gr-qc/9905080 20 May 1999

Superenergy tensors for a massive scalar field

Pierre Teyssandier Laboratoire de Gravitation et Cosmologie Relativistes, CNRS/ESA 7065, Université Pierre et Marie Curie, Tour 22/12, BP 142, 4 Place Jussieu, F-75252 Paris Cedex 05, France

May 5, 1999

Abstract We define a general class of superenergy tensors of even rank 2(n + 1) for a real massive scalar field propagating in Minkowski spacetime. In the case where n = 1, we establish that this class is a two-parameter family, which reduces to a unique tensor W (up to a constant factor) when the complete symmetry on the four indices is required. We show that the superenergy density W^{αβγδ} uαuβ uγ uδ relative to any timelike unit vector u is positive definite and that the supermomentum density W^{αβγδ} uβ uγ uδ is a timelike or a null vector (W^{αβγδ} stands for W ). Next, we find an infinite set of conserved tensors U_{(p,q)} of rank 2 + p + q, that we call weak superenergy tensors of order n when p = q = n. We show that U_{(1,1)} and W yield the same total superenergy and the same total supermomentum. Then, using the canonical quantization scheme, we construct explicitly the superhamiltonian and the supermomentum operators corresponding to W and to each weak superenergy tensor U_{(n,n)}. Finally, we exhibit a two-parameter family of superenergy tensors for an electromagnetic field and for a gravitational field.

1 Introduction

In general relativity, the energetic content of an electromagnetic field propagating in a region free of charge is described by the well-known symmetric traceless tensor T^{αβ}_{el} = − 1 4π (F^{αλ}F^β_λ − 1 4 g^{αβ}F^{ρσ} F_{ρσ}) , (1) where F^{αβ} is the Faraday tensor. This tensor satisfies the conservation law [1]

T^{αβ}_{el ;α} = 0 (2)

as a consequence of Maxwell equations with j^μ = 0. The tensor T^{αβ}_{el} enables us to define a local density of electromagnetic energy as measured by an observer moving with the unit 4-velocity u :

w_{el} (u) = T^{αβ}_{el} u_αu_β . (3)

It follows from (1) that the energy density w_{el} (u) is positive definite for any timelike unit vector u :

∀u( g(u, u) = 1 ⇒ w_{el} (u) ≥ 0 ) (4) and ((∃u, g(u, u) = 1) w_{el} (u) = 0 ) ⇒ T^{αβ}_{el} = 0 (⇔ F^{αβ} = 0). (5) Within the framework of general relativity, however, it is well known that the concept of local energy density is meaningless for a gravitational field. An attempt to overcome this difficulty led to introduce the notion of superenergy tensor constructed with the curvature tensor R_{μνρσ}. The first example of such a tensor was exhibited by Bel [2] for a vacuum (see also [3]). Then, Bel generalized his result to the case of an arbitrary gravitational field [4]. By analogy with the tensor (1) which may be written as

T^{αβ}_{el} = − 1 8π (F^{αλ}F^β_λ+^∗F^{αλ ∗}F^β_λ) , (6)

where^∗F^{αβ} is the dual of F^{αβ}, the Bel tensor B^{αβγδ} is defined by 2B^{αβγδ} = R^{αμγν} R^{β δ}_{μ ν} + ∗R^{αμγν} ∗ R^{β δ}_{μ ν} + R∗^{αμγν} R∗^{β δ}_{μ ν} + ∗R∗^{αμγν} ∗ R∗^{β δ}_{μ ν}, (7) where ∗ denotes the duality operator acting on the left or on the right pair of indices according to its position.

The tensor defined by (7) has the following properties [5]. 1. Its components can be expressed quadratically in terms of the curvature tensor. Indeed, it is easily checked that (7) may be rewritten in the form B^{αβγδ} = R^{αμγν} R^{β δ}_{μ ν} + R^{βμγν} R^{α δ}_{μ ν} − 1 2 g^{αβ}R^{γλμν} R^δ_{λμν} − 1 2 g^{γδ} R^{αλμν}R^β_{λμν} + 1 8 g^{αβ} g^{γδ}R^{μνρσ} R_{μνρσ} . (8) 2. It has the properties of symmetry B^{αβγδ} = B^{βαγδ} = B^{αβδγ} (9) and B^{αβγδ} = B^{γδαβ} . (10) 2’. In fact, this tensor is totally symmetric in any domain where R_{μν} = 0 : R_{μν} = 0 ⇒ B^{αβγδ} = B^{(αβγδ)} . (11)

3. The Bel tensor satisfies a conservation equation when the Einstein equations for a vacuum hold :

R_{μν} = Λg_{μν} ⇒ B^{αβγδ}_{;α} = 0 , (12)

Λ being a cosmological constant.

4. For any timelike unit vector u, one has

B^{αβγδ} u_αu_βu_γ u_δ ≥ 0 (13) and B^{αβγδ} u_αu_βu_γ u_δ = 0 ⇒ B^{αβγδ} = 0 . (14)

Properties (3) and (4) allow to regard the quantity

ϵ(u) = B^{αβγδ} u_αu_βu_γ u_δ (15)

as having the key properties of an energy density [2, 4]. So ϵ(u) will be called the gravitational superenergy density relative to (an observer moving with) the unit 4-velocity u. In the same way, one can define a gravitational supermomentum density vector relative to u by

p^α(u) = B^{αβγδ} u_βu_γ u_δ . (16)

This supermomentum density vector has been shown to be timelike or null for any timelike unit vector u [6]. As a consequence, the vector

p^μ(u) = (δ^μ_α − u^μu_α)B^{αβγδ} u_β u_γ u_δ (17)

may be considered as playing the role of a Poynting vector for the gravitational field, as it was already proposed in [2, 4].

In spite of its attractive features, the Bel superenergy tensor has not received any clear, widely accepted physical interpretation [7] − [12]. However, the fact that ϵ(u) is positive definite plays a key role in many mathematical studies on the behavior of solutions to Einstein equations [13, 14]. It is therefore justified to pursue the study of this tensor and to examine its possible applications [15] or extensions [16].

