gr-qc/9906087 21 Jun 1999

Super-energy tensors

José M.M. Senovilla Departamento de Física Teórica, Universidad del País Vasco, Apartado 644, 48080 Bilbao, Spain. and Departament de Física Fonamental, Universitat de Barcelona, Diagonal 647, 08028 Barcelona, Spain.

e-mail: seno@ffn.ub.es

June 21, 1999

Abstract

A simple and purely algebraic construction of super-energy (s-e) tensors for arbitrary fields is presented in any dimensions. These tensors have good mathematical and physical properties, and they can be used in any theory having as basic arena an n-dimensional manifold with a metric of Lorentzian signature.

In general, the completely timelike component of these s-e tensors has the mathematical features of an energy density: they are positive definite and satisfy the dominant property, which provides s-e estimates useful for global results and helpful in other matters, such as the causal propagation of the fields. Similarly, there appear super-momentum vectors with the mathematical properties of s-e flux vectors.

The classical Bel and Bel-Robinson tensors for the gravitational fields are included in our general definition. The energy-momentum and super-energy tensors of physical fields are also obtained, and the procedure will be illustrated by writing down these tensors explicitly for the cases of scalar, electromagnetic, and Proca fields. Moreover, higher order (super)^k-energy tensors are defined and shown to be meaningful and in agreement for the different physical fields. In flat spacetimes, they provide infinitely many conserved quantities.

In non-flat spacetimes, the fundamental question of the interchange of s-e quantities between different fields is addressed, and answered affirmatively. Conserved s-e currents are found for any minimally coupled scalar field whenever there is a Killing vector. Furthermore, the exchange of gravitational and electromagnetic super-energy is also shown by studying the propagation of discontinuities. This seems to open the door for new types of conservation physical laws.

PACS: 04.20.Cv, 04.50.+h, 04.40.Nr, 02.40.Ky

1 Introduction

One of the consequences of the geometrization of gravity is the lack of a well-posed definition of local energy-momentum tensor of the gravitational field. This is sensible from the physical point of view because the geometrization follows naturally from Einstein’s Principle of Equivalence [74], which is an essential ingredient in most theories that incorporate the gravitational field. But due to the Principle of Equivalence, one can always choose a reference system along any timelike curve such that the local gravitational field vanishes on the curve, and thus the gravitational energy density must also vanish there. This is usually referred to as the non-localizability of the gravitational energy [74]. Therefore, any theory of the gravitational field in accordance with the Pinciple of Equivalence cannot include the concept of gravitational energy-momentum tensor.

Nevertheless, there are local tensors describing the strength of the gravitational field. For instance, in the prominent theory of General Relativity, Bel [4, 6, 7] and independently Robinson (see for instance the recent Ref.[85]) constructed a four-index tensor for the gravitational field in vacuum by exploiting the mathematical analogy of this field with the electromagnetic one. The properties of the now famous Bel-Robinson tensor are similar to that of traditional energy-momentum tensors: it possesses a positive-definite timelike component and a causal ‘momentum’ vector; its divergence vanishes (in vacuum); the tensor is zero if and only if the curvature of the spacetime vanishes, and some others. The appearance of the Bel-Robinson tensor seemed more an embarrassment than an achievement, though, and has remained as a mistery over the years. It ressembles energymomentum tensors, yet it is not such a thing (it cannot be, as explained in the first paragraph). It has four indices, instead of the usual pair. It looks related somehow to the energy-momentum properties of the the gravitational field, but its physical dimensions are not those of an energy density [4, 6, 7, 19, 84], and so on^1. Actually, as first proved by Horowitz and Schmidt [54], the Bel-Robinson s-e appears at the first relevant order in the definition of gravitational quasi-local masses in vacuum. This has been later confirmed many times for the various definitions of quasi-local masses, see [11, 15, 23, 22, 34, 35, 54, 57, 66, 93, 94].

In spite of all the interpretational problems of the Bel-Robinson tensor, it is a fact that it has been succesfully used in many different applications^2, see for a selection [8, 19, 21, 61, 62, 64, 67, 69, 74, 80, 84, 97, 99]. Of at least similar importance is that the Bel-Robinson tensor arises as a relevant tool in many mathematical formalisms involving the gravitational field. Outstanding cases are: the hyperbolic formulations [39, 83] of the Einstein field equations [1, 17], the causal propagation of gravity [1, 16, 18], the existence of global solutions of the Cauchy problem [25, 53, 82], and the study of the global stability of spacetimes [26, 82]. Furthermore, the Bel-Robinson tensor (or some of its generalizations) appears as a pertinent object deserving attention in many other theories of the gravitational field, such as supergravity, string theory or the now fashionable Mtheory [51], as has been demonstrated explicitly several times, see e.g [29, 30, 31, 32, 33] and references therein. All in all, it seems inevitable to ask the question of whether or not the Bel-Robinson tensor and its applications can be translated to more general fields and theories.

Generalizations of the Bel-Robinson tensor to non-vacuum cases in General Relativity

1Due to all these reasons, Bel [4, 5, 6, 7] introduced the name super-energy to refer to the ‘enigmatic’ quantities described by his tensor, but wishing to keep some grammatical link with ‘energy’.

2Deser has applied the epithets ubiquitous [29] and immortal [30] to the Bel-Robinson tensor.

and to other physical fields have been seeked several times. To start with, Bel himself provided the generalization to a non-vacuum spacetime in General Relativity [5, 6]. This Bel tensor keeps most of the previous good properties, but it has non-zero divergence in general [5, 6, 19, 89, 90]. This is natural if one does believe in the physical reality of the s-e concept, because the existence of matter currents in the spacetime implies that other types of super-energies are present. Despite this, some other generalizations trying to keep the divergence-free property were built [86, 28, 2], but they lacked all other good properties of the Bel and Bel-Robinson tensors, and thus they have been hardly useful. In fact, as I shall discuss in section 7, not even their divergence-free property has physical relevance, because it does not allow to construct any conserved current or quantity. A more fruitful line was launched by Chevreton [24], who constructed a s-e four-index tensor for the electromagnetic field, showing in particular that in Special Relativity it had all the good properties of the Bel-Robinson tensor, including the divergence-free one. The importance of Chevreton’s idea is that he tried to carry the s-e concepts to other fields (see also [56]); very recently this has also been done for the scalar field in Special Relativity by Teyssandier [95] with interesting results. Yet another type of Bel-Robinson generalization was put forward by Öktem [75], and a different approach has been pursued by Garecki [42, 43, 44, 45, 46, 47], see [48] for a recent compilation, although their results were only partly useful. Recently, Robinson himself [85] has given some clues of how to generalize the Bel tensor. Nevertheless, all these results are only of partial relevance and of limited application, and have not answered the question of how to define s-e tensors in complete generality with the required mathematical and physical properties.

One of the main purposes of this paper is to prove that the concept of super-energy tensor is not exclusive of the gravitational field and that it can be associated in a unique and precise way to any physical field. To that end, I put forward what seems to be the correct and universal generalization of the traditional s-e tensors. The only pre-requisite is an n-dimensional differentiable manifold with a metric of Lorentzian signature, and thus it is valid for almost all known theories (including or not the gravitational field), such as supergravity, string theory, M-theory, Kaluza-Klein and gauge theories, higher order lagrangians, Brans-Dicke and scalar-tensor theories, dilaton gravity, General and Special Relativity, and many others. First of all, I give a fully general algorithm to decompose any given tensor field into its ‘electric’ and ‘magnetic’ parts with respect to any observer (section 2). Then, I present a new and general definition for the basic s-e tensor of any tensor field (section 3, Definition 3.1). This definition is very simple and purely algebraic and keeps all typical algebraic good properties of the Bel-Robinson tensor. In particular, the completely timelike component can be seen as the timelike component of a s-e flux vector which is causal, and it is positive definite, as explicitly shown in section 3. In fact, this component is shown to be the sum of the squares of all the electric and magnetic parts of the tensor.

A specially remarkable property of the Bel-Robinson tensor that has played an important role in some of the above-mentioned applications [12, 16, 17, 18, 26, 80, 89, 90] is that a positive (resp. non-negative) number is obtained when contracting the Bel-Robinson tensor with any four future-pointing timelike (resp. causal) vectors [80, 18, 12, 89, 90]. This property will be called the dominant property [18, 89, 90] in analogy with the dominant energy condition for the energy-momentum tensor [53]. In my opinion, this is one of the important requisites to be kept by any good definition of s-e tensor, even more important than the formulas related to the divergence of the tensor. One of the main results in this paper is the proof that Definition 3.1 achieves this goal, for the dominant s-e property is shown to hold in full generality in section 4. This is very important because the cited results and applications can be then translated to general fields by using the s-e tensors of Definition 3.1. As a relevant example, a recent theorem [16] in which the dominant property of the s-e tensors is essential and that proves the causal propagation of the gravitational and many other fields in general spacetimes is included here.

All the previous properties are also shown to hold for a more general family of se tensors obtained by permutting indices in the basic s-e tensor. This is explained in section 5. However, as I will argue in this paper, only the completely symmetric part of these tensors (which is unique) plays a role in the physical applications. This can be seen as indirect proof of the uniqueness of the s-e tensors herein presented.

The physical applications are left for the next sections. In section 6, the Definition 3.1 is used to build up and study in some depth the s-e tensors of the gravitational, electromagnetic, Proca, and scalar (with or without mass) fields in general theories. I shall show that there exists, for any field, a hierarchy of infinitely many ‘(super)^k-energy’ tensors involving the field and its derivatives up to a given order related to k. The first level in the list depends on the physical characteristics of the particular field so that, for typical fields the energy-momentum tensor arises naturally as a first step in the hierarchy, but for the gravitational field the first natural step is at the super-energy level. This hierarchy can be put in correspondance for the different fields, and moreover it provides an infinite set of conserved quantities in flat spacetimes (such as in Special Relativity).

Finally, the fundamental question of whether or not the s-e quantities can be transferred between different physical fields (such as energy does) is considered. The results obtained are very promising and illuminating. In particular, I prove that one can always construct divergence-free currents in any spacetime with a minimally coupled scalar field and at least one Killing vector (a symmetry). These are mixed currents, in the sense that they involve the sum of the s-e tensors for the gravitational and the scalar field, so that they prove the exchange of s-e quantities between these two fields [90]. Furthermore, these currents reduce to the corresponding generalized Bel-Robinson conserved currents in the absence of the scalar field, and to the divergence-free currents of the scalar field previously built in flat spacetimes if the gravitational field is switched off. Another enlightening result is obtained by studying the propagation of mixed electromagnetic-gravitational wave fronts, where appropriate (super)^k-energy mixed quantities are shown to be conserved along the wave-front if there are conformal symmetries. These conserved quantities necessarily involve the gravitational and the electromagnetic contributions, and thus they are also a proof of the s-e exchange and its validity at the various hierarchical levels. All this opens the door to a new type of conservation physical laws which deserve further investigation in the different available physical-geometrical theories.

2 Tensors as r-fold forms. Electric-magnetic parts

Let V_n be any differentiable n-dimensional manifold endowed with a metric g of Lorentzian signature (–,+,. . . ,+). Indices in V_n run from 0 to n − 1 and are denoted by Greek small letters. Thus, the components of g in any given basis are written as g_{αβ}. “Spatial” indices will also be needed, so that Latin small letters i, j, . . . will run from 1 to n − 1. Similarly, capital letters I, J, . . . stand for indices running from 2 to n−1. Boldface letters and arrowed symbols indicate exterior p-forms and vectors, respectively. The covariant derivative associated to g is denoted by ∇ and its Riemann and Ricci tensors by R_{αβλμ} and

R_{μν} ≡ R^ρ_{μρν} , respectively (sign conventions as in [36]). The canonical volume element n-form is denoted by η, with components η_{α1...αn} . Round and square brackets embracing any number of indices will denote the usual symmetrization and antisymmetrization, respectively, so that for instance η_{α1...αn} = η_{[α1...αn]}, R_{μν} = R_{(μν)}. Equalities by definition are denoted by ≡, and the end of a proof is signalled by .

A basic operation in what follows is the standard Hodge dual, denoted by *, and defined as follows. Let A^{{Ω}}_{μ1...μp} = A^{{Ω}}_{[μ1...μp]} denote any tensor with an arbitrary number of indices schematically denoted by {Ω}, plus a set of p ≤ n completely antisymmetrical indices μ_1 . . .μ_p. Then, the dual of A with respect to μ_1 . . .μ_p is defined and denoted by A^{{Ω}} ∗_{μp+1...μn} ≡ 1 p! η_{μ1...μn} A^{{Ω}μ1...μp} (1) where the * is placed over the indices onto which the dual operation acts. Observe that A^{{Ω}} ∗_{μp+1...μn} = A^{{Ω}} ∗_{[μp+1...μn]}. It is easy to prove that A^{{Ω}} ∗∗_{μ1...μp} = (−1)^{p(n−p)+1} A^{{Ω}}_{μ1...μp} which can be written simply as ∗∗ = (−1)^{p(n−p)+1}. Consider now any tensor A^{{Ω}}_{μ1...μp ν1...νq} which is completely antisymmetric in the sets μ_1 . . .μ_p and ν_1 . . .ν_q and also has any number of other indices signalled by {Ω}. Then one can form the duals with respect to μ_1 . . .μ_p, or with respect to ν_1 . . . ν_q , or to both. The fundamental identity concerning the dual operation is given by A^{{Ω}} ∗_{μp+1...μn}^{∗νq+1...νn} + 1 q! ( n p ) A^{{Ω}[ν1...νp}_{ν1...νq} δ^{νp+1...νn]} μp+1...μn = 0 , (2) A^{{Ω}} ∗_{μp+1...μn}^{∗νq+1...νn} + 1 p! ( n q ) A^{{Ω}μ1...μp}_{[μ1...μq} δ^{νq+1...νn}_{μq+1...μn]} = 0 , (3) where δ^{μ1...μs}_{ν1...νs} denotes the Kronecker symbol of order s, see Appendix. The above relation together with many others derived from it which will be used later are proven in the Appendix.

Let us now show how to decompose any given tensor into ‘electric’ and ‘magnetic’ parts. Take any m-covariant tensor t_{μ1...μm} and consider the set of indices which are antisymmetric with μ_1, plus μ_1 itself. This set constitutes a block of (say) n_1 ≤ n completely antisymmetric indices, which will be denoted by [n_1]. Take then the next index in t_{μ1...μm} which is not in [n_1] and do the same, forming thus a second block [n_2] of n_2 ≤ n completely antisymmetric indices. Continue like this until all indices of t_{μ1...μm} belong to one of these blocks. Then, we have separated the m indices of t_{μ1...μm} into (say) r blocks, each containing n_Υ (Υ = 1, . . ., r) completely antisymmetric indices, with n_1 + . . . + n_r = m. In this way, we can consider t_{μ1...μm} as an r-fold (n_1, . . ., n_r)-form which will be denoted schematically by t_{[n1],...,[nr]} where [n_Υ] indicates the Υ-th block with n_Υ antisymmetrical indices. This can always be done because, even if t_{μ1...μm} has no antisymmetries, it can be seen as an m-fold (1,. . . ,1)-form. Several examples of r-fold forms are: the volume element η_{μ1...μn} is a simple n-form; F_{μν} = F_{[μν]} is a simple 2-form, while ∇_ρF_{μν} is a double (1,2)-form; the Riemann tensor is a double symmetrical (2,2)-form (the pairs can be interchanged) and the Ricci tensor is a double symmetrical (1,1)-form; a tensor such as t_{μνρ} = t_{(μνρ)} is a triple symmetrical (1,1,1)-form, etcetera.

At this stage, one can define all possible duals by using the * acting on each of the [n_Υ] blocks, obtaining the following tensors (obvious notation): t ∗_{[n−n1 ],...,[nr]}, . . ., t_{[n1],...,} ∗_{[n−nr ]}, t ∗_{[n−n1],} ∗_{[n−n2],...,[nr ]}, . . . . . . , t ∗_{[n−n1 ],} ∗_{[n−n2],...,} ∗_{[n−nr ]} .

There are 1 + ( r 1 ) + . . . + ( r r ) = 2^r tensors in this set (including t_{[n1],...,[nr]}), each

of which is an r-fold form (except when n_Υ = n for some Υ, but these special cases will be treated as self-evident). All these tensors allow to construct a canonical “electricmagnetic” decomposition of t_{μ1...μm} relative to any observer. To see it, take any timelike unit vector ⃗u, u_μu^μ = −1, and contract all the above duals with r copies of ⃗u, each one with the first index of each block. Whenever ⃗u is contracted with a ‘starred’ block ∗ [n − n_Υ], we obtain a ‘magnetic part’ in that block, and an ‘electric part’ otherwise. Thus, the electric-magnetic parts are r-fold forms^3 which can be denoted by (^t_{⃗u} EE . . .E r )_{[n1−1],[n2−1],...,[nr−1]}, (^t_{⃗u}H E . . .E r−1 )_{[n−n1−1],[n2−1],...,[nr−1]}, . . . . . . , (^t_{⃗u} E . . .E r−1 H)_{[n1],...,[nr−1−1][n−nr −1]} , (^t_{⃗u}HH E . . . E r−2 )_{[n−n1−1],[n−n2−1],...,[nr−1]}, . . . , (^t_{⃗u} E . . . E r−2 HH)_{[n1−1],...,[n−nr−1−1],[n−nr −1]} , . . ., (^t_{⃗u} HH . . .H r )_{[n−n1−1],[n−n2−1],...,[n−nr −1]}, where, for instance, (^t_{⃗u} EE . . . E r )_{μ2...μn1 ,ν2...νn2 ,...,ρ2...ρnr} ≡ t̃_{μ1μ2...μn1 ,ν1ν2...νn2 ,...,ρ1ρ2...ρnr} u^{μ1} u^{ν1} . . . u^{ρ1} , (^t_{⃗u}H E . . .E r−1 )_{μn1+2...μn,ν2...νn2 ,...,ρ2...ρnr} ≡t̃ ∗_{μn1+1μn1+2...μn,ν1ν2...νn2 ,...,ρ1ρ2...ρnr} u^{μn1+1} u^{ν1} . . . u^{ρ1}

and so on. Here, t̃_{[n1],...,[nr]} denotes the tensor obtained from t_{[n1],...,[nr ]} by permutting the indices such that the first n_1 indices are those precisely in the block [n_1], the next n_2 indices are those in the block [n_2], and so on. There are 2^r E-H parts, they are spatial relative to ⃗u in the sense that they are orthogonal to ⃗u in any index, and all of them determine t_{μ1...μm} uniquely and completely. Besides, t_{μ1...μm} vanishes iff all its E-H parts do. The simplest way to see this is to take any orthonormal basis {⃗e_μ} with ⃗e_0 = ⃗u and decompose all the components of t_{[n1],...,[nr ]} in sets according to whether they have a ‘zero’ or not in each of the blocks (notice that blocks cannot have any repeated index). This provides 2^r sets which altogether comprise obviously all the components of t_{μ1...μm} . Observe now that each of these sets coincide with one of the E-H parts: blocks with one zero correspond to ‘E’ and those without zero to ‘H’.

Of course, this ‘E-H’ decomposition agrees with the classical one of any electromagnetic field F_{μν} and its generalizations to the Riemann and Weyl tensors [3, 6, 7, 67, 70, 72]. To illustrate the decomposition, take any simple p-form Σ_{μ1...μp} = Σ_{[μ1...μp]}. In general, this has ( n p ) independent components. Given any unit timelike ⃗u, the electric part of Σ

3Of course, if one of the blocks has n_Υ = 1, then when concracting with ⃗u this block dissapears, so that the electric parts of 1-blocks are scalars, and analogously for magnetic parts corresponding to (n � 1)-blocks. Then, some of the E-H parts may be r̃-forms with r̃ < r, and this is to be understood.

with respect to ⃗u is the simple (p − 1)-form

(_Σ ⃗u E ) μ2...μp ≡ Σ_{μ1μ2...μp} u^{μ1} , (_Σ ⃗u E ) μ2...μp = (_Σ ⃗u E ) [μ2...μp] , (_Σ ⃗u E ) μ2...μp u^{μ2} = 0.

Obviously,

(_Σ ⃗u E ) has ( n − 1 p − 1 ) independent components, which correspond to those

with a ‘zero’ among the components Σ_{μ1...μp} in any orthonormal basis {⃗e_μ} with ⃗e_0 = ⃗u, that is, to Σ_{0i2...ip} (remember that i, j, . . . = 1, . . ., n − 1). Similarly, the magnetic part of Σ with respect to ⃗u is the simple (n − p − 1)-form (_Σ ⃗u H ) μ2...μn−p ≡ Σ ∗ μ1μ2...μn−p u μ1 , (_Σ ⃗u H ) μ2...μn−p = (_Σ ⃗u H ) [μ2...μn−p] , (_Σ ⃗u H ) μ2...μn−p u^{μ2} = 0.

Now,

(_Σ ⃗u H ) has ( n − 1 n − p − 1 ) = ( n − 1 p ) independent components, which correspond

to those without ‘zeros’ in the basis above, that is, to Σ_{i1...ip} . The sum of the components of the electric part plus the components of the magnetic part gives ( n − 1 p − 1 ) + ( n − 1 p ) = ( n p )

which is the total number of components of Σ. The simple p-form Σ can be expressed, for any unit timelike ⃗u, in terms of its electric and magnetic parts as Σ_{μ1...μp} = −p u_{[μ1} (^Σ_{⃗u} E)_{μ2...μp]} + (−1)^{p(n−p)} (n − p)! η_{ρ1...ρn−pμ1...μp} u^{ρ1} (_Σ ⃗u H )_{ρ2...ρn−p}

Σ ∗ μp+1μp+2...μn = −(n − p)u[μp+1 ( Σ ⃗u H)_{μp+2...μn]} − 1 p! η_{μ1...μn} u^{μ1} (_Σ ⃗u E )_{μ2...μp}

which can be written in a compact form as Σ = −u ∧ (_Σ ⃗u E ) + (−1)^{p(n−p)} ∗ [ u ∧ (_Σ ⃗u H )] ,^∗Σ= −u ∧ (_Σ ⃗u H ) − ∗ [ u ∧ (_Σ ⃗u E )]

where ∧ denotes the exterior product. These formulae show once again that the E-H parts of Σ fully determine Σ, and that Σ vanishes if and only if its E-H parts are zero with respect to some (and then to all) ⃗u. The invariants asociated with Σ can also be expressed in terms of its E-H parts. For instance, from formula (A.9) in the Appendix one gets 1 p! Σ_{μ1...μp} Σ^{μ1...μp} = 1 (n − p − 1)! (^Σ_{⃗u} H)_{μp+2...μn} (^Σ_{⃗u} H)^{μp+2...μn} − 1 (p − 1)! (^Σ_{⃗u} E)_{μ2...μp} (^Σ_{⃗u} E)^{μ2...μp} (4) The general decomposition for arbitrary r-fold forms does all this on each [n_Υ]-block.

For any spatial tensor S_{μν...ρ} relative to ⃗u (that is, orthogonal to ⃗u in every index), the following abbreviated notation [S]^2 ≡ S_{μν...ρ}S^{μν...ρ} > 0 will be used. Notice that this is positive and vanishes if and only if the whole tensor S_{μν...ρ} is zero. In particular, [^t_{⃗u} EE . . .E r ]^2, [^t_{⃗u}H E . . .E r−1 ]^2, etcetera are all non-negative and any

of them vanishes iff the corresponding E-H part so does.

3 Definition of the basic super-energy tensor

In this section I show how to construct a good s-e tensor for any given tensor t_{μ1...μm} . To that end, let us start by defining the “semi-square” (t_{[n1],...,[nr ]} × t_{[n1],...,[nr]}) of any r-fold (n_1, . . ., n_r)-form by contracting all indices but one of each block in the product of t̃ with itself, that is to say (t × t)_{λ1μ1...λrμr} ≡ (_r ∏ Υ=1 1 (n_Υ − 1)! ) t̃_{λ1ρ2...ρn1 ,...,λrσ2...σnr} t̃^{ρ2...ρn1 , σ2...σnr} μ1 ...,μr . (5) This is a 2r-covariant tensor. With this at hand, let us put forward the following general definition [89, 90]:

Definition 3.1 The basic s-e tensor of t is defined as half of the sum of the 2^r semisquares constructed with t_{[n1],...,[nr]} and all its duals. Explicitly: T_{λ1μ1...λrμr} {t} ≡ 1 2 { ( t_{[n1],...,[nr]} × t_{[n1],...,[nr]} ) λ1μ1...λrμr + + ( t ∗_{[n−n1 ],...,[nr]} × t ∗_{[n−n1],...,[nr ]} ) λ1μ1...λrμr + . . . + + . . . + ( t_{[n1],...,} ∗_{[n−nr ]} × t_{[n1],...,} ∗_{[n−nr ]} ) λ1μ1...λrμr + . . . + . . . + ( t ∗_{[n−n1 ],} ∗_{[n−n2],...,[nr]} × t ∗_{[n−n1],} ∗_{[n−n2],...,[nr ]} ) λ1μ1...λrμr + . . . + + . . . . . . + ( t ∗_{[n−n1 ],...,} ∗_{[n−nr ]} × t ∗_{[n−n1],...,} ∗_{[n−nr ]} ) λ1μ1...λrμr } . (6)

As we will see, this tensor coincides, sometimes, with the energy-momentum tensor of some physical fields, and thus the generic name ‘super-energy’ tensor may be inappropriate. However, in a majority of cases the tensor will be related to higher order ‘energies’ (see section 6), so that it is preferable to keep the ‘s-e’ adjective. Concerning the adjective ‘basic’, this is due to two main reasons: first, for massive physical fields the physical s-e tensor will be a combination of several ‘basic’ s-e tensors (see subsection 6.3); second, in general a linear combination of basic s-e tensors permutting the indices with positive constants will also be a good mathematical s-e tensor. This point will be treated is section 5. Notice that any dual of t_{[n1],...,[nr]} gives rise to the same basic s-e tensor (6). Therefore, one only needs to consider blocks with at most n/2 indices if n is even, or (n + 1)/2 if n is odd. This will be implicitly assumed sometimes in what follows. Observe that if there is any block [n_Υ] with n_Υ = n, then this block ‘disappears’ giving rise to ‘0-blocks’ after dualizing.

