Cartan scalars.

Acknowledgement

The authors are grateful to the scientific agency CNPq for the grants under which this work was carried out. M.J. Rebouças thanks C. Romero, V.B. Bezerra and J.B. Fonseca-Neto for motivating and fruitful discussions.

References

[1] A. Einstein, The meaning of relativity, Princeton U. P., Princeton (1956). [2] J. A. Wheeler, Einstein’s Vision, Springer-Verlag, Berlin (1968). [3] A. Salam, Rev. Mod. Phys. 52, 525 (1980). [4] P. S. Wesson, Gen. Rel. Grav. 22, 707 (1990).

[5] P. S. Wesson and J. Ponce de Leon, J. Math. Phys. 33, 3883 (1992). [6] J. M. Overduin and P. S. Wesson, Phys. Rep. 283, 303 (1997). [7] J. Ponce de Leon and P. S. Wesson, J. Math. Phys. 34, 4080 (1993). [8] P. S. Wesson, J. Ponce de Leon, P. H. Lim and H. Liu, Int. J. Mod. Phys. D 2, 163 (1993).

[9] P. S. Wesson, Mod. Phys. Lett. A 10, 15 (1995).

[10] S. Rippl, C. Romero and R. Tavakol, Class. Quant. Grav. 12, 2411 (1995). [11] P. S. Wesson, J. Ponce de Leon, H. Liu, B. Mashhoon, D. Kalligas, C. W. F. Everitt, A. Billyard, P. H. Lim and J. M. Overduin, Int. J. Mod. Phys. A 11, 3247 (1996).

[12] P. S. Wesson, Mod. Phys. Lett. A 7, 921 (1992). [13] P. S. Wesson, Astrophys. J. 394, 19 (1992). [14] P. S. Wesson and H. Liu, Astrophys. J. 440, 1 (1995). [15] P. S. Wesson and J. Ponce de Leon, Astron. Astrophys. 294, 1 (1995). [16] H. Liu and P. S. Wesson, Int. J. Mod. Phys. D 3, 627 (1994). [17] D. J. Mc Manus, J. Math. Phys. 35, 4889 (1994). [18] A. A. Coley, Astrophys. J. 427, 585 (1994).

[19] A. A. Coley and D. J. Mc Manus, J. Math. Phys. 36, 335 (1995). [20] P. S. Wesson and J. Ponce de Leon, Gen. Rel. Grav. 26, 555 (1994). [21] B. Mashhoon, H. Liu and P. S. Wesson, Phys. Lett. B 331, 305 (1994). [22] P. S. Wesson, Phys. Lett. B 276, 299 (1992). [23] H. Liu and P. S. Wesson, J. Math. Phys. 33, 3888 (1992). [24] P. S. Wesson and J. Ponce de Leon, Class. Quant. Grav. 11, 1341 (1994). [25] H. Liu and P. S. Wesson, Class. Quant. Grav. 13, 2311 (1996). [26] A. Billyard and P. S. Wesson, Phys. Rev. D 53 731 (1996). [27] P. H. Lim and P. S. Wesson, Astrophys. J. 397, L91 (1992). [28] D. Kalligas, P. S. Wesson and C. W. F. Everitt, Astrophys. J. 439, 548 (1995). [29] P. H. Lim, J. M. Overduin and P. S. Wesson, J. Math. Phys. 36, 6907 (1995). [30] P. S. Wesson, H. Liu and P. H. Lim, Phys. Lett. B 298, 69 (1993). [31] H. Liu, P. S. Wesson and J. Ponce de Leon, J. Math. Phys. 34, 4070 (1993). [32] H. Liu and P. S. Wesson, Phys. Lett. B 381, 420 (1996). [33] K. Gödel, Rev. Mod. Phys. 21, 447 (1949).

[34] M. M. Som and A. K. Raychaudhuri, Proc. Roy. Soc. London A 304, 81 (1968). [35] A. Banerjee and S. Banerji, J. Phys. A 1, 188 (1968). [36] F. Bampi and C. Zordan, Gen. Rel. Grav. 9, 393 (1978). [37] M. Novello and M. J. Rebouças, Phys. Rev. D 19, 2850 (1979). [38] M. J. Rebouças, Phys. Lett. A, 70, 161 (1979).

[39] A. K. Raychaudhuri and S. N. G. Thakurta, Phys. Rev. D 22, 802 (1980). [40] S. K. Chakraborty, Gen. Rel. Grav. 12, 925 (1980). [41] M. J. Rebouças and J. Tiomno, Phys. Rev. D 28, 1251 (1983). [42] A. F. F. Teixeira, M. J. Rebouças and J. E. Åman, Phys. Rev. D 32, 3309 (1985).

Note that in this reference there are two misprints, namely: in eq.(5) the term −R_z should read +R_z, and in eq. (38) the term κ_3 mD should read κ_3 m^2D.

