gr-qc/9906030 8 Jun 1999

Geodesic Completeness of Orthogonally Transitive Cylindrical Spacetimes

L. Fernández-Jambrina Departamento de Enseñanzas Básicas de la Ingeniería Naval E.T.S.I. Navales Arco de la Victoria s/n E-28040-Madrid

PACS numbers: 04.20 Dw

Abstract

In this paper a theorem is derived in order to provide a wide sufficient condition for an orthogonally transitive cylindrical spacetime to be singularity-free. The applicability of the theorem is tested on examples provided by the literature that are known to have regular curvature invariants.

I Introduction

The issue of establishing whether a Lorentzian manifold is geodesically complete is not in principle a simple one since there is no Hopf-Rinow theorem that could settle the matter as it happens in the Riemannian case. One could think that regularity of the curvature invariants might be helpful, but there are known examples of spacetimes with regular invariants, such as Taub-NUT, [1], that enclose geodesics that are not complete in their affine parametrization due to a phenomenon called imprisoned incompleteness.

Taking completeness of causal geodesics (g-completeness) as a definition of absence of singularities (no observer in free fall leaves the spacetime in a finite proper time), one can resort to many theorems in the literature (cfr. [1], [2] and references therein) in order to determine whether a spacetime is singular. But on the contrary theorems that provide large families of nonsingular spacetimes are not very usual [3], [4] and in principle the proof of geodesic completeness involves cumbersome calculations [5].

Instead of dealing with general Lorentzian manifolds, we shall approach orthogonally transitive cylindrical spacetimes [6] since they have provided many examples of regular manifolds (cfr. [7], [8]) in inhomogeneous cosmology [9].

Our aim will be the generalization of the theorem on diagonal orthogonally transitive cylindrical spacetimes in [4] to nondiagonal models and thereby comprise all known nonsingular cylindrical perfect fluid spacetimes in the literature.

First we shall show that the second-order system of geodesic equations can be reduced by the use of constants of motion to three first-order equations plus two quadratures. This fact will simplify the analysis of the prolongability of the geodesics and will enable us to write a sufficient condition for completeness of orthogonally transitive cylindrical spacetimes in a theorem.

II Geodesic Equations

We shall write the metric of an orthogonally transitive cylindrical spacetime in a chart using isotropic coordinates t, r for the susbspace orthogonal to the orbits of the isometry group and coordinates ϕ, z adapted to the commuting generators of the group of isometries. The metric shall be determined by four functions, g, f, A, ρ, of the coordinates t, r, ds^2 = e^{2 g(t,r)} { −dt^2 + dr^2 } + ρ^2(t, r)e^{2 f (t,r)}dϕ^2 + +e^{−2 f (t,r)}{dz + A(r, t) dϕ}^2. (1) and we shall assume that these functions are C^2 in their range, − ∞ < t, z < ∞, 0 < r < ∞, 0 < ϕ < 2 π. (2) The axis will be located where the norm of the axial Killing field vanishes,

0 = Δ = g(ξ, ξ) = ρ^2(t, r)e^{2 f (t,r)} + e^{−2 f (t,r)} A^2(r, t), (3) which means that both A and ρ must vanish on the axis, since f is a smooth function.

Since the choice of isotropic coordinates is not unique, we can take advantage of this freedom to have r = 0 as the equation for the axis. In order to avoid conical singularities, the usual requirement [10] will be imposed in order to have a well defined axis,

lim_{r→0} g(grad Δ, grad Δ) 4 Δ = 1. (4)

Denoting by a dot differentiation with respect to the affine parameter, two of the four second-order geodesic equations,

ẍ^i + Γ^i_{jk}ẋ^jẋ^k = 0, (5)

can be integrated taking into account that there are two first integrals of the geodesic motion associated with the generators of the isometries. These are the angular momentum around the axis, L, and the linear momentum along the axis, P , of a test particle of unit mass, L = e^{2 f (t,r)} ρ^2(t, r) ϕ̇ + e^{−2 f (t,r)} A(t, r) {ż + A(t, r) ϕ̇}, (6)

