gr-qc/9910083 25 Oct 1999

Equation of motion in a scalar model of gravity

�Shmuel Kaniel and †Yakov Itin

Institute of Mathematics Hebrew University of Jerusalem Givat Ram, Jerusalem 91904, Israel

October 25, 1999

Abstract

A scalar model of gravity is considered. We propose Lorentz invariant field equation f = kη_{ab}f_{,a}f_{,b}. The aim of this model is to get, approximately, Newton’s law of gravity. It is shown that f = �^1_k ln(1 � k^m_r ) is the unique spherical symmetric static solution of the field equation. f is taken to be the field of a particle at the origin, having the mass m. The field of a particle moving with a constant velocity is taken to be the appropriate Lorentz transformation of f. The field F of N particles moving on trajectories ψ_j(t) is taken to be, to first order, the superposition of the fields of the particles, where the instantaneous Lorentz transformation of the fields pertaining to the j-th particle is ψ̇_j(t). When this field is inserted to the field equation the outcome is singular at (ψ_j(t), t). The singular terms of the l.h.s. and of the r.h.s. are both O(R^{−2}). The only way to reduce the singularity in the field equation is by postulating Newton’s law of force.

It is hoped that this model will be generalized to system of equations that are covariant under general diffeomorphism.

1 Introduction

Classical field theory postulates the world to be a 4D-differential manifold M. The evolution in M is represented by field equations. The most fundamental are: the scalar wave equation, Maxwell and Einstein field equations. To these one may add Newton equation for the gravitational potential. It is not an evolution equation, but a field equation for a section t = const. For the field equations above particles are postulated to be the singularities of

� email kaniel@math.huji.ac.il y email itin@math.huji.ac.il

the field. Newton and Maxwell equations are linear. Therefore, there is no way to formulate, only by the field equations, the “force” that a particle exerts on other particles. Thus additional laws were included: Newton’s law of gravitation, Coulomb and Lorentz laws in electrodynamics.

On the other hand, Einstein field equation for gravitation is non linear. This allows, in theory, to derive equations of motion from the field equations. Einstein succeeded to carry out this program. The original version of general relativity (GR) employed an additional postulate: The Geodesic Postulate. Thus, he obtained a covariant generalization of the classical equation of motion. The Geodesic Postulate is an intrinsic postulate involving only the geometry of M. By comparison, Newton, Coulomb and Lorentz laws are extraneous laws of force.

Later, Einstein- Infeld-Hoffman [1] and Fock [2] derived, directly, the equations of motion from the field equations. The derivation is rather formal (i.e. the first terms of a series). Moreover, it is not known how the motion of the particles can be embedded in a field satisfying Einstein field equations. Recently Damour [3] computed the equations of motion to great accuracy. Still, the derivation is formal.

In this paper we study a Lorentz-invariant scalar model of gravity. This is a non-linear (quadratic) Lorentz-invariant generalization of the Newtonian scalar theory of gravity. We derive by this model the equations of particle motion and Newton’s law of force from the field equation.

Recently, Watt and Misner [16] considered a scalar model of gravity (It is interesting to note that the metric that they obtained is, also, the metric obtained by Kaniel and Itin [8] i.e. Yilmaz-Rosen metric.) The motive of [16] was to facilitate numerical computations of gravitational waves. We hope that the model established in this paper will be of case also for analytical reasoning. It may serve as guideline for studying the equations of motion, where the field equation is a diffeomorphic covariant system. We propose to apply the method exhibited in this paper to general quasi-linear field equations. The computations above lead to a novel algorithm for the derivation of equations of motion from it.

1 Compute a static, spherically symmetric solution of the field equation. It will be singular at the origin. This will be taken to be the field generated by a single particle.

2 Move the solution on a trajectory ψ(t) and apply the instantaneous Lorentz transformation based on ψ̇(t).

3 Take the field generated by n particles to be the superposition of the fields generated by the single particles.

4 Compute the leading part of the equation. Hopefully, only terms that involves ψ̈ will be dominant.

5 Compute the “force” between the particles by the quadratic part of the equation. This algorithm should result, in most cases, in the verification of Newton gravitation law. The method presented in this paper may enable the embedding the trajectories satisfying the equations of motion in a field satisfying the field equations.

2 Non-interacting particles

We start with the linear d’Alembertian field equation. This equation is a Lorentz-invariant extension of Laplace equation pertaining to the Newtonian gravity.