The properties of (6) are the following.

Property 3.1 The tensor (6) is symmetric on each (λ_Υμ_Υ)-pair, that is, T_{λ1μ1...λrμr} {t} = T_{(λ1μ1)...(λrμr)} {t}

Proof: Notice that all the terms in the definition (6) can be separated in two groups, one of them without duals in the block [n_Υ] and the other with duals in that block. Now, due to formula (A.6) in the Appendix, the sum of these two groups is symmetric in the corresponding (λ_Υμ_Υ)-pair. As this can be done for any block the result follows.

Property 3.2 If the tensor t_{[n1],...,[nr ]} is symmetric in the interchange of the block [n_Υ] with the block [n_Υ′ ] (n_Υ = n_Υ′ ), then the s-e tensor (6) is symmetric in the interchange of the corresponding (λ_Υμ_Υ)- and (λ_Υ′ μ_Υ′ )-pairs.

Proof: Assume that t_{...,[nΥ],...,[nΥ′ ],...} = t_{...,[nΥ′ ],...,[nΥ],...} with n_Υ = n_Υ′ . Then it is obvious that t_{...,} ∗_{[n−nΥ],} ∗_{...,[n−nΥ′ ],...} = t_{...,} ∗_{[n−nΥ′ ],} ∗_{...,[n−nΥ ],...}, t_{...,[nΥ],} ∗_{...,[n−nΥ′ ],...} = t_{...,} ∗_{[n−nΥ′ ],...,[nΥ],...} and thus, from the explicit expression (6) it follows immediately that T_{...λΥμΥ...λΥ′ μΥ′ ...} {t} = T_{...λΥ′ μΥ′ ...λΥμΥ...} {t}

Property 3.3 If n is even, then the s-e tensor (6) is traceless in any (λ_Υμ_Υ)-pair with n_Υ = n/2.

Proof: Assume that n = 2n_Υ for some Υ. Then, as in the proof of Property 3.1, we can separate all the terms in (6) into two groups, one with [n_Υ]-blocks and the other with ∗ [n − n_Υ]=^∗[n_Υ]-blocks. Then, application of formula (A.8) in the Appendix to the trace in the (λ_Υμ_Υ)-pair leads immediately to T_{...}^{μΥ}_{μΥ ...} {t} = 0, if n = 2n_Υ

One of the good properties of the s-e tensor (6) is that its completely timelike component has the mathematical features of an energy density, which can be also seen as the timelike component of a vector with the typical properties of an n-momentum vector. These good properties are going to be proved partly now, and the rest will be shown in section 4. However, the physical dimensions of this timelike component will not be, in general, those of an energy density. Thus, following Bel in his pionering work on s-e tensors [4, 5, 6, 7], I shall generically use the term ‘super-energy’ for these concepts.

Definition 3.2 The super-energy density of the tensor t relative to the timelike vector ⃗u is denoted by W_t(⃗u) and defined by W_t (⃗u) ≡ T_{λ1μ1...λrμr} {t}u^{λ1} u^{μ1} . . . u^{λr} u^{μr} . (7) The basic properties of W_t(⃗u) are

Property 3.4 For all timelike vectors ⃗u, W_t(⃗u) is non-negative. Furthermore, {∃⃗u such that W_t (⃗u) = 0} ⇐⇒ T_{λ1μ1...λrμr} {t} = 0 ⇐⇒ t_{μ1...μm} = 0. (8)

Proof: From (6) and (7), together with the definition of the E-H parts of t we get

W_t (⃗u) ≡ 1 2 (_r ∏ Υ=1 1 (n_Υ − 1)! ) [^t_{⃗u} EE . . . E r ]^2 + . . . +

+ . . . + (_r ∏ Υ=1 1 (n − n_Υ − 1)! ) [^t_{⃗u} HH . . .H r ]^2 ≥ 0 (9)

from where the first part is obvious and one sees that W_t(⃗u) can vanish for some ⃗u if and only if all the E-H parts of t vanish. But as we saw in the previous section, all the electric-magnetic parts of t vanish iff the tensor t is zero, in which case the whole T {t} also vanishes.

Property 3.5 The s-e density is half the sum of the squares of all the components of t in any orthonormal basis {⃗e_μ} with ⃗e_0 = ⃗u: W_t(⃗e_0) = T_{0...0}{t} = 1 2 n−1∑ μ1,...,μm=0 |t_{μ1...μm} |^2 .

Proof: It is enough to remember that the E-H decompostion is simply a decomposition according to whether a block has a zero or not in any orthonormal basis (see previous section), and then use formula (9).

In fact, there is another interesting formula for the super-energy density which is very useful in some calculations, and allows to compare with other similar positive quantities. Given any unit timelike ⃗u, let us define the ‘positive-definite metric’ relative to ⃗u as

h_{μν} (⃗u) ≡ g_{μν} + 2u_μu_ν . (10)

As this is positive definite, it allows to construct positive quantities when contracting with tensors. Actually, we have

Property 3.6 The s-e density of the tensor t relative to ⃗u is proportional to the ‘square’ of t with respect to the positive-definite metric h(⃗u) according to

W_t (⃗u) = 1 2 (_r ∏ Υ=1 1 n_Υ! ) t̃_{μ1...μn1 ,...,ρ1...ρnr} t̃_{ν1...νn1 ,...,σ1...σnr} h^μ1^ν1 . . . h^{μn}1^{νn}1 . . . h^ρ1^σ1 . . .h^{ρn}r^{σn}r . Proof: The case of simple p-forms Σ is proved in Property 3.8 below. The general case is left for Section 4, see Corollary 4.2.

The s-e density can be seen as the timelike component of some ‘momentum’ vectors constructed from the s-e tensor. The precise definition is

Definition 3.3 The super-energy flux vectors of the tensor t relative to the timelike vector ⃗u are denoted by^Υ ⃗P_t(⃗u) and defined by ΥP^ν_t (⃗u) ≡ − T_{λ1μ1...λΥ−1μΥ−1}^ν_{μΥ...λrμr} {t}u^{λ1} u^{μ1} . . . u^{λΥ−1} u^{μΥ−1} u^{μΥ} . . . u^{λr} u^{μr} . (11)

There are, in general, r different s-e flux vectors, one for each (λ_Υμ_Υ)-pair. However, sometimes some of these vectors may coincide with each other, such as for instance when the Property 3.2 holds for some pairs, in which case the corresponding s-e flux vectors are equal. The s-e flux vectors can be decomposed with respect to a unit ⃗u into their timelike component and the corresponding spatial part as

ΥP^ν_t (⃗u) = W_t (⃗u) u^ν + ( δ^ν_ρ + u^ν u_ρ

)_Υ P^ρ_t (⃗u) .

Property 3.7^Υ ⃗P_t (⃗u) are causal vectors with the same time orientation than ⃗u.

Proof: That^Υ ⃗P_t (⃗u) is causal, that is, either timelike or null, is a particular case of a more general property of basic s-e tensors to be proven in the next section, see Corollary 4.5. On the other hand, we have from (11) and Property 3.4

ΥP^ρ_t (⃗u) u_ρ = −W_t (⃗u) < 0

which proves that^Υ ⃗P_t (⃗u) is future-pointing if ⃗u is future-pointing.

Let us present some s-e tensors of type (6) explicitly. Starting with a scalar f we simply have T {f} = 1 2 f^2 .

For any given simple p-form Σ_{μ1...μp} = Σ_{[μ1...μp]}, definition (6) produces T_λ^μ { Σ_{[p]} } = 1 2 ( 1 (p − 1)! Σ_{λρ2...ρp} Σ^{μρ2...ρp} + 1 (n − p − 1)! Σ ∗_{λρp+2...ρn} Σ^{∗μρp+2...ρn} ) (12)

and then using formula (A.9) in the Appendix we equivalently obtain T_{λμ} { Σ_{[p]} } = 1 (p − 1)! ( Σ_{λρ2...ρp} Σ_μ^{ρ2...ρp} − 1 2p g_{λμ}Σ_{ρ1ρ2...ρp} Σ^{ρ1ρ2...ρp} ) (13)

so that T_{λμ} { Σ_{[p]} } = T_{μλ} { Σ_{[p]} } , T^μ_μ { Σ_{[p]} } = ( p − n 2 ) 1 p! Σ_{ρ1ρ2...ρp} Σ^{ρ1ρ2...ρp} . (14) These explicit expressions allow to prove Property 3.6 for the case of simple p-forms.

Property 3.8 The s-e density of the simple p-form Σ relative to ⃗u is proportional to the ‘square’ of Σ with respect to the positive-definite metric (10), that is

W_Σ (⃗u) = 1 2 p! Σ_{μ1...μp} Σ_{ν1...νp} h^{μ1ν1} . . . h^{μpνp} . Proof: From (13) and the definition of

(_Σ ⃗u E ) it follows

W_Σ (⃗u) = 1 (p − 1)! [(_Σ ⃗u E ) ρ2...ρp (_Σ ⃗u E )_{ρ2...ρp} + 1 2p Σ_{ρ1ρ2...ρp} Σ^{ρ1ρ2...ρp} ] while using (10) together with the properties that

(_Σ ⃗u E ) is spatial relative to ⃗u and completely antisymmetric, one gets Σ_{μ1...μp} Σ_{ν1...νp} h^{μ1ν1} . . .h^{μpνp} = = [ Σ_{μ1μ2...μp} Σ^{μ1}_{ν2...νp} + 2 (_Σ ⃗u E ) μ2...μp (_Σ ⃗u E ) ν2...νp ] h^{μ2ν2} . . .h^{μpνp} = = [ Σ_{μ1μ2...μp} Σ^{μ1μ2}_{ν3...νp} + 4 (_Σ ⃗u E ) μ2...μp (_Σ ⃗u E )_{μ2} ν3...νp ] h^{μ3ν3} . . . h^{μpνp} = . . . = = . . . . . . = Σ_{μ1μ2...μp} Σ^{μ1μ2...μp} + 2p (_Σ ⃗u E ) μ2...μp (_Σ ⃗u E )_{μ2...μp}

which comparing with the previous equation proves the formula.

Observe that introducing (4) into the formula just obtained we can write 1 p! Σ_{μ1...μp} Σ_{ν1...νp} h^{μ1ν1} . . .h^{μpνp} = 1 (n − p − 1)! (^Σ_{⃗u} H)_{μp+2...μn} (^Σ_{⃗u} H)^{μp+2...μn} + + 1 (p − 1)! (^Σ_{⃗u} E)_{μ2...μp} (^Σ_{⃗u} E)^{μ2...μp} (15) which will be useful in the proof of the general case, see Corollary 4.2.

Consider now any double (p, q)-form K_{[p],[q]} and take its corresponding K̃_{[p],[q]} with ordered indices: K̃_{μ1...μp,ν1...νq} = K̃_{[μ1...μp],[ν1...νq ]}. Its s-e tensor (6) reads T_α^β_λ^μ { K_{[p],[q]} } = 1 2 ( 1 (p − 1)!(q − 1)! K̃_{αρ2...ρp,λσ2...σq}K̃^{βρ}2^{...ρ}p^{,μσ}2^{...σ}q + + 1 (p − 1)!(n − q − 1)! K̃_{αρ} 2...ρp, ∗ λσq+2...σn K̃^{βρ}2^{...ρ}p^{, ∗μσ}q+2^{...σ}n + + 1 (n − p − 1)!(q − 1)! K̃_∗ αρp+2...ρn,λσ2...σq K̃^∗ βρp+2...ρn,μσ2...σq + + 1 (n − p − 1)!(n − q − 1)! K̃_∗ αρp+2...ρn, ∗ λσq+2...σn K̃^{∗βρ}p+2^{...ρ}n^{, ∗μσ}q+2^{...σ}n ) (16)

which after use of formulae (A.10-A.12) in the Appendix is equivalent to T_{αβλμ} { K_{[p],[q]} } = 1 (p − 1)!(q − 1)! ( K̃_{αρ2...ρp,λσ2...σq}K̃_β^ρ2^{...ρ}p^,_μ^σ2^{...σ}q + +K̃_{αρ2...ρp,μσ2...σq}K̃_β^{ρ2...ρp,}_λ^{σ2...σq} − 1 p g_{αβ}K̃_{ρ1ρ2...ρp,λσ2...σq} K̃^{ρ1ρ2...ρp,}_μ^{σ2...σq} − (17) − 1 q g_{λμ}K̃_{αρ2...ρp,σ1σ2...σq}K̃_β^{ρ2...ρp,σ1σ2...σq} + 1 2pq g_{αβ}g_{λμ}K̃_{ρ1ρ2...ρp,σ1σ2...σq} K̃^{ρ1ρ2...ρp,σ1σ2...σq} )

and thus in general T_{αβλμ} { K_{[p],[q]} } = T_{(αβ)(λμ)} { K_{[p],[q]} } . (18)

One can find similar explicit formulas for the basic s-e tensor T_{αβλμτ ν} { A_{[p],[q],[s]} } of general triple (p, q, s)-forms in a straightforward way, and so on. For later use, the form of the s-e tensor for a triple (p, q, s)-form A_{[p],[q],[s]} is presented: T_{αβλμτ ν} { A_{[p],[q],[s]} } = 1 (p − 1)!(q − 1)!(s − 1)! [ Ã_{αρ2...ρp,λσ2...σq,τ ζ2...ζs}Ã_β^ρ2^{...ρ}p^,_μ^σ2^{...σ}q^,_ν^ζ2^{...ζ}s

+Ã_{βρ2...ρp,λσ2...σq ,τ ζ2...ζs}Ã_α^{ρ2...ρp,}_μ^{σ2...σq,}_ν^{ζ2...ζs} + +Ã_{αρ2...ρp,μσ2...σq ,τ ζ2...ζs}Ã_β^{ρ2...ρp,}_λ^{σ2...σq ,}_ν^{ζ2...ζs} + +Ã_{αρ2...ρp,λσ2...σq,νζ2...ζs}Ã_β^{ρ2...ρp,}_μ^{σ2...σq ,}_τ^{ζ2...ζs} − − 1 p g_{αβ} ( Ã_{ρ1...ρp,λσ2...σq,τ ζ2...ζs}Ã^ρ1^{...ρ}p^,_μ^σ2^{...σ}q^,_ν^ζ2^{...ζ}s+ Ã_{ρ1...ρp,λσ2...σq ,νζ2...ζs}Ã^ρ1^{...ρ}p^,_μ^σ2^{...σ}q^,_τ^ζ2^{...ζ}s ) − − 1 q g_{λμ} ( Ã_{αρ2...ρp,σ1...σq ,τ ζ2...ζs}Ã_β^ρ2^{...ρ}p^{,σ}1^{...σ}q^,_ν^ζ2^{...ζ}s+ Ã_{αρ2...ρp,σ1...σq,νζ2...ζs}Ã_β^ρ2^{...ρ}p^{,σ}1^{...σ}q^,_τ^ζ2^{...ζ}s ) − − 1 s g_{τ ν} ( Ã_{αρ2...ρp,λσ2...σq,ζ1...ζs}Ã_β^ρ2^{...ρ}p^,_μ^σ2^{...σ}q^{,ζ}1^{...ζ}s+ Ã_{αρ2...ρp,μσ2...σq,ζ1...ζs}Ã_β^ρ2^{...ρ}p^,_λ^σ2^{...σ}q^{,ζ}1^{...ζ}s ) + + 1 pq g_{αβ}g_{λμ}Ã_{ρ1...ρp,σ1...σq ,τ ζ2...ζs}Ã^{ρ1...ρp,σ1...σq,}_ν^{ζ2...ζs} + + 1 ps g_{αβ}g_{τ ν}Ã_{ρ1...ρp,λσ2...σq,ζ1...ζs}Ã^{ρ1...ρp,}_μ^{σ2...σq,ζ1...ζs} + + 1 qs g_{λμ}g_{τ ν}Ã_{αρ2...ρp,σ1...σq,ζ1...ζs}Ã_β^{ρ2...ρp,σ1...σq,ζ1...ζs} − − 1 2 pqs g_{αβ}g_{λμ}g_{τ ν}Ã_{ρ1...ρp,σ1...σq ,ζ1...ζs}Ã^{ρ1...ρp,σ1...σq ,ζ1...ζs} ] . (19)

It is noteworthy that expressions (13), (17) and (19) do not depend on the dimension n explicitly. This is in fact a general property, so that a formula for the s-e tensor (6) can be given, in general, without any explicit dependence on n. It is enough to expand all the duals. Actually, this general expression can be easily guessed for general r-fold (n_1, . . ., n_r)-forms from the cases given in (13), (17), (19). However, this general formula is cumbersome and adds very little to what has been said, so that it will be omitted here.

4 The dominant super-energy property

Properties 3.4 and 3.7 are simple particular cases of a quite general and much more important property of the basic s-e tensors (6), which I call the dominant super-energy property (DSEP). The general definition is Definition 4.1 A rank-s tensor T_{μ1...μs} is said to satisfy the dominant super-energy property if T_{μ1...μs} k^{μ1}_1 . . . k^{μs}_s ≥ 0 (20) for any future-pointing causal vectors ⃗k_1, . . .,⃗k_s.

The simplest examples of tensors with the DSEP are the past-directed causal vectors and their tensor products. Another simple example is minus the metric tensor, and any tensor products of it −g, g ⊗ g, −g ⊗ g ⊗ g, . . . . . ., (−1)^k g ⊗ . . . ⊗ g k . Actually, we have

Property 4.1 The tensor product of any number of tensors with the DSEP satisfies this property too. Furthermore, any linear combination with non-negative coefficients of tensors satisfying the DSEP has also the DSEP.

Proof: Trivial.

Let us remark that, in some particular cases, even more general linear combinations (for instance with some negative coefficient) of tensors which satisfy the DSEP may also keep this property. Property 4.1 shows that the set of all tensors with the DSEP at any point of V_n has the algebraic structure of a vector ‘semi’-space, given that one can only multiply by the scalars of the ‘semi’-field IR^+.

The DSEP is a generalization of the so-called dominant energy condition for energymomentum tensors [53]. The justification for its name is given in the following

Lemma 4.1 If a tensor T_{μ1...μs} satisfies the DSEP, then T_{0...0} ≥ |T_{μ1...μs} | ∀μ_1, . . ., μ_s = 0, . . ., n − 1 in any orthonormal basis {⃗e_ν }.

Thus, the completely timelike component of T_{μ1...μs} (which may be called its ‘super-energy’ relative to ⃗e_0) ‘dominates’ over all other components of T_{μ1...μs} .

Proof: Let {⃗e_ν } be any orthonormal basis with a future-pointing ⃗e_0 and define a set of (n − 1) + (n − 1) = 2n − 2 future-pointing null vectors ⃗ℓ^±_i by means of ⃗ℓ^±_i ≡ ⃗e_0 ± ⃗e_i , g ( ⃗ℓ^+_i , ⃗ℓ^+_i ) = g ( ⃗ℓ^−_i , ⃗ℓ^−_i ) = 0 .

As initial step, from (20) one immediately obtains in the given basis T_{μ1...μs} e^{μ1}_0 . . . e^{μs}_0 ≥ 0 ⇐⇒ T_{0...0} ≥ 0 . Next step is to contract with at most one of the null vectors ⃗ℓ^±_i . For instance, from (20) one derives T_{μ1...μs} e^{μ1}_0 . . . e^{μs−1}_0 ℓ^{±μs}_i ≥ 0 ⇐⇒ T_{0...0} ± T_{0...0i} ≥ 0 ⇐⇒ T_{0...0} ≥ |T_{0...0i}| , T_{μ1...μs} e^{μ1}_0 . . . ℓ^{±μs−1}_i e^{μs}_0 ≥ 0 ⇐⇒ T_{0...0} ± T_{0...i0} ≥ 0 ⇐⇒ T_{0...0} ≥ |T_{0...i0}|, and so on for the components with (s − 1) zeros. Next, one computes T_{μ1...μs} e^{μ1}_0 . . .e^{μs−2}_0 ( ℓ^{+μs−1} i ℓ^{±μs}_j + ℓ^{−μs−1}_i ℓ^{∓μs}_j )

which is non-negative due to (20) and equivalent in the given basis to T_{0...0} ± T_{0...0j} + T_{0...i0} ± T_{0...ij} + T_{0...0} ∓ T_{0...0j} − T_{0...i0} ± T_{0...ij} ≥ 0 ⇐⇒ ⇐⇒ T_{0...0} ± T_{0...ij} ≥ 0 ⇐⇒ T_{0...0} ≥ |T_{0...ij} | and similarly for any component with (s − 2) zeros. Next one can calculate T_{μ1...μs} e^{μ1}_0 . . .e^{μs−3}_0 [ ℓ^{+μs−2} k ( ℓ^{+μs−1} i ℓ^{±μs}_j +ℓ^{−μs−1}_i ℓ^{∓μs}_j ) +ℓ^{−μs−2} k ( ℓ^{+μs−1} i ℓ^{∓μs}_j +ℓ^{−μs−1}_i ℓ^{±μs}_j )]

which leads by (20) to T_{0...0} ≥ |T_{0...kij} | and analogously for the components with (s − 3) zeros. One proceeds in this manner in order, and at the (l + 1)-th step one uses the schematic combination given by

⃗ℓ^+_{il+1} (combination of l-th step)_{i1...il} + ⃗ℓ^−_{il+1} (same combination interchanging ± ↔ ∓)_{i1...il}

plus the necessary number of ⃗e_0’s to complete the s vectors. This finishes the proof.

A possible generalization of definition (6) that one is immediately tempted to adopt is to allow for different positive weights in front of each of the semi-squares on the righthand side. This will obviously keep the Property 3.4. However, Property 3.7 and the DSEP would be lost as follows from the following result, which is also the essential step in the proof by induction of the fundamental Theorem 4.1.

Lemma 4.2 Among all the tensors T_λ^μ { Σ_{[p]}; c_1, c_2 } ≡ c_1 (p − 1)! Σ_{λρ2...ρp} Σ^{μρ2...ρp} + c_2 (n − p − 1)! Σ ∗_{λρp+2...ρn} Σ^{∗μρp+2...ρn} (21) with arbitrary constants c_1, c_2, the only ones which satisfy generically the DSEP are proportional to the basic s-e tensor (12), that is, precisely those with c_1 = c_2 > 0.

Proof: By using eq.(A.9) in the Appendix, a calculation similar to that leading to (13) proves that T_{λμ} { Σ_{[p]}; c_1, c_2 } = (c_1 + c_2) (p − 1)! Σ_{λρ2...ρp} Σ_μ^{ρ2...ρp} − c_2 p! g_{λμ} Σ_{ρ1ρ2...ρp} Σ^{ρ1ρ2...ρp} . (22) Let ⃗u be any unit future-pointing timelike vector and let ⃗v be any causal vector with the same time orientation: u^μv_μ < 0. Obviously, one can write ⃗v = a⃗u +⃗b, a ≡ −u^μv_μ > 0, u^μb_μ = 0, b^2 ≡ b^μb_μ ≥ 0 (23) and the condition that ⃗v be causal reads

v^μv_μ = −a^2 + b^2 ≤ 0 ⇐⇒ b^2 ≤ a^2 . (24)

Starting with T_{λμ} { Σ_{[p]}; c_1, c_2 } u^λu^μ = c_1 (p − 1)!

[^Σ_{⃗u} E]^2 + c_2 (n − p − 1)! [^Σ_{⃗u} H]^2 > 0

one immediately gets for generic Σ

c_1 > 0, c_2 > 0 .

Concerning the general result, by using (22) and (4) we obtain T_{λμ} { Σ_{[p]}; c_1, c_2 } u^λv^μ =

(c_1 + c_2) (p − 1)!

(_Σ ⃗u E ) ρ2...ρp ( a (_Σ ⃗u E )_{ρ2...ρp} + b_{ρ1} Σ^{ρ1...ρp} ) + +ac_2 ( 1 (n − p − 1)! [ (_Σ ⃗u H ) ]^2 − 1 (p − 1)! [ (_Σ ⃗u E ) ]^2 ) = = a ( c_1 (p − 1)! [ (_Σ ⃗u E ) ]^2 + c_2 (n − p − 1)! [ (_Σ ⃗u H ) ]^2 +

(c_1 + c_2) (p − 1)! b^{ρ1} a (_Σ ⃗u E )_{ρ2...ρp} Σ_{ρ1...ρp} ) .