In particular, it is natural to ask whether it is possible to construct tensors analogous to (8) for other fields than gravitation. This question was answered positively by Chevreton [17] using the spinorial formalism on a curved spacetime. This author constructed in particular a superenergy tensor for the Maxwell field in flat spacetime and for the gravitational field within the pentadimensional Kaluza-Klein theory. Employing a different method, Komar proposed in [7] a conserved rank 4 tensor as a kind of Bel tensor for the Klein-Gordon field. However, the Komar tensor is less than satisfactory because it does not possess the symmetries and the positivity properties that one may expect for a superenergy tensor. Recently, Senovilla has found an algebraic procedure providing superenergy tensors having good properties for arbitrary fields and has given examples of such tensors for the scalar field[18, 19]. Nevertheless, it seems that a systematic study devoted to the Klein-Gordon field is still lacking. The main purpose of the present paper is to undertake this study within the framework of special relativity.

The plan is as follows. In Sect. 2, we give our definition of superenergy tensors of even rank 2(n + 1) for a real scalar field satisfying the Klein-Gordon equation. Sections 3, 4 and 5 are devoted to the case where n = 1. In Sect. 3, we establish that the rank 4 tensors fulfilling our definition constitute a twoparameters family. In Sect. 4, we show that this family reduces to a unique tensor W (up to an arbitrary constant factor) when the property of complete symmetry on the four indices is required. In Sect. 5, we show that the superenergy density is positive definite and that the supermomentum density vector is timelike or null. In Sect. 6, we give a very simple procedure to form an infinite set of conserved tensors of rank 2+p+q, denoted by U_{(p,q)}. When p = q = n, we find that these tensors have almost all the good properties of the superenergy tensors as defined in Sect. 2. So we call the tensor U_{(n,n)} the weak superenergy tensor of order n . Restricting our attention to the case n = 1, we obtain the explicit relation between U_{(1,1)} and one of the super-energy tensors obtained in Sect. 4. This relation enables us to show that for n = 1 the weak superenergy tensor is equivalent to the superenergy tensor W in order to construct integral conserved quantities. In Sect. 7, using the canonical quantization procedure, we construct explicitly the superhamiltonian and the supermomentum operators associated with the tensor W and with the weak superenergy tensors U_{(n,n)}. In Sect. 8, we indicate the two-parameter families of superenergy tensors that we have obtained with our procedure for the electromagnetic field and for the gravitational field. Finally, we gives our conclusions in Sect. 9.

2 Superenergy tensors for a scalar field

We consider here a real massive scalar field ϕ in Minkowski spacetime (R^4, g). In what follows, the coordinates x^α = (x^0, x) are always supposed to be Galilean and orthogonal, so that the metric components g_{αβ} are

g_{αβ} = diag(1, −1, −1, −1) . (18)

We shall denote by G the inertial frame of reference corresponding to these coordinates.

We suppose that ϕ satisfies the Klein-Gordon equation

(2 + m^2)ϕ = 0 . (19)

This equation can be derived from the Lagrangian function L[ϕ, ∂ϕ] ≡ 1 2 g^{αβ}ϕ_{,α}ϕ_{,β} − 1 2 m^2ϕ^2 . (20)

As for the electromagnetic field, it is possible to construct a symmetric, divergence-free energy-momentum tensor T^{αβ}[ϕ] T^{αβ}[ϕ] = ϕ^{,α}ϕ^{,β} − 1 2 g^{αβ}(ϕ^{,λ}ϕ_{,λ} − m^2ϕ^2) . (21)

It is well known that the energy density ϵ_{(0)}(u) = T^{αβ}u_αu_β relative to any timelike unit vector u is positive definite. It is well known also that owing to the conservation law T^{αβ}_{,α} = 0, the integrals extended over the 3-space x^0 = const. H[ϕ] = ∫ T^{00}d^3x^′ = ∫ 1 2 [ (ϕ_{,0})^2 + ∑ i (ϕ_{,i})^2 + m^2ϕ^2 ] d^3x^′ (22) and P^i[ϕ] = ∫ T^{i0}d^3x^′ = − ∫ ϕ_{,0}ϕ_{,i}d^3x^′ (23)

can be regarded as the components in the frame G of the so-called energymomentum vector P^α[ϕ]. This vector is defined in any Lorentz frame by

P^α[ϕ] = ∫ σ T^{αβ}n_βdσ , (24) σ being an arbitrary spacelike 3-plane of surface element dσ_β = n_βdσ. Since T^{αβ} is divergence-free, the components P^α are constants of the motion: H[ϕ] and P^i[ϕ] respectively define the total energy and the total momentum of the field in G.

It is natural to ask whether there exist tensors T^{α1β1...αn+1βn+1} of even rank 2(n + 1) ≥ 4 which generalize the usual energy-momentum tensor [20]. By analogy with the above mentioned properties of the Bel tensor, we require these tensors to have the following properties.

P1. Their components T^{α1β1...αn+1βn+1} are linear combinations of terms quadratic in ϕ or in the derivatives of ϕ of order r ≤ n+1. More precisely, denoting by μ_A a block of indices {μ_k, 1 ≤ k ≤ A}, we suppose that T^{α1β1...αn+1βn+1} may be written in the form [21] T^{α1β1...αn+1βn+1} = A=n+1 ∑ A=0 C^{α1β1...αn+1βn+1}_{μAνA} ϕ^{,μA} ϕ^{,νA} , (25)

where the coefficients C^{α1β1...αn+1βn+1}_{μAνA} are tensorial quantities involving only the components of the metric (for A = 0, we put ϕ^{,μA} = ϕ).

P2. These tensors are symmetric in each pair (α_i, β_i) of indices; they are also symmetric in the interchange of two blocks (α_i, β_i) and (α_j, β_j ).

P3. They satisfy a conservation equation when the equation of motion holds: (2 + m^2)ϕ = 0 ⇒ T^{α1β1...αiβi...αn+1βn+1} ,α_i = 0 . (26) We shall call superenergy tensor of order n (or in brief n-superenergy tensor) any tensor of rank 2(n + 1) possessing properties P1-P3 [22]. We can regard the usual energy-momentum tensor (21) as a superenergy tensor of order 0.

