gr-qc/9905035 11 May 1999

Mirror Images of String Cosmologies

James E. Lidsey^1

Astronomy Unit, School of Mathematical Sciences, Queen Mary and Westfield College, Mile End Road, London, E1 4NS, U.K.

Abstract

A discrete symmetry of the four–dimensional string effective action is employed to derive spatially homogeneous and inhomogeneous string cosmologies from vacuum solutions of general relativity that admit two commuting spacelike Killing vectors. In particular, a tilted Bianchi type V cosmology is generated from a vacuum type VI_h solution and a plane wave solution with a bounded and oscillating dilaton field is found from a type VII_h model. Further applications are briefly discussed.

PACS NUMBERS: 98.80, 04.50.+h, 11.25.Mj

1Electronic mail: J.E.Lidsey@qmw.ac.uk

The cosmological implications of string theory are currently receiving considerable attention [1, 2, 3, 4, 5]. Although a non–perturbative formulation of the theory has yet to be established, the low–energy effective action provides a framework for describing the evolution of the very early universe immediately below the string scale. This era represents a natural environment for establishing observational constraints on the theory and addressing central questions such as whether it admits realistic inflationary universes [1, 2].

The search for cosmological solutions to the string equations of motion is therefore well motivated. The majority of studies to date have investigated spatially homogeneous backgrounds, including the isotropic Friedmann–Robertson–Walker (FRW) cosmologies [3], the Bianchi models [4] and Kantowski–Sachs universes [5]. Since our understanding of the geometry of the universe near the string scale is incomplete, however, it is important to consider the role of inhomogeneities in string cosmology. The field equations for inhomogeneous backgrounds are in general very difficult to solve, but further progress can be made by considering models where homogeneity is broken along one spatial direction. String cosmologies satisfying this property were recently derived by employing a variety of methods [6].

The purpose of the present letter is to show that a wide class of homogeneous and inhomogeneous string cosmologies may be generated in a very straightforward manner from known vacuum solutions of general relativity. We employ a discrete Z_2 symmetry that arises in the Neveu–Schwarz/Neveu–Schwarz (NS–NS) sector of the effective action when the space–time admits two commuting spacelike Killing vectors [7].

To lowest order in the inverse string tension, α^′, the four–dimensional effective NS–NS action is [8] S = ∫ d^4x √ −Ge^{−Φ} [ R(G) + (∇Φ)^2 − 1 12 H_{μνλ}H^{μνλ} ] , (1)

where R is the Ricci curvature scalar of the space–time with metric G_{μν} , Φ is the dilaton field, H_{μνλ} ≡ ∂_{[μ}B_{νλ]} is the field strength of the antisymmetric two–form potential, B_{μν} , and G ≡ detG_{μν} . It is convenient to perform the conformal transformation to the ‘Einstein frame’:

g_{μν} ≡ Θ^2G_{μν} , Θ^2 ≡ e^{−Φ}. (2)

The effective action (1) then takes the form S = ∫ d^4x √ −g [ R(g) − 1 2 (∇Φ)^2 − 1 12 e^{−2Φ}H_{μνλ}H^{μνλ} ] , (3)

where g ≡ detg_{μν} .

In four–dimensions, the field strength of the two–form potential is dual to a one– form. We may therefore apply a duality transformation: H^{μνλ} ≡ ϵ^{μνλκ}e^{2Φ}∇_κσ, (4) where σ represents a pseudo–scalar axion field and ϵ^{μνλκ} is the covariantly constant four–form. The action (3) is then equivalent to the non–linear sigma–model S = ∫ d^4x √ −g [ R + 1 4 Tr ( ∇N∇N^{−1} )] , (5)

where N ≡ ( e^Φ σe^Φ σe^Φ e^{−Φ} + σ^2e^Φ ) (6) is a symmetric SL(2, R) matrix. The dilaton and axion parametrize the SL(2, R)/U(1) coset and Eq. (5) is invariant under global SL(2, R) transformations:

g̃_{μν} = g_{μν} , Ñ = ΩNΩ^T , (7)

where Ω ≡ ( d c b a ) , ad − bc = 1 (8) is a constant SL(2, R) matrix.