The Newtonian theory of gravity is formulated as a field theory via the scalar potential f, which is subject to Laplace equation

△f = 0. (2.1)

The unique spherical symmetric and asymptotically zero solution of this equation is f = m R , (2.2)

where R = √ (r − r_0)^2, m and r_0 are arbitrary constants of the integration. This solution is singular, so it represents a field of a pointwise particle located in the point r = r_0. The parameter m, taken to be positive, represents the mass of the particle. Laplace equation is not Lorentz-invariant. Thus it should be generalized to the wave field equation

� f = 0. (2.3)

The time independent spherical symmetric asymptotically zero solution of this equation is again f = m R , (2.4)

where

R = (r − r_0) − v ( α < v, (r − r_0) > +βt ) , (2.5)

provided that (2.5 is a Lorentz transformation (α and β are functions of v). We reaffirm this fact in order to establish the notation.

This solution describes free motion of a particle. Indeed, the singularity point satisfies

r − r_0 = v ( α < v, (r − r_0) > +βt ) . (2.6) So < v, (r − r_0) >= v^2 ( α < v, (r − r_0) > +βt ) . (2.7) Or < v, (r − r_0) >= v^2βt 1 − αv^2 . (2.8)

Substituting this relation in (2.6) we obtain the equation motion of the singularity as

r − r_0 = β 1 − αv^2 vt. (2.9)

In order to describe by (2.9) a constant velocity motion we have to take β = 1 − αv^2. (2.10) The functions α, β are still arbitrary. However the field equation (2.3 has to be satisfied. Calculate the derivatives R_t = −vβ, R_{tt} = 0, (2.11)

R_x = e_1 − αv_1v, R_{xx} = 0. (2.12) Thus f_t = − m R^3 < R_t, R >= mβ R^3 < v, R > (2.13) and consequently f_{tt} = mβ R^3 < v, R_t > −3 mβ R^5 < v, R >< R_t, R > = mβ^2 R^5 ( 3 < v, R >^2 −v^2R^2 ) . (2.14) As for the spatial part of the d’Alembertian f_x = − m R^3 < R_x, R >, (2.15)

f_{xx} = − m R^3 < R_x, R_x > +3 m R^5

< R_x, R >^2 . (2.16) Thus the Laplacian

△ f = 3 m R^5 ( < R_x, R >^2 + < R_y, R >^2 + < R_z, R >^2 ) − m R^3 ( R^2_x + R^2_y + R^2_z ) . (2.17) Using the relation < R_x, R >= R_1 − αv_1 < v, R > (2.18) we obtain

< R_x, R >^2 + < R_y, R >^2 + < R_z, R >^2= R^2 − 2α < v, R >^2 +α^2v^2 < v, R >^2 (2.19) and R^2_x + R^2_y + R^2_z = 3 − 2αv^2 + α^2v^4. (2.20)

Hence the Laplacian takes the form

△ f = 3 m R^5 ( R^2 − 2α < v, R >^2 +α^2v^2 < v, R >^2 ) − m R^3 ( 3 − 2αv^2 + α^2v^4 )

= 3 m R^5

< v, R >^2 (α^2v^2 − 2α) − m R^3

(α^2v^2 − 2α)v^2 = m R^5

(α^2v^2 − 2α) ( 3 < v, R >^2 −v^2R^2 ) (2.21)

Since � f = 0, equations (2.14) and (2.21) imply that

β^2 = α^2v^2 − 2α. (2.22)

By (2.14) the Lorentz parameters α and β are β = 1 √ 1 − v^2 , α = 1 v^2 ( 1 − 1 √ 1 − v^2 ) (2.23)

The result is rather obvious. Indeed, beginning with the static 1-particle solution (2.2) of the wave equation (2.3) and making a Lorentz transformation of coordinates (with opposite velocity) we obtain a solution which describes the inertial motion of the particle. Consider now the function f = m R , (2.24)

where R = (r − r_0) − αψ̇ < ψ̇, (r − r_0) > −βψ, (2.25) with ψ = ψ(t) and α and β are functions of |ψ̇|^2: β = 1 √ 1 − |ψ̇|^2 , α = 1 |ψ̇|^2 ( 1 − 1 √ 1 − |ψ̇|^2 ) (2.26)

If ψ̇ = vt then (2.5) coincides with (2.5). Calculate the d’Alembertian of the function f. R_t = −2α^′ ( < ψ̇, ψ̈ > ψ̇ < ψ̇, (r − r_0) > ) − α ( ψ̈ < ψ̇, (r − r_0) > )

−α ( ψ̇ < ψ̈, (r − r_0) > ) − 2β^′ ( < ψ̇, ψ̈ > ψ ) − βψ̇ (2.27) and R_{tt} = −4α^{′′} ( < ψ̇, ψ̈ >^2< ψ̇, (r − r_0) > ) − 2α^′ ( |ψ̈|^2 < ψ̇, (r − r_0) > )