Suppose that there exists at least one n-superenergy tensor T^{α1β1...αn+1βn+1} . Given any timelike unit vector u, we can define the n-supermomentum density vector σ^α_{(n)}(T, u) relative to u by σ^α_{(n)}(T, u) = T^{αβ1...αn+1βn+1} u_{β1} ...u_{αn+1}u_{βn+1} . (27) The n-superenergy density ϵ_{(n)}(T, u) relative to u will then be defined by contracting σ^α_{(n)}(T, u) with u_α : ϵ_{(n)}(T, u) = T^{α1β1...αn+1βn+1} u_{α1}u_{β1} ...u_{αn+1}u_{βn+1} . (28) The tensors T^{α1β1...αn+1βn+1} may of course be required to satisfy the additional property

P4. The superenergy (28) is positive definite, i. e. for each timelike unit vector u, one has ϵ_{(n)}(T, u) ≥ 0 (29) and ϵ_{(n)}(T, u) = 0 ⇒ T^{α1β1...αn+1βn+1} = 0 . (30)

However, we shall establish in the next section that at least for n = 1 property P4 restricts only the sign of the arbitrary constant factor by which one can multiply a given superenergy tensor. For this reason, it does not seem very useful to put P4 in the list of the fundamental requirements defining the superenergy tensors. In fact, we shall see that the most natural mean to reduce the arbitrariness on the superenergy tensors is to require these tensors to be totally symmetric. As a consequence, property P2 may be replaced by the more restrictive requirement

P’2. The tensor T^{α1β1...αn+1βn+1} is totally symmetric.

With any superenergy tensor T^{α1β1...αn+1βn+1} we can associate the tensor of rank 2n + 1 defined by P^{α1β1...αnβnαn+1} (T ) = ∫ σ T^{α1β1...αnβnαn+1β} n_β dσ . (31) In what follows, we assume that ϕ and its partial derivatives of any order with respect to time are functions of rapid decrease at spatial infinity [23]. Then it results from the conservation law (26) that the tensor P^{α1β1...αnβnαn+1} (T ) does not depend on the spacelike 3-plane σ. We shall call it the n-supermomentum tensor associated with the n-superenergy tensor T^{α1β1...αn+1βn+1} . This tensor generalizes the vector (24).

In the frame G, we can evaluate the components P^{α1β1...αnβnαn+1} (T ) by choosing any 3-plane x^0 = const. for σ. Thus we get P^{α1β1...αnβnαn+1} (T ) = ∫ T^{α1β1...αnβnαn+10}(x^0, x^′)d^3x^′ . (32)

Since the integrals in the r.h.s. of Eq. (32) do not depend on x^0, the quantities P^{α1β1...αnβnαn+1} (T ) are constants of the motion. Among all these conserved quantities, we shall consider here only those which correspond to β_1 = α_2 = ... = β_n = α_{n+1} = 0. For the sake of brevity, let us denote by 0_r any block of r timelike indices : 0_r = 0.....0 r . (33) We shall call (total) n-superenergy associated with the n-superenergy tensor T^{α1β1...αn+1βn+1} the quantity

P^{0 02n} (T ) = ∫ T^{0 02n+1} (x^0, x^′)d^3x^′ (34)

and (total) spatial n-supermomentum associated with T^{α1β1...αn+1βn+1} the quantities P^{i 02n} = ∫ T^{i 02n+1} (x^0, x^′)d^3x^′ . (35)

3 Class of rank 4 tensors satisfying properties P1–P3

The most general tensor T^{αβγδ} which fulfills conditions P1 and P2 may be written as [24] T^{αβγδ} = aϕ^{,αβ}ϕ^{,γδ} + bϕ^{,γ(α}ϕ^{,β)δ} + 1 2 c_1(g^{αβ} ϕ^{,γλ}ϕ^δ_λ + g^{γδ} ϕ^{,αλ}ϕ^β_λ) + c_2(g^{γ(α}ϕ^{,β)λ}ϕ^{,δ}_λ + g^{δ(α}ϕ^{,β)λ}ϕ^{,γ}_λ) + 1 2 d_1m^2(g^{αβ} ϕ^{,γ}ϕ^{,δ} + g^{γδ} ϕ^{,α}ϕ^{,β})

+ d_2m^2(g^{γ(α}ϕ^{,β)}ϕ^{,δ} + g^{δ(α}ϕ^{,β)}ϕ^{,γ} ) + 1 2 K_1g^{αβ}g^{γδ} + K_2g^{γ(α}g^{β)δ} , (36) with K_s = p_sϕ^{,ρσ}ϕ_{,ρσ} + q_sm^2ϕ^{,λ}ϕ_{,λ} + r_sm^4ϕ^2 , (37) a, b, c_1, c_2, d_1, d_2, p_s, q_s and r_s being dimensionless constants (s = 1, 2).

A straightforward calculation yields:

T^{αβγδ}_{,α} ≡ D^{βγδ} (2 + m^2)ϕ + E^{βγδ} , (38) where D^{βγδ} is the differential operator defined by D^{βγδ} ≡ [ag^{αβ}ϕ^{,γδ} + bg^{α(γ}ϕ^{,δ)β} + 1 2 c_1g^{γδ}ϕ^{,αβ} + c_2g^{β(γ} ϕ^{,δ)α}]∂_α + 1 2 m^2[d_1g^{γδ}ϕ^{,β} + 2d_2g^{β(γ} ϕ^{,δ)}] (39)

and E^{βγδ} is given by

E^{βγδ} ≡ (a + c_2)ϕ^{,αβ}ϕ^{,γδ}_α + (b + c_1 + c_2)ϕ_{,α}^{β(γ} ϕ^{,δ)α} + (d_2 − a)m^2ϕ^{,β}ϕ^{,γδ} + (d_1 + d_2 − b)m^2ϕ^{,β(γ} ϕ^{,δ)} + 1 2 g^{γδ} (K_1 + c_1 2 ϕ^{,ρσ}ϕ_{,ρσ} + d_1 − c_1 2 m^2ϕ^{,λ}ϕ_{,λ} − d_1 2 m^4ϕ^2)^{,β}