In order to simplify the calculation one can choose an orthonormal basis {⃗e_μ} with ⃗u = ⃗e_0 and ⃗b = b⃗e_1 with b ≥ 0. Keeping in mind the notation that Latin small letters i, j, . . . run from 1 to n − 1 and capital letters I, J, . . . run from 2 to n − 1 we get T_{λμ} { Σ_{[p]}; c_1, c_2 } u^λv^μ = a c_1 ∑ i2<...<ip ((_Σ ⃗u E ) i2...ip )_2 +

+c_2 ∑ j2<...<jn−p ((_Σ ⃗u H ) j2...jn−p )_2 + (c_1 + c_2) (p − 1)! b a Σ_{1I2...Ip} (_Σ ⃗u E )_{I2...Ip} =

= a c_1 ∑ i3<...<ip ((_Σ ⃗u E ) 1i3...ip )_2 + c_1 ∑ I2<...<Ip ((_Σ ⃗u E ) I2...Ip )_2 +

+c_2 ∑ j3<...<jn−p ((_Σ ⃗u H ) 1j3...jn−p )_2

+ c_2 ∑ J2<...<Jn−p ((_Σ ⃗u H ) J2...Jn−p )_2 +

+(c_1 + c_2) b a I2,...,Ip≠J2,...,Jn−p ∑ I2<...<Ip, J2<...<Jn−p (−1)^{n+|σ|} (_Σ ⃗u E ) I2...Ip (_Σ ⃗u H ) J2...Jn−p where (−1)^{|σ|} denotes the sign of the permutation ( I_2 . . . I_p J_2 . . . J_{n−p} 2 . . . . (n − 1) ) . By re-orginizing in perfect squares we arrive at T_{λμ} { Σ_{[p]}; c_1, c_2 } u^λv^μ = a c^1 ∑ i3<...<ip ((_Σ ⃗u E ) 1i3...ip )_2 + c_2 ∑ j3<...<jn−p ((_Σ ⃗u H ) 1j3...jn−p )_2

+c_1 I2,...,Ip≠J2,...,Jn−p ∑ I2<...<Ip,J2<...<Jn−p ((_Σ ⃗u E ) I2...Ip + (−1)^{n+|σ|} b 2a ( 1 + c_2 c_1 ) (_Σ ⃗u H ) J2...Jn−p )_2 +

+ [ c_2 − b^2 4a^2 c_1 ( 1 + c_2 c_1 )_2] ∑ J2<...<Jn−p ((_Σ ⃗u H ) J2...Jn−p )_2 . Due to (24), the factor in square brackets satisfies [ c_2 − b^2 4a^2 c_1 ( 1 + c_2 c_1

)_2] ≥ [ c_2 − c_1 4 ( 1 + c_2 c_1

)_2] = − c_1 4 ( 1 − c_2 c_1

)_2

and thus T_{λμ} { Σ_{[p]}; c_1, c_2 } u^λv^μ ≥ a c^1 ∑ i3<...<ip ((_Σ ⃗u E ) 1i3...ip )_2 + c_2 ∑ j3<...<jn−p ((_Σ ⃗u H ) 1j3...jn−p )_2

+c_1 I2,...,Ip≠J2,...,Jn−p ∑ I2<...<Ip,J2<...<Jn−p ((_Σ ⃗u E ) I2...Ip + (−1)^{n+|σ|} b 2a ( 1 + c_2 c_1 ) (_Σ ⃗u H ) J2...Jn−p )_2 −

− c_1 4 ( 1 − c_2 c_1

)_2 ∑ J2<...<Jn−p ((_Σ ⃗u H ) J2...Jn−p )_2 .

From here, keeping in mind that the result must hold for generic Σ, if c_1 ≠ c_2 the last term is strictly negative, and given that all the other terms can vanish for some Σ and that the equality can be achieved for b = a, it follows that T_{λμ} { Σ_{[p]}; c_1, c_2 } u^λv^μ is certainly negative for some Σ if c_1 ≠ c_2. On the other hand, one immediately sees that if c_1 = c_2 the last term vanishes and the righthand side is a sum of squares, so that T_{λμ} { Σ_{[p]}; c_1, c_1 } u^λv^μ ≥ 0. This proves the result except for the minor point that ⃗u was assumed to be timelike from the beginning. However, as this is valid for arbitrary ⃗u, the result also follows by continuity for null vectors.

An interesting corollary of this result is

Corollary 4.1 For all timelike vectors ⃗u and ⃗w with the same time orientation and any simple p-form Σ one has T_{λμ} { Σ_{[p]} } u^λw^μ > 0, that is 1 (p − 1)!

(_Σ ⃗u E ) ρ2...ρp (_Σ ⃗w E )_{ρ2...ρp} + 1 (n − p − 1)! (_Σ ⃗u H ) ρp+2...ρn (_Σ ⃗wH )_{ρp+2...ρn} > 0 .

Proof: This follows at once from the proof of Lemma 4.2 by using c_1 = c_2 = 1 together with b^2 < a^2 (strict inequality). Then, as long as Σ is not zero, T_{λμ} { Σ_{[p]} } u^λw^μ is proved to be a sum of squares which cannot vanish simultaneously.

Notice that, in general, neither

(_Σ ⃗u E ) ρ2...ρp (_Σ ⃗wE )_{ρ2...ρp} nor (_Σ ⃗u H ) ρp+2...ρn (_Σ ⃗wH )_{ρp+2...ρn} are positive by themselves, nor any other combination of them with weights different from those of the Corollary 4.1.

Theorem 4.1 The s-e tensors (6) satisfy the DSEP.

For General Relativity (n = 4), the proof of this result has been given in an elegant manner by Bergqvist [14] using spinors. Apparently, the use of Clifford algebra techniques may also provide a proof of this theorem [77].

Proof: The proof is by mathematical induction on the natural number r of the r-fold forms. From Lemma 4.2 the result holds for r = 1. Thus, let us make the induction hypothesis that the result holds for the basic s-e tensor of (r − 1)-fold forms and try to prove the result for r-fold forms. Same notation as in Lemma 4.2 will be used so that ⃗u is any unit future-pointing timelike vector, ⃗v is any future-pointing causal vector and relations (23) and (24) hold. Furthermore, the orthonormal basis {⃗e_μ} with ⃗u = ⃗e_0 and ⃗b = b⃗e_1 with b ≥ 0 is also used as well as the notation for Latin small and capital letters.

Let t_{[n1],...,[nr]} be any r-fold (n_1, . . ., n_r)-form and T_{λ1μ1...λrμr} {t} its corresponding basic s-e tensor (6). The idea is to prove that T_{λ1μ1...λr−1μr−1λrμr} {t} u^{λr} v^{μr} is a linear combination with non-negative coefficients of basic s-e tensors of type (6) for some (r −1)- fold forms. To that end, define the following set of (r − 1)-fold (n_1, . . ., n_{r−1})-forms Y_{μ1...μn1 ,...,ν1...νnr−1} (i_2, . . ., i_{nr} ) ≡ t̃_{μ1...μn1 ,...,ν1...νnr−1 ,ρ1ρ2...ρnr} u^{ρ1} e^{ρ2}_{i2} . . .e^{ρnr}_{inr} (25) Z_{μ1...μn1 ,...,ν1...νnr−1} (i_2, . . ., i_{n−nr} ) ≡ t̃_{μ1...μn1 ,...,ν1...νnr−1 ,} ∗_{ρ1ρ2...ρn−nr} u^{ρ1} e^{ρ2}_{i2} . . .e^{ρn−nr}_{in−nr} (26) which contains ( n − 1 n_r − 1 ) + ( n − 1 n_r ) = ( n n_r ) different (r − 1)-fold forms. From (6)

we have T_{λ1μ1...λrμr} {t} u^{λr} v^{μr} = 1 2 { ( t_{[n1],...,[nr]} × t_{[n1],...,[nr]} ) λ1μ1...λrμr +

+ ( t ∗_{[n−n1 ],...,[nr]} × t ∗_{[n−n1],...,[nr ]} ) λ1μ1...λrμr + . . . + + . . . + ( t_{[n1],...,} ∗_{[n−nr ]} × t_{[n1],...,} ∗_{[n−nr ]} ) λ1μ1...λrμr + . . . + . . . + ( t ∗_{[n−n1 ],} ∗_{[n−n2],...,[nr]} × t ∗_{[n−n1],} ∗_{[n−n2],...,[nr ]} ) λ1μ1...λrμr + . . . + + . . . . . . + ( t ∗_{[n−n1 ],...,} ∗_{[n−nr ]} × t ∗_{[n−n1 ],...,} ∗_{[n−nr ]} ) λ1μ1...λrμr } u^{λr} v^{μr} . Let us concentrate on the first term of the righthand side. By using the notation introduced in (25-26) and definition (5) we get due to (23) ( t_{[n1],...,[nr]} × t_{[n1],...,[nr ]} ) λ1μ1...λr−1μr−1λrμr u^{λr} v^{μr} = (_r ∏ Υ=1 1 (n_Υ − 1)! ) ·

a ∑ i2,...,inr Y_{λ1ρ2...ρn1 ,...,λr−1σ2...σnr−1} (i_2, . . ., i_{nr} ) Y_{μ1}^{ρ2...ρn1 ,}_{...,μr−1}^{σ2...σnr−1} (i_2, . . ., i_{nr} ) +

+ ∑ i2,...,inr Y_{λ1ρ2...ρn1 ,...,λr−1σ2...σnr−1} (i_2, . . ., i_{nr} ) t̃_{μ1}^{ρ2...ρn1 ,}_{...,μr−1}^{σ2...σnr−1 ,}_{μr i2...inr} b^{μr} and taking into account that, in the second summatory, only the values of i_2, . . ., i_{nr} different from 1 are relevant and that t̃_{μ1}^{ρ2...ρn}1^,_{...,μr−1}^{σ2...σn}r−1^,_{μrI2...Inr} b^{μr} = b t̃_{μ1}^{ρ2...ρn}1^,_{...,μr−1}^{σ2...σn}r−1^,_{1I2...Inr} = (−1)^{n+|σ|}b Z_{μ1}^{ρ2...ρn1 ,}_{...,μr−1}^{σ2...σnr−1} (J_2, . . ., J_{n−nr} ) for J_2, . . ., J_{n−nr} ≠ I_2 . . .I_{nr} where (−1)^{|σ|} is the sign of the permutation ( I_2 . . . I_{nr} J_2 . . . J_{n−nr} 2 . . . . (n − 1) )

we arrive at ( t_{[n1],...,[nr ]} × t_{[n1],...,[nr]} ) λ1μ1...λr−1μr−1λrμr u^{λr} v^{μr} = = a ∑ i2<...<inr ( Y_{[n1],...,[nr−1]} (i_2, . . ., i_{nr} ) × Y_{[n1],...,[nr−1]} (i_2, . . ., i_{nr} ) ) λ1μ1...λr−1μr−1 +

+ I2,...,Inr ≠J2,...,Jn−nr ∑ I2<...<Inr , J2<...<Jn−nr (−1)^{n+|σ|}b ( Y_{[n1],...,[nr−1]} (I_2, . . ., I_{nr} ) × Z_{[n1],...,[nr−1]} (J_2, . . ., J_{n−nr} ) ) λ1μ1...λr−1μr−1 or equivalently ( t_{[n1],...,[nr]} × t_{[n1],...,[nr]} ) λ1μ1...λr−1μr−1λrμr u^{λr} v^{μr} = = a ∑ I3<...<Inr ( Y_{[n1],...,[nr−1]} (1, I_3, . . ., I_{nr} ) × Y_{[n1],...,[nr−1]} (1, I_3, . . ., I_{nr} ) ) λ1μ1...λr−1μr−1 +

+ I2,...,Inr ≠J2,...,Jn−nr ∑ I2<...<Inr , J2<...<Jn−nr ( Y_{[n1],...,[nr−1]} (I_2, . . ., I_{nr} ) × [ Y_{[n1],...,[nr−1]} (I_2, . . ., I_{nr} ) + b a (−1)^{n+|σ|}Z_{[n1],...,[nr−1]} (J_2, . . ., J_{n−nr} ) ]) λ1μ1...λr−1μr−1 } . By doing the same with all the terms and using (6) one can write T_{λ1μ1...λrμr} {t} u^{λr} v^{μr} = a ∑ I3<...<Inr T_{λ1μ1...λr−1μr−1} { Y_{[n1],...,[nr−1]} (1, I_3, . . ., I_{nr} ) } + + ∑ J3<...<Jn−nr T_{λ1μ1...λr−1μr−1} { Z_{[n1],...,[nr−1]} (1, J_3, . . ., J_{n−nr} ) } +

+ 1 2 I2,...,Inr ≠J2,...,Jn−nr ∑ I2<...<Inr , J2<...<Jn−nr [( Y_{[n1],...,[nr−1]} (I_2, . . ., I_{nr} ) × [ Y_{[n1],...,[nr−1]} (I_2, . . ., I_{nr} ) + b a (−1)^{n+|σ|}Z_{[n1],...,[nr−1]} (J_2, . . ., J_{n−nr} ) ]) λ1μ1...λr−1μr−1 + + ( Y ∗_{[n1],...,[nr−1]} (I_2, . . ., I_{nr} ) × [ Y ∗_{[n1],...,[nr−1]} (I_2, . . ., I_{nr} ) + b a (−1)^{n+|σ|}Z ∗_{[n1],...,[nr−1]} (J_2, . . ., J_{n−nr} ) ]) λ1μ1...λr−1μr−1 + + . . . . . . + all duals + + ( Z_{[n1],...,[nr−1]} (J_2, . . ., J_{n−nr} ) × [ Z_{[n1],...,[nr−1]} (J_2, . . ., J_{n−nr} ) + b a (−1)^{n+|σ|}Y_{[n1],...,[nr−1]} (I_2, . . ., I_{nr} ) ]) λ1μ1...λr−1μr−1 + + ( Z ∗_{[n1],...,[nr−1]} (J_2, . . ., J_{n−nr} ) × [ Z ∗_{[n1],...,[nr−1]} (J_2, . . ., J_{n−nr} ) + b a (−1)^{n+|σ|}Y ∗_{[n1],...,[nr−1]} (I_2, . . ., I_{nr} ) ]) λ1μ1...λr−1μr−1 +

+ . . . . . . + all duals ]

which after reorganizing a little bit becomes finally T_{λ1μ1...λrμr} {t} u^{λr} v^{μr} = a ∑ I3<...<Inr T_{λ1μ1...λr−1μr−1} { Y_{[n1],...,[nr−1]} (1, I_3, . . ., I_{nr} ) } + + ∑ J3<...<Jn−nr T_{λ1μ1...λr−1μr−1} { Z_{[n1],...,[nr−1]} (1, J_3, . . ., J_{n−nr} ) } +

+ I2,...,Inr ≠J2,...,Jn−nr ∑ I2<...<Inr , J2<...<Jn−nr T_{λ1μ1...λr−1μr−1} {[ Y (I_2, . . ., I_{nr} ) +

+(−1)^{n+|σ|} b a Z (J_2, . . ., J_{n−nr} ) ] [n1],...,[nr−1] } +

+ ( 1 − b^2 a^2 ) ∑ J2<...<Jn−nr T_{λ1μ1...λr−1μr−1} { Z_{[n1],...,[nr−1]} (J_2, . . ., J_{n−nr} ) } . This is a sum of basic s-e tensors for (r − 1)-fold forms with non-negative coefficients (due to (23-24)), and thus by the induction hypothesis it follows T_{λ1μ1...λr−1μr−1λrμr} {t} k^{λ1}_1 k^{μ1}_2 . . . k^{λr−1}_{2r−3}k^{μr−1}_{2r−2}u^{λr} v^{μr} ≥ 0 for all future pointing causal vectors ⃗k_1,⃗k_2, . . .,⃗k_{2r−2}. As ⃗u and ⃗v are also arbitrary, the theorem follows.

With this result at hand, the proof of Property 3.6 is very simple.

Corollary 4.2 Property 3.6 holds.

Proof: From Property 3.8, the result holds for r = 1. Let us use again the mathematical induction on r, and assume that the result is true for (r − 1)-fold forms. From the proof of Theorem 4.1, but with ⃗v = ⃗u (which is equivalent to setting a = 1 and b = 0), it follows that T_{λ1μ1...λrμr} {t} u^{λr} u^{μr} = ∑ i2<...<inr T_{λ1μ1...λr−1μr−1} { Y_{[n1],...,[nr−1]} (i_2, . . ., i_{nr} ) } + + ∑ j2<...<jn−nr T_{λ1μ1...λr−1μr−1} { Z_{[n1],...,[nr−1]} (j_2, . . ., j_{n−nr} ) }

so that

W_t (⃗u) = ∑ i2<...<inr W_{Y (i2,...,inr )} (⃗u) + ∑ j2<...<jn−nr W_{Z(j2,...,jn−nr )} (⃗u) and using here the induction hypothesis one can write

W_t (⃗u) = 1 2 (_r−_1 ∏ Υ=1 1 n_Υ! ) h^{μ1ν1} . . . h^{μn1 νn1} . . . h^{ρ1σ1} . . .h^{ρnr−1 σnr−1}

· ∑ i2<...<inr Ỹ_{μ1...μn1 ,...,ρ1...ρnr−1} (i_2, . . ., i_{nr} ) Ỹ_{ν1...νn1 ,...,σ1...σnr−1} (i_2, . . ., i_{nr} ) +

+ ∑ j2<...<jn−nr Z̃_{μ1...μn1 ,...,ρ1...ρnr−1} (j_2, . . ., j_{n−nr} ) Z̃_{ν1...νn1 ,...,σ1...σnr−1} (j_2, . . ., j_{n−nr} ) .

A calculation similar to that leading to (15) and the use of the definitions (25-26) proves then the desired result.

A combination of the proofs and results of Lemma 4.2 and Theorem 4.1 leads easily to the following

Corollary 4.3 Among all the tensors that one can form similar to (6) by adding the different terms of the righthand side in (6) multiplied by arbitrary constants, the only ones which satisfy the DSEP are precisely those proportional to the basic s-e tensor (6).

Corollary 4.4 For all future-pointing timelike vectors ⃗w_1, ⃗w_2, . . ., ⃗w_{2r}, the strict inequal- ity T_{λ1μ1...λr−1μr−1λrμr} {t} w^{λ1}_1 w^{μ1}_2 . . . w^{λr}_{2r−1}w^{μr}_{2r} > 0 holds as long as t_{[n1],...,[nr]} does not vanish.

Proof: This is similar to Corollary 4.1.

Now, it is very easy to prove the first result of Property 3.7.

Corollary 4.5 The s-e flux vectors (11) are causal with the same time orientation than ⃗u. Proof: By Corollary 4.4 and definition (11),^Υ ⃗P_t (⃗u) satisfy

ΥP^ρ_t (⃗u) w_ρ < 0

for all possible future-pointing timelike vectors ⃗u and ⃗w.

This result seems to indicate a causal propagation of the corresponding super-energy if one interprets^Υ ⃗P_t (⃗u) as flux vectors. However, as have been proved, a s-e tensor with the DSEP (and therefore with causal flux s-e vectors) can always be constructed for any given field t_{μ1...μm} . This cannot mean that causal propagation is ‘universal’, because one can very easily construct tensor fields t_{μ1...μm} by hand which do not propagate causally. What happens here is that the super-energy does propagate causally in the sense that Υ ⃗P_t (⃗u) are causal, but the real field t_{μ1...μm} does not necessarily propagate causally. In order to link these two propagations one needs a further condition which is related to the divergence of the s-e tensor (6) and thereby to the derivatives (‘field equations’) of the field t_{μ1...μm} . For instance, in [16] we have been able to prove the following interesting theorem. Let ζ be any closed achronal set in V_n and D(ζ) its total Cauchy development (see [53, 88, 97] for definitions and notation).

Theorem 4.2 If the s-e tensor (6) satisfies the following divergence condition ∇_ρT^{ρμ1...λrμr} {t} w_{μ1} . . .w_{λr} w_{μr} ≤ f T^{λ1μ1...λrμr} {t} w_{λ1}w_{μ1} . . .w_{λr} w_{μr} (27) where f is a continuous function and w = −dτ is any timelike 1-form foliating D(ζ) with hypersurfaces τ =const., then t_{μ1...μm} |_ζ = 0 =⇒ t_{μ1...μm} |_{D(ζ)} = 0.

Proof: See [16].

In fact, condition (27) can be relaxed substantially by allowing ‘powers of T ’ greater than one on the righthand side. This theorem allows to prove the causal propagation of massive and massless fields in General Relativity, as well as in higher dimensional theories, including that of the gravitational field, see [16, 18]. Furthermore, the uniqueness of the solution to the field equations in D(ζ) also follows from theorem 4.2, see [16]. Let us remark that a key point in the proof of Theorem 4.2 is the DSEP for the s-e tensor, so that the universality of the construction of the s-e tensor (6) for arbitrary fields may lead to very general results.

5 The general super-energy tensor

As remarked after the definition of the basic s-e tensor (6), the word ‘basic’ was used because more general tensors constructed by permutting indices in T^{λ1μ1...λrμr} are also good s-e tensors. This freedom will be studied in this section.

The first thing to note is that every tensor of type T̂_{μ1μ2...μ2r−1μ2r} {t} ≡ T_{μσ(1)μσ(2)...μσ(2r−1)μσ(2r)} {t} where σ(1), . . ., σ(2r) denotes any possible permutation of 1, . . ., 2r, satisfies the good properties shown so far for (6) including the DSEP. Thus, let us make the following

Definition 5.1 The general s-e tensor of t is defined by Tμ_1μ_2...μ_{2r−1}μ_{2r} {t} ≡^∑_σ cσTμ_{σ(1)}μ_{σ(2)}...μ_{σ(2r−1)}μ_{σ(2r)} (28) with non-negative coefficients c_σ.

Notice that, in general, due to the Property 3.1 not all the permutations above will give rise to a new tensor. Thus, it is very simple to check that there are only (2r)!/2^r meaningful independent constants c_σ or, in other words, T is a (2r)!/2^r-parameter family of s-e tensors for t. If the Property 3.2 also holds for some blocks [n_Υ] and [n_Υ′ ], then the number (2r)!/2^r is further reduced. Thus, if there are r̂ ≤ r blocks [n_Υ] which can be

interchanged, T reduces to a

(2r)! 2^rr̂!

-parameter family.

Concerning the properties of T, let us first note that, in general, it does not have any symmetry property, nor any particular traceless property. The only thing that can be said is that, if the basic s-e tensor is symmetric with respect to all (λ_Υμ_Υ)-pairs, then the

general s-e tensor T keeps this property. In this particular case, T is a

(2r)! 2^rr!

= (2r − 1)!!- parameter family of s-e tensors. With respect to the general super-energy density W_t(⃗u) defined as the total timelike component of T with respect to ⃗u, we obviously have W t (⃗u) =^{(∑}_σ cσ^) Wt (⃗u) so that the original function W_t(⃗u) is enough to capture this concept. In this sense, Properties 3.4, 3.5 are valid for W_t(⃗u) (with the proportionality factor ∑ σ c_σ in the second case).

With regard to the s-e flux vectors, all of them are combined into a single r-parameter family of s-e flux vectors which can always be written as

P^ν_t (⃗u) ≡ −T^ν μ_1...λ_rμ_r {t}u^{μ1} . . . u^{λr} u^{μr} =^{r∑}_{Υ=1} CΥ^{(Υ}P^ν_t (⃗u)^)

where the non-negative constants C_Υ are appropriate linear combinations of the c_σ . From this one sees that ⃗P_t(⃗u) is causal and with the same time-orientation than ⃗u, so that Property 3.7 is also kept.

In fact, from Property 4.1, Theorem 4.1 and definition (28) we have

Corollary 5.1 The DSEP holds for the general s-e tensor T.

In other words, a (2r)!/2^r-parameter family of s-e tensors satisfying the good mathematical properties mentioned above and including the fundamental DSEP has been constructed.

A possible way to avoid this freedom (if this is desired) is to take the completely symmetric part of the general s-e tensor, which coincides with the fully symmetric part of the basic s-e tensor (6): T_{(μ1μ2...μ2r−1μ2r )} {t} ∝ T_{(μ1μ2...μ2r−1μ2r )} {t}. This has no incidence on the super-energy density, in which definition only the completely symmetric part T_{(μ1μ2...μ2r−1μ2r )} {t} is relevant, and selects a unique s-e flux vector. In fact, in some occasions this completely symmetric part arises also in relation with the existence of conserved currents constructed from s-e tensors, see Sections 6 and 7. Nevertheless, I have preferred to maintain the generality and the general s-e tensor (28) will be used too.