We consider the class of metrics defined by the block diagonal line element

ds^2 = h_{αβ}(x^ϵ)dx^αdx^β + γ_{ab}(x^ϵ)dx^adx^b, (9)

where {x^α = t, x} and {x^a = y, z}. The functions h_{αβ} and γ_{ab} depend only on the variables t and x and spatial homogeneity is broken along the x–direction [9, 10]. Eq. (9) admits two commuting spacelike Killing vectors, ∂/∂x^a, and there exists an abelian group, G_2, of isometries. We refer to this class of metrics as G_2 models.

If all massless excitations in the string action (5) are functions only of t and x, we may integrate over the transverse coordinates to derive an effective two–dimensional action: S = ∫ d^2x √ −he^{−γ} [ R_2 + 1 2 (∇γ)^2 + 1 4 Tr ( ∇f∇f^{−1} ) + 1 4 Tr ( ∇N∇N^{−1} )] , (10)

where R_2 is the Ricci curvature of the (1 + 1)–dimensional manifold with metric h_{αβ}, h ≡ deth_{αβ} and γ ≡ −(ln detγ_{ab})/2. The symmetric 2 × 2 matrix, f_{ab} ≡ e^γγ_{ab}, is an element of SL(2, R) and may be expressed in the form f ≡ ( e^V ωe^V ωe^V e^{−V} + ω^2e^V ) . (11)

Thus, the scalar functions V and ω parametrize a second SL(2, R)/U(1) coset.

The field equations derived from Eq. (10) admit an infinite–dimensional symmetry that can be identified infinitesimally with the O(2, 2) current algebra [7, 11, 12]. The well–known non–compact, global O(2, 2) and SL(2, R) symmetries may be embedded in this larger symmetry. As discussed by Bakas [7], however, there exists a further Z_2 symmetry that corresponds to a discrete interchange of the field content of the two SL(2, R)/U(1) cosets in Eq. (10):

Ñ_{ab} = f_{ab}, f̃_{ab} = N_{ab}. (12)

The two–metric, h_{αβ}, and determinant, γ, are invariant under this transformation.

Eq. (12) is not part of the SL(2, R) transformation (7) because the Einstein–frame metric, g_{μν} , does not transform as a singlet. Moreover, it is not part of the global O(2, 2) symmetry [13]. This symmetry leaves the shifted dilaton field, ϕ ≡ Φ + γ, invariant and, in general, the dilaton is not a singlet under Eq. (12), whereas γ is. In effect, Eq. (12) interchanges the dilaton and axion fields with the components of the metric on the surfaces of orthogonality. The axion field is interchanged with the off–diagonal component, ω, in Eq. (11) and the dilaton field with the function V .

A string background is parametrized in terms of the massless degrees of freedom {G_{μν} , Φ, B_{μν} }. In this sense, a vacuum solution to Einstein gravity may be viewed as the subset of string backgrounds, {G_{μν} , 0, 0}, where the dilaton and two–form potential are trivial. Application of Eq. (12) to a given string background then leads to a new solution {G̃_{μν} , Φ̃, B̃_{μν} } that admits a different space–time interpretation. The latter solution may be viewed as the ‘mirror image’ of the former.

We now employ the invariance (12) to derive inhomogeneous string cosmologies containing both dilaton and axion fields from vacuum G_2 solutions. The Gowdy models are the class of vacuum G_2 cosmologies where the spacelike hypersurfaces are compact [14]. The allowed topologies are a three–torus, S^1 × S^1 × S^1, a hypertorus, S^1 × S^2, and a three–sphere, S^3. Without loss of generality, the toroidal models may be written in the form

ds^2 = e^k ( −dt^2 + dx^2 ) + t ( e^pdy^2 + e^{−p}dz^2 ) , (13)

where k and p represent the longitudinal and transverse parts of the gravitational field, respectively, and are functions of t and x. The vacuum Einstein field equations then reduce to

p̈ + 1 t ṗ − p^{′′} = 0 (14)

k̇ = − 1 2t + t 2 ( ṗ^2 + p^{′2} ) (15)

k^′ = tṗp^′, (16)

where a dot and prime denote ∂/∂t and ∂/∂x, respectively. The general solution to Eqs. (14)–(16) consistent with the toroidal boundary conditions is known [14, 15].