P = e^{−2 f (t,r)}{ż + A(t, r) ϕ̇}. (7) The affine parametrization is determined, up to an affinity of the real line, by the prescription, δ = e^{2 g(t,r)} { ṫ^2 − ṙ^2 } − {L − P A(t, r)}^2ρ^{−2}(t, r)e^{−2 f (t,r)} − P^2e^{2 f (t,r)} , (8) where δ is one for timelike, zero for null and minus one for spacelike geodesics. Since we are dealing just with causal geodesics, for our purposes δ will always be positive. After writing ż, ϕ̇ as functions of L and P , the second-order equations in t and r, ẗ + g_t(t, r)ṫ^2 + 2 g_r(t, r)ṫṙ + g_t(t, r)ṙ^2 − P^2e^{2 {f (t,r)−g(t,r)}}f_t(t, r) + +e^{−2 {f (t,r)+g(t,r)}} {L − P A(t, r)}^2 ρ^2(t, r) { ρ_t(t, r) ρ(t, r) + f_t(t, r) + P A_t(t, r) L − P A(t, r) } , (9)

r̈ + g_r(t, r)ṫ^2 + 2 g_t(t, r)ṫṙ + g_r(t, r)ṙ^2 + P^2e^{2 {f (t,r)−g(t,r)}}f_r(t, r) − −e^{−2 {f (t,r)+g(t,r)}} {L − P A(t, r)}^2 ρ^2(t, r) { ρ_r (t, r) ρ(t, r) + f_r (t, r) + P A_r(t, r) L − P A(t, r) } , (10)

can be rearranged in a form that will be useful afterwards,

{e^{2 g(t,r)}ṫ}^· − e^{−2g(t,r)}F (t, r)F_t(t, r) = 0, (11)

{e^{2 g(t,r)}ṙ}^· + e^{−2g(t,r)}F (t, r)F_r(t, r) = 0, (12)

F (t, r) = e^{g(t,r)} √ δ + P^2e^{2f (t,r)} + {L − P A(t, r)}^2 e^{−2f (t,r)} ρ^2(t, r) , (13)

that have the same estructure as in the diagonal case.

If at least one of the constants L, P , δ is different from zero, the system is equivalent to three equations of first order for future-pointing (past-pointing) geodesics, ṫ = ±e^{−2g(t,r)}F (t, r) cosh ξ(t, r), (14)

ṙ = e^{−2g(t,r)}F (t, r) sinh ξ(t, r), (15)

ξ̇(t, r) = −e^{−2g(t,r)} {±F_t(t, r) sinh ξ(t, r) + F_r(t, r) cosh ξ(t, r)} , (16) parametrizing (8) by a function ξ(t, r). More explicitly, the last equation takes the form, ξ̇ = − e^{−g} √ δ + Λ^2ρ^{−2}e^{−2f} + P^2e^{2f} { cosh ξ ( δg_r + Λ^2 e^{−2f} ρ^2 h_r + P^2e^{2f} q_r ) ± ± sinh ξ ( δg_t + Λ^{2 e}

�2f_{ρ2} h_t + P^2e^{2f} q_t )} , (17)

h = g − f − ln ρ + ln |Λ|, Λ = L − P A, q = g + f, (18) that will be useful for deriving prolongability conditions for causal geodesics. The minus (plus) sign corresponds to past-pointing (future-pointing) geodesics.

Note that the general equations are obtained from those of the diagonal case just replacing L by Λ, that can be therefore considered as a sort of ‘effective angular momentum’ in the case where the Killing fields are not orthogonal.

III Prolongability of the geodesics

In this section we shall introduce two theorems on causal geodesic completeness of orthogonally transitive cylindrical spacetimes. Null coordinates, u = t + r 2 , v = t − r 2 , (19)

will play an important role in the results.

Theorem 1: An orthogonally transitive cylindrical spacetime endowed with a metric whose local expression in terms of C^2 metric functions f, g, A, ρ is given by (1) such that the axis is located at r = 0 has complete future causal geodesics if the following set of conditions is fulfilled:

1. For large values of t and increasing r, (a) g_u ≥ 0 h_u ≥ 0 q_u ≥ 0, (b) Either g_r ≥ 0 or |g_r| . g_u h_r ≥ 0 or |h_r| . h_u q_r ≥ 0 or |q_r| . q_u.

2. For L ≠ 0 and large values of t and decreasing r,

(a) δ g_v + P^2e^{2f} q_v + Λ^{2 e}

�2f_{ρ2}

h_v ≥ 0

(b) Either δg_r+P^2e^{2f} q_r+Λ^{2 e}

�2f_{ρ2}

h_r ≤ 0 or δg_r +P^2e^{2f} q_r+Λ^{2 e}

�2f_{ρ2} h_r .

δg_v + P^2e^{2f} q_v + Λ^{2 e}

�2f_{ρ2} h_v. 3. For large values of the time coordinate t, constants a, b exist such

that 2 g(t, r) g(t, r) + f(t, r) + ln ρ − ln |Λ| g(t, r) − f(t, r) ≥ − ln |t + a| + b.

4. The limit lim_{r→0} A ρ exists.

A theorem can be obtained for past-pointing geodesics just changing the sign of the time derivatives in the previous one.