To illustrate these points, let us consider the simplest cases explicitly. For r = 1 (simple p-forms Σ), the basic tensor (12-13) coincides obviously with the general s-e tensor T_{λμ} { Σ_{[p]} } = cT_{λμ} { Σ_{[p]} } so that this case is trivial. When r = 2 (double (p, q)-

forms K_{[p],[q]}), the general s-e tensor T_{αβλμ} { K_{[p],[q]} } is constructed from the basic s-e tensor (16-17) as follows Tαβλμ^{K[p],[q]^} = c1Tαβλμ^{K[p],[q]^} + c2Tαλβμ^{K[p],[q]^} + c3Tαμλβ^{K[p],[q]^} + +c_4T_{λβαμ} { K_{[p],[q]} } + c_5T_{μβλα} { K_{[p],[q]} } + c_6T_{λμαβ} { K_{[p],[q]} } . (29)

Here c_1, . . ., c_6 are assumed to be non-negative. This general s-e tensor does not have any symmetry in general. However, it is automatically symmetric in the interchange of (αβ) ↔ (λμ) whenever the original T_{αβλμ} { K_{[p],[q]} } has this property, in which case the following notation will be used: ĉ_1 = c_1 + c_6, ĉ_2 = c_2 + c_5, ĉ_3 = c_3 + c_4, ĉ_4 = ĉ_5 = ĉ_6 = 0. Thus, there appears a six-parameter (4!/2^2 = 6) family (reduced to a three-parameter one when the interchange between pairs holds for T_{αβλμ} { K_{[p],[q]} } ) of s-e tensors satisfying the

fundamental DSEP. Furthermore, T_{αβλμ} { K_{[p],[q]} } is symmetric in αβ iff c_2 = c_4 and c_3 = c_5 (or ĉ_2 = ĉ_3 in the special case), and symmetric in λμ if and only if c_2 = c_3 and c_4 = c_5 (respectively ĉ_2 = ĉ_3). This provides a three-parameter (resp. two-parameter) family of s-e tensors with the same symmetries as the basic one. Concerning the interchange of pairs, T_{αβλμ} { K_{[p],[q]} } is symmetric with respect to the exchange (αβ) ↔ (λμ) if and only if c_1 = c_6 and c_3 = c_4, or in general if the basic one had already this property.

For triple (p, q, s)-forms A_{[p],[q],[s]}, the general s-e tensor (28) becomes a 6!/2^3 = 90- parameter family of s-e tensors, and thus the formula analogous to (29) is very large and will be skipped here.

6 Application to physical fields. (Super)^k-energy tensors.

The applications of the above mathematical constructions to the real physical fields is considered in detail in this section, containing three different subsections devoted to the gravitational field, to typical massless fields (scalar and electromagnetic ones), and to the corresponding massive fields (scalar and Proca fields), respectively. Some particular cases of interest will be remarked, such as that of General Relativity. The traditional s-e tensors of Bel [5, 6], Bel-Robinson [4, 7, 85], and Chevreton [24] will be rederived as particular cases of the general construction.

6.1 The gravitational field

Let us assume that the gravitational field is described by the curvature tensor R^α_{βλμ} of the Lorentzian manifold (V_n, g). Given that R_{αβ,λμ} is a double symmetric (2,2)-form, the basic s-e tensor for the gravitational field is simply the appropriate restriction of (16): T_α^β_λ^μ { R_{[2],[2]} } = 1 2 ( R_{αρ,λσ}R^{βρ,μσ} + 1 (n − 3)! R_{αρ,} ∗_{λσ4...σn} R^{βρ, ∗μσ4...σn} + + 1 (n − 3)! R ∗_{αρ4...ρn,λσ}R ∗ βρ4...ρn,μσ + 1 [(n − 3)!]^2 R_{∗αρ4...ρn,} ∗_{λσ4...σn} R ∗ βρ4...ρn, ∗ μσ4...σn )

which is a straightforward generalization of the original definition given by Bel [5, 6]. As remarked at the end of section 3, after expanding the duals the expression for this generalized Bel tensor does not depend on the dimension n, and its form (17) reads (see [24] for n = 4, and also [41]) B_{αβλμ} ≡ T_{αβλμ} { R_{[2],[2]} } = R_{αρ,λσ}R_β^{ρ,}_μ^σ + R_{αρ,μσ}R_β^{ρ,}_λ^σ − − 1 2 g_{αβ}R_{ρτ,λσ}R^{ρτ,}_μ^σ − 1 2 g_{λμ}R_{αρ,στ} R_β^{ρ,στ} + 1 8 g_{αβ}g_{λμ}R_{ρτ,σν} R^{ρτ,σν} (30) from where properties (18) are manifest and also B_{αβλμ} = B_{(αβ)(λμ)} = B_{λμαβ}. (31) Furthermore, using the first Bianchi identity R^α_{[βλμ]} = 0 if necessary B^ρ_{ρλμ} = B_{λμ}^ρ_ρ = (4 − n) 2 ( R_{ρτ,λσ}R^{ρτ,}_μ^σ − 1 4 g_{λμ}R_{ρτ,σν} R^{ρτ,σν} ) , (32)

B^ρ_ρ^σ_σ =

(4 − n)^2 8 R_{ρτ,σν} R^{ρτ,σν} , (33) B^ρ_{βρμ} = R^{ρσ} R_{βρ,μσ} − 1 2 R_{βρ,τ σ}R_μ^{ρ,τ σ} + 1 8 g_{βμ}R_{ρτ,σν}R^{ρτ,σν} , (34) B^{ρσ}_{ρσ} = R^{ρσ}R_{ρσ} + n − 4 8 R_{ρτ,σν} R^{ρτ,σν} . (35) Due to the general results proved in the previous sections, the generalized Bel tensor has the DSEP and the generalized Bel s-e density is defined by W_B (⃗u) ≡ B_{αβλμ}u^αu^βu^λu^μ so that

W_B (⃗u) = 1 2 ( [^R_{⃗u} EE]^2 + [^R_{⃗u} EH]^2 + [^R_{⃗u} HE]^2 + [^R_{⃗u} HH]^2 ) ≥ 0 where (_R ⃗u EE ) [1],[1] , (_R ⃗u EH ) [1],[n−3] , (_R ⃗u HE ) [n−3],[1] and (_R ⃗u HH ) [n−3],[n−3] are the electricelectric, electric-magnetic, magnetic-electric and magnetic-magnetic parts of the Riemann tensor according to the definition of Section 2. For General Relativity (n = 4) they were first introduced by Bel in [3], see also [19]. These E-H parts satisfy in general (_R ⃗u EE ) μν = (_R ⃗u EE ) νμ , (_R ⃗u EH ) μ,ν1...νn−3 = (_R ⃗u HE ) ν1...νn−3,μ , (_R ⃗u HH ) μ1...μn−3,ν1...νn−3 = (_R ⃗u HH ) ν1...νn−3,μ1...μn−3 .

Again, W_B vanishes if and only if the whole Riemann tensor vanishes too {∃⃗u such that W_B (⃗u) = 0} ⇐⇒ B_{αβλμ} = 0 ⇐⇒ R_{αβλμ} = 0. Concerning the generalized Bel s-e flux, from properties (31) and the results of Section 5 it follows that there is only one independent such vector, given by P^α_B (⃗u) ≡ −B^α_{βμν} u^βu^μu^ν which is a causal vector with the same time orientation than ⃗u.

In general, from the analysis presented in Section 5, the general s-e tensor for the gravitational field is the following 3-parameter family of tensors B αβλμ ≡ ĉ1Bαβλμ + ĉ2Bαλβμ + ĉ3Bαμλβ (36) whose symmetry properties are B αβλμ = B βαμλ = B λμαβ. However, we also have

If ĉ_2 = ĉ_3 =⇒ B_{αβλμ} = B_{(αβ)(λμ)}, If ĉ_1 = ĉ_2 = ĉ_3 =⇒ B_{αβλμ} = B_{(αβλμ)}.

Both cases have been recently analyzed in [95], and the second one leads to a tensor considered also in [85].

One of the important properties of the generalized Bel tensor is the expression for its divergence, which does not vanish in general. By using the second Bianchi identity ∇_{[ν} R_{αβ]λμ} = 0, one can deduce from (30) ∇_αB^{αβλμ} = R^{β λ}_{ρ σ} J^{μσρ} + R^{β μ}_{ρ σ}J^{λσρ} − 1 2 g^{λμ}R^β_{ρσγ} J^{σγρ} (37) where J_{λμβ} = −J_{μλβ} ≡ ∇_λR_{μβ} − ∇_μR_{λβ}. Thus, the fundamental result that B is divergence-free when the ‘current’ of matter J_{λμβ} vanishes has been proved. More precisely

Theorem 6.1 If J_{λμβ} = 0 then the generalized Bel tensor (30) as well as the 3-parameter family of tensors (36) generated from it are divergence-free. This includes all Einstein spaces (i.e. with R_{μν} = Λg_{μν} ).

As is well-known, the Riemann tensor can be always decomposed into the Ricci tensor R_{βμ} ≡ R^ρ_{βρμ} and a traceless part denoted by C_{αβλμ} and called the Weyl tensor [36, 53, 59]. This tensor is conformally invariant [36, 53] and possesses the same symmetry properties as the Riemann tensor but is also traceless C_{αβ,λμ} = C_{[αβ],[λμ]}, C_{α[βλμ]} = 0, C^ρ_{β,ρμ} = 0 so that C is another double symmetric (2,2)-form. The explicit formula relating these curvature tensors is [36, 53, 59] R_{αβ,λμ} = C_{αβ,λμ} + 2 n − 2 ( R_{α[λ}g_{μ]β} − R_{β[λ}g_{μ]α} ) − R (n − 1)(n − 2) (g_{αλ}g_{βμ} − g_{αμ}g_{βλ}) (38) where R stands for the scalar curvature R ≡ R^ρ_ρ. Due to the fact that the gravitational field equations usually involve the Ricci tensor in terms of the energy-momentum tensor (such as in the Einstein field equations R_{μν} − (1/2)g_{μν}R = κT_{μν} ), one thinks of the Ricci tensor as the part of the curvature directly related to the matter fields, and of the Weyl tensor as the free gravitational field induced by the sources. Of course, one can construct the basic s-e tensor for the Weyl tensor, which generalizes the classical Bel-Robinson tensor [4, 78, 80, 97] constructed in General Relativity (n = 4): T_α^β_λ^μ { C_{[2],[2]} } = 1 2 ( C_{αρ,λσ}C^{βρ,μσ} + 1 (n − 3)! C_{αρ,} ∗_{λσ4...σn} C^{βρ, ∗μσ4...σn} + + 1 (n − 3)! C ∗_{αρ4...ρn,λσ}C ∗ βρ4...ρn,μσ + 1 [(n − 3)!]^2 C_{∗αρ4...ρn,} ∗_{λσ4...σn} C ∗ βρ4...ρn, ∗ μσ4...σn ) . This can be re-written, analogously to (30), independently of the dimension n as (compare with [29, 41]) T_{αβλμ} ≡ T_{αβλμ} { C_{[2],[2]} } = C_{αρ,λσ}C_β^{ρ,}_μ^σ + C_{αρ,μσ}C_β^{ρ,}_λ^σ − − 1 2 g_{αβ}C_{ρτ,λσ}C^{ρτ,}_μ^σ − 1 2 g_{λμ}C_{αρ,στ} C_β^{ρ,στ} + 1 8 g_{αβ}g_{λμ}C_{ρτ,σν} C^{ρτ,σν} (39) form where one deduces the symmetry properties T_{αβλμ} = T_{(αβ)(λμ)} = T_{λμαβ}. (40) Taking into acount that the Weyl tensor is traceless, the formulae analogous to (32-35) are T^ρ_{ρλμ} = T_{λμ}^ρ_ρ = (4 − n) 2 ( C_{ρτ,λσ}C^{ρτ,}_μ^σ − 1 4 g_{λμ}C_{ρτ,σν} C^{ρτ,σν} ) , (41)

T^ρ_ρ^σ_σ =

(4 − n)^2 8 C_{ρτ,σν} C^{ρτ,σν} , (42) T^ρ_{βρμ} = − 1 2 ( C_{βρ,τ σ}C_μ^{ρ,τ σ} − 1 4 g_{βμ}C_{ρτ,σν} C^{ρτ,σν} ) , (43) T^{ρσ}_{ρσ} = n − 4 8 C_{ρτ,σν} C^{ρτ,σν} . (44) The generalized Bel-Robinson tensor (39) satisfies the DSEP, and one can define the Bel- Robinson s-e density W_T (⃗u), the flux vector ⃗P_T (⃗u) and the corresponding E-H parts of the Weyl tensor. All these objects have the same good properties as those considered in the case of the generalized Bel tensor, and their definitions can be obtained by simply substituting the Weyl tensor for the Riemann tensor everywhere (and T for B). Similarly, there is a 3-parameter family of s-e tensors for the Weyl tensor with properties analogous to those of B . Nevertheless, all these general properties degenerate in the case of n = 4 (including General Relativity), where the Bel-Robinson tensor has special properties to be shown presently.

Concerning the divergence of (39), by using (38), the formula for ∇_{[ν} C_{αβ]λμ} deduced from it and ∇_ρC^ρ_{βλμ} = 2 n − 3 n − 2 ( ∇_{[λ}R_{μ]β} + 1 2(n − 1) g_{β[λ}∇_{μ]}R )

one arrives to

Proposition 6.1 If R_{μν} = Λg_{μν} , then the generalized Bel-Robinson tensor (39) as well as the 3-parameter family of tensors generated from it are divergence-free.

Obviously, the generalized Bel-Robinsor tensor (39) is always a part of the generalized Bel tensor (30), as follows from (38). Actually, by introducing (38) into (30) one gets the canonical decomposition of B as B_{αβλμ} = T_{αβλμ} + M_{αβλμ} + Q_{αβλμ} where M_{αβλμ} is called the pure matter gravitational s-e tensor (it depends exclusively on the Ricci tensor) and is given by M_{αβλμ} ≡ T_{αβλμ} { R_{[2],[2]} − C_{[2],[2]} } , M_{αβλμ} = M_{(αβ)(λμ)} = M_{λμαβ} (45) and Q_{αβλμ} is the matter-gravity coupling tensor, containing all the terms with products of the Weyl and Ricci components and whose explicit expression reads Q_{αβλμ} ≡ 1 (n − 2) [ 4C^σ_{(λμ)(α}R̄_{β)σ} + 4C^σ_{(αβ)(λ}R̄_{μ)σ} + 2R̄_{ρσ} ( C_α^ρ_{(λ}^σ g_{μ)β} − C_λ^ρ_μ^σg_{αβ}+ +C_β^ρ_{(λ}^σg_{μ)α} − C_α^ρ_β^σ g_{λμ} )] , R̄_{αβ} = R̄_{βα} ≡ R_{αβ} − R 2(n − 1) g_{αβ} from where it is easily derived that Q_{αβλμ} = Q_{(αβ)(λμ)} = Q_{λμαβ}, Q_{α(βλμ)} = 0, Q^ρ_{ρλμ} = 2(4 − n) (n − 2) R̄^{ρσ}C_{ρλσμ}. (46) The form of Q is in fact simpler in the case of n = 4, where 6 Q_{αβλμ} = R(C_{αλβμ} + C_{αμβλ}), as can be proved using spinors [100] or traditional methods [19]. Using (46), in general n we have B_{α(βλμ)} = T_{α(βλμ)} + M_{α(βλμ)} (47) so that the completely symmetric part of the generalized Bel tensor decomposes simply as the sum of the completely symmetric parts of the generalized Bel-Robinson tensor plus that of the pure-matter gravitational s-e tensor.

The pure-matter gravitational s-e tensor (45) is interesting because only the Ricci tensor of the spacetime is involved, which in most cases is equivalent to saying, due to typical field equations, that only the energy-matter content is involved. Given that M is the basic s-e tensor (6) for the double symmetrical (2,2)-form ( R_{[2],[2]} − C_{[2],[2]} ) , it follows from the results of Sections 3 and 4 that the pure-matter gravitational s-e density W_M (⃗u) is positive definite, that the pure-matter gravitational s-e flux vector ⃗P_M (⃗u) is causal and that in general M_{αβλμ} satisfies the DSEP. Moreover, one has from Property 3.4 and (8) {∃⃗u such that W_M (⃗u) = 0} ⇐⇒ M_{αβλμ} = 0 ⇐⇒ R_{αβ,λμ} = C_{αβ,λμ} ⇐⇒ R_{μν} = 0. (48) Even though these properties of M indicate that it is a good s-e tensor for the Ricci tensor^4, one should bear in mind that this is not a s-e tensor for the particular field (or type of matter) which generates the gravitational field through the field equations.

4Notice that another similar basic s-e tensor can be constructed using that the Ricci tensor R_{[1][1]} is a double symmetrical (1,1)-form, i.e., T_{αβλμ} { R_{[1][1]} } . This tensor has all the above good properties too, and in fact it can be related to M_{αβλμ}, see for instance [89].

A good s-e tensor for a matter field must have a well-defined sense in the absence of gravitation (for instance in Special Relativity), and this is not true for M. Somehow, the term gravitational pure-matter s-e tensor has been systematically used to remark that this is a gravitational super-energy, even though it appears due to the matter contents of the spacetime exclusively. The good s-e tensors for physical fields will be constructed in the next subsections.

From the second property shown in (46), or directly from (47), it follows that the matter-gravity coupling tensor Q does not contribute to the generalized Bel s-e flux vector. More precisely

Proposition 6.2 The generalized Bel s-e flux vector is the direct sum of the generalized Bel-Robinson s-e flux vector and the pure-matter gravitational s-e flux vector.

Proof: Contracting (47) with the unit timelike ⃗u thrice one gets ⃗P_B (⃗u) = ⃗P_T (⃗u) + ⃗P_M (⃗u) which proves the result.

Corollary 6.1 The generalized Bel s-e density decomposes as the simple sum of the generalized Bel-Robinson s-e density plus the pure-matter gravitational s-e density:

W_B (⃗u) = W_T (⃗u) + W_M (⃗u) . (49)

Corollary 6.2 In general n, one has B_{αβλμ} = T_{αβλμ} ⇐⇒ R_{μν} = 0 Proof: If R_{μν} = 0 the result is trivial. Conversely, if B_{αβλμ} = T_{αβλμ}, then W_B (⃗u) = W_T (⃗u) so that from (49) we arrive at W_M (⃗u) = 0. Using (48) the corollary follows.

Therefore, in Ricci-flat spacetimes there is no need to distinguish between the generalized Bel and Bel-Robinson tensors.

The properties of the different s-e densities allow to compare the relative strength of the Riemman, Weyl and Ricci tensors in a given (V_n, g). Thus, for instance, one can define the three positive scalars

q_1 ≡ W_M (⃗u) W_B (⃗u) , q_2 ≡ W_T (⃗u) W_M (⃗u) , q_3 ≡ W_T (⃗u) W_B (⃗u) = q_1q_2

relative to any observer ⃗u, which are not independent in general and such that, due to (49)

0 ≤ q_1 ≤ 1, 0 ≤ q_2 ≤ ∞, 0 ≤ q_3 ≤ 1.

These may serve to measure the strength of the Ricci tensor in front of the pure Weyl tensor or of the whole Riemann tensor. Thus for example, q_2 can be used to check the so-called Penrose’s Weyl tensor hypothesis [79, 96] and similar conjectures concerning the entropy of the gravitational field [20]. On the other hand, q_1 may be a ‘quality factor’ for approximate solutions of some field equations as explained in [8, 19]. In this sense, notice that q_1 = 0 if and only if R_{μν} = 0, which is usually equivalent to the absence of matter-energy content. Thus, the closest the adimensional number q_1 is to zero for any given metric and some ⃗u, the best resemblance it has to an exact ‘vacuum’ solution for that observer ⃗u. Observe that one does not need to know the explicit exact solution one wishes to approximate in order to compute q_1, so that the goodness of approximate solutions may be measured without ever knowing the form of the exact solution. Finally, q_3 gives the relative strength of the Weyl and the Riemann tensors or, in other words, of the free gravitational field with respect to the total one. The number q_3 vanishes if and only if the metric is conformally flat, so that q_3 measures the departure from this condition somehow. This can have relevance in, for instance, General Relativity and other typical theories, where the standard cosmological models are conformally flat.

In General Relativity (n = 4), the Bel-Robinson tensor has been widely studied and used, and it is well-known that it is a completely symmetric and traceless tensor [6, 7, 12, 19, 21, 64, 54, 67, 69, 74, 78, 80, 85, 89, 90, 97, 99, 100]. These properties do not hold in general, and in fact (see also [41]):

Proposition 6.3 The generalized Bel-Robinson tensor is completely symmetric if and only if n = 4, 5.

Proof: From (42) and (44) one gets

T^ρ_ρ^σ_σ − T^{ρσ}_{ρσ} =

(4 − n)(5 − n) 8 C_{ρτ,σν} C^{ρτ,σν} and this must be zero if the tensor T is completely symmetric. Thus, a necessary condition for the complete symmetry of the generalized Bel-Robinson tensor is that n be either 4 or 5. To see that it is also sufficient, let us consider both cases separately.

Case n = 5. From formula (A.12) in the Appendix, if n = 5 C ∗_{αρσ} ∗ λτ ν C ∗ βρσ ∗ μτ ν = 4Cαρ λσC^{βρ}_{μσ} − −2δ^λ_μ C_{αρτ ν}C^{βρτ ν} − 2δ^β_αC^{λρτ ν} C_{μρτ ν} + δ^β_αδ^λ_μC_{ρτ,σν} C^{ρτ,σν} (50) but from the identity (2) or directly from (A.13) we also have C ∗_{αρσ} ∗ λτ ν = −9C[λτ [αρδ^{ν]}_{σ]} so that using repeatedly the trace-free property of the Weyl tensor, a straightforward calcualtion leads to C ∗_{αρσ} ∗ λτ νC ∗ βρσ ∗ μτ ν = −4Cαρ λσC^{βρ}_{μσ} + 8C_{ασ}^{βρ}C^{λσ}_{μρ} + 4C_{αμ}^{ρσ}C^{λβ}_{ρσ} + 2δ^β_αC^{λρτ ν} C_{μρτ ν} + +2δ^λ_μ C_{αρτ ν}C^{βρτ ν} − 4δ^β_μ C_{αρτ ν} C^{λρτ ν} − 4δ^λ_αC^{βρτ ν} C_{μρτ ν} + δ^λ_αδ^β_μ C_{ρτ,σν}C^{ρτ,σν} . (51) As (50) and (51) must be equal, the following identity follows (see also [65])

If n = 5 =⇒ 2 ( C_{αρ}^{λσ}C^{βρ}_{μσ} − C_{αρ}^{βσ}C^{λρ}_{μσ} ) − C_{αμ}^{ρσ} C^{λβ}_{ρσ} − δ^λ_μC_{αρτ ν} C^{βρτ ν} − −δ^β_αC^{λρτ ν}C_{μρτ ν} + δ^β_μ C_{αρτ ν}C^{λρτ ν} + δ^λ_αC^{βρτ ν} C_{μρτ ν} + 1 4 ( δ^β_αδ^λ_μ − δ^λ_αδ^β_μ ) C_{ρτ,σν} C^{ρτ,σν} = 0. But due to C_{α[βμν]} = 0, C_{αμ}^{ρσ}C^{λβ}_{ρσ} = 2C_{αρμσ} ( C^{βσλρ} − C^{βρλσ} ) so that the previous identity, using (39), can be simply written as T_{αβλμ} − T_{αλβμ} = 0 if n = 5, which together with (40) proves that T_{αβλμ} is completely symmetric in n = 5.

Case n = 4 (see [6]). From (A.12) in the Appendix, if n = 4 C ∗_{αρ} ∗ λσC ∗ βρ ∗ μσ = C_{αρ}^{λσ}C^{βρ}_{μσ} − 1 2 δ^λ_μ C_{αρτ ν}C^{βρτ ν} − 1 2 δ^β_αC^{λρτ ν} C_{μρτ ν} + 1 4 δ^β_αδ^λ_μC_{ρτ,σν} C^{ρτ,σν} but the Lanczos identity (A.15) implies C ∗_{αρ} ∗ λτ = −C^{λτ}_{αρ} (52) so that we obtain [65] δ^λ_μC_{αρτ ν} C^{βρτ ν} + δ^β_αC^{λρτ ν} C_{μρτ ν} − 1 2 δ^β_αδ^λ_μ C_{ρτ,σν} C^{ρτ,σν} = 0 or equivalently C_{αρτ ν}C^{βρτ ν} − 1 4 δ^β_αC_{ρτ,σν} C^{ρτ,σν} = 0 if n = 4. Observe that this implies the complete tracelessness of the Bel-Robinson tensor in n = 4 due to (43). From (52) it follows that C ∗_{αβ,λμ} = C_{αβ,} ∗_{λμ} ≡^∗C_{αβλμ} if n = 4 (53) so that only one independent dual can be constructed in n = 4. Thus, the traditional formulas for the Bel-Robinson tensor in n = 4 can now be written [4, 7, 78, 80, 97, 99]: T_α^β_λ^μ = C_{αρλσ}C^{βρμσ}+^∗C_{αρλσ}^∗C^{βρμσ}, if n = 4, (54) T_{αβλμ} = C_{αρλσ}C_β^ρ_μ^σ + C_{αρμσ}C_β^ρ_λ^σ − 1 8 g_{αβ}g_{λμ}C_{ρτ,σν}C^{ρτ,σν} , if n = 4. Using C_{α[βμν]} = 0 one can write C_{αρλσ} = 1 2 (C_{αρλσ} + C_{λρασ} + C_{αλρσ}) and analogously ∗ Cαρλσ= 1 2 ( ∗ Cαρλσ +^∗Cλρασ +^∗Cαλρσ )

so that formula (54) becomes T_{αβλμ} = 1 4 (C_{αρλσ} + C_{λρασ}) (C_β^ρ_μ^σ + C_μ^ρ_β^σ ) + 1 4 C_{αλρσ}C_{βμ}^{ρσ} + 1 4 ( ∗ Cαρλσ +^∗Cλρασ ) ( ∗ Cβ^ρμ^σ+^∗Cμ^ρβ^σ ) + 1 4 ∗ Cαλρσ^∗Cβμ^{ρσ} if n = 4 and using here that, from (A.7) or directly from (2), C_{αλρσ}C_{βμ}^{ρσ} +^∗C_{αλρσ}^∗C_{βμ}^{ρσ} = 0 if n = 4 one obtains an expression for T_{αβλμ} which has manifestly the property T_{αβλμ} = T_{λβαμ} if n = 4 which together with (40) proves the result.