Since the metric (13) is diagonal, a direct application of Eq. (12) would generate a string solution with only the dilaton field excited. The simplest method for introducing an off–diagonal term in the metric is to perform an SL(2, R) transformation in the two–space of the Killing vectors, ∂/∂x^a:

f̃ = ΘfΘ^T , Θ ≡ ( D C B A ) , (17) where AD − BC = 1 and all other variables are invariant [16]. The transverse metric (11) then transforms to

e^Ṽ = C^2e^{−V} + D^2e^V (18)

ω̃ = ACe^{−V} + BDe^V C^2e^{−V} + D^2e^V

. (19)

Eq. (17) does not commute with the discrete transformation (12) and the two may be employed together to generate the axion field. Applying Eq. (17), followed by the discrete transformation (12), leads to a new class of inhomogeneous string cosmologies with non–trivial dilaton and axion fields:

ds^2 = e^k ( −dt^2 + dx^2 ) + t ( dy^2 + dz^2 ) (20)

Φ = ln [ C^2e^{−p} + D^2e^p ] (21) σ = ACe^{−p} + BDe^p C^2e^{−p} + D^2e^p

, (22)

where p solves Eq. (14). The metric in the string frame is then given by substituting Eqs. (20) and (21) into Eq. (2):

dS^2 = e^{k+Φ} ( −dt^2 + dx^2 ) + te^Φ ( dy^2 + dz^2 ) . (23)

There is no preferred direction in the transverse space in Eq. (20) and this implies the existence of a one–parameter isotropy group in addition to the G_2 isometry group. The mirror images of the toroidal Gowdy models are therefore locally rotationally symmetric (LRS) inhomogeneous cosmologies with plane symmetry. We remark that a similar analysis may be applied to the hypertorus and three–sphere Gowdy models.

We now discuss further applications of Eq. (12) within the context of the spatially homogeneous cosmologies that admit an abelian subgroup G_2 of isometries. This includes the Bianchi types I–VII and the LRS types VIII and IX [17]. The general spatially homogeneous vacuum solution with a simply transitive Lie group G_3 = ℜ^3 is the type I Kasner solution [18]:

ds^2 = −dt^2 + t^{2p1} dx^2 + t^{2p2}dy^2 + t^{2p3}dz^2, (24)

where

∑_3

i=1 p_i =

∑_3

i=1 p^2_i = 1. Applying Eqs. (17) and Eq. (12) yields the LRS type I solution:

ds^2 = −dt^2 + t^{2p1} dx^2 + t^{p2+p3} ( dy^2 + dz^2 ) Φ = ln [ C^2t^{p3−p2} + D^2t^{p2−p3} ]

σ = ACt^{p3−p2} + BDt^{p2−p3} C^2t^{p3−p2} + D^2t^{p2−p3}

(25) and this reduces to the general, spatially flat FRW string cosmology when p_2 = (1 − √ 3)/3 and p_3 = (1 + √ 3)/3 [3].

One of the simplest examples of a spatially curved, anisotropic model is the Bianchi type V. A vacuum type V solution was found by Joseph [19]:

ds^2 = sinh 2t ( −dt^2 + dx^2 + e^{−2x} [ (tanht) √ 3 dy^2 + (tanht)^− √ 3 dz^2 ]) (26)

and Eqs. (17) and (12) yield its mirror image:

ds^2 = sinh 2t [ −dt^2 + dx^2 + e^{−2x} ( dy^2 + dz^2 )] Φ = ln [ C^2 (tanht)^− √ 3 + D^2 (tanht) √ 3 ]

σ = AC (tanht)^− √ 3 + BD (tanht) √ 3 C^2 (tanht)^− √ 3 + D^2 (tanht) √ 3 . (27)

This is the general solution for the negatively curved FRW string cosmology [3].