+ g^{β(γ} (K_2 + c_2 2 ϕ^{,ρσ} ϕ_{,ρσ} + d_2 − c_2 2 m^2ϕ^{,λ}ϕ_{,λ} − d_2 2 m^4ϕ^2)^{,δ)}. (40)

From Eq. (40), it is easily seen that the conservation law T^{αβγδ}_{,α} = 0 (41) holds for any solution to the equation of motion (19) if the invariants K_s are defined by 2K_s = −c_sϕ^{,ρσ} ϕ_{,ρσ} + (c_s − d_s)m^2ϕ^{,λ}ϕ_{,λ} + d_sm^4ϕ^2 (42) and if the coefficients a, b, c_s, d_s are solutions to the linear system of equations a + c_2 = 0 , b + c_1 + c_2 = 0 , d_2 − a = 0 , d_1 + d_2 − b = 0 .

(43)

The above system consists in four equations for six unknown quantities. As a consequence, we have c_1 = a − b , c_2 = −a , (44) and d_1 = b − a , d_2 = a , (45) where a and b can be chosen arbitrarily.

Substituting for c_1, c_2, d_1 and d_2 from Eqs. (44) - (45) into Eqs. (42) and (36) yields the following theorem [25].

Theorem 1 Given a scalar field ϕ, let τ^{αβ} be the symmetric tensor defined by τ^{αβ} = ϕ^{,αλ}ϕ^{,β}_λ − m^2ϕ^{,α}ϕ^{,β} − 1 2 Kg^{αβ} , (46) where K is the invariant K = 1 2 ϕ^{,ρσ}ϕ_{,ρσ} − m^2ϕ^{,λ}ϕ_{,λ} + 1 2 m^4ϕ^2 . (47)

The class of rank 4 tensors fulfilling conditions P1, P2 and P3 is the twoparameter family given by T^{αβγδ} = a T^{αβγδ}_1 + b T^{αβγδ}_2 , (48) where T^{αβγδ}_1 = ϕ^{,αβ}ϕ^{,γδ} + 1 2 (g^{αβ}τ^{γδ} + g^{γδ} τ^{αβ}) − g^{α(γ} τ^{δ)β} − g^{β(γ} τ^{δ)α} (49) and T^{αβγδ}_2 = ϕ^{,α(γ}ϕ^{,δ)β} − 1 2 (g^{αβ}τ^{γδ} + g^{γδ} τ^{αβ}) . (50)

A straightforward calculation allows to complete the above theorem by the following one.

Theorem 2 Let u be an arbitrary unit timelike vector. The 1-supermomentum density vector σ^α_{(1)}(T, u) relative to u associated with the tensor T^{αβγδ} is given by σ^α_{(1)}(T, u) = (a + b)σ^α_{(1)}(T_2, u) , (51) where σ^α_{(1)}(T_2, u) denotes the supermomentum density vector corresponding to T^{αβγδ}_2 . These theorems reveal that properties P1–P3 do not determine a unique superenergy tensor (by unique, we mean of course unique up to a constant factor). Moreover, it results from Theorem 2 that property P4 is unable to reduce the class of possible tensors to a one-parameter family.

4 Characterization of a unique superenergy ten- sor The arbitrariness in the superenergy tensors is not surprising. In fact, it is easily seen that if a tensor T^{αβγδ} fulfills properties P1–P4, then the tensor ~T αβγδ defined by ~T^{αβγδ} = 1 2 (T^{αγβδ} + T^{αδβγ} ) (52) fulfills also properties P1–P4. In addition, it is worthy to note that we have σ^α_{(1)}( ~T , u) = σ^α_{(1)}(T, u) . (53) Thus, T^{αβγδ} and ~T^{αβγδ} have undistinguishable supermomenta density vectors.

These properties suggest that T^{αβγδ}_1 and T^{αβγδ}_2 are related by the operator ~. Effectively, it is easily checked that T^{αβγδ}_2 = ~T^{αβγδ}_1 . (54) Conversely, noting that ~T =^1_2 ( T + ~T ), we get T^{αβγδ}_1 = 2 ~T^{αβγδ}_2 − T^{αβγδ}_2 . (55) The tensor obtained by the complete symmetrization of a tensor T^{αβγδ} satisfying property P2 is given by T^{(αβγδ)} = 1 3 (T^{αβγδ} + T^{βγαδ} + T^{αγβδ}) , (56) an expression which can also be written as T^{(αβγδ)} = 1 3 (T^{αβγδ} + 2T̃^{αβγδ}) (57) when (52) is taken into account. From (57) and (53), it follows that the totally symmetric tensor T^{(αβγδ)} is sufficient to determine the supermomentum vector density σ^α_{(1)}(T, u) associated with T^{αβγδ} .

Now, using (57), (54) and (55) we get T^{(αβγδ)} 2 = T^{(αβγδ)}_1 = 1 3 (T^{αβγδ}_1 + 2 T^{αβγδ}_2 ) . (58) From Theorem 1 and from Eq. (58) we deduce immediately the following theorem.

Theorem 3 Any 1-superenergy tensor T^{αβγδ} which is totally symmetric is given by T^{αβγδ} = k W^{αβγδ} , (59) where k is an arbitrary constant and W^{αβγδ} is defined by W^{αβγδ} = T^{(αβγδ)}_1 = T^{(αβγδ)}_2 . (60) The tensor W^{αβγδ} may be written as W^{αβγδ} = 1 3 (ϕ^{,αβ}ϕ^{,γδ} + 2ϕ^{,α(γ}ϕ^{,δ)β}) − 1 6 (g^{αβ}τ^{γδ} + g^{γδ} τ^{αβ} + 2g^{α(γ}τ^{δ)β} + 2g^{β(γ} τ^{δ)α}) . (61)

This theorem shows that properties P1, P’2 and P3 constitute a set of axioms allowing to select a unique (up to an arbitrary constant factor) 1- superenergy tensor for a scalar field.