From the above proof, only one independent dual of the Weyl tensor is possible in n = 4, see (53). Thus, the E-H decomposition of the Weyl tensor in n = 4 is very simple, because from (52) and (53) it follows (_C ⃗u EE ) μν = − (_C ⃗u HH ) μν , (_C ⃗u EH ) μν = (_C ⃗u HE ) μν if n = 4

which are called the electric and magnetic parts of the Weyl tensor relative to ⃗u if n = 4 [3, 6, 7, 67, 70, 72]. These tensors are spatial relative to ⃗u, symmetric and traceless; they were first introduced by Matte [70]. An analysis of the positivity properties derived from the DSEP for (54) appears in [12]. Such an analysis, and its consequences, may be translated to the general (6) in principle.

A traditional question concerning the Bel-Robinson tensor is what type of physical quantity, if any, is described by it. In this sense, one must notice that the physical dimensions of T or B are L^{−4}, where L means length. This has been usually separated into two L^{−2}’s, and led to two different classical interpretations: either both L^{−2}’s are on the same footing describing an energy density each so that W_B (⃗u) is an energy density “square” ([13, 19, 84] and references therein), or one of the L^{−2}’s is a ‘true’ L^{−2} and W_B (⃗u) represents energy density per unit surface (or second derivatives of energy density). The first interpretation was supported because, for instance, in Einstein-Maxwell spacetimes and n = 4, the pure-matter gravitational tensor takes the simple form M_{αβλμ} = R_{αβ}R_{λμ}, which through Einstein’s field equations can be rewritten as the square of the energymomentum tensor [19]. This led to the possibility of finding a ‘square root’ of the Bel- Robinson tensor, which would be a good two-index tensor with appropriate physical dimensions. Unfortunately, this square root exists only in some particular cases [19, 13]. A generalization of the square root to two different factors is always possible [19, 13], but in this case the factors are not unique in general [19, 13]. Thus, the first interpretation seems dubious. On the other hand, the second interpretation seems correct as can be deduced from several independent results [42, 54, 95]. Notably, the relationship [11, 15, 23, 22, 34, 35, 54, 57, 66, 93, 94]

E_a = const. W_T (⃗u) |_{r=0} a^5 + O(a^6)

between any of the quasilocal energies E_a of small 2-spheres of radius a in vacuum and the Bel-Robinson s-e density W_T (⃗u) supports clearly this view (⃗u orthogonal to the 2-sphere and n = 4). Similarly, the results in [42] point into this direction and, more importantly, Teyssandier [95] has recently found a formula for the ‘super-Hamiltonian’ associated to the super-energy of the scalar field (see next subsections) in Special Relativity from where one checks that this super-energy is interchanged in quanta of h̄ω^3_k /c^2, where ω_k is the frequency of the k-mode. All in all, due to the independence of these three results, it seems that the second interpretation is valid, at least in n = 4, as also suggested in [30].

To end this section, let us finally make some comments about the higher order superenergy tensors for the gravitational field. Instead of considering the Riemann tensor as fundamental field, one can also take its covariant derivative and repeat all the construction above. Specifically, one can consider the tensor ∇_ν R_{αβλμ} as a triple (1,2,2)-form and construct its corresponding s-e tensor (6), T_{αβλμτ ν} { ∇_{[1]}R_{[2],[2]} } , and analogously for the Weyl tensor, etcetera. This provides an infinite set of (super)^k-energy tensors for the gravitational field, one for each natural number k ≥ 1, according to the following

Definition 6.1 The (super)^k-energy tensor of the gravitational field (k ≥ 1) is the tensor (6) for the (k + 1)-fold (1, . . ., 1, 2, 2)-form describing the (k − 1)-th covariant derivative of the Riemann tensor, that is T_{λ1μ1...λkμk λk+1μk+1} ∇^{[1]} . . . ∇^{[1]} k−1 R_{[2],[2]} . A similar definition can be given using the Weyl tensor. From (19), the explicit formula for the (super)^2-energy tensor of the gravitational field is T_{αβλμτ ν} { ∇_{[1]}R_{[2],[2]} } = ∇_αR_{λρτ σ}∇_βR_μ^ρ_ν^σ + ∇_βR_{λρτ σ}∇_αR_μ^ρ_ν^σ + ∇_αR_{μρ,τ σ}∇_βR_λ^ρ_ν^σ + +∇_αR_{λρνσ}∇_βR_μ^ρ_τ^σ − g_{αβ} ( ∇_ζ R_{λρτ σ}∇^ζR_μ^ρ_ν^σ + ∇_ζ R_{λρνσ}∇^ζ R_μ^ρ_τ^σ ) − − 1 2 g_{λμ} ( ∇_αR_{ζρτ σ}∇_β R^{ζρ}_ν^σ + ∇_αR_{ζρνσ}∇_β R^{ζρ}_τ^σ ) − − 1 2 g_{τ ν} ( ∇_αR_{λρζσ}∇_βR_μ^{ρζσ} + ∇_αR_{μρζσ}∇_β R_λ^{ρζσ} ) + + 1 2 g_{αβ}g_{λμ}∇_ζR_{γρτ σ}∇^ζ R^{γρ}_ν^σ + 1 2 g_{αβ}g_{τ ν} ∇_ζR_{λργσ}∇^ζ R_μ^{ργσ} + + 1 4 g_{λμ}g_{τ ν} ∇_αR_{ζργσ}∇_β R^{ζργσ} − 1 8 g_{αβ}g_{λμ}g_{τ ν} ∇_δR_{ζργσ}∇^δR^{ζργσ}.(55) These (super)^k -energy tensors may have some relevance at points of V_n where the Riemann tensor vanishes but such that some derivative of Riemann is non-zero there (so that every neighbourhood of the point has gravitational field). From the general results of sections 3 and 4 it follows that all the (super)^k-energy tensors satisfy the corresponding dominant (super)^k-energy property, and one can define the (super)^k -energy densities relative to ⃗u. Moreover, we have

Proposition 6.4 The gravitational (super)^k-energy (tensor) vanishes in a domain D ⊆ V_n if and only if the (k − 1)-th covariant derivative of the Riemann tensor is zero in D. In particular, all gravitational (super)^k-energy tensors vanish in flat regions of (V_n, g). If the gravitational (super)^k-energy (tensor) vanishes in D, so do all the (super)^{k̃}-energy tensors with k̃ > k. The (V_n, g) of constant curvature are characterized by the vanishing of the gravitational (super)^2-energy (tensor).

Thus, for example, in Special Relativity the gravitational (super)^k -energies (and therefore the corresponding (super)^k-energy tensors) vanish. Besides, the previous Proposition clarifies somehow the reasons why the Bel-Robinson and Bel tensors arise naturally in General Relativity: from the equivalence principle, the energy density of the gravitational field can be always set to zero at any point x ∈ V_n by appropriate choice of the observer, and thus the natural concept at the given point is the super-energy density. Further related considerations regarding these tensors will be made in the next subsections.

6.2 Massless fields

General massless fields can be considered from the point of view of super-energy tensors and, sometimes, the use of spinors simplifies things substantially [12, 13, 14, 16, 24, 64, 80]. However, the spinor simplification is usually restricted to dimension n = 4 and thus, in this subsection, only the outstanding cases of the electromagnetic and the massless scalar fields are going to be treated in general dimension n.

6.2.1 The massless scalar field

Consider a massless scalar field ϕ, that is, any function ϕ satisfying the n-dimensional massless Klein-Gordon equation ∇_ρ∇^ρϕ = 0. (56)

This is usually referred to as a minimally coupled massless scalar field, and is not conformally invariant in general [80]. As the basic object is ϕ, the simplest s-e tensor (6) for ϕ would simply be T {ϕ} = ϕ^2/2. This object is obviously positive but it seems to have no physical relevance. However, one can also take the first covariant derivative ∇_μϕ as starting object so that a case of physical interest arises by constructing the tensor (6) associated to ∇_{[1]}ϕ. Using (13) one gets T_{λμ}{∇_{[1]}ϕ} = ∇_λϕ∇_μϕ − 1 2 g_{λμ}∇_ρϕ∇^ρϕ, T_μ^μ{∇_{[1]}ϕ} = ( 1 − n 2 ) ∇_ρϕ∇^ρϕ (57)

which is, in fact, the standard energy-momentum tensor of a massless scalar field. The tensor (57) is symmetric and identically divergence-free if the field equation (56) holds. These two properties lead to the existence of conserved currents for the scalar field in any spacetime with a Killing vector field ⃗ξ, that is, with a vector field satisfying [36, 53]

∇_μξ_ν + ∇_ν ξ_μ = 0. (58)

The well-known idea is to construct the current j^μ ( ∇_{[1]}ϕ; ⃗ξ ) ≡ ξ_ρT^{ρμ}{∇_{[1]}ϕ} which due to (58) and the properties of T_{λμ}{∇_{[1]}ϕ} satisfies ∇_μj^μ ( ∇_{[1]}ϕ; ⃗ξ ) = T^{ρμ}{∇_{[1]}ϕ}∇_{(μ}ξ_{ρ)} = 0. (59)

Notice that in this simple calculation both the divergence-free as well as the symmetry properties of T^{ρμ}{∇_{[1]}ϕ} are needed. Once that we have a divergence-free current such as j^μ ( ∇_{[1]}ϕ; ⃗ξ ) , conserved quantities are readily constructed by means of the Gauss theorem [53] and the integration over appropriate domains of the manifold V_n (sometimes called Gaussian flux integrals, [74]). In flat (V_n, g), they provide n(n + 1)/2 independent conserved quantities for the scalar field (one for each independent Killing vector) related to the energy, the momentum and the angular momentum of the scalar field. In general non-flat (V_n, g), they give some conserved quantities related to the intrinsic symmetries of the spacetime, and to the corresponding combinations of the pertinent quantity for the scalar field together with the gravitational field (described by the curvature of the (V_n, g)). Observe finally that only a conformal Killing vector ⃗ζ, that is

∇_μζ_ν + ∇_ν ζ_μ = ψg_{μν} , is necessary in case that the tensor T_{λμ}{∇_{[1]}ϕ} be traceless, because then j^μ ( ∇_{[1]}ϕ; ⃗ζ ) is also divergence-free in general. In the case of the scalar field, this only happens for n = 2 as can be seen from (57).

One can go on with the above construction and use now the double symmetric (1,1)- form ∇_α∇_βϕ as the starting object, so that the corresponding tensor (6) becomes by using (17) S_{αβλμ} ≡ T_{αβλμ}{∇_{[1]}∇_{[1]}ϕ} = ∇_α∇_λϕ∇_μ∇_βϕ + ∇_α∇_μϕ∇_λ∇_β ϕ − −g_{αβ}∇_λ∇^ρϕ∇_μ∇_ρϕ − g_{λμ}∇_α∇^ρϕ∇_β∇_ρϕ + 1 2 g_{αβ}g_{λμ}∇_σ ∇_ρϕ∇^σ∇^ρϕ . (60) In fact this tensor was previously found by Bel [9] and Teyssandier [95] in Special Relativity (n = 4). In general, it will be called the basic s-e tensor of the massless scalar field. Its symmetry properties are S_{αβλμ} = S_{(αβ)(λμ)} = S_{λμαβ} so that, following the considerations of section 5, the general s-e tensor for the massless scalar field is a three-parameter family given by Sαβλμ ≡^^b1Sαβλμ +^^b2Sαλβμ +^^b3Sαμλβ for arbitrary non-negative constants b̂_1, b̂_2, b̂_3. The symmetry properties of Sare the same as that of B Sαβλμ = Sβαμλ = Sλμαβ If b̂_2 = b̂_3 =⇒ S_{αβλμ} = S_{(αβ)(λμ)},

If b̂_1 = b̂_2 = b̂_3 =⇒ S_{αβλμ} = S_{(αβλμ)}.

The last two cases have been also found in [95] for the case of Special Relativity (n = 4).

All in all, the tensors S_{αβλμ} and S_{αβλμ} have mathematical properties analogous to those of the generalized Bel tensor and the general s-e tensor of the gravitational field. This analogy can also be confirmed on physical grounds by several independent methods, such as a) the analysis performed in [95], b) the interplay between the propagation of discontinuities of the Riemann tensor and that of the second derivatives of ϕ leading to mixed conserved quantities along null hypersurfaces [89], or c) the existence of general conserved currents involving necessarily both the generalized Bel tensor and the tensor (60), see [90] and section 7. Therefore, it seems that the tensor S_{αβλμ} represents for the scalar field the same type of physical quantities as the traditional Bel and Bel-Robinson tensors do for the gravitational field. Thus, the super-energy density and the s-e flux vector of the massless scalar field can be defined using the tensor (60).

Concerning the divergence of S_{αβλμ}, a straightforward computation using the Ricci identity [36, 53, 74] leads to ∇_αS^α_{βλμ} = 2∇_β∇_{(λ}ϕR_{μ)ρ}∇^ρϕ − g_{λμ}R^{σρ}∇_β∇_ρϕ∇_σ ϕ − −∇_σϕ ( 2∇^ρ∇_{(λ}ϕ R^σ_{μ)ρβ} + g_{λμ}R^σ_{ρβτ} ∇^ρ∇^τ ϕ ) (61)

so that, as we can see, all the terms on the righthand side involve components of the Riemann tensor. Notice that, due to the symmetry properties of S_{αβλμ}, only one independent divergence can be computed. Thus, one has the important result:

Theorem 6.2 In any flat region of (V_n, g) (that is, with vanishing Riemann tensor), the super-energy tensor of the massless scalar field (60) as well as the general 3-parameter family of tensors generated from it are divergence-free.

In other words, in absence of gravitational field (represented by the Riemann tensor), the general super-energy tensor of the scalar field is divergence-free. In fact, this leads to conserved currents and quantities for the scalar field in flat (V_n, g) in the same way as was shown before for the energy-momentum tensor of ϕ, given that any flat (V_n, g) always has n(n + 1)/2 independent Killing vectors [36]. Thus, define j^μ ( ∇_{[1]}∇_{[1]}ϕ; ⃗ξ ) ≡ S^{μρστ} ξ_ρξ_σξ_τ = S^{(μρστ )}ξ_ρξ_σξ_τ for any given Killing vector ⃗ξ, where the symmetry properties of (60) have been used to write the last expression. This ⃗j is divergence-free in flat (V_n, g) because then ∇_μj^μ ( ∇_{[1]}∇_{[1]}ϕ; ⃗ξ ) = S^{(μρστ )}∇_μ (ξ_ρξ_σξ_τ ) = 0 in flat (V_n, g).

Actually, one can put different Killing vectors in the definition of ⃗j if at the same time only the completely symmetric part of (60) is used. Thus, the vector fields j_μ ( ∇_{[1]}∇_{[1]}ϕ; ⃗ξ_1, ⃗ξ_2, ⃗ξ_3 ) ≡ S_{(μρστ )}ξ_1^ρξ_2^σ ξ_3^τ (62)

are divergence-free in flat manifolds for arbitrary Killing vectors ⃗ξ_1, ⃗ξ_2, ⃗ξ_3. This provides a total of ( N + 2 N − 1 )

conserved currents (62) in flat spacetimes, where N stands for the number of independent Killing vectors: n(n + 1)/2. These are currents quadratic in the second derivatives of ϕ. Then, one can find the corresponding conserved quantities using the Gauss theorem, as always. In the particular case of n = 4 there are 220 currents in the set (62), to be compared with the results found by Teyssandier [95].

Continuing the process, one builds the (super)^2-energy tensor T_{αβλμτ ν}{∇_{[1]}∇_{[1]}∇_{[1]}ϕ} associated with the triple (1,1,1)-form ∇_α∇_β ∇_μϕ, which using (19) is given by

T_{αβλμτ ν}{∇_{[1]}∇_{[1]}∇_{[1]}ϕ} = ∇_α∇_λ∇_τ ϕ ∇_β∇_μ∇_ν ϕ + ∇_β∇_λ∇_τ ϕ ∇_α∇_μ∇_ν ϕ + +∇_α∇_μ∇_τ ϕ ∇_β∇_λ∇_ν ϕ + ∇_α∇_λ∇_ν ϕ ∇_β∇_μ∇_τ ϕ − −g_{αβ} (∇_ρ∇_λ∇_τ ϕ ∇^ρ∇_μ∇_ν ϕ + ∇_ρ∇_λ∇_ν ϕ ∇^ρ∇_μ∇_τ ϕ) − −g_{λμ} (∇_α∇_ρ∇_τ ϕ ∇_β∇^ρ∇_ν ϕ + ∇_α∇_ρ∇_ν ϕ ∇_β∇^ρ∇_τ ϕ) − −g_{τ ν} (∇_α∇_λ∇_ρϕ ∇_β∇_μ∇^ρϕ + ∇_α∇_μ∇_ρϕ ∇_β∇_λ∇^ρϕ) + +g_{αβ} g_{λμ}∇_ρ∇_σ ∇_τ ϕ ∇^ρ∇^σ∇_ν ϕ + g_{αβ}g_{τ ν} ∇_ρ∇_λ∇_σ ϕ ∇^ρ∇_μ∇^σϕ + +g_{λμ}g_{τ ν} ∇_α∇_ρ∇_σϕ ∇_β∇^ρ∇^σϕ − 1 2 g_{αβ}g_{λμ}g_{τ ν} ∇_γ ∇_ρ∇_σϕ ∇^γ ∇^ρ∇^σϕ (63) and so on. This produces an infinite set of basic (super)^k -energy tensors, one for each natural number k.

Definition 6.2 The (super)^k-energy tensor (k ≥ 0) of the massless scalar field is the tensor (6) for the (k +1)-fold (1, . . ., 1)-form describing the (k +1)-th covariant derivative of ϕ, that is

T_{λ1μ1...λkμk λk+1μk+1} ∇^{[1]} . . .∇^{[1]} k+1 ϕ . Each of these tensors describes the same physical characteristics of the massless scalar field as the corresponding gravitational (super)^k-energy tensor does for the gravitational field. They may again have some relevance at points of V_n where the derivatives of a given order, but not of all orders, of the scalar field vanish. From the general results of sections 3 and 4 the dominant (super)^k -energy properties hold, and one can define the (super)^k-energy densities relative to ⃗u. Moreover, the following fundamental result holds:

Proposition 6.5 The (super)^k-energy (tensor) of the massless scalar field vanishes at a point x ∈ V_n if and only if the (k + 1)-th covariant derivative of ϕ is zero at x. In particular, all (super)^k-energy tensors of the massless scalar field vanish in a domain D ⊆ V_n if ϕ is constant in D. If the (super)^k-energy (tensor) of ϕ vanishes in D, so do all the (super)^{k̃}-energy tensors with k̃ > k. The manifolds containing a constant ∇ϕ are characterized by the vanishing of the super-energy tensor of ϕ.

Notice that the (super)^k-energy tensors of the massless scalar field have a precise and definite meaning in flat manifolds (V_n, g), and one wonders whether these tensors give also rise to conserved currents similar to (62). In general (V_n, g), one can compute the divergence of the (super)^k -energy tensors to obtain very long formulae involving the Riemann tensor. Observe that now there may appear, in fact, several different divergences for these tensors, depending on the index used to contract with the covariant derivative. Nevertheless, in flat (V_n, g) it is obvious that ∇_{[1]} . . . ∇_{[1]}ϕ is completely symmetric, and thus all the (λ_Υμ_Υ)-pairs of the (super)^k -energy tensors can be interchanged in this case. In other words, in the case of flat (V_n, g) only one independent divergence of the (super)^k -energy tensors exists. Computing it in the special case of flat manifolds one straightforwardly gets using (56)

∇_{λ1} T^{λ1μ1...λkμkλk+1μk+1} ∇^{[1]} . . .∇^{[1]} k+1 ϕ = 0 in flat (V^n, g).

Theorem 6.3 In any flat region of (V_n, g), all the basic (super)^k-energy tensors of the massless scalar field, as well as the general (2k+1)!!-parameter family of tensors generated from it according to (28), are divergence-free.

From this theorem one is led to construct the following currents

j_λ ∇_{[1]} . . . ∇_{[1]} k+1 ϕ; ⃗ξ_2, . . ., ⃗ξ_{2k+2} ≡ T_{(λμ1...λk+1μk+1)} ∇^{[1]} . . .∇^{[1]} k+1 ϕ ξ μ1 2 . . . ξ^{λk+1}_{2k+1}ξ^{μk+1}_{2k+2} which are divergence-free in flat manifolds (V_n, g) for arbitrary Killing vectors ⃗ξ_2, . . ., ⃗ξ_{2k+2}. This provides an infinite set of conserved quantities in flat (V_n, g) for the massless scalar field. This result is not surprising, because if ϕ satisfies the Klein-Gordon equation (56) in flat (V_n, g), then the scalars ∇_{|α1|} . . . ∇_{|αk+1|}ϕ for fixed values of α_1, . . ., α_{k+1} so do, and their respective “energy-momentum” tensors give rise to an infinite set of conserved quantities. For n = 4 a clarifying discussion can be found in [95].

6.2.2 The electromagnetic field

Let F_{μν} = F_{[μν]} be an electromagnetic field satisfying the source-free Maxwell equations

F_{μν} = ∇_μA_ν − ∇_ν A_μ ( =⇒ ∇_{[τ} F_{μν]} = 0 ), ∇_ρF^{ρν} = 0 (64)

where A_μ is the electromagnetic potential, which is defined up to the gauge transformation A_μ −→ A_μ + ∇_μφ for any arbitrary function φ. One could first consider the electromagnetic potential A as starting tensor, and build up the tensor (6) associated to A_{[1]}, given by T_{λμ} { A_{[1]} } = A_λA_μ − 1 2 g_{λμ}A_ρA^ρ. (65)

However, this tensor is not invariant under gauge transformations and thus is not welldefined. Nevertheless, this tensor will have some role to play in the case of the massive Proca field, to be studied in the next subsection.

One thus must take F , which is gauge-invariant, as the tensor describing the electromagnetic field. Constructing the expression (6) associated to F , or using directly (13), one gets T_{λμ} { F_{[2]} } = F_{λρ}F_μ^ρ − 1 4 g_{λμ}F_{ρσ} F^{ρσ} , T_μ^μ{F_{[2]}} = ( 1 − n 4 ) F_{ρσ}F^{ρσ} (66)

which is the standard energy-momentum tensor of the electromagnetic field. This tensor is symmetric and identically divergence-free if the Maxwell equations (64) hold, but it is traceless only in n = 4, as seen from (66). As in the case of the massless scalar field, this leads to divergence-free currents whenever there is a Killing vector ⃗ξ, defined by j^μ ( F_{[2]}; ⃗ξ ) ≡ ξ_ρT^{ρμ} { F_{[2]} } =⇒ ∇_μj^μ ( F_{[2]}; ⃗ξ ) = 0.

In (V_n, g) of constant curvature, there are n(n+1)/2 independent such currents, which are related to the fluxes of energy, momentum and angular momentum of the electromagnetic field. In general non-flat (V_n, g), they provide conserved quantities arising because of the intrinsic symmetries of the spacetime, and related to combinations of the pertinent quantity for the electromagnetic field together with the gravitational one. Notice also that a conformal Killing vector ⃗ζ will give rise to a divergence-free current j^μ ( F_{[2]}; ⃗ζ ) in n = 4, when the energy-momentum tensor is traceless. Thus, in conformally flat V_4 manifolds there appear 15 such conserved currents.

In order to get the basic super-energy tensor of the electromagnetic field, the double (1,2)-form ∇_αF_{μν} can be used as the starting object, so that the tensor (6) becomes by using (17) E_{αβλμ} ≡ T_{αβλμ}{∇_{[1]}F_{[2]}} = ∇_αF_{λρ}∇_βF_μ^ρ + ∇_αF_{μρ}∇_βF_λ^ρ − g_{αβ}∇_σF_{λρ}∇^σF_μ^ρ − − 1 2 g_{λμ}∇_αF_{σρ}∇_β F^{σρ} + 1 4 g_{αβ}g_{λμ}∇_τ F_{σρ}∇^τ F^{σρ} . (67)

Its symmetry properties are E_{αβλμ} = E_{(αβ)(λμ)} but it is not symmetric in the exchange of αβ with λμ. Thus, following the considerations of section 5, the general s-e tensor for the electromagnetic field is the six-parameter family (29) given by E αβλμ ≡ c1Eαβλμ + c2Eαλβμ + c3Eαμλβ + c4Eλβαμ + c5Eμβλα + c6Eλμαβ (68) for arbitrary non-negative constants c_1, c_2, c_3, c_4, c_5, c_6. The tensor E has no index symmetries in general. However, there are the following particular cases:

If c_2 = c_4, c_3 = c_5 =⇒ E_{αβλμ} = E_{(αβ)λμ}, If c_2 = c_3, c_4 = c_5 =⇒ E_{αβλμ} = E_{αβ(λμ)}, If c_1 = c_6, c_3 = c_4 =⇒ E_{αβλμ} = E_{λμαβ}, If c_2 = c_3 = c_4 = c_5 =⇒ E_{αβλμ} = E_{(αβ)(λμ)}, If c_2 = c_3 = c_4 = c_5, c_1 = c_6 =⇒ E_{αβλμ} = E_{(αβ)(λμ)} = E_{λμαβ}, If c_1 = c_2 = c_3 = c_4 = c_5 = c_6 =⇒ E_{αβλμ} = E_{(αβλμ)}.