The Joseph vacuum solution was generalized by Ellis and MacCallum to Bianchi type VI_h [20]:

ds^2 = sinh 2t [ A^b ( −dt^2 + dx^2 ) + Ae^{2(1+b)x}dy^2 + A^{−1}e^{2(1−b)x}dz^2 ] , (28)

where A ≡ (sinh 2t)^b (tanht) √ 3+b2 (29)

and b^2 ≡ −1/h. This corresponds to the Joseph type V solution when b = 0. The mirror image of the Ellis–MacCallum type VI_h cosmology is

ds^2 = sinh 2t [ A^b ( −dt^2 + dx^2 ) + e^{2x} ( dy^2 + dz^2 )] , (30)

where the dilaton and axion fields are given by Eqs. (21) and (22), respectively, with

e^p = (sinh 2t)^b (tanht) √ 3+b2 e2bx. (31) A calculation of the structure constants of the isometry group of Eq. (30) implies that it is a LRS Bianchi type V cosmology. Furthermore, the fluid flows associated with the dilaton and axion fields are not orthogonal to the surfaces of homogeneity, t = constant. Thus, Eq. (30) represents a tilted LRS Bianchi type V string cosmology.

Finally, we consider the vacuum type VII_h plane wave solution [21]:

ds^2 = −dt^2 + s^{−2}t^2dx^2 + t^{2s}e^{−2x}dl^2, (32)

where

dl^2 = cosh μ ( dy^2 + dz^2 ) − sinh μ [( dy^2 − dz^2 ) cos 2ku + 2dydz sin 2ku ] (33) and u ≡ x − s ln t, s^{−1} ≡ 1 + k^2sinh^2μ and {k, μ} are constants. This metric may be interpreted as two monochromatic, circularly–polarized gravitational waves with vectors ±k travelling in the ±x directions with constant amplitudes μ [22]. It can be shown that this metric admits a covariantly constant null Killing vector field, l_ν ≡ ∂_νu, l_νl^ν = 0, and is therefore an exact solution to the classical string equations of motion to all orders in the inverse string tension [23].

The mirror image of the Lukash solution is ds^2 = −dUdV + U^{2s} ( dy^2 + dz^2 ) , (34)

where U ≡ te^{−x/s} and V ≡ te^{x/s} and the dilaton and axion fields are given by

e^Φ = cosh μ − sinh μ cos 2ku (35) σ = − sin 2ku sinh μ cosh μ − sinh μ cos 2ku

, (36)

respectively. The energy momentum tensor for the matter fields may be written in the form T_{μν} = Π(u)l_μl_ν, where Π = Π(u) is a scalar function of the light–cone coordinate u. Thus, Eq. (34) may be interpreted as a conformally flat plane wave background with pure radiation (null dust). It is interesting because it is also exact to all order in α^′ due to the existence of the covariantly constant null Killing vector field. The dilaton field oscillates with a constant frequency and is bounded from above and below. In the string frame, this field parametrizes the effective gravitational (string) coupling, g^2_s ≡ e^Φ, and Eq. (34) is therefore an example of an exact string solution with an oscillating, but bounded, gravitational ‘constant’.

We conclude with a discussion of further applications of the symmetry (12). It is important to emphasize that different space–time interpretations apply to solutions related by Eq. (12). This is evident from the simple derivation of the general, negatively curved FRW string cosmology from the Jacobs vacuum type V solution. In general, Eq. (12) may be employed to derive inhomogeneous G_2 string cosmologies with non–trivial dilaton and axion fields from solutions where neither of these fields is initially trivial. This includes backgrounds constructed from conformal field theories (see Ref. [7] and references therein).

These string models have a number of important physical applications. They allow density perturbations in string–inspired inflationary models such as the pre–big bang scenario to be studied [25]. The propagation of gravitational waves in string backgrounds may also be analyzed in terms of G_2 space–times [26]. Furthermore, the collision of self–gravitating plane waves can be modelled as the time reversal of a G_2 cosmology in the vicinity of the big bang singularity [24].