−2α^′ ( < ψ̇, ˙¨ ψ >< ψ̇, (r − r_0) > ) − 2α^′ ( < ψ̇, ψ̈ >< ψ̈, (r − r_0) > )

−4β^{′′} ( < ψ̇, ψ̈ >^2 ψ ) − 2β^′ ( |ψ̈|^2ψ ) − 2β^′ ( < ψ̇, ˙¨ ψ > ψ ) − 2β^′ ( < ψ̇, ψ̈ > ψ̇ )

−2β^′ ( < ψ̇, ψ̈ > ψ̇ ) − βψ̈. (2.28)

Thus

f_t = − m R^3 < R_t, R >= − m R^3 ( − 2α^′ ( < ψ̇, ψ̈ >< ψ̇, R >< ψ̇, (r − r_0) > ) − α ( < ψ̈, R >< ψ̇, (r − r_0) > ) − α ( < ψ̇, R >< ψ̈, (r − r_0) > )

−2β^′ ( < ψ̇, ψ̈ >< ψ, R > ) − β ( < ψ̇, R > )) (2.29)

In the first approximation (for the motion of the particle, which is slow with respect to the speed of the light) we can take R_t = −βψ̇, R_{tt} = −βψ̈. (2.30) Consequently,

f_t = m R^3 β < ψ̇, R > (2.31) In general, the derivatives of α and β contribute terms that are quadratic in ψ̇ and its derivatives and can be neglected. Thus the second derivative to the same accuracy is f_{tt} = mβ R^3 ( < ψ̈, R > + < ψ̇, R_t > ) − 3 mβ R^5 < ψ̇, R >< R_t, R > (2.32) Substitute

R_t = −βψ̇ (2.33)

to get f_{tt} = mβ R^3 ( < ψ̈, R > −β < ψ̇, ψ̇ > ) + 3 mβ^2 R^5 < ψ̇, R >^2 = mβ R^3 < ψ̈, R > + mβ^2 R^5 ( 3 < ψ̇, R >^2 −R^2|ψ̇|^2 ) . (2.34)

As for the spatial derivatives

R_x = e_1 − αψ̇_1ψ̇, R_{xx} = 0 (2.35)

f_x = − m R^3

< R_x, R > (2.36)

f_{xx} = − m R^3

< R_x, R_x > + 3 m R^5

< R_x, R >^2 (2.37)

△ f = 3 m R^5 ( < R_x, R >^2 + < R_y, R >^2 + < R_z, R >^2 ) − m R^3 ( R^2_x + R^2_y + R^2_z ) (2.38)

Since

< R_x, R >= R_1 − αψ̇_1 < ψ̇, R > (2.39)

we get

< R_x, R >^2 + < R_y, R >^2 + < R_z, R >^2= R^2 − 2α < ψ̇, R >^2 +α^2|ψ̇|^2 < ψ̇, R >^2 (2.40) and R^2_x + R^2_y + R^2_z = 3 − 2α|ψ̇|^2 + α^2|ψ̇|^4 (2.41)

Thus the Laplacian is △f = m R^5

(α^2|ψ̇|^2 − 2α) ( 3 < ψ̇, R >^2 −|ψ̇|^2R^2 ) (2.42)

And, for the d’Alembertian

�f =^{mβ}_{R3} <^¨ψ, R > +^m_{R5} (β^2 + 2α − α^2|^˙ψ|^2)^(3 <^˙ψ, R >^2 −R^2|^˙ψ|^{2)} (2.43)

Using the expressions for the functions α, β we obtain

�f =^{mβ}_{R3} <^¨ψ, R > (2.44)

Thus in the case of a linear field equation �f = 0 the motion of a one singularity point is inertial i.e. ψ̈ = 0.

The reasoning above can be extended to arbitrary number of singularities. Indeed, the equation (2.3) is linear so it has a solution f = n∑ i=1 (i)m (i)R , (2.45)

where

(i)R = (r −^{(i)}r) −^{(i)}α^{(i)}ψ̇ <^{(i)}ψ̇, (r −^{(i)}r) > −^{(i)}β^{(i)}ψ, (2.46)

with (i)β = 1 √ 1 − |^{(i)}ψ̇|^2

,^{(i)}α = 1 |^{(i)}ψ̇|^2 ( 1 − 1 √ 1 − |^{(i)}ψ̇|^2 ) (2.47)

The calculation above yields, approximately

�f =^{n∑}_{i=1}^{miβi}_{R3i} <^¨ψ_i, Ri > . (2.48)

Also here, for the field equation is �f = 0 f is a solution provides that ψ̈_i = 0. Thus, the linear equation describes the free inertial motion of an arbitrary system of singularities.