[43] M. J. Rebouças and A. F. F. Teixeira, Phys. Rev. D 34, 2985 (1986). [44] M. J. Rebouças, J. E. Åman and A. F. F. Teixeira, J. Math. Phys. 27, 1370 (1986). [45] M. J. Rebouças and J. E. Åman, J. Math. Phys. 28, 888 (1987). [46] F. M. Paiva, M. J. Rebouças and A. F. F. Teixeira, Phys. Lett. A 126, 168 (1987).

[47] K. Dunn, Gen. Rel. Grav. 21, 137 (1989). [48] R. X. Saibatalov, Gen. Rel. Grav. 7, 697 (1995).

[49] M. Rooman and Ph. Spindel, Class. Quant. Grav. 15, 3241 (1998). [50] M. Tsamparlis, D. Nikolopoulos and P.S. Apostolopoulos, Class. Quat. Grav. 15, 2909 (1998).

[51] A.M. Candela and M. Sánchez, “Geodesic Connectedness in Gödel-type Space-times” Report 17/98, Dipartimento Interuniversitario di Matematica, Università degli Studi - Politecnico di Bari (1998).

[52] A. Krasiński, J. Math. Phys. 39, 2148 (1998). This reference contains a quite good overview of the literature on rotating models in general relativity.

[53] E. P. V. Vaidya, M. L. Bedran and M. M. Som, Prog. Theor. Phys. 72, 857 (1984). [54] L. L. Smalley, Phys. Rev. D 32, 3124 (1985).

[55] J. D. Oliveira, A. F. F. Teixeira and J. Tiomno, Phys. Rev. D 34, 3661 (1986). [56] L. L. Smalley, Phys. Lett. A 113, 463 (1986). [57] W. M. Silva-Jr., J. Math. Phys. 32, 3223 (1991).

[58] A. J. Accioly and A. T. Gonçalves, J. Math. Phys. 28, 1547 (1987). [59] A. J. Accioly and G. E. A. Matsas, Phys. Rev. D 38, 1083 (1988). [60] T. Singh and A. K. Agrawal, Fortschr. Phys. 42, 71 (1994). [61] J. D. Barrow and M. P. Dabrowski, Phys. Rev. D 58, 103502 (1998). [62] J. E. Åman, J. B. Fonseca-Neto, M. A. H. MacCallum and M. J. Rebouças, Class.

Quant. Grav. 15, 1089 (1998).

[63] J.B. Fonseca-Neto and M.J. Rebouças, Gen. Rel. Grav. 30, 1301 (1998). [64] M. J. Rebouças and A. F. F. Teixeira, J. Math. Phys. 39, 2180 (1998). [65] M. J. Rebouças and A. F. F. Teixeira, Int. J. Mod. Phys. A 13, 3181 (1998). [66] E. Cartan, “Leçons sur la Géométrie des Éspaces de Riemann”, Gauthier-Villars, Paris (1928, 2nd ed. 1946, reprinted 1951). English translation by J. Glazebrook, Math Sci Press, Brookline (1983).

[67] C. Romero, R. Tavakol and R. Zalaletdinov, Gen. Rel. Grav. 3, 365 (1996). [68] A. Karlhede, Gen. Rel. Grav. 12, 693 (1980).

[69] M. A. H. MacCallum and J. E. F. Skea, “sheep: A Computer Algebra System for General Relativity”, in Algebraic Computing in General Relativity, Lecture Notes from the First Brazilian School on Computer Algebra, Vol. II, edited by M. J. Rebouças and W. L. Roque. Oxford U. P., Oxford (1994). See also references therein.

[70] S. W. Hawking and G. F. R. Ellis, “The Large Scale Structure of Space-Time”, Cambridge U. P., Cambridge (1973).

[71] J. E. Åman, “Manual for classi: Classification Programs for Geometries in General Relativity”, Institute of Theoretical Physics Technical Report, 1987. Third provisional edition. Distributed with the sheep sources.

[72] The integration of the Killing equations for these classes of generalized Gödel-type manifolds, which will be performed in the next section, shows that the isotropy group indeed depends on these special relations between the essential parameters ω, k and m^2 .

[73] A. Z. Petrov, “Einstein Spaces”, first English edition, Pergamon Press (1969). See page 63.

[74] M. O. Calvão, M. J. Rebouças, A. F. F. Teixeira, W. M. Silva-Jr., J. Math. Phys. 29, 1127 (1988).

[75] J. Ponce de Leon, Gen. Rel. Grav. 20, 539 (1988).

[76] G. Abolghasem, A. A. Coley and D. J. Mc Manus, J. Math. Phys. 37, 361 (1996). [77] A. Billyard and P. S. Wesson, Gen. Rel. Grav. 28, 137 (1996). [78] H. Liu and P. S. Wesson, Gen. Rel. Grav. 30, 509 (1998).

[79] J. E. Lidsey, C. Romero, R. Tavakol and S. Rippl, Class. Quant. Grav. 14, 865 (1997). [80] J. E. Campbell “A Course of Differential Geometry”, Clarendon Press, Oxford (1926).