We applied the discrete symmetry (12) within the context of vacuum general relativity. This is interesting because exact, vacuum G_2 solutions to Einstein gravity have been extensively studied [27] and a large number of solution–generating techniques are known [10]. New algorithms that include Eq. (12) may be developed to generate the corresponding string cosmologies. For example, there exist a number of methods for generating inequivalent G_2 vacuum solutions with off–diagonal terms in the spatial metric [28]. Together with Eq. (12), these will lead to different string solutions to those derived in this work. Alternatively, cosmological models with a single, minimally coupled scalar field may be generated from vacuum solutions by means of the algorithm introduced by Barrow [29] and developed by Wainwright, Marshman and Ince [30]. These solutions could then serve as seeds for generating string backgrounds in the manner outlined above. Moreover, once a solution with non–trivial dilaton and two–form potential has been derived in this way, more general type II string backgrounds with non–trivial Ramond–Ramond fields can be found directly [31].

Finally, we outline a related method for deriving four–dimensional string cosmologies from vacuum Einstein gravity. The SL(2, R) symmetry (7) of the effective action (5) may be interpreted geometrically by considering the compactification of six–dimensional vacuum Einstein gravity, S = ∫ d^6x √ −g_6R_6, on a non–dynamical two–torus. Assuming the ansatz

ds^2_6 =^{(4)}g_{μν} (x)dx^μdx^ν + e^{−Φ(x)}dy^2_6 + e^{Φ(x)} (dy_5 + σ(x)dy_6)^2 (37)

for the higher–dimensional metric and integrating over the spatial variables y^i (i = 5, 6) then leads to an effective four–dimensional action that is formally equivalent to Eq. (5) if the dilaton and axion fields are identified with the appropriate degrees of freedom in the metric (37).

Thus, four–dimensional string backgrounds may be derived directly from six– dimensional, Ricci–flat solutions. This geometrical interpretation is similar to the recently proposed conjecture that the SL(2, Z) symmetry of the ten–dimensional type IIB superstring arises from the toroidal compactification of twelve–dimensional F– theory [32]. It is closely related to a theorem of differential geometry due to Campbell that states that a Riemannian manifold of dimension n may be locally and isometrically embedded in a Ricci–flat, Riemannian manifold of dimension N ≥ n + 1 [33]. It would be interesting to investigate this correspondence further to derive non–trivial string models. Applying Campbell’s theorem to embed lower–dimensional manifolds in six–dimensions would lead to a wide class of Ricci–flat solutions of the form given by Eq. (37). The {y^i} components of the embedding six–dimensional metric would then directly determine the behaviour of the dilaton and axion fields in four dimensions.

Acknowledgments

The author is supported by the Particle Physics and Astronomy Research Council (PPARC), UK. We thank J. D. Barrow, A. Coley, K. E. Kunze and D. Wands for helpful discussions.

References

1. M. Gasperini and G. Veneziano, 1993 Astropart. Phys. 1 317 2. R. Brustein, M. Gasperini, and G. Veneziano, 1997 Phys. Rev. D55 3330 3. E. J. Copeland, A. Lahiri, and D. Wands, 1994 Phys. Rev. D50 4868 E. J. Copeland, A. Lahiri, and D. Wands, 1995 Phys. Rev. D51 1569 4. M. Mueller, 1990 Nucl. Phys. B337 37