We shall henceforth consider W^{αβγδ} as the 1-superenergy tensor in the strict sense. We shall put for the sake of brevity s^α(u) = σ^α_{(1)}(W, u) (62) and w(u) = s^α(u)u_α = ϵ_{(1)}(W, u) , (63) where W stands for the tensor given by (61). The quantities s^α(u) and w(u) will be respectively regarded as “the” 1-supermomentum density vector and “the” 1-superenergy density of the scalar field ϕ relative to a given timelike unit vector u. 5 Positivity properties of W^{αβγδ}

Introducing the projection tensor h_{αβ} = g_{αβ} − u_αu_β , (64) let us define the spacelike vector s^α(u) by s^α(u) = h^α_β s^β (u) . (65) Some algebra yields for the superenergy density w(u): 2 w(u) = 1 2 (u^μu^ρ − h^{μρ})(u^ν u^σ − h^{νσ})ϕ_{,μν}ϕ_{,ρσ} + m^2(u^μu^ν − h^{μν})ϕ_{,μ}ϕ_{,ν} + 1 2 m^4ϕ^2 (66) and for s^α(u):

2 s^α(u) = h^{αρ}[(u^μu^σ − h^{μσ})u^ν ϕ_{,μν}ϕ_{,ρσ} + m^2(u^λϕ_{,λ})ϕ_{,ρ}] . (67) It is well known that u^μu^ν − h^{μν} defines a positive definite metric and it is easily checked that (u^μu^ρ − h^{μρ})(u^ν u^σ − h^{νσ})S_{μν} S_{ρσ} > 0 (68) for any tensor S_{μν} , except if S_{μν} = 0. Consequently, it follows from Eq. (66) that w(u) is positive definite for any timelike vector u.

Hence the following theorem.

Theorem 4 Property P4 is satisfied by the tensor W^{αβγδ}.

Let us assume that w(u) = 0 at a point x for some u such that g(u, u) = 1. It results from Eq. (66) that the field has the following properties at x :

If m ≠ 0, then ϕ = 0, ϕ_{,α} = 0 and ϕ_{,αβ} = 0.

If m = 0, then ϕ_{,αβ} = 0. This means that if there exists a timelike vector field u such that w(u) = 0 everywhere, then ϕ is necessarily of the form

ϕ = k_αx^α , (69)

where the k_α are constant quantities.

We are now in a position to form in the case n = 1 the expressions of the constants of the motion defined by Eqs. (34) and (35). Putting for the sake of brevity W_{(1)} = P^{000}(W ) and S^i_{(1)} = P^{i00}(W ), we have for the 1-superenergy of the field ϕ W_{(1)}[ϕ] = ∫ W^{0000}(x^0, x^′)d^3x^′ (70)

and for its spatial 1-supermomentum

S^i_{(1)}[ϕ] = ∫ W^{i000}(x^0, x^′)d^3x^′ . (71)

The expressions of W^{0000} and of W^{i000} may be obtained by putting u = ∂_0 in Eqs. (66) and (67) respectively. We find

W^{0000} = w(∂_0) = s^0(∂_0) = 1 4 (ϕ_{,00})^2 + 1 2 ∑ i (ϕ_{,0i})^2 + 1 4 ∑ i,j (ϕ_{,ij})^2

+ 1 2 m^2 [ (ϕ_{,0})^2 + ∑ i (ϕ_{,i})^2 + 1 2 m^2ϕ^2 ] (72) and W^{i000} = s^i(∂_0) = s^i(∂_0) = − 1 2 ϕ_{,00}ϕ_{,0i} + ∑ j ϕ_{,0j}ϕ_{,ij} + m^2ϕ_{,0}ϕ_{,i} . (73)

We can establish an other important theorem.

Theorem 5 For any timelike unit vector u the 1-supermomentum density vector s^α(u) is timelike or null :

s^α(u)s_α(u) ≥ 0 . (74)

Proof. The timelike unit vector u being given, let us choose the Galilean coordinates x^α so that ∂_0 = u. From (72) and (73), we immediately deduce that for each i = 1, 2, 3 :

s^0(u) ± s^i(u) = 1 4 ∑ λ (ϕ_{,0λ} ∓ ϕ_{,iλ})^2 + 1 4 ∑ λ ∑ j≠i (ϕ_{,λj})^2

+ 1 4 m^2

(ϕ_{,0} ∓ ϕ_{,i})^2 + ∑ j≠i (ϕ_{,j} )^2 + ∑ λ (ϕ_{,λ})^2 + m^2ϕ^2 .(75)

Therefore we have the three inequalities

[s^0(u)]^2 − [s^i(u)]^2 ≥ 0 . (76)

Let us put ⃗s(u) = s^i(u)∂_i. If ⃗s(u) = 0, (76) implies that s^2(u) ≥ 0. So let us assume that ⃗s(u) ≠ 0. Then we can suppose that ⃗s(u) and ∂_1 are colinear, which implies that

s^2(u) ≡ s^α(u)s_α(u) = [s^0(u)]^2 − [s^1(u)]^2 . (77)

From (76), we deduce that s^2(u) ≥ 0. Q.E.D.

From the properties established in this section and in Sect. 4, we can conclude that W^{αβγδ} (or any tensor k W^{αβγδ} with k > 0) has all the good properties that one can expect for a suitable generalization of the usual energy-momentum tensor of the Klein-Gordon field.

6 Weak superenergy tensors of order n ˘ 1

We could of course try to determine the possible families of superenergy tensors of order n > 1 by using the method of Sect. 3. However, this procedure requires heavier and heavier calculations as n is increasing. So we propose here a more simple method to construct divergence-free tensors of rank > 2 providing an infinite set of conserved quantities.This method uses the property that the derivatives of any order of a solution to a linear field equation is still a solution. We shall here examine in detail the equivalence of the conserved quantities obtained by this method with the conserved superenergies and supermomenta only in the case where n = 1. The general case n > 1 will be studied elsewhere [26].