The last but one case was considered many years ago by Chevreton [24] in n = 4, see also [98], and this together with the last case have been recently considered in [95] in Special Relativity.

The same considerations as those made for the case of the massless scalar field apply now, and thus the tensors (67) or (68) seem to describe the same physical quantities for the electromagnetic field as the traditional Bel and Bel-Robinson tensors do for the gravitational field, or the tensor (60) does for the massless scalar field. Thus, the superenergy density and the s-e flux vectors of the electromagnetic field can be defined using the tensors (67) or (68).

Due to the symmetry properties of E_{αβλμ}, one can compute two independent divergences, which after a straightforward calculation using (64) and the Ricci identity become ∇_ρE^{ρβλμ} = 2 ( R_{ρτ}^{βσ}F^{τ (μ} + R^{βστ (μ}F_{τ ρ} ) ∇_σF^{λ)ρ} +

+2∇^β F^{(μ}_ρ ( R^{λ)σ}F_σ^ρ + F^{λ)}_σ R^{σρ} − R^{λ)ρσν} F_{σν} ) + +g^{λμ} ( R^{σνβτ} F_{νρ}∇_τ F_σ^ρ − R_{τ σ}F^{τ ρ}∇^βF^σ_ρ − 1 2 R_{τ νσρ}F^{τ ν} ∇^β F^{σρ} )

and ∇_ρE^{αβρμ} = 2 ( R^{σ(α}F_{σρ} − 1 2 F^{στ} R^{(α}_{ρστ} ) ∇^{β)}F^{μρ} + 3∇^{(α}F_{σρ}R^{β)τ [μσ}F^{ρ]}_τ + −g^{αβ} [( R^{σν} F_{σρ} − 1 2 F^{στ} R^ν_{ρστ} ) ∇^ν F^{μρ} + 3 4 ∇_ν F_{σρ}R^{ντ [μσ}F^{ρ]}_τ ] . As is explicit, these righthand sides vanish if the Riemann tensor is zero.

Theorem 6.4 In any flat region of (V_n, g), the basic super-energy tensor of the electromagnetic field (67) as well as the general 6-parameter family (68) generated from it are divergence-free.

Thus, in absence of curvature, the general super-energy tensor of the electromagnetic field is divergence-free. This again leads to conserved currents for the electromagnetic field in flat (V_n, g) similarly to those shown before for the scalar field. Thus, the vector fields j_μ ( ∇_{[1]}F_{[2]}; ⃗ξ_1, ⃗ξ_2, ⃗ξ_3 ) ≡ E_{(μρστ )}ξ_1^ρξ_2^σξ_3^τ

are divergence-free in flat manifolds for arbitrary Killing vectors ⃗ξ_1, ⃗ξ_2, ⃗ξ_3. The total number of independent such conserved currents is the same as that given for the scalar field. Again, these are currents quadratic in the first derivatives of F and one can find the corresponding conserved quantities using the Gauss theorem.

As in previous cases, higher order s-e tensors can be constructed. The basic (super)^2- energy tensor of the electromagnetic field is the expression (6) associated to the triple (1,1,2)-form ∇_ρ∇_σ F_{μν} . Its explicit expression is T_{αβλμτ ν} { ∇_{[1]}∇_{[1]}F_{[2]} } = ∇_α∇_λF_{τ ρ}∇_β ∇_μF_ν^ρ + ∇_β ∇_λF_{τ ρ}∇_α∇_μF_ν^ρ + +∇_α∇_μF_{τ ρ}∇_β∇_λF_ν^ρ + ∇_α∇_λF_{νρ}∇_β ∇_μF_τ^ρ − −g_{αβ} (∇_σ ∇_λF_{τ ρ}∇^σ ∇_μF_ν^ρ + ∇_σ ∇_λF_{νρ}∇^σ∇_μF_τ^ρ) − −g_{λμ} (∇_α∇_σ F_{τ ρ}∇_β∇^σF_ν^ρ + ∇_α∇_σ F_{νρ}∇_β∇^σF_τ^ρ) − − 1 2 g_{τ ν} (∇_α∇_λF_{σρ}∇_β∇_μF^{σρ} + ∇_α∇_μF_{σρ}∇_β ∇_λF^{σρ}) +

+g_{αβ}g_{λμ}∇_σ∇_γ F_{τ ρ}∇^σ∇^γ F_ν^ρ + 1 2 g_{αβ}g_{τ ν}∇_γ ∇_λF_{σρ}∇^γ ∇_μF^{σρ} + + 1 2 g_{λμ}g_{τ ν} ∇_α∇_γ F_{σρ}∇_β ∇^γ F^{σρ} − 1 4 g_{αβ}g_{λμ}g_{τ ν}∇_δ∇_γ F_{σρ}∇^δ∇^γ F^{σρ}. (69) In general we have

Definition 6.3 The (super)^k-energy tensor (k ≥ 0) of the electromagnetic field is the tensor (6) for the (k + 1)-fold (1, . . ., 1, 2)-form describing the k-th covariant derivative of F , that is

T_{λ1μ1...λkμkλk+1μk+1} ∇^{[1]} . . . ∇^{[1]} k F_{[2]} . Each of these tensors describes the same physical properties of the electromagnetic field as the corresponding (super)^k -energy tensors do for the gravitational and massless scalar fields. They may arise at points of V_n where the derivatives up to a given order of the electromagnetic field vanish. From the discussion in sections 3 and 4 the dominant (super)^k - energy properties hold for the electromagnetic field, and one can define its (super)^k -energy densities and flux vectors relative to ⃗u. As in previous cases, we have

Proposition 6.6 The (super)^k-energy (tensor) of the electromagnetic field vanishes at a point x ∈ V_n if and only if the k-th covariant derivative of F is zero at x. In particular, all (super)^k-energy tensors of the electromagnetic field vanish in a domain D ⊆ V_n if F vanishes in D. If the (super)^k-energy (tensor) of F vanishes in D, so do all the (super)^{k̃}- energy tensors with k̃ > k. The manifolds containing a constant F are characterized by the vanishing of the super-energy (tensor) of F .

In general (V_n, g), one can compute the divergences of the (super)^k-energy tensors to obtain very long formulae involving the Riemann tensor. However, in flat (V_n, g) it is obvious that ∇_{[1]} . . . ∇_{[1]}F_{[2]} is completely symmetric in all the [1]-blocks, and thus all the corresponding (λ_Υμ_Υ)-pairs of the (super)^k -energy tensors can be interchanged in this case. This implies that, in a flat (V_n, g), only two independent divergences of the (super)^k - energy tensors exist in principle. Computing them in this special case of flat manifolds one straightforwardly can prove using (64) that in fact they are equal and vanishing, so that

∇_{λ1} T^{λ1μ1...λkμk λk+1μk+1} ∇^{[1]} . . . ∇^{[1]} k F_{[2]} = 0 in flat (V^n, g).

Theorem 6.5 In any flat region of (V_n, g), all the basic (super)^k-energy tensors of the electromagnetic field, as well as the general (k + 1)(2k + 1)!!-parameter family of tensors generated from it according to (28), are divergence-free.

From this theorem one can define the following currents

j_λ ∇_{[1]} . . . ∇_{[1]} k F_{[2]}; ⃗ξ_2, . . ., ⃗ξ_{2k+2} ≡ T_{(λμ1...λk+1μk+1)} ∇^{[1]} . . . ∇^{[1]} k F_{[2]} ξ μ1 2 . . . ξ^{λk+1}_{2k+1}ξ^{μk+1}_{2k+2}

which are divergence-free in flat manifolds (V_n, g) for arbitrary Killing vectors ⃗ξ_2, . . ., ⃗ξ_{2k+2}, leading to infinitely many conserved quantities in flat (V_n, g) for the electromagnetic field. This result is again not surprising, as explained for the massless scalar field, because if F satisfies the Maxwell equations (64) in flat (V_n, g), then the 2-forms ∇_{|α1|} . . .∇_{|αk+1|}F for fixed values of α_1, . . ., α_{k+1} are also solutions of the same equations, and their respective “energy-momentum” tensors of type (66) give rise to infinitely many conserved quantities.

6.3 Massive fields

The previous s-e tensors have been defined for the cases where the physical fields are massless. However, sometimes these fields carry mass, denoted generically by m, and then the field equations as well as the energy-momentum properties change. In this subsection the treatment of the massive cases is explained in detail and the corresponding (super)^k-energy tensors are derived. Only the prominent cases of the scalar and Proca fields will be considered explicitly, but the general rules will be valid for any other fields.

In general, the existence of the mass amounts to having another quantity of physical relevance denoted by m which can be assumed to have (in natural units) dimensions of the inverse of length, L^{−1}. Thus, at first sight one realizes that the derivative of the field (say) has the same physical dimensions as the field multiplied by m, so that they are on the same footing as per how they can contribute to the energy or the higher order super-energies. Nevertheless, the derivative of the field has one more index block than the product of the field by m, so that one has to use the metric in order to combine them appropriately. Fortunately, the metric satisfies (up to sign) the DSEP, and thus one can construct new s-e tensors containing the mass which keep this fundamental property. As an illustrative example, before giving the general definition, consider the energy-momentum tensor of a massive scalar field ϕ, T_{λμ} = ∇_λϕ∇_μϕ − 1 2 g_{λμ}∇_ρϕ∇^ρϕ − 1 2 g_{λμ}m^2ϕ^2 (70)

which is symmetric and identically divergence-free if the Klein-Gordon equation

∇_ρ∇^ρϕ = m^2ϕ (71)

holds. Let us observe that this tensor can be written as T_{λμ} = T_{λμ} { ∇_{[1]}ϕ } + T {mϕ} (−g_{λμ}). The key idea here is that both ∇_{[1]}ϕ and mϕ have the same physical dimensions, but of course the first is a 1-form and the second is a scalar. This mathematical difference is corrected by use of the fundamental metric tensor g. Other important points are: first, due to Property 4.1 the above tensor satisfies the DSEP because both T_{λμ} { ∇_{[1]}ϕ } and T {mϕ} so do; and second, the divergence of the tensor T_{λμ} is zero due to (71).

Bearing all this in mind, the generalization to arbitrary fields can be given in an inductive manner as follows. Assume that some physical massive field is described by an r-fold form t_{[n1],...,[nr]} (then, the ‘smallest’ s-e tensor of type (6) that can be formed will have 2r indices, so that this will be at the (super)^{(r−1)}-energy level). Imagine then that we know the (super)^{(k+r−1)}-energy tensor of this field which, by consideration of the physical dimensions, will involve basic s-e tensors of type (6) for i) the derivatives of the field of order k; ii) products of m by derivatives of the field of order k − 1; iii) products of m^2 by derivatives of the field of order k − 2; and so on. In other words, there will appear the s-e tensors of type (6) for a definite and precise set of tensors of type m^{k−ℓ}∇^ℓ_{[1]}t_{[n1],...,[nr]} (72) where ℓ can take values ℓ = 0, . . ., k. Then, the basic (super)^{(k+r)}-energy tensor of the massive t_{[n1],...,[nr]} is the one constructed adding all the s-e tensors (6) for the derivatives

∇_{[1]} ( m^{k−ℓ}∇^ℓ_{[1]}t_{[n1],...,[nr]} )

of precisely the tensors appearing in the set (72), plus all the s-e tensors of type (6) for the products of m with exactly those in the list (72) m ( m^{k−ℓ}∇^ℓ_{[1]}t_{[n1],...,[nr]} ) . It is important to remark that not all possible tensors of the type m^{k−ℓ}∇^ℓ_{[1]}t_{[n1],...,[nr ]} will necessarily appear in the list (72), and thus, in the next step, one only has to consider those arising from the ones really appearing in the list by taking the covariant derivative and multiplying by m. Observe further that the position of the m and of the derivative is important, and for instance the tensors m∇_{[1]}t_{[n1],...,[nr]} and ∇_{[1]}(m t_{[n1],...,[nr]}) will produce s-e tensors with different index order.

Some explicit examples will make all this clear. Starting with the scalar field ϕ, at the energy level one can use the derivative of ϕ as well as the product of ϕ with m, or schematically ∇_{[1]}ϕ ⊕ m ϕ, (73) as tensors to construct the corresponding expressions (6). As we have seen in (70), this gives the correct energy-momentum tensor. Notice that in the first case the index in ∇_{[1]} gives rise to the pair of indices in the energy-momentum tensor, while in the second case it is m (so to speak) that gives rise to these indices by means of the corresponding −g_{λμ}. Now, in order to get the super-energy tensor of the massive scalar field, and following the general rule explained before, one must use the derivatives of the tensors in the list (73) plus the products of the mass m with the tensors in that list, that is

∇_{[1]} ( ∇_{[1]}ϕ ⊕ mϕ ) ⊕ m ( ∇_{[1]}ϕ ⊕ mϕ )

which produces the new explicit list

∇_{[1]}∇_{[1]}ϕ ⊕ ∇_{[1]} (mϕ) ⊕ m ( ∇_{[1]}ϕ ) ⊕ m m ϕ. (74) Observe that the second and third terms are different because they produce different indices in the super-energy tensor. Explicitly, with the four tensors in the list (74), the following s-e tensors are built (all of them at the same level from the physical dimension viewpoint) T_{αβλμ} { ∇_{[1]}∇_{[1]}ϕ } , T_{αβ} { ∇_{[1]} (mϕ) } , T_{λμ} { m ( ∇_{[1]}ϕ )} , T {m m ϕ} and the sum of all of them, including a −g for each m, produces the basic s-e tensor of the massive scalar field [90]: S_{αβλμ} ≡ T_{αβλμ} { ∇_{[1]}∇_{[1]}ϕ } + T_{αβ} { ∇_{[1]} (mϕ) } (−g_{λμ}) + T_{λμ} { m ( ∇_{[1]}ϕ )} (−g_{αβ}) + +T {m m ϕ} (−g_{αβ})(−g_{λμ}) = 2∇_α∇_{(λ}ϕ∇_{μ)}∇_β ϕ − g_{αβ} ( ∇_λ∇^ρϕ∇_μ∇_ρϕ + m^2∇_λϕ∇_μϕ )

−g_{λμ} ( ∇_α∇^ρϕ∇_β∇_ρϕ + m^2∇_αϕ∇_β ϕ ) + 1 2 g_{αβ}g_{λμ} ( ∇_σ∇_ρϕ∇^σ ∇^ρϕ + 2m^2∇_ρϕ∇^ρϕ + m^4ϕ^2 ) (75)

which has the same symmetry properties as (60). This tensor has been also found in [95] for the case of Special Relativity (n = 4).

Similarly, the (super)^2-energy tensor for the massive ϕ is obtained by using the list produced by taking the derivative and multiplying by m the tensors in (74), that is

∇_{[1]} [ ∇_{[1]}∇_{[1]}ϕ ⊕ ∇_{[1]} (mϕ) ⊕ m ( ∇_{[1]}ϕ ) ⊕ m m ϕ ] ⊕ ⊕ m [ ∇_{[1]}∇_{[1]}ϕ ⊕ ∇_{[1]} (mϕ) ⊕ m ( ∇_{[1]}ϕ ) ⊕ m m ϕ ] . Therefore, the basic (super)^2-energy tensor of the massive scalar field is given by T_{αβλμτ ν} { ∇_{[1]}∇_{[1]}∇_{[1]}ϕ } + T_{αβλμ} { ∇_{[1]}∇_{[1]}(mϕ) } (−g_{τ ν} ) + +T_{αβτ ν} { ∇_{[1]} ( m∇_{[1]}ϕ )} (−g_{λμ}) + T_{αβ} { ∇_{[1]}(m mϕ) } (−g_{λμ})(−g_{τ ν}) + +T_{λμτ ν} { m∇_{[1]}∇_{[1]}ϕ } (−g_{αβ}) + T_{λμ} { m∇_{[1]}(mϕ) } (−g_{αβ})(−g_{τ ν}) + +T_{τ ν} { m m∇_{[1]}ϕ } (−g_{αβ})(−g_{λμ}) + T {m m mϕ} (−g_{αβ})(−g_{λμ})(−g_{τ ν} ) whose explicit expression can be read using (63), (60) and (57). The (super)^k -energy tensors for the massive scalar field can be thus constructed for any k in this way.

Consider now a Proca field, also considerable as a massive electromagnetic field [10, 55]. This is a field satisfying the Proca field equations

F_{μν} = ∇_μA_ν − ∇_ν A_μ ( =⇒ ∇_{[τ} F_{μν]} = 0 ), ∇_ρF^{ρν} = m^2 A^ν (76)

from where one immediately deduces

m ≠ 0 =⇒ ∇_ν A^ν = 0.

Therefore, in this case there is no gauge freedom and the ‘potential’ ⃗A is well-defined. In this sense, the tensor (65) has a precise meaning, but unfortunately it does not have the proper physical dimensions comparable to those of (66). However, the existence of mass makes it possible to construct the corresponding tensor (65) but using m ⃗A instead of ⃗A. This has the proper physical dimensions. Combining the two tensors we obtain T_{λμ} ≡ T_{λμ} { F_{[2]} } + T_{λμ} { m A_{[1]} } = = F_{λρ}F_μ^ρ − 1 4 g_{λμ}F_{ρσ}F^{ρσ} + m^2 A_λA_μ − 1 2 m^2 g_{λμ}A_ρA^ρ which is the standard symmetric energy-momentum tensor of the Proca field [10]. This tensor is divergence-free due to the Proca equations (76).

Hence, the list of tensors used at the energy level has been found, namely

F_{[2]} ⊕ m A_{[1]}

and thereby, the list for the higher-order (super)^k-energy tensors can be deduced step by step. At the super-energy level, the list is given by

∇_{[1]} ( F_{[2]} ⊕ m A_{[1]} ) ⊕ m ( F_{[2]} ⊕ m A_{[1]} )

or equivalently

∇_{[1]}F_{[2]} ⊕ ∇_{[1]} ( m A_{[1]} ) ⊕ m F_{[2]} ⊕ m m A_{[1]}.

This example clarifies also that terms of type F_{[2]}m or mA_{[1]}m (order is important because of the places of indices) will never appear according to our general rule. If one included those type of terms, the s-e tensor would not be divergence-free in flat (V_n, g), see below. In summary, the basic s-e tensor of the Proca field becomes, by using (67), (66) and (65) E_{αβλμ} ≡ T_{αβλμ} { ∇_{[1]}F_{[2]} } + T_{αβλμ} { ∇_{[1]} ( mA_{[1]} )} + T_{λμ} { m F_{[2]} } (−g_{αβ}) + +T_{λμ} { m m A_{[1]} } (−g_{αβ}) = ∇_αF_{λρ}∇_β F_μ^ρ + ∇_αF_{μρ}∇_β F_λ^ρ − g_{αβ}∇_σF_{λρ}∇^σ F_μ^ρ − − 1 2 g_{λμ}∇_αF_{σρ}∇_βF^{σρ} + 1 4 g_{αβ}g_{λμ}∇_τ F_{σρ}∇^τ F^{σρ} + m^2 ( ∇_αA_λ∇_β A_μ + ∇_αA_μ∇_βA_λ− −g_{αβ}∇_ρA_λ∇^ρA_μ − g_{λμ}∇_αA_ρ∇_β A^ρ + 1 2 g_{αβ}g_{λμ}∇_σA_ρ∇^σ A^ρ ) − −m^2g_{αβ} ( F_{λρ}F_μ^ρ − 1 4 g_{λμ}F_{ρσ} F^{ρσ} ) − m^4g_{αβ} ( A_λA_μ − 1 2 g_{λμ}A_ρA^ρ ) . (77)

The next step is the (super)^2-energy tensor of the Proca field, constructed using the list obtained by doing

∇_{[1]} ( ∇_{[1]}F_{[2]} ⊕ ∇_{[1]} ( m A_{[1]} ) ⊕ m F_{[2]} ⊕ m m A_{[1]} ) ⊕ ⊕ m ( ∇_{[1]}F_{[2]} ⊕ ∇_{[1]} ( m A_{[1]} ) ⊕ m F_{[2]} ⊕ m m A_{[1]} )

which can be written as T_{αβλμτ ν} { ∇_{[1]}∇_{[1]}F_{[2]} } + T_{αβλμτ ν} { ∇_{[1]}∇_{[1]} ( mA_{[1]} )} + +T_{αβτ ν} { ∇_{[1]} ( mF_{[2]} )} (−g_{λμ}) + T_{αβτ ν} { ∇_{[1]} ( m mA_{[1]} )} (−g_{λμ}) − m^2g_{αβ}E_{λμτ ν} with an explicit expression easily written by using (69), (77) and (6). All (super)^k -energy tensors are built similarly.

Due to Property 4.1, all the (super)^k-energy tensors constructed in this manner for the massive fields satisfy the DSEP, and obviously one can define the positive (super)^k -energy density, the corresponding flux vectors, etcetera. Moreover, the study of section 5 applies and one can construct, for instance, a 3-parameter family of s-e tensors for the massive scalar field starting from (75), and a 6-parameter family of s-e tensors for the Proca field starting from (77). All this is obvious and will be skipped here.

More important is the question of the divergence of the above tensors. For instance, for the s-e tensor (75) one gets exactly the same formula (61) ∇_αS^α_{βλμ} = 2∇_β ∇_{(λ}ϕR_{μ)ρ}∇^ρϕ − g_{λμ}R^{σρ}∇_β ∇_ρϕ∇_σϕ − −∇_σ ϕ ( 2∇^ρ∇_{(λ}ϕ R^σ_{μ)ρβ} + g_{λμ}R^σ_{ρβτ} ∇^ρ∇^τ ϕ ) (78)

and similarly for other cases. Thus, theorems 6.2, 6.3, 6.4 and 6.5 remain true for the massive fields.

Theorem 6.6 In any flat region of (V_n, g), all the basic (super)^k-energy tensors of the massive fields, as well as the general families of tensors generated from it according to (28), are divergence-free.

This leads to the conserved currents in flat (V_n, g) using the same definitions as in the previous subsection. Details again are trivial and will be omitted here.

Finally, there is a small change in the results proven in Propositions 6.5 and 6.6, because the existence of mass implies that, at the (super)^k-energy level, all derivatives of the given field up to a given order (and not only those of this order) are involved, and thus the vanishing of the corresponding (super)^k -energy density implies the vanishing of all the derivatives up to the given order. More precisely

Proposition 6.7 The (super)^k-energy (tensor) of the massive scalar field vanishes at a point x ∈ V_n if and only if ϕ and all its derivatives up to the (k + 1)-th order are zero at x. Analogously, the (super)^k-energy (tensor) of the Proca field vanishes at x if and only if the k-th covariant derivative of F as well as A and all its derivatives up to the k-th order vanish at x. In particular, all (super)^k-energy tensors of the massive scalar field, or of the Proca field, vanish in a domain D ⊆ V_n if ϕ, or respectively A, vanish in D.

7 Exchange of super-energy quantities: conserved currents

We finally arrive at the fundamental question of whether the s-e tensors have any physical importance or describe some kind of relevant physical quantity. Obviously, the s-e tensors generalize the typical energy-momentum tensors, which are assumed to describe the energy-momentum and stress properties of a physical system. Hence, a naive guessing would lead to consider the s-e tensors as describing some kind of generalized energymomenta or stresses of the same physical system. As far as mathematics are concerned, all the good properties of the energy-momentum tensors have been kept for the s-e tensors, namely, the positivity of the s-e density, the causality of the s-e flux vectors, and in general the DSEP which, as mentioned in section 4, allows to prove very general results on the causal propagation of fields and its uniqueness [16, 18]. Let us also mention that the DSEP may serve to prove stability results such as those in [26] for the global stability of flat spacetime, but generalizing them to cases with matter or other asymptotic conditions. In general, the DSEP of the (super)^k-energy tensors provides estimates and a priori bounds on all the components of a given tensor and its derivatives of any order. Thus, from the mathematical point of view there is little doubt that the s-e construction herein presented is relevant.

But, what about physics? Energy-momentum tensors are not only important from the mathematical point of view, but also from the physical one. The main role they play is in the definition of conserved quantities and its interchange between different physical systems. Thus, the main question arises: can the s-e tensors give rise to conserved currents? And more importantly, can s-e quantities be exchanged between different physical systems?