Theorem 2: An orthogonally transitive cylindrical spacetime endowed with a metric whose local expression in terms of C^2 metric functions f, g, A, ρ is given by (1) such that the axis is located at r = 0 has complete past causal geodesics if the following set of conditions is fulfilled:

1. For small values of t and increasing r, (a) g_v ≤ 0 h_v ≤ 0 q_v ≤ 0, (b) Either g_r ≥ 0 or |g_r| . −g_v h_r ≥ 0 or |h_r| . −h_v q_r ≥ 0 or |q_r| . −q_v. 2. For L ≠ 0 and small values of t and decreasing r,

(a) δ g_u + P^2e^{2f} q_u + Λ^{2 e} �2f ρ2 h_u ≤ 0

(b) Either δg_r+P^2e^{2f} q_r+Λ^{2 e}

�2f_{ρ2}

h_r ≤ 0 or δg_r +P^2e^{2f} q_r+Λ^{2 e}

�2f_{ρ2} h_r .

|δg_u + P^2e^{2f} q_u + Λ^{2 e}

�2f_{ρ2} h_u|.

3. For small values of the time coordinate t, constants a, b exist such

that 2 g(t, r) g(t, r) + f(t, r) + ln ρ − ln |Λ| g(t, r) − f(t, r) ≥ − ln |t + a| + b.

4. The limit lim_{r→0} A ρ exists.

The theorems in [4] can be seen to be subcases of the ones introduced here.

IV Proof of the theorems

In order to achieve prolongability of causal geodesics we just have to impose that ṫ remains finite for finite values of the affine parameter. The radial velocity, ṙ, need not be considered since it cannot become singular if ṫ is not singular too. The other derivatives, ż and ϕ̇, are quadratures of smooth functions of t and r and therefore they only may turn singular if t or r become so. We shall focus on future-pointing geodesics. The analysis for past-pointing geodesics is entirely similar.

A way of preventing the hyperbolic functions of ξ from becoming singular is to require that ξ does not grow indefinitely. Therefore for large values of ξ, ξ̇ must eventually become negative. Since the constants, L, P, δ may vanish independently one is not to expect compensations between them. Hence their respective terms in (17) have to become negative for large values of positive ξ as it is stated in conditions (1a) and (1b), taking into account that cosh ξ = sinh ξ + e^{−ξ} and that therefore the terms in the negative exponential of ξ (1b) need not be negative but just of the same order as those in (1a).

By imposing condition (4) in the theorem, we require that the geometry of the spacetime in the vicinity of the axis is determined by ρ and not by A. Hence for negative decreasing ξ the axis could be singular only for geodesics with L ≠ 0, since the terms A/ρ are finite at the axis. Geodesics with zero angular momentum just cross r = 0 and reappear with positive ξ and polar angle ϕ + π and hence need not be taken into account. In this case we can therefore allow compensations between the non-zero L term and the other ones. Splitting cosh ξ as e^ξ − sinh ξ, the condition for ξ̇ to become positive for large values of t and negative ξ is stated in (2a) for the terms in sinh ξ and in (2b) for the terms in e^ξ , that can be at most of the same order of the former ones since they are exponentially damped.

No further conditions need be imposed on ξ̇. But ṫ could turn singular also for the e^{−2g} F term. A way of preventing it is to impose a growth slower than linear for ṫ due to each of the three terms (δ, Λ, P ) for large values of t. This is done in condition (3).

The condition on g must be refined since we have not yet considered the geodesics that cannot be parametrized by ξ. These are those with zero F , that is, null geodesics with zero ż and ϕ̇. Since ṫ = |ṙ| for such geodesics, the equations of geodesic motion,

ẗ + g_tṫ^2 + 2 g_rṫṙ + g_tṙ^2 = 0, (20)

r̈ + g_rṫ^2 + 2 g_tṫṙ + g_rṙ^2 = 0, (21)

can be reduced to a single one that can be integrated,

ẗ + 2 g_tṫ^2 + 2 g_rṫṙ = 0 ⇒ (e^{2g}ṫ)^· = K, (22)

which, in order to have t extendible to arbitrary values of the affine parameter, can be controlled by imposing at most linear growth for ṫ as it is done in condition (3).

V Completeness of several cylindrical models

Since all known diagonal cylindrical perfect fluid models ([11],[12],[13],[14]) with regular curvature invariants have already been shown to be geodesically complete [4], we shall only concern about nondiagonal ones. To our knowledge there are just two and both can be derived from Einstein spacetimes using the Wainwright-Ince-Marshman generation algorithm for stiff perfect fluids [15].