Let ϕ_M and ϕ_N be two solutions to Eq. (19). It is well known that the vector j^μ_{MN} = i(ϕ_M ϕ^{,μ}_N − ϕ^{,μ}_M ϕ_N ) (78)

satisfies the conservation law j^μ_{MN ,μ} = 0 , (79)

a fundamental property which allows to define a scalar product on the space of the solutions to the Klein-Gordon equation.

By analogy with (78), let us put U^{αβ}_{MN} = 1 2 (ϕ^{,α}_M ϕ^{,β}_N + ϕ^{,β}_M ϕ^{,α}_N ) − 1 2 g^{αβ}(ϕ^{,λ}_M ϕ_{N ,λ} − m^2ϕ_M ϕ_N ) . (80)

This quantity is symmetric in (α, β) and in (M, N ) :

U^{αβ}_{MN} = U^{βα}_{MN} = U^{αβ}_{NM} . (81)

Calculating U^{αβ}_{MN ,α} we find the identity U^{αβ}_{MN ,α} ≡ 1 2 ϕ^{,β}_M (2 + m^2)ϕ_N + 1 2 ϕ^{,β}_N (2 + m^2)ϕ_M . (82)

It is clear that for each set of solutions {ϕ_M , ϕ_N }, U^{αβ}_{MN} defines a divergencefree tensor symmetric in (α, β). We note that this tensor generalizes the usual energy-momentum tensor (21) since we have

U^{αβ}_{MM} = T^{αβ}[ϕ_M ] . (83)

Substituting ϕ_{,μ1μ2...μp} for ϕ_M and ϕ_{,ν1ν2...νq} for ϕ_N into Eq. (80) we obtain the following quantities : U^{αβ}_{μ1...μpν1...νq} = ϕ^{(,α}_{μ1...μp} ϕ^{,β)}_{ν1...νq} − 1 2 g^{αβ}(ϕ^{,λ}_{μ1...μp} ϕ_{,λν1...νq} − m^2ϕ_{,μ1...μp} ϕ_{,ν1...νq} ) , (84) which constitute the components of a tensor of rank (2 + p + q) that we shall denote by the intrinsic notation U_{(p,q)}.

The tensor U_{(p,q)} presents very interesting features. It satisfies property P1. It is symmetric in (α, β). It is also completely symmetric in (μ_1, ..., μ_p) and in (ν_1, ..., ν_q). Moreover, it satisfies the conservation law U^{αβ}_{μ1...μpν1...νq,α} = 0 (85) as a consequence of Eq. (82).

Let us now restrict our attention to the case where p = q = n. It is easily seen that for any timelike unit vector u U^{αβ}_{μ1...μnν1...νn} u_αu_βu^{μ1} ...u^{μn} u^{ν1} ...u^{νn} ≥ 0 . (86) Consequently, the tensor U_{(n,n)} has almost all the good properties of a superenergy tensor of order n. For this reason, we call U_{(n,n)} the weak superenergy tensor of order n or the weak n-superenergy tensor. In conformity with Eq. (83) we consider that U_{(0,0)} is the usual energy-momentum tensor (21).

In the inertial frame G, we can define the weak n-superenergy U_{(n)}[ϕ] by

U_{(n)}[ϕ] = ∫ U^{00}_{0n0n} (x^0, x^′)d^3x^′ (87) and the weak spatial n-supermomentum R^i_{(n)}[ϕ] by

R^i_{(n)}[ϕ] = ∫ U^{i0}_{0n0n} (x^0, x^′)d^3x^′ , (88)

where we have used the notation defined by (33). These quantities may be explicitly written as

U_{(n)}[ϕ] = 1 2 ∫ [ (ϕ_{,0n+1} )^2 + ∑ i (ϕ_{,i0n} )^2 + m^2(ϕ_{,0n} )^2 ] d^3x^′ (89) and R^i_{(n)}[ϕ] = − ∫ ϕ_{,0n+1} ϕ_{,i0n} d^3x^′ . (90)

It follows from (85) that these integral quantities are constants of the motion. What is the relation between the tensors U_{(n,n)} and the superenergy tensors defined in Sect. 2 ? We shall treat here this problem only in the case where n = 1. It follows from (84) that the contravariant components of U_{(1,1)} are U^{αβμν} = 1 2 (ϕ^{,αμ}ϕ^{,βν} + ϕ^{,βμ}ϕ^{,αν}) − 1 2 g^{αβ}(ϕ^{,λμ}ϕ^{,ν}_λ − m^2ϕ^{,μ}ϕ^{,ν}) . (91) Comparing with (50),it is easily seen that T^{αβμν} 2 = U^{αβμν} − 1 2 (τ^{αβ} − 1 2 Kg^{αβ} )g^{μν} . (92) A straightforward calculation yields τ^{αβ} − 1 2 Kg^{αβ} = U^{αβλ}_λ − m^2T^{αβ} , (93)

where U^{αβλ}_λ = g_{μν} U^{αβμν}. As a consequence, T^{αβμν}_2 is given by T^{αβμν} 2 = U^{αβμν} − 1 2 (U^{αβλ}_λ − m^2T^{αβ})g^{μν} . (94)

It is easy to check that U^{αβμν} −^1_2 (U^{αβλ}_λ − m^2T^{αβ})g^{μν} is symmetric in the interchange of the blocks (α, β) and (μ, ν) of indices. Consequently, T^{αβμν}_2 may be written in a form which renders more explicit all its symmetries : 2T^{αβμν}_2 = U^{αβμν} + U^{μναβ} − 1 2 (U^{αβλ}_λ − m^2T^{αβ})g^{μν} − 1 2 (U^{μνλ}_λ − m^2T^{μν})g^{αβ} . (95)

We are now in a position to state an important theorem about the constants of the motion of order one.

Theorem 6 The 1-superenergy W_{(1)}[ϕ] and the spatial 1-supermomentum S^i_{(1)}[ϕ] are respectively given by

W_{(1)}[ϕ] = U_{(1)}[ϕ] + [Surf] (96) and S^i_{(1)}[ϕ] = R^i_{(1)}[ϕ] + [Surf] , (97)

where [Surf] denotes surface terms which cancel if ϕ and its derivative ϕ_{,0} are functions of rapid decrease at spatial infinity.