The first question has been already answered in this paper. As has been seen in section 6, the (super)^k-energy tensors of the scalar, electromagnetic or Proca fields provide infinitely many divergence-free currents in flat spacetime. Similarly, the generalized Bel tensor was proved to be divergence-free in Einstein spaces (R_{μν} = Λg_{μν} ), see Theorem 6.1. This last property leads to conserved currents if there exists at least a Killing vector, for due to the symmetries (31) of the generalized Bel tensor only one independent divergence can be computed, and moreover, one has for arbitrary Killing vectors ⃗ξ_1, ⃗ξ_2, ⃗ξ_3 j_μ ( R_{[2],[2]}; ⃗ξ_1, ⃗ξ_2, ⃗ξ_3 ) ≡ B_{(αβλ)μ} ξ^α_1 ξ^β_2 ξ^λ_3 = B_{(αβλμ)} ξ^α_1 ξ^β_2 ξ^λ_3 (79)

so that from Theorem 6.1 it follows ∇_μj^μ ( R_{[2],[2]}; ⃗ξ_1, ⃗ξ_2, ⃗ξ_3 ) = 0 in Einstein spaces: R_{μν} = Λg_{μν} .

As already remarked after formula (59), not only the divergence-free property of B is needed, but also its symmetry properties which allow to form a divergence-free vector with any given Killing vector. It is noteworthy that sometimes (79) is divergence-free under much more general conditions (such as for instance when the Killings are hypersurfaceorthogonal, and many others, independently of the form of the Ricci tensor), but these special cases fall out of the general treatment considered in this paper and will be presented elsewhere.

Recapitulating, the generalized Bel tensor provides conserved currents if R_{μν} = Λg_{μν} (i.e., in absence of matter), and the s-e tensors of the physical fields give conserved currents in flat (V_n, g) (that is, in the absence of gravitational field if this is described by the curvature). This situation is, to say the least, encouraging, and one is led to the natural question of whether or not these respective currents can be combined to produce new conserved vectors involving several fields, such as gravitation and others. Let us remark that this situation is similar to that appearing in classical electrodynamics, where the energymomentum tensor of the electromagnetic field is divergence-free in the absence of charges, but it is not if they are present. As is well-known, see for instance [60], the divergencefree property (and a fortiori the conserved currents) is restored by adding the energymomentum tensor of the existing charges, and the combined total energy-momentum tensor is the one without divergence, showing that the conserved quantities are the total energy-momentum and angular momentum of the charges plus the electromagnetic field. Alternatively, this can be seen as direct proof that part of the energy-momentum of the charges can be transferred to the field, and viceversa. This is what I call “exchange” in the second question asked above and the title of this section.

Let us state, from the beginning, that the answer to this second question is positive, as is going to be shown explicitly in several cases. It is important to remark that, in order to find such mixed conserved currents, the corresponding field equations must be used. But, of course, the field equations will depend on the particular theory one is using (higherorder Lagrangians, scalar-tensor, string, dilaton, General Relativity,....), and thus the seeking of the conserved currents must be performed in each of these theories separately. In this paper, only the traditional case of Einstein’s equations (in arbitrary dimension, units chosen such that 8πG = c = 1) will be considered from now on. In particular, under this hypothesis, the interchange of super-energy between the scalar and the gravitational fields will be proved in full generality by constructing explicitly a divergence-free current from the sum of the generalized Bel tensor (30) and the s-e tensor (75) of the scalar field. Similarly, the exchange of super-energy between the electromagnetic and the gravitational fields will be shown by considering the propagation of discontinuities of Einstein-Maxwell fields. Nevertheless, before entering into this, let us make some remarks about other traditional treatments of the problem and the reasons of their failure.

7.1 Non-validity of general divergence-free tensors

The typical way to attack the problem has usually been the seeking of divergence-free tensors generalizing the Bel and Bel-Robinson tensors. Thus, soon after the publication of the Bel tensor, Sachs [86] found a four-index tensor T^{′αβλμ} in General Relativity (n = 4) which is identically divergence-free. This tensor was later generalized by Collinson [28], who found the most general divergence-free tensor quadratic in the Riemann tensor and linear in its second derivatives if n = 4 . These results can be generalized to arbitrary n, see [85] (see also [2] for related results). Unfortunately, these tensors do not satisfy any of the good mathematical properties of the s-e tensors (6) herein presented, and their completely timelike component is not positive definite in general, nor they satisfy the DSEP. Furthermore, despite being divergence-free, all these tensors do not have any symmetry property, and this invalidates them as candidates to produce conserved quantities. In order to have a conserved quantity one needs a divergence-free vector, so that Gauss’ theorem is applicable. When one has a divergence-free tensor, in principle no conserved current can be built, unless there exists an auxiliary object which permits to find a true vector without divergence. Of course, this auxiliary object is usually a Killing vector (or some generalization thereof, such as conformal Killing vectors, Killing tensors, etcetera). The idea was explained in some detail when deriving (59). As remarked there, the symmetry property of the divergence-free tensor is crucial. Imagine, for instance, that we take a tensor such as that of Sachs (or Collinson), which is divergence-free ∇_αT^{′αβλμ} = 0 in the first index, but such that this first index has no symmetry properties with the other indices (in fact, Sachs’ tensor is symmetric in the last three indices, T^{′αβλμ} = T^{′α(βλμ)}, but it has no symmetry involving α). Then, when seeking for a current ⃗j, and if there is at least one Killing vector ⃗ξ, one could try j_α ≡ T^′_{αβλμ}ξ^β ξ^λξ^μ and then a direct computation gives, using that T^′ has no divergence and that ⃗ξ satisfies (58)

∇_αj^α = 3T^{′αβλμ} (∇_αξ_β) ξ_λξ_μ = 3T^{′[αβ]λμ} (∇_αξ_β) ξ_λξ_μ ≠ 0

which is not zero in general, because the tensor T^′_{αβλμ} is not symmetric in (αβ). The use of the completely symmetric part of T^′ (so that j_α ≡ T^′_{(αβλμ)}ξ^βξ^λξ^μ) is of no help here, because the divergences of T^′_{αβλμ} in any index other than the first is not zero. In summary, this type of tensors do not have the required mathematical properties which have been shown to hold in general for the s-e tensors (6) and, moreover, they may not be useful regarding the existence of conserved s-e quantities, which was the reason why they were constructed in the first place.

Another example of this type is given by a four-index tensor presented in spinor form in [80] as the s-e tensor of the electromagentic field which, when combined with the Bel-Robinson tensor, was claimed to provide the appropriate s-e tensor for the case of Einstein-Maxwell spacetimes for n = 4, in General Relativity. The explicit expression of this tensor is P_{αβλμ} ≡ 8 ( ∇_{(β}F^ρ_λ∇_{μ)}F_{ρα} + ∇_ρF_{α(β}∇_λF_{μ)}^ρ − − 1 4 g_{α(β}∇_λF^{ρσ} ∇_{μ)}F_{ρσ} + 1 2 ∇_σF_{ρ(β} ∇^ρF^σ_λg_{μ)α} − 1 2 ∇_ρF_{σα}∇^σF^ρ_{(β}g_{λμ)} )

which has the properties P_{αβλμ} = P_{α(βλμ)}, P_{αβρ}^ρ = 0, ∇_α ( T^{αβλμ} + P^{αβλμ} ) = 0 in n = 4

where in the last one the Einstein-Maxwell equations must be used and T is the Bel- Robinson tensor (54). Nevertheless, the tensor T + P has non-vanishing divergences in the last three indices, and there are no index symmetries involving the first index, so that it does not give divergence-free currents for general Killing vectors. Thus, for instance, P does not provide conserved currents for the rotational Killings in flat spacetime, in contrast to what happens with (67). The tensor P_{αβλμ} is quadratic in the first derivatives ∇_{[1]}F_{[2]}, but nonetheless it is not included in the six-parameter family E_{αβλμ} given in (68), not even allowing for negative constants c_1, . . ., c_6 in (68), as can be checked. Actually, the tensor P_{αβλμ} does not satisfy the DSEP nor the vanishing of its timelike component (which is non-negative) implies that ∇_{[1]}F_{[2]} is zero. All in all, it is doubtful that P be a good s-e tensor for the electromagnetic field and, in principle, the tensor (67) (or its generalization E ) is preferable.

Now that we know the reasons why the general divergence-free tensors may not be good enough for the goal of s-e interchange, let us come back to the question of how to achieve this interchange and the conserved s-e quantities involving two fields.

7.2 Exchange of super-energy between scalar and gravitational fields: general divergence-free currents

In this subsection an important theorem will be proved: if the Einstein-Klein-Gordon equations hold, then the sum of the s-e tensors (30) and (75) always provide conserved currents if there is a Killing vector [90]. To that end, assume that there exists a (generally massive) scalar field ϕ in the spacetieme (V_n, g) and that the Einstein field equations R_{μν} = ∇_μϕ∇_ν ϕ + 1 n − 2 m^2ϕ^2g_{μν} (80)

hold, from where one can deduce the Klein-Gordon equation (71). Then, the matter current appearing in (37) is J_{λμβ} = ∇_β∇_λϕ ∇_μϕ − ∇_β∇_μϕ ∇_λϕ + 2 n − 2 m^2ϕ (g_{βμ}∇_λϕ − g_{βλ}∇_μϕ) so that equation (37) becomes in this case ∇_αB^α_{βλμ} = 2∇_σϕ∇^ρ∇_{(λ}ϕR^σ_{μ)ρβ} − g_{λμ}∇_σ ϕ∇^ρ∇^τ ϕR^σ_{τ ρβ} + 2∇^σ∇^ρϕR_{βρσ(λ}∇_{μ)}ϕ − − 2 n − 2 m^2ϕ [ 2∇_σϕR^σ_{(λμ)β} − 2∇_βϕ∇_λϕ∇_μϕ− − 2 n − 2 m^2ϕ^2g_{β(λ}∇_{μ)}ϕ + g_{λμ}∇_β ϕ ( ∇_ρϕ∇^ρϕ + 1 n − 2 m^2ϕ^2 )] . (81)

Similarly, expression (78) for the divergence of the basic super-energy tensor of the scalar field becomes now ∇_αS^α_{βλμ} = −2∇_σϕ∇^ρ∇_{(λ}ϕR^σ_{μ)ρβ} + g_{λμ}∇_σϕ∇^ρ∇^τ ϕR^σ_{τ ρβ} + + ( ∇_ρϕ∇^ρϕ + 1 n − 2 m^2ϕ^2 ) ( 2∇_β ∇_{(λ}ϕ ∇_{μ)}ϕ − g_{λμ}∇_β∇_ρϕ ∇^ρϕ ) . (82)

Therefore, the direct sum of tensors (30) and (75) is not divergence-free in general. But this is of no importance for our purposes, as will be proved in what follows.

As remarked in the previous subsection, in order to find a conserved current one always needs an auxiliary object, usually given by a Killing vector, independently of whether the tensor providing the current is divergence-free or not. Thus, let us assume that ⃗ξ is a Killing vector in our spacetime. A classical result [76, 92] ensures then that the massive scalar field is invariant under ⃗ξ, that is

ξ^μ∇_μϕ = 0, (if m ≠ 0). (83)

If the scalar field is massless, then in fact one has ξ^μ∇_μϕ =const. see [76, 92]. Whether or not the mass is zero, it always follows that

ξ^β∇^ρϕ ∇_β ∇_ρϕ = 0 (84)

where (58) and the derivative of (83) have been used. Contracting (81) and (82) with any three Killing vectors ⃗ξ_1, ⃗ξ_2, ⃗ξ_3 (or with three copies of the same if only one Killing vector exists) and using (83-84) one finds

ξ^β_1 ξ^λ_2 ξ^μ_3 ∇_αB^α_{(βλμ)} = ∇_σϕ ( 2∇_ρ∇_{(λ}ϕR^σ_μ^ρ_{β)} + g_{(λμ}R^{σρ}_{β)}^τ ∇_ρ∇_τ ϕ ) ξ^β_1 ξ^λ_2 ξ^μ_3 ,

ξ^β_1 ξ^λ_2 ξ^μ_3 ∇_αS^α_{(βλμ)} = −∇_σ ϕ ( 2∇_ρ∇_{(λ}ϕR^σ_μ^ρ_{β)} + g_{(λμ}R^{σρ}_{β)}^τ ∇_ρ∇_τ ϕ ) ξ^β_1 ξ^λ_2 ξ^μ_3 and, in general, neither of these quantities is zero. However, as is obvious

ξ^β_1 ξ^λ_2 ξ^μ_3 ∇_α ( B^α_{(βλμ)} + S^α_{(βλμ)} ) = 0.

This still does not give a divergence-free vector, but now using again the symmetry properties of (30) and (75) (which reveal themselves as essential in this calculation), one can rewrite the last formula as follows

0 = ξ^β_1 ξ^λ_2 ξ^μ_3 ∇^α ( B_{(αβλμ)} + S_{(αβλμ)} ) = ∇^α [( B_{(αβλμ)} + S_{(αβλμ)} ) ξ^β_1 ξ^λ_2 ξ^μ_3 ] = 0 where (58) has been used. Therefore, the super-energy currents j_α ( R_{[2],[2]} ↔ ∇_{[1]}∇_{[1]}ϕ; ⃗ξ_1, ⃗ξ_2, ⃗ξ_3 ) ≡ ( B_{(αβλμ)} + S_{(αβλμ)} ) ξ^β_1 ξ^λ_2 ξ^μ_3 (85)

are divergence-free. Observe that only the completely symmetric part of the tensor is relevant here and thus, coming back to the discussion of section 5, perhaps only the symmetric part of the general tensor (28) is meaningful for physical applications. Notice that the vector (85) reduces to the corresponding conserved current of the scalar field in flat spacetimes and to the vector (79) if there is no scalar field. Thus, one can consider the vector field (85) as the appropriate generalization of those currents to the case involving both fields at the same time.

Theorem 7.1 In any (V_n, g) satisfying the Einstein-Klein-Gordon equations (80) and containing at least a Killing vector, the current (85) is identically divergence-free.

As always, this produces conserved quantities by means of the Gauss theorem and the adequate integrals. The theorem also holds when m = 0 for the case of the Killing vectors being either parallel or orthogonal to ∇_{[1]}ϕ. The relevance of Theorem 7.1 is that shows, explicitly, the interchange of super-energy properties between the gravitational and scalar fields, because neither B_{(αβλμ)}ξ^β_1 ξ^λ_2 ξ^μ_3 nor S_{(αβλμ)}ξ^β_1 ξ^λ_2 ξ^μ_3 are divergence-free separately in the general mixed case, but each of them reduces to the corresponding conserved current in the absence of one of the two fields.

7.3 Exchange of super-energy between electromagnetic and gravitational fields: propagation of discontinuities

Special cases concerning the s-e interchange for the electromagnetic and gravitational fields have been considered in [61, 62, 98]. Due to the difficulty to handle the general case of an electromagnetic field with a Killing vector, mainly because the different possibilities arising (null or non-null electromagnetic field, with the Killing vector being also a symmetry of the electromagnetic field or not, etcetera [27, 37, 71, 73, 81]) must be treated separately, in this paper only the illustrative and important case of the propagation of discontinuities of the fields will be presented. This will be enough to prove the interchange of s-e quantities between the electromagnetic and the gravitational field. A thorough treatment of the propagation of discontinuities in general (including also other fields) will be given elsewhere [91] (see also [89, 90]), with the result that (super)^k -energy quantities and conservation laws arise naturally in this type of situations where the field has a ‘wave-front’.

For our present purposes, let us consider the case when there is an electromagnetic field F_{[2]} propagating in a background spacetime so that there is a necessarily null hypersurface of discontinuity σ [38, 62, 91] (a ‘characteristic’). Let us denote by [V ]_σ the discontinuity of any object V across σ. Using the classical Hadamard theory [52, 38, 62] or equivalent procedures [68, 91], one proves the existence of a 1-form c defined only on σ and such that

[F_{μν} ]_σ = n_μc_ν − n_ν c_μ, n_ρc^ρ = 0

where n is a 1-form normal to σ. Obviously, given that σ is null, it follows that n is null

n_μn^μ = 0

so that ⃗n is in fact a vector tangent to σ [68]. Besides, n cannot be normalized, and thus it is defined up to a transformation of the form n −→ γn , γ > 0 (86) where γ is any positive function defined on σ. The null curves tangent to ⃗n are necessarily null geodesics (‘bicharacteristics’) contained in σ [38, 62, 91]

n^μ∇_μn^ν = Ψ n^ν .

Obviously, an affine parameter could be chosen, using (86), so that Ψ can be set equal to zero for some n, but nevertheless the freedom (86) still remains partly. Observe that c is also affected by the freedom (86) as follows c −→ 1 γ c. Let ḡ denote the first fundamental form of σ, which is a degenerate metric in the null σ because ⃗n is an eigenvector of ḡ with zero eigenvalue, [53, 68, 87, 88]. Then, the second fundamental form of σ relative to n can be defined by means of K_{ij} ≡ 1 2 £_{⃗n} ḡ_{ij}

where £_{⃗n} denotes the Lie derivative [87] with respect to ⃗n within σ. K_{ij} is a 2-covariant symmetric tensor intrinsic to the null σ and it shares the same degeneracy than ḡ, that is, K_{ij} n^i = 0 [87, 68]. Due to this property, even though there is no inverse metric for ḡ, one can get the trace of the second fundamental form by contracting with the inverse of the metric defined on the quotient spaces defined by the tangent spaces to σ modulus the degeneration vector ⃗n. This trace will be denoted by ϑ and has the following interpretation: let S ⊂ σ be any spacelike cut of σ, that is, a spacelike (n − 2)-surface living in σ and orthogonal to n. Then, ϑ is a measure of the expansion of these cuts along the null generators of σ as it can be easily related to the derivative along ⃗n of the (n − 2)-volume element of S [88].

Making use of the Maxwell equations (64), the following propagation law (also called a ‘transport equation’ [38]) is found [62, 63, 90, 91]

n^μ∂_μc^2 + c^2(ϑ + 2Ψ) = 0, c^2 ≡ c_μc^μ ≥ 0.

This propagation equation ensures that if c_μ = 0 at any point x ∈ σ, then c_μ = 0 along the whole null geodesic originated at x and tangent to ⃗n. In fact, for arbitrary conformal Killing vectors ⃗ζ_1, ⃗ζ_2 (or for two copies of the same if there is only one), the above propagation law allows to prove that [38, 90, 91] ∫ S c^2n_μn_ν ζ^μ_1 ζ^ν_2 ω|_S (87)

are conserved quantities along σ, where ω|_S is the canonical volume element (n − 2)-form of S. What is meant by this is that ∫ S c^2n_μn_ν ζ^μ_1 ζ^ν_2 ω|_S = ∫ Ŝ c^2n_μn_ν ζ^μ_1 ζ^ν_2 ω|_Ŝ

for any two spacelike cuts S and Ŝ of σ. Of course, these conserved quantities can be easily related to the energy-momentum properties of the electromagnetic field because T_{μν} { [F_{[2]}]_σ } = c^2n_μn_ν , so that the energy-momentum tensor of the discontinuity [F_{[2]}]_σ contracted with the conformal Killing vectors ⃗ζ_1, ⃗ζ_2 gives the function integrated in (87). Further, this can be even related to the discontinuity of the electromagnetic energymomentum tensor, because [ T_{μν} {F_{[2]}} ] σ = T_{μν} { [F_{[2]}]_σ } if the background is empty. Notice also that the conserved quantities (87) are invariant under the transformation (86).

However, the integral (87) is trivial when [F_{μν} ]_σ = 0, in which case c_μ = 0. When this happens, there arises a situation such that the electromagnetic field vanishes at σ but its derivatives are non-zero there, so that the (super)^k-energy tensors must be relevant according to Proposition 6.6. Using again Hadamard’s classical results, now there exist a 2-covariant symmetric tensor B_{μν} and a 1-form f_μ defined only on σ such that [6, 7, 40, 49, 50, 62, 63, 68, 91, 99]

[R_{αβλμ}]_σ = 4n_{[α}B_{β][μ}n_{λ]}, B_{μν} = B_{νμ} 2n^μB_{μβ} + g^{μν} B_{μν} n_β = 0, [∇_αF_{μν} ]_σ = 2n_αn_{[μ}f_{ν]}, n_ρf^ρ = 0.

Again, these objects are affected by the freedom (86) according to (f_μ, B_{μν} ) −→ 1 γ^2 (f_μ, B_{μν} ) . Assuming that the Einstein-Maxwell equations hold, that is, (64) are valid and the Einstein field equations R_{μν} − (R/2)g_{μν} = T_{μν} {F_{[2]}} hold for the energy-momentum tensor (66) of the electromagnetic field, Lichnerowicz was able to prove the following propagation laws back in 1960 [62] (see also [40])

n^μ∂_μB^2 + B^2 (ϑ + 4Ψ) − 2 n^σF_{σρ}B^{ρτ} f_τ = 0, B^2 ≡ B_{μν} B^{μν} ≥ 0, (88) n^μ∂_μf^2 + f^2 (ϑ + 4Ψ) + 2n^σ F_{σρ}B^{ρτ} f_τ = 0, f^2 ≡ f_μf^μ ≥ 0 . (89)

Therefore, the discontinuities of the Riemann tensor and of ∇_{[1]}F_{[2]} are mutual sources. This is yet another fact in support of our definition of (super)^k-energies and of the choice of levels: R_{[2],[2]} and ∇_{[1]}F_{[2]} are at the same super-energy level, in this case the first k = 1. Actually, from (88) and (89) one clearly sees that [40, 62, 63] n^μ∂_μ ( B^2 + f^2 ) + ( B^2 + f^2 ) (ϑ + 4Ψ) = 0

so that, with the help of any conformal Killing vectors ⃗ζ_1, . . ., ⃗ζ_4 (or four copies of the same one), the following conserved s-e quantities along σ can be built ∫ S ( B^2 + f^2 ) n_αn_βn_μn_ν ζ^α_1 ζ^β_2 ζ^μ_3 ζ^ν_4 ω|_S (90) in the sense that this integral is independent of the spacelike cut S. The fundamental lesson derived from this important formula is that both the electromagnetic and gravitational contributions are necessary, so that neither the integrals of B^2n_αn_β n_μn_ν ζ^α_1 ζ^β_2 ζ^μ_3 ζ^ν_4 nor of f^2n_αn_β n_μn_ν ζ^α_1 ζ^β_2 ζ^μ_3 ζ^ν_4 are equal for different cuts S in general. Another interesting point is that (90) can be related to super-energy tensors [40, 49, 50, 62, 91]. The generalized Bel tensor (30) of the discontinuity [R_{[2],[2]}]_σ becomes T_{αβμν} { [R_{[2],[2]}]_σ } = 2B^2n_αn_β n_μn_ν

while the s-e tensor (67) of the discontinuity [∇_{[1]}F_{[2]}]_σ reads T_{αβμν} { [∇_{[1]}F_{[2]}]_σ } = 2f^2n_αn_β n_μn_ν

Therefore, the function integrated in (90) is simply 1 2 ( T_{αβμν} { [R_{[2],[2]}]_σ } + T_{αβμν} { [∇_{[1]}F_{[2]}]_σ }) ζ^α_1 ζ^β_2 ζ^μ_3 ζ^ν_4

which once again proves the interplay between super-energy quantities of different fields, in this case the electromagentic and gravitational ones. Observe that the above tensors are completely symmetric in this case, and that they together with the conserved quantity (90) are invariant under the transformation (86).

Actually, the exchange of higher-order (super)^k-energy quantities can also be demonstrated using this type of calculations. Again, the integral (90) vanishes when f_μ = 0, B_{μν} = 0, or equivalently when [∇_αF_{μν} ]_σ = [R_{αβλμ}]_σ = 0. Thus, the (super)^2-energy tensors are now relevant according to Proposition 6.6. Under these hypotheses, one can prove that there exist a 2-covariant symmetric tensor A_{μν} and a 1-form Y_μ defined only on σ such that [91]

[∇_ρR_{αβλμ}]_σ = 4n_ρn_{[α}A_{β][μ}n_{λ]}, A_{μν} = A_{νμ} 2n^μA_{μβ} + g^{μν} A_{μν} n_β = 0, (91) [∇_α∇_βF_{μν} ]_σ = 2n_αn_βn_{[μ}Y_{ν]}, n_ρY^ρ = 0. (92)

These tensors are affected by (86) according to (Y_μ, A_{μν} ) −→ 1 γ^3 (Y_μ, A_{μν} ) . Using again the Einstein-Maxwell equations one can prove transport equations analogous to (88-89) [91]

n^μ∂_μA^2 + A^2 (ϑ + 6Ψ) − 2 n^σF_{σρ}A^{ρτ} Y_τ = 0, A^2 ≡ A_{μν} A^{μν} ≥ 0, (93) n^μ∂_μY^2 + Y^2 (ϑ + 6Ψ) + 2n^σ F_{σρ}A^{ρτ} Y_τ = 0, Y^2 ≡ Y_μY^μ ≥ 0 . (94)

Hence, the discontinuities of ∇_{[1]}R_{[2],[2]} and of ∇_{[1]}∇_{[1]}F_{[2]} are sources of each other, which is again in favour of the definition of (super)^k -energies and of the choice of levels, in this case for k = 2. From (93) and (94) n^μ∂_μ ( A^2 + Y^2 ) + ( A^2 + Y^2 ) (ϑ + 6Ψ) = 0

so that, with the help of any conformal Killing vectors ⃗ζ_1, . . ., ⃗ζ_6 (which can be repeated), one finds mixed conserved (super)^2-energy quantities along σ similar to (90) and which need both the electromagnetic and gravitational contributions again. These new currents can be related to the (super)^2-energy tensors of the discontinuities [∇_{[1]}R_{[2],[2]}]_σ and [∇_{[1]}∇_{[1]}F_{[2]}]_σ because, using (55) and (69) together with (91-92), one has T_{αβλμτ ν} { [∇_{[1]}R_{[2],[2]}]_σ } = 4A^2n_αn_β n_λn_μn_τ n_ν , T_{αβλμτ ν} { [∇_{[1]}∇_{[1]}F_{[2]}]_σ } = 4Y^2n_αn_β n_λn_μn_τ n_ν .