1. Mars: [16] It is the first known nonsingular nondiagonal cylindrical cosmological model in the literature. In another context it was previously published by Letelier [17]. In isotropic coordinates the metric functions can be written as,

g(t, r) =^1_2 ln cosh(2 a t) +^1_2 α a^2r^2, f(t, r) =^1_2 ln cosh(2 a t), ρ(t, r) = r, A(t, r) = a r^2, (23) where a is a constant and α > 1. If α = 1 the pressure and the density of the fluid vanish.

All functions are even in t and therefore the analysis of past-pointing geodesics is equivalent to that of future-pointing ones and shall be omitted. The derivatives g_u, q_u in condition (1a) are positive for positive t whereas h_u also needs large radial coordinate.

The derivatives g_r, q_r in condition (1b) are positive regardless of t and h_r is positive for large r.

Conditions (2a), (2b) are satisfied when r is small and t is positive since the L term is dominant for small r.

The functions in condition (3) are all positive except for the ln r term in h when r decreases. But this can be bounded by a logarithm of t and therefore the condition is fulfilled.

The ratio A/ρ tends to zero for decreasing r and hence condition (4) in theorem 1 is satisfied.

Hence this spacetime is causally g-complete.

2. Griffiths-Bičák: [18] The previous model is comprised in this one for c = 0 after a redefinition of constants. The metric functions can be written as,

g(t, r) =^1_2 ln cosh(2 a t) +^1_2 a^2r^2 +^1_2 Ω(t, r), f(t, r) =^1_2 ln cosh(2 a t), ρ(t, r) = r, A(t, r) = a r^2, (24) where Ω is a function that is obtained from a solution, σ, of the wave equation,

Ω_r = r(σ^2_t + σ^2_r ), Ω_t = 2r σ_tσ_r, σ(t, r) = bt + √ 2c √√ (α2+r2−t2)2+4α2t2+α2+r2−t2 (α2+r2−t2)2+4α2t2 . (25)

The analysis of the geodesics of this spacetime can be dealt with easily since, Ω_u = r(σ_t + σ_r)^2, Ω_v = −r(σ_t − σ_r)^2, (26)

and therefore Ω contributes with an additional positive term to conditions (1a), (1b) in theorem 1, that were already checked for Mars spacetime. On the contrary, Ω adds a negative term in conditions (2a), (2b) but it is negligible for small r.

Finally, the contribution of Ω to g grows at most as √ t for large t and is therefore negligible compared to the other terms in condition (3). A similar reasoning is valid for theorem 2, although the metric function Ω is not even in time.

Hence these spacetimes are geodesically complete.

Acknowledgements

The present work has been supported by Dirección General de Enseñanza Superior Project PB95-0371. The author wish to thank F. J. Chinea. L. M. González-Romero and M. J. Pareja for valuable discussions .

References

[1] S. W. Hawking, G. F. R. Ellis, The Large Scale Structure of Space-time, Cambridge University Press, Cambridge, (1973).

[2] J. Beem, P. Ehrlich, K. Easley, Global Lorentzian Geometry, Dekker, New York (1996).

[3] A. Romero, M. Sánchez, Geom. Dedicata 53, 103, (1994). [4] L. Fernández-Jambrina, L.M. González-Romero, gr-qc/98012039, to appear in Class. Quantum Grav.

[5] F. J. Chinea, L. Fernández-Jambrina, J. M. M. Senovilla, Phys. Rev D45, 481, (1992).

[6] J. Wainwright, J. Phys. A, 14, 1131, (1981).

[7] El Escorial Summer School on Gravitation and General Relativity 1992:

Rotating Objects and Other Topics (eds.: F. J. Chinea and L. M. González- Romero), Springer-Verlag, Berlin-New York (1993).

[8] J. M. M. Senovilla, Gen. Rel. Grav. 30, 701, (1998).

[9] A. Krasiński, Physics in an Inhomogeneous Universe, N. Copernicus Astronomical Centre, (1993).

[10] D. Kramer, H. Stephani, M. MacCallum, E. Herlt, Exact Solution’s of Einstein’s Field equations Cambridge University Press, Cambridge (1980).

[11] J. M. M. Senovilla, Phys. Rev. Lett. 64, 2219, (1990). [12] E. Ruiz, J. M. M. Senovilla, Phys. Rev D45, 1995, (1992). [13] M. Mars, Class. Quantum Grav. 12 2831, (1995). [14] L. Fernández-Jambrina, Class. Quantum Grav., 14, 3407, (1997). [15] J. Wainwright, W.C.W. Ince, B.J. Marshman, Gen. Rel. Grav. 10, 259 (1979).

[16] M. Mars, Phys. Rev D51, R3989, (1995). [17] P.S. Letelier, J. Math. Phys. 20, 2078, (1979).

[18] J. B. Griffiths, J. Bičak, Class. Quantum Grav., 12, L81, (1995).