Proof. It results from (60) and (56) that W^{α000} = T^{α000}_2 . Therefore we deduce from (94) that

W^{α000} = U^{α000} − 1 2 (U^{α0λ}_λ − m^2T^{α0}) . (98)

When ϕ satisfies the Klein-Gordon equation, each term U^{α0λ}_λ − m^2T^{α0} is a 3-divergence. Indeed, it is easily seen that in this case

U^{00λ}_λ − m^2T^{00} = −{ 1 2 ϕ_{,i}[ϕ^{,ij} − δ^{ij}(△ϕ − 2m^2ϕ)]}_{,j} (99) and U^{i0λ}_λ − m^2T^{i0} = {ϕ_{,0}[ϕ^{,ij} − δ^{ij} (△ϕ − m^2ϕ)]}_{,j} , (100)

where △ is the usual Laplacian operator on R^3. Thus the theorem is established. Q. E. D.

7 The superhamiltonian and the supermomentum operators in quantum field theory

The results obtained in Sect. 5 and 6 enable us to construct an infinite set of superhamiltonian and supermomentum operators in quantum field theory.

Within the canonical quantization procedure, a real solution ϕ to the Klein- Gordon equation becomes a Hermitian operator which can be expanded on the basis of the plane wave solutions as ϕ(x, t) = 1 (2π)^{3/2} ∫ d^3k 1 √ 2ω_k [ a(k)e^{−ikx} + a^†(k)e^{ikx} ] k0=ω_k , (101)

with ω_k = √ k^2 + m^2 , (102)

the operators a(k) and a^†(k) their Hermitian conjugates satisfying the commutation relations [a(k), a^†(k^′)] = δ^{(3)}(k − k^′) , (103)

[a(k), a(k^′)] = [a^†(k), a^†(k^′)] = 0 . (104) W_{(1)} and S^i_{(1)} become what we shall call the 1-superhamiltonian and the spatial 1-supermomentum operators, respectively. Substituting ϕ from (101) into (72) and (73), and integrating over the space yield

^W_{(1)} = 1 2 ∫ d^3k ω^3_k[a^†(k)a(k) + a(k)a^†(k)] , (105)

^S^i_{(1)} = ∫ d^3k k^iω^2_k a^†(k)a(k) . (106)

These expressions are remarkably simple and may be compared with those of the usual Hamiltonian and momentum component operators deduced respectively from (22) and from (23) ^H = 1 2 ∫ d^3k ω_k [a^†(k)a(k) + a(k)a^†(k)] , (107)

^P^i = ∫ d^3k k^i a^†(k)a(k) . (108)

More generally, the weak n-superhamiltonian corresponding to (89) is given by ^U_{(n)} = 1 2 ∫ d^3k ω^{2n+1}_k [a^†(k)a(k) + a(k)a^†(k)] (109)

and the weak spatial n-supermomentum deduced from (90) is

^R^i_{(n)} = ∫ d^3k k^iω^{2n}_k a^†(k)a(k) . (110)

A comparison of Eqs. (109) and (110) in the case of n = 1 with Eqs. (105) and (106) shows that ^W_{(1)} = ^U_{(1)} (111)

and that ^S^i_{(1)} = ^R^i_{(1)} , (112)

equations which can also be immediately deduced from (96) and (97).

8 Extension to other fields

The systematic procedures developed here can be extended to electromagnetism and to other linear theories for higher spin fields. For the electromagnetic field treated in flat spacetime, e. g., the transposition of our definitions and reasonings is obvious. In particular, it can be checked that the class of divergence-free rank 4 superenergy tensors built from F^{αβ} is a two-parameter family : one of the generators is the tensor M^{αβγδ} obtained by Chevreton[17], the other one is the tensor ~M^{αβγδ}, where ~ is the operation defined by Eq. (52).

In fact, our method can also be applied to the gravitational field. Again, it is found that the class of tensors T^{αβγδ}_{gr} possessing properties 1, 2 and 3 enumerated in Introduction is a two-parameter family given by T^{αβγδ}_{gr} = a_1 B^{αβγδ} + a_2 ~B^{αβγδ} , (113) where a_1 and a_2 are arbitrary constants. From (8) and (52), it results that ~Bαβγδ may be written as ~B^{αβγδ} = R^{αμβν}R^{(γ δ)}_{μ ν} + R^{μαν(γ} R^{δ) β}_{μ ν} − R^{λμν(α}g^{β)(γ} R^{δ)}_{νμλ} + 1 8 g^{α(γ} g^{δ)β} R^{μνρσ}R_{μνρσ} . (114) Using the symmetries of the Riemann tensor, it is easily checked that for any timelike vector u ~B^{αβγδ} u_αu_β u_γ u_δ = B^{αβγδ} u_αu_β u_γ u_δ . (115) Consequently, ~B^{αβγδ} satisfies property 4, which implies that T^{αβγδ}_{gr} is positive definite if and only if a_1 + a_2 > 0.

Since we have ~B^{(αβγδ)} = B^{(αβγδ)}, we deduce from (113) that the totally symmetric gravitational superenergy tensors of rank 4 are proportional to B^{(αβγδ)} = 2R^{μ(αβ}_ν R_μ^{γδ)ν} − g^{(αβ} R^γ_{λμν}R^{δ)λμν} + 1 8 g^{(αβ}g^{γδ)}R^{μνρσ}R_{μνρσ} . (116) With Eq. (116), we recover a tensor recently obtained by Robinson [27].

9 Conclusions

We have proposed a definition of the superenergy tensors of even rank 2(n + 1) for the Klein-Gordon field. We have determined the entire class of rank 4 tensors T^{αβγδ} obeying our definition. Clearly, the tensors T^{αβγδ} constitute good generalizations of the usual energy-momentum tensor. They form a two-parameter family. This last feature is not embarrassing, however, because the unicity (up to an arbitrary factor) can be obtained by requiring the total symmetry in the four indices.