In consequence, the integration over σ of the functions 1 4 ( T_{αβλμτ ν} { [∇_{[1]}R_{[2],[2]}]_σ } + T_{αβλμτ ν} { [∇_{[1]}∇_{[1]}F_{[2]}]_σ }) ζ^α_1 ζ^β_2 ζ^λ_3 ζ^μ_4 ζ^τ_5 ζ^ν_6

provides the conserved (super)^2-energy currents. Notice that this last expression, as well as the corresponding conserved quantity, is invariant under the transformation (86). Similar results can be derived for the general (super)^k -energy tensors of the discontinuities.

8 Concluding remarks

Very briefly, let us simply remark that the Definition 3.1 of basic s-e tensors has many good properties. From the mathematical point of view, they provide an appropriate way of defining scalars (the super-energy densities) and vectors (the s-e flux vectors) with the required mathematical properties, and especially they always have a definiteness property (the dominant property), which is strict for timelike vectors. Furthermore, the construction (6) is, on the one hand, universal (valid for any given tensor, in arbitrary dimensions, independent of any field equations), and thus all these good properties can be used with full generality; and on the other hand, it is fairly unique (apart from the index permutations studied in Section 5), as proved by the Lemma 4.2 and the Corollary 4.3. The full uniqueness can be achieved by simply choosing the completely symmetric part, which in fact is the only one of relevance in the physical applications of Section 6.

Many mathematical applications are possible, such as i) the study of the causal propagation of fields and the uniqueness of the solutions, as noticed in Section 4, see [1, 16, 17, 18]; ii) the use of s-e estimates to control the behaviour of the components of any given field and its derivatives [1, 16]; iii) the analysis of the non-linear stability of given spacetimes (V_n, g), or of any possible field therein contained, or both of them together. This may serve to improve and generalize the results of [26]; iv) the construction of adimensional positive scalars (such as the q_1, q_2, q_3 of subsection 6.1) measuring the quality of approximate solutions [8, 19], or some physical feature as time-arrows or entropies [20, 79, 96], or the departure from some well-defined property of a given field; and many others.

Of greater importance is that Definition 3.1 not only has mathematical relevance, but it is also physically very promising. The s-e tensors can be organized in a hierarchy of (super)^k-energy levels, but such that the tensors belonging to some level k for a physical field can be put in physical correspondance with the tensors of the same level for another field. Hence, the traditional super-energy Bel-Robinson tensor can be compared with the corresponding super-energy tensors of the electromagnetic or scalar fields. Thus, the correct physical dimensions for any given (super)^k -energy density seem to be those of energy density times L^{−2k}. Furthermore, the analysis of the ‘strength’ of a field at points where its energy density vanishes but such that every neighbourhood of it contains the field needs of the (super)^k-energy concepts, and this is why the s-e Bel-Robinson and Bel tensors arise naturally in General Relativity, where the energy density of the gravitational field can be always made to vanish at any point by appropriate choice of the reference system due to the equivalence principle. Analogously, the ‘wave-fronts’, shock waves and similar discontinuities must be analyzed from the (super)^k-energy viewpoint, specially those propagating causally along null hypersurfaces [40, 49, 50, 62, 63, 91, 99].

Finally, the most important point is that all the (super)^k -energy tensors give rise to divergence-free currents if the field generating the s-e tensors is isolated (that is, no other fields interact with it), and these currents can be combined to produce divergencefree currents mixing the s-e tensors of different fields, as explicitly shown in Section 7 in several outstanding cases. Therefore, the interchange of super-energy properties (in a wide sense: they can be super-momentum, or super-stresses etcetera) does happen, and the super-energy characteristics can be transferred from one field to another, such as energy properties do. A systematic study of the s-e exchanges between several fields in many different theories must be performed, and the explicit expressions of some of the conserved mixed s-e quantities should be analyzed in order to gain further insight into the possibilities opened by this new type of conservation physical laws.

Acknowledgements

I am grateful to Lluís Bel, Göran Bergqvist, Ruth Lazkoz, Roy Maartens, Marc Mars, Pierre Teyssandier and Raül Vera for their comments and suggestions.

Appendix

Let (V_n, g) be any orientable n-dimensional differentiable manifold with a metric g of Lorentzian signature (–,+,. . . ,+). The alternating Levi-Civita symbols are denoted and defined by δ_{μ1...μn} = δ_{[μ1...μn]}, δ^{μ1...μn} = δ^{[μ1...μn]}, δ_{01...n−1} = δ^{01...n−1} = +1, and then the canonical volume element n-form η is given by η_{μ1...μn} = η_{[μ1...μn]} ≡ ϵ √ |det g| δ_{μ1...μn} where ϵ is a sign to be chosen according to the orientation. From here one can easily deduce η^{μ1...μn} = η^{[μ1...μn]} = ϵ √ |det g| det g δ^{μ1...μn} . Therefore, one can write in general η_{μ1...μn} η^{ν1...νn} = |det g| det g δ_{μ1...μn} δ^{ν1...νn} = −δ^{ν1...νn}_{μ1...μn} (A.1) where in the last expression the hyperbolic signature has been used and the so-called Kronecker tensor of order n has been defined δ^{ν1...νn} μ1...μn ≡ δμ1...μn δ ν1...νn .

In fact, one can define the Kronecker tensor of any order p ≤ n by means of the following symbolic definition

δ^{ν1...νp} μ1...μp ≡

| | | | | | | | | δ^{ν1}_{μ1} . . . δ^{νp}μ_1 δ^{ν1}_{μ2} . . . δ^{νp}μ_2 . . . . . . . . . δ^{ν1}_{μp} . . . δ^{νp}μ_p

| | | | | | | | | so that δ^{ν1...νp} μ1...μp = δ [ν1...νp] [μ1...μp] and one immediately gets δ^{ν1...νpνp+1...νp+q} μ1...μpμp+1...μp+q = (p + q)! p!q! δ^{ν1...νp} [μ1...μp δ νp+1...νp+q μp+1...μp+q ] = (p + q)! p!q! δ^{[ν1...νp} μ1...μp δ νp+1...νp+q ] μp+1...μp+q , (A.2) δ^{ν1...νpμp+1...μp+q} μ1...μpμp+1...μp+q = q! δ ν1...νp μ1...μp , (A.3) A^{{Ω}}_{μ1...μp} = A^{{Ω}}_{[μ1...μp]} =⇒ 1 p! δ^{ν1...νp} μ1...μp A {Ω} ν1...νp = A {Ω} μ1...μp (A.4) where A^{{Ω}}_{μ1...μp} denotes any tensor containing a set of p completely antisymmetric indices μ_1 . . .μ_p.

With these ingredients the fundamental formulas (2-3) can be proved. As in the beginning of section 2, let A^{{Ω}}_{μ1...μp ν1...νq} = A^{{Ω}}_{[μ1...μp][ν1...νq ]} denote any tensor with an arbitrary number of indices schematically denoted by {Ω}, plus two sets of p and q completely antisymmetric indices μ_1 . . . μ_p and ν_1 . . . ν_q. Then, forming the duals with respect to these two sets of indices according to definition (1) A^{{Ω}} ∗_{μp+1...μn}^{∗νq+1...νn} ≡ 1 p!q! η_{μ1...μn} η^{ν1...νn} A^{{Ω}μ1...μp}_{ν1...νq} and using here (A.1) and (A.2) A^{{Ω}} ∗_{μp+1...μn}^{∗νq+1...νn} = − 1 p!q! δ^{ν1...νn} μ1...μn A {Ω}μ_1...μp ν1...νq = = − n! p!(n − q)!(q!)^2 δ^{ν1...νq} [μ1...μq δ νq+1...νn μq+1...μn]A {Ω}μ_1...μp ν1...νq from where, with the help of (A.4), one arrives at A^{{Ω}} ∗_{μp+1...μn}^{∗νq+1...νn} = − n! p!(n − q)!q! A^{{Ω}μ1...μp}_{[μ1...μq} δ^{νq+1...νn}_{μq+1 ...μn]} which is (3). A similar calculation leads to (2).

Some particular cases of this identity are used in the main text. Let us start by considering the case in which p = q, and let us contract μ_{p+2} . . .μ_n with ν_{p+2} . . . ν_n, that is A^{{Ω}} ∗_{λμp+2...μn}^{∗μμp+2...μn} = − n! (n − p)!(p!)^2 A^{{Ω}μ1...μp}_{[μ1...μp} δ^{μμp+2...μn} λμp+2...μn] which after use of (A.2) becomes A^{{Ω}} ∗_{λμp+2...μn}^{∗μμp+2...μn} = − n! (n − p − 1)!(p!)^2 A^{{Ω}μ1...μp}_{[μ1...μp} δ^{[μ}_λ δ^{μp+2...μn]} μp+2...μn]

and now, with the help of (A.3), this can be finally written as 1 (p − 1)! A^{{Ω}μσ2...σp}_{λσ2...σp} − 1 (n − p − 1)! A^{{Ω}} ∗_{λμp+2...μn}^{∗μμp+2...μn} = 1 p! δ^μ_λ A^{{Ω}σ1σ2...σp}_{σ1σ2...σp} . (A.5) As a particular application of this general formula, we derive 1 (p − 1)! A^{{Ω}}_{λσ2...σp,μ}^{σ2...σp} + 1 (n − p − 1)! A^{{Ω}} ∗_{λμp+2...μn, μ}^{∗μp+2...μn} = = 1 (p − 1)! ( A^{{Ω}}_{λσ2...σp,μ}^{σ2...σp} + A^{{Ω}}_μ^{σ2...σp}_{λσ2...σp} − 1 p g_{λμ}A^{{Ω}σ1σ2...σp}_{σ1σ2...σp} ) (A.6)

which has a righthand side symmetric in (λμ). Another application of (A.5) arises contracting λ with μ, which leads to 1 p! A^{{Ω}σ1σ2...σp}_{σ1σ2...σp} + 1 (n − p)! A^{{Ω}} ∗ μp+1μp+2...μn ∗ μp+1μp+2...μn = 0, (A.7) while contraction of λ with μ in (A.6) gives 1 (p − 1)! A^{{Ω}σ1σ2...σp}_{σ1σ2...σp} + 1 (n − p − 1)! A^{{Ω}} ∗ μp+1μp+2...μn ∗ μp+1μp+2...μn = = (2p − n) p! A^{{Ω}σ1σ2...σp}_{σ1σ2...σp} (A.8) so that the lefthand side of (A.6) is traceless in (λμ) if n = 2p.

Consider now any p-form Σ and let us apply (A.5) to the double (p, p)-form given by Σ_{μ1...μp} Σ_{ν1...νp} . One readily obtains 1 (p − 1)! Σ_{λσ2...σp} Σ^{μσ2...σp} − 1 (n − p − 1)! Σ ∗ λμp+2...μn Σ^∗ μμp+2...μn = 1 p! δ^μ_λ Σ_{σ1σ2...σp} Σ^{σ1σ2...σp} . (A.9) Let us finally derive some formulas concerning any double (p, q)-form K_{μ1...μp,ν1...νq} = K_{[μ1...μp],[ν1...νq]}. From (A.5) it follows 1 (n − p − 1)! K ∗_{αρp+2...ρn,λσ2...σq} K ∗ βρp+2...ρn,μσ2...σq = = 1 (p − 1)! K^{βρ2...ρp,}_{λσ2...σq} K_{αρ2...ρp,}^{μσ2...σq} − 1 p! δ^β_αK_{ρ1ρ2...ρp,λσ2...σq} K^{ρ1ρ2...ρp,μσ2...σq} ,(A.10) 1 (n − q − 1)! K_{αρ2...ρp,} ∗_{λσq+2...σn} K^{βρ2...ρp, ∗μσq+2...σn} = = 1 (q − 1)! K_{αρ2...ρp,}^{μσ2...σq} K^{βρ2...ρp,}_{λσ2...σq} − 1 q! δ^μ_λ K_{αρ2...ρp,σ1...σq} K^{βρ2...ρp,σ1...σq} ,(A.11) and double application of (A.5) gives also 1 (n − q − 1)!(n − p − 1)! K_{∗αρp+2...ρn,} ∗_{λσq+2...σn} K ∗ βρp+2...ρn, ∗ μσq+2...σn = = 1 (p − 1)!(q − 1)! ( K^{βρ2...ρp,μσ2...σq} K_{αρ2...ρp,λσ2...σq} − 1 q δ^μ_λ K^{βρ2...ρp,σ1...σq} K_{αρ2...ρp,σ1...σq} ) − − 1 p!(q − 1)! δ^β_α ( K^{ρ1...ρp,μσ2...σq} K_{ρ1...ρp,λσ2...σq} − 1 q δ^μ_λ K^{ρ1...ρp,σ1...σq} K_{ρ1...ρp,σ1...σq} ) . (A.12)

These three formulas (A.10-A.12) are useful in finding the explicit expression of the superenergy tensor of K_{[p],[q]}.

Let L_{αβ,λμ} = L_{[αβ],[λμ]} be any double (2, 2)-form (such as the Riemann or Weyl tensors). From (3) one has L ∗_{μ3...μn}^{∗ν3...νn} = − n! 2!(n − 2)!2! L^{μ1μ2}_{[μ1μ2} δ^{ν3...νn}_{μ3...μn]} (A.13) and contracting here μ_5 . . . μ_n with ν_5 . . . ν_n (if n ≥ 5, of course), the following identity is found 1 (n − 4)! L ∗_{αβρ5...ρn} ∗ λμρ5...ρn + Lλμ αβ = L̂^λ_αδ^μ_β − L̂^μ_αδ^λ_β − L̂^λ_β δ^μ_α + L̂^μ_β δ^λ_α (A.14)

where L̂_{αλ} ≡ L_{αλ} − 1 4 g_{αλ} g^{ρσ}L_{ρσ} , L_{αλ} ≡ L_α^ρ_{λρ}. Eq.(A.14) is a generalization of the classical Lanczos identity [58], and provides a direct relation between the double dual of L_{[2],[2]}, L_{[2],[2]} itself and its traces. Notice that, if the double (2, 2)-form L_{[2],[2]} is traceless, then the righthand side of (A.14) vanishes. The classical identity of Lanczos’ [58] is for n = 4 and simply reads L ∗_{αβ} ∗ λμ + L^{λμ}_{αβ} = L̂^λ_αδ^μ_β − L̂^μ_αδ^λ_β − L̂^λ_β δ^μ_α + L̂^μ_βδ^λ_α, if n = 4. (A.15)

References

[1] A. Anderson, Y. Choquet-Bruhat, and J.W. York, Topol. Meth. Nonlinear Anal., 10, 353 (1997) [2] R.A. Bedet and D. Lovelock, Utilitas Math. 3 285 (1973) [3] L. Bel C.R. Acad. Sci. (Paris) 246, 3105 (1958) [4] L. Bel, C.R. Acad. Sci. (Paris) 247, 1094 (1958) [5] L. Bel, C.R. Acad. Sci. (Paris) 248, 1297 (1959) [6] L. Bel Ph. D. Thesis (C.D.U et S.E.D.E.S Paris 5e) (1960) [7] L. Bel, Cahiers de Physique 138, 59 (1962) [8] L. Bel, Gen. Rel. Grav. 19, 1127 (1987) [9] L. Bel, private communication.

[10] V. Berestetski, E. Lifshitz, and L. Pitayeski, Électrodynamique quantique, (Landau- Lifshitz collection, Mir, Moscow, 1989).

[11] G. Bergqvist, Class. Quantum Grav. 11, 3013 (1994) [12] G. Bergqvist, J. Math. Phys. 39, 2141 (1998) [13] G. Bergqvist, Gen. Rel. Grav. 30, 227 (1998) [14] G. Bergqvist, Mälardalen University preprint (1999), to appear in Commun. Math.

Phys.

[15] G. Bergqvist and M. Ludvigsen, Class. Quantum Grav. 4, L29 (1987) [16] G. Bergqvist and J.M.M. Senovilla, preprint; gr-qc/9904055 [17] M.Á.G. Bonilla, Class. Quantum Grav. 15, 2001 (1998) [18] M.Á.G. Bonilla and J.M.M. Senovilla, Phys. Rev. Lett. 11, 783 (1997) [19] M.Á.G. Bonilla and J.M.M. Senovilla, Gen. Rel. Grav. 29, 91 (1997) [20] W.B. Bonnor, Phys. Lett. A 122 305 (1987) [21] N. Bretón, A. Feinstein and J. Ibáñez, Gen. Rel. Grav. 25, 267 (1993) [22] J.D. Brown, S.R. Lau and J.W. York, Phys. Rev. D 59, 064028 (1999) [23] J.D. Brown and J.W. York, Phys. Rev. D 47, 1407 (1993) [24] M. Chevreton, Nuovo Cimento 34, 901 (1964) [25] Y. Choquet–Bruhat and J.W. York Jr., in General Relativity and Gravitation, Vol.

1, ed. A. Held (New York, Plenum, 1980).

[26] D. Christodoulou and S. Klainerman, The global non-linear stability of Minkowski space, (Princeton Univ. Press, Princeton, 1993).

[27] B. Coll, C.R. Acad. Sci. (Paris) A280, 1773 (1975) [28] C. D. Collinson, Proc. Camb. Phil. Soc. 58 346 (1962) [29] S.Deser, in Gravitation and Geometry, eds. W. Rindler and A. Trautman (Naples, Bibliopolis, 1987) [30] S. Deser, to appear in Gravitation and Relativity in General, eds. A. Molina, J.

Martín, E.Ruiz and F. Atrio (World Scientific, 1999); gr-qc/9901007. [31] S. Deser and J.H. Kay, Phys. Lett. B 76 400 (1978) [32] S. Deser, J.H. Kay and K.S. Stelle, Phys. Rev. Lett. 38, 527 (1977) [33] S. Deser and Z. Yang, Class. Quantum Grav. 7, 1491 (1990) [34] A.J. Dougan, Class. Quantum Grav. 9, 2461 (1992) [35] A.J. Dougan and L.J. Mason, Phys. Rev. Lett. 67, 2119 (1991) [36] L.P. Eisenhart, Riemannian Geometry, (Princeton University Press, Princeton, 1966).

[37] A.M. Faridi, J. Math. Phys. 28, 1370 (1987) [38] F.G.Friedlander, The wave equation on a curved spacetime, (Cambridge University Press, Cambridge 1975) [39] H. Friedrich, Class. Quantum Grav. 13, 1451 (1996) [40] P-Y. Gal, Ann. Inst. Henri Poincaré 17 59 (1972) [41] M. Galal, C.R. Acad. Sci. (Paris) 302, 595 (1986) [42] J. Garecki, Acta. Phys. Pol. B 8, 159 (1977) [43] J. Garecki, Acta. Phys. Pol. B 10, 883 (1979) [44] J. Garecki, Acta. Phys. Pol. B 12, 739 (1981) [45] J. Garecki, Acta. Phys. Pol. B 13, 397 (1982)

[46] J. Garecki, Class. Quantum Grav. 2, 403 (1985) [47] J. Garecki, Rep. Math. Phys. 33 57 (1993) [48] J. Garecki, Int. J. Theor. Phys. 35 2195 (1996) [49] G. Gemelli, Gen. Rel. Grav. 29, 161 (1997) [50] G. Gemelli, Gen. Rel. Grav. 30, 1037 (1998) [51] G.W.Gibbons, in Gravitation and Relativity: At the turn of the Millenium, (Proc. of the GR-15 Conference), eds. N.Dadhich and J.Narlikar, (IUCAA, Pune, India, 1998) [52] J. Hadamard, Leçons sur la propagation des ondes et les équations de l’hydrodynamique, (Hermann, Paris, 1903).

[53] S.W. Hawking and G.F.R. Ellis, The large scale structure of space-time, (Cambridge Univ. Press, Cambridge, 1973) [54] G. T. Horowitz and B. G. Schmidt, Proc. R. Soc. A 381 215 (1982) [55] C. Itzykson and J.B. Zuber, Quantum field theory, (McGraw-Hill, New York, 1980). [56] A. Komar, Phys. Rev. 164, 1595 (1967) [57] I. Krishnasamy, Gen. Rel. Grav. 17, 621 (1985) [58] C. Lanczos, Ann. of Math. 39 842 (1938) [59] C. Lanczos, Rev. Mod. Phys. 34 379 (1962) [60] L. D Landau and E. Lifshitz, Theorie Classique du Champs, (Landau-Lifshitz collection, Mir, Moscow, 1989).

[61] E. Lehman, C.R. Acad. Sci. (Paris) 260, 2722 (1965) [62] A. Lichnerowicz, Ann. di Mat. Pura ed Appl. 50, 1 (1960) [63] A. Lichnerowicz, in Relativity in General, Proc. of the Spanish Relativity Meeting 93, eds. J. Díaz-Alonso and M. Lorente-Páramo, pp.3-14 (Frontières, Gif-sur-Yvette, 1994) [64] E.A. Lord, Int. J. Theor. Phys. 5 349 (1972) [65] D. Lovelock, Proc. Camb. Phil. Soc. 68 345 (1970) [66] M. Ludvigsen and J.A.G. Vickers, J. Phys. A: Math. Gen. 16 1155 (1983) [67] R. Maartens and B.A. Bassett, Class. Quantum Grav. 15, 705 (1998) [68] M. Mars and J.M.M. Senovilla, Class. Quantum Grav. 10, 1865 (1993) [69] B. Mashhoon, J.C. McClune, and H. Quevedo Class. Quantum Grav. 16, 1137 (1999) [70] A. Matte, Can. J. Math. 5 1 (1953) [71] C.B.G. McIntosh, Gen. Rel. Grav. 9, 277 (1978) [72] C.B.G. McIntosh, R. Arianrhod, S.T. Wade, and C. Hoenselaers, Class. Quantum Grav. 11, 1555 (1994).

[73] H. Michalski and J. Wainwright, Gen. Rel. Grav. 6, 289 (1975) [74] C.W. Misner, K.S. Thorne, J.A. and Wheeler, Gravitation (W.H. Freeman and Co., New York, 1973).

[75] F. Öktem, Nuovo Cimento 58, 167 (1968)

[76] A.D. Papadopoulos, C.R. Acad. Sci. (Paris) A287, 477 (1978) [77] J.M. Parra and J.M. Pozo, private communication; in preparation. [78] R. Penrose, Ann. Phys. 10 171 (1960) [79] R. Penrose, in General Relativity: an Einstein Centenary Survey, S. W. Hawking and W. Israel, eds. (Cambridge University Press, Cambridge, 1979).

[80] R. Penrose and W. Rindler, Spinors and spacetime, 2 vols. (Cambridge Univ. Press, Cambridge, 1984,1986).

[81] J.R. Ray and E.L. Thompson, J. Math. Phys. 16, 345 (1975) [82] A. Rendall, Living Reviews,

http://www.LivingReviews.org/Articles/Volume1/1998-4rendall

[83] O.A. Reula, Living Reviews,

http://www.LivingReviews.org/Articles/Volume1/1998-3reula

[84] M.D. Roberts, Gen. Rel. Grav. 20, 775 (1988) [85] I. Robinson, Class. Quantum Grav. 14, A331 (1997) [86] R. K. Sachs, Z. Physik 157 462 (1960) [87] J. A. Schouten, Ricci Calculus (Springer, Berlin, 1954) [88] J.M.M. Senovilla, Gen. Rel. Grav. 30, 701 (1998) [89] J.M.M. Senovilla, to appear in Gravitation and Relativity in General, eds. A. Molina, J. Martín, E.Ruiz and F. Atrio (World Scientific, 1999); gr-qc/9901019.

[90] J.M.M. Senovilla, Honorable Mention in Essays in Gravitation (1999); gr-qc/9905057. [91] J.M.M. Senovilla, in preparation.

[92] Z.A. Shteingrad, Sov. Phys. Dokl. 23 912 (1978) [93] L. B. Szabados, Class. Quantum Grav. 10, 1899 (1993) [94] L. B. Szabados, gr-qc/9901068.

[95] P. Teyssandier, Preprint (1999), submitted to J. Math. Phys.; gr-qc/9905080 [96] J. Wainwright Gen. Rel. Grav. 16, 657 (1984) [97] R.M. Wald, General Relativity (The University of Chicago Press, Chicago, 1984) [98] G. Wallace and J.D. Zund, Tensor, N.S. 47 179 (1988) [99] V.D. Zakharov, Gravitational Waves in Einstein’s Theory (Halsted Press, John Wiley & Sons, New York, 1973) [100] J.D. Zund, Tensor, N.S. 21 354 (1970)