K. A. Meissner and G. Veneziano, 1991 Mod. Phys. Lett. A6 3397 N. A. Batakis and A. A. Kehagias, 1995 Nucl. Phys. B449 248 N. A. Batakis, 1995 Phys. Lett. B353 39 N. A. Batakis, 1995 Phys. Lett. B353 450 J. D. Barrow and K. E. Kunze, 1997 Phys. Rev. D55 623 5. J. D. Barrow and M. P. Dabrowski, 1997 Phys. Rev. D55 630 6. A. Feinstein, R. Lazkoz, and M. A. Vazquez–Mozo, 1997 Phys. Rev. D56 5166 J. D. Barrow and K. E. Kunze, 1997 Phys. Rev. D56 741 7. I. Bakas, 1994 Nucl. Phys. B428 374 8. C. Callan, D. Friedan, E. Martinec, and M. Perry, 1985 Nucl. Phys. B262 593 9. M. Carmeli, Ch. Charach, and S. Malin, 1981 Phys. Rep. 76 79 10. E. Verdaguer, 1993 Phys. Rep. 229 1 11. J. Maharana, 1995 Phys. Rev. Lett. 75 205 12. A. A. Kehagias, 1995 Phys. Lett. B360 19 13. J. Maharana and J. H. Schwarz, 1993 Nucl. Phys. B390 3 14. R. Gowdy, 1971 Phys. Rev. Lett. 27, 827 15. Ch. Charach and S. Malin, 1979 Phys. Rev. D19 1058 16. J. Ehlers, 1957 Ph. D. Dissertation, Hamburg 17. M. A. H. MacCallum, 1973 in Cargese Lectures in Physics, ed. E. Schtzman (Gordon and Breach, New York) M. P. Ryan and L. S. Shepley, 1975 Homogeneous Relativistic Cosmologies (Princeton University Press, Princeton) 18. E. Kasner, 1925 Trans. Am. Math. Soc. 27 155 19. V. Joseph, 1966 Proc. Cam. Phil. Soc. 62 87 20. G. F. R. Ellis and M. A. H. MacCallum, 1969 Commun. Math. Phys. 12 108

21. A. G. Doroshkevich, V. N. Lukash, and I. D. Novikov, 1973 Sov. Phys. JETP 37 739

22. V. N . Lukash, 1975 Sov. Phys. JETP 40 1594

23. G. T. Horowitz and A. R. Steif, 1990 Phys. Rev. Lett. 42 1950

24. A. Feinstein and J. Ibanez, 1989 Phys. Rev. D39 470

J. B. Griffiths, 1991 Colliding Plane Waves in General Relativity (Clarendon Press, Oxford)

25. G. Veneziano, 1997 Phys. Lett. B406 297

A. Buonanno, K. A. Meissner, C. Ungarelli, and G. Veneziano, 1998 Phys. Rev. D57 2543 J. Maharana, E. Onofri, and G. Veneziano, 1998 Preprint gr–qc/9802001

26. D. J. Adams, R. W. Hellings, R. L. Zimmerman, H. Farhoosh, D. I. Levine, and Z. Zeldich, 1982 Astrophys. J. 253 1 D. J. Adams, R. W. Hellings, and R. L. Zimmerman, 1985 Astrophys. J. 288 14 27. D. Kramer, H. Stephani, M. MacCallum, and E. Herlt, 1980 Exact Solutions of Einstein’s Equations (Cambridge University Press, Cambridge)

28. V. A. Belinskii and I. M. Khalatnikov, 1970 Sov. Phys. JETP 30 1174 V. A. Belinskii and I. M. Khalatnikov, 1971 Sov. Phys. JETP 32 169 Z. Hassan, A. Feinstein and V. Manko, 1990 Class. Quantum Grav. 7 L109 C. Hoenselaers, W. Kinnersley, and B. Xanthopoulos, 1979 J. Math. Phys. 20 2530 D. W. Kitchingham, 1984 Class. Quantum Grav. 1 677 V. Belinskii and V. Sakharov, 1978 Sov. Phys. JETP 48 985 V. Belinskii and V. Sakharov, 1979 Sov. Phys. JETP 50 985 B. J. Carr and E. Verdaguer, 1983 Phys. Rev. D28 2995

29. J. D. Barrow, 1978 Nat. 272 211

30. J. Wainwright, W. C. W. Ince, and B. J. Marshman, 1979 Gen. Rel. Grav. 10 259 31. E. J. Copeland, J. E. Lidsey, and D. Wands, 1998 Phys. Rev. D57 625 E. J. Copeland, J. E. Lidsey, and D. Wands, 1997 Preprint hep-th/9608153

32. C. M. Hull, 1996 Nucl. Phys. B468 113

C. Vafa, 1996 Nucl. Phys. B469 403

33. J. E. Campbell, 1926 A Course of Differential Geometry (Clarendon Press, Oxford) C. Romero, R. Tavakol, and R. Zalaletdinov, 1996 Gen. Rel. Grav. 28 365