The fact that the tensor T^{αβγδ}_2 given by Eq. (50) is also obtained by Senovilla raises the problem of whether our definition is equivalent to the one proposed in [18] and [19]. This problem is open.

We would like to emphasize the interest of the linear operator ~ which transforms a rank 4 superenergy tensor into an other one of the same rank (see

Sect. 4). This operator works in any spacetime. Its existence explains why the set of rank 4 superenergy tensors cannot reduce to a one-parameter family if the total symmetry is not required.

For the Klein-Gordon field, we have formed an infinite set of divergence-free tensors U_{(n,n)} of rank 2(n + 1) which have almost all the good properties of the superenergy tensors. The tensors U_{(n,n)} yield a class of constants of the motion which constitute an acceptable generalization of the total energy and of the total momentum of the field. The problem of finding the relation between these tensors and the superenergy tensors of rank 2(n + 1) is solved here for n = 1, but remains open for n > 1.

We shall add that tensors similar to U_{(n,n)} can also be constructed for the electromagnetic field. This question is under current investigation.

Finally, let us emphasize that the systematic procedure developed in Sect. 3 can be applied without difficulty to the electromagnetic field and to the gravitational field. We have briefly indicated the main results that we have obtained in this way.

Acknowledgements

We are deeply indebted to Ll. Bel for initiating our interest in the problem as well as for many stimulating discussions and encouragements. We are also grateful to J. M. M. Senovilla and to J.-Cl. Houard for very useful comments and for hepful suggestions.

References

[1] Greek letters run from 0 to 3; spatial coordinates are labeled by Latin letters i or j running from 1 to 3. A semicolon denotes a covariant partial derivative; a comma denotes an ordinary partial derivative : F_{,α} = ∂_αF . In a curved spacetime, R_{μνρσ} and R_{μν} denote respectively the curvature tensor and the Ricci tensor. Units are chosen so that c = 1 and h̄ = 1.

[2] Ll. Bel, C. R. Acad. Sci. Paris 247, 1094 (1958); Cahiers de Physique 16, 59 (1962); in Les théories relativistes de la gravitation, edited by A. Lichnerowicz and M.-A. Tonnelat (Editions du C. N. R. S., Paris, 1962).

[3] I. Robinson, unpublished (1959). It has become the standard use to define the so-called Bel-Robinson tensor even if spacetime is not empty as the fourth-rank tensor T^{αβγδ} = C^{αμγν} C^{β δ}_{μ ν} +^∗C^{αμγν ∗}C^{β δ}_{μ ν} , where C^{αβγδ}

denotes the Weyl tensor and^∗C^{αβγδ} its dual.

[4] Ll. Bel, C. R. Acad. Sci. Paris 248, 1297 (1959); Thèse (Paris, 1960) .

[5] It is worthy to note that the Bel tensor is traceless if R_{αβ} = 0. However, this property does not play a crucial role in our procedure.

[6] M. Á. G. Bonilla and J. M. M. Senovilla, Phys. Rev. Lett. 78, 783 (1997).

More general positivity properties of the Bel-Robinson tensor are given in G. Bergqvist, J. Math. Phys. 39, 2141 (1998). See also R. Penrose and W. Rindler, Spinors and Space-Time, Vol. I (Cambridge University Press, Cambridge, 1984).

[7] A. Komar, Phys. Rev. 164, 1595 (1967).

[8] J. Garecki, Acta Phys. Polonica B4, 537 (1973); Acta Phys. Polonica B8, 159 (1977).

[9] A. D. Yefremov, Acta Phys. Polonica B6, 667 (1975).

[10] S. Deser, in Gravitation and Geometry, edited by W. Rindler and A. Trautman (Bibliopolis, Naples, 1987).

[11] M. Á. G. Bonilla and J. M. M. Senovilla, Gen. Rel. Grav. 29, 91 (1997).

[12] B. Mashhoon, J. C. McClune and H. Quevedo, Class. Quantum Grav. 16, 1137 (1999).

[13] D. Christodoulou and S. Klainerman, The global nonlinear stability of the Minkowski space(Princeton Univ. Press, Princeton,1993).

[14] J. W. York, in Gravitation and Geometry, edited by W. Rindler and A.

Trautman (Bibliopolis, Naples, 1987).

[15] S. Deser, Gen. Rel. Grav. 8, 573 (1977).

[16] S. Deser, Class. Quantum Grav. 7, 1491-1498 (1990); to appear in Gravitation and Relativity in General, edited by A. Molina, J. Martín, E. Ruiz and F. Atrio (World Scientific, 1999); gr-qc/9901007.

[17] M. Chevreton, Nuovo Cimento 34, 901 (1964).

[18] J. M. M. Senovilla, to appear in Gravitation and Relativity in General, edited by A. Molina, J. Martín, E. Ruiz and F. Atrio (World Scientific, Singapore, 1999); gr-qc/9901019.

[19] J. M. M. Senovilla, submitted for publication.

[20] For the sake of brevity, we shall drop [ϕ] when there is no ambiguity. The same convention holds for the other tensors introduced here.

[21] We exclude terms quadratic in derivatives of ϕ of different orders because we wish to obtain tensors offering the strongest possible resemblance to the energy-momentum tensor (21).

[22] The comparison of our definition with the one given by Senovilla in [18] and [19] is not obvious. We shall see in Sect. 3 that the superenergy tensor exhibited in [19] for the Klein-Gordon field coincides with one of the tensors obtained with our method.

[23] For a precise definition of functions of rapid decrease, see, e. g., M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol. I, p. 133 (Acad. Press, New York, 1972).

[24] We use the notation A^{(αβ)} = 1/2(A^{αβ} + A^{βα}). More generally A^{(α1α2...αr)} denotes the totally symmetric part of a tensor A^{α1α2...αr} .

[25] The tensor T^{αβγδ}_2 founded in Theorem 1 is obtained also in [19]. When m = 0, T^{αβγδ}_2 reduces to a tensor previously found by Bel (unpublished result). See also [18].

[26] P. Teyssandier, in preparation.

[27] I. Robinson, Class. Quantum Grav. 14, 331 (1997).