3 Non-linear equations

In order to describe the interaction between singularities we need to balance the value (2.48). Let us consider a new non-linear field equation �f = kη^{ab}f,af,b (3.1) where k is a dimensionless constant. It is easy to see that this equation is unique Lorentzinvariant equation which is linear in the second derivatives and quadratic in the first derivatives.

The first step is to find a static spherical-symmetric solution of (3.1). Write f = f(s) with s = x^2 + y^2 + z^2). So

△f = 2f^′ + 4f^{′′}s (3.2) and η^{ab}f_{,a}f_{,b} = −4(f^′)^2s. (3.3)

Thus the equation takes the form

2f^{′′}s + 3f^′ = 2k(f^′)^2s (3.4)

Inserting f^′ = Z we obtain

2Z^′s + 3Z − 2kZ^2s = 0 (3.5)

Take the new variable

Z = s^{−3/2}Y (3.6)

to obtain

Y^′ = ks^{−3/2}Y^2. (3.7)

Thus Y = √ s C √ s + 2k ===> f^′ = 1 s(C √ s + 2k)

(3.8)

And the unique exact solution of (3.1) is f = − 1 k ln ( 1 − k m r ) . (3.9)

Note that for the limit k → 0 we obtain f →^m_r . The solution (3.9) is singular at the point r = 0. The singularity can also be located in an arbitrary point r = r_0. The next steep is to consider a moving singularity. We seek for a solution of the form f = − 1 k ln ( 1 − k m R ) (3.10) for a moving singularity: R = (r − r_0) − αψ̇ < ψ̇, (r − r_0) > −βψ, (3.11) where α and β are functions of |ψ̇|^2. From the calculations above R_t = −βψ̇, R_{tt} = −βψ̈. (3.12) Thus

f_t = − m R^3 < R, R_t > 1 − k^m_R = mβ R^3 < R, ψ̇ > 1 − k^m_R . (3.13) And f_{tt} = mβ R^5 · 3β < R, ψ̇ >^2 +R^2 < R, ψ̈ > −βR^2|ψ̇|^2 1 − k^m_R + m^2β^2k R^6 · < R, ψ̇ >^2 (1 − k^m_R )^2

. (3.14)

As for the spatial derivatives we have

R_x = e_1 − αψ̇ < ψ̇, e_1 >, R_{xx} = 0 (3.15)

f_x = − m R^3 · < R, R_x > 1 − k^m_R (3.16)

f_{xx} = 3 m R^5 · < R, R_x >^2 1 − k^m_R − m R^3 · < R_x, R_x > 1 − k^m_R + km^2 R^6 · < R, R_x >^2 (1 − k^m_R )^2

. (3.17)

Thus △f = 3 m R^5 · < R, R_x >^2 + < R, R_y >^2 + < R, R_z >^2 1 − k^m_R − m R^3 · < R_x, R_x > + < R_y, R_y > + < R_z, R_z > 1 − k^m_R + km^2 R^6 · < R, R_x >^2 + < R, R_y >^2 + < R, R_z >^2 (1 − k^m_R )^2

(3.18)

Substitute the value of R_x to get △f = 3 m R^5 · R^2 − 2α < ψ̇, R >^2 +α^2|ψ̇|^2 < ψ̇, R >^2 1 − k^m_R − m R^5 · 3 − 2α|ψ̇|^2 + α^2|ψ̇|^4 1 − k^m_R + km^2 R^6 · R^2 − 2α < ψ̇, R >^2 +α^2|ψ̇|^2 < ψ̇, R >^2 (1 − k^m_R )^2

(3.19)

Thus the second order l.h.s. of the equation is �f =^{mβ}_{R5} ·^{3β < R, ψ̇ >2 +R2 < R, ψ̈ > −βR2|ψ̇|2} 1 − k^m_R + m^2β^2k

R^6 · < R, ψ̇ >^2 (1 − k^m_R )^2 −3 m R^5 · R^2 − 2α < ψ̇, R >^2 +α^2|ψ̇|^2 < ψ̇, R >^2 1 − k^m_R + m R^3 · 3 − 2α|ψ̇|^2 + α^2|ψ̇|^4 1 − k^m_R − km^2 R^6 · R^2 − 2α < ψ̇, R >^2 +α^2|ψ̇|^2 < ψ̇, R >^2 (1 − k^m_R )^2 = mβ R^3 · < R, ψ̈ > 1 − k^m_R + m R^5

(β^2 + 2α − α^2|ψ̇|^2) ·

(3 < R, ψ̇ >^2 −R^2|ψ̇|^2) 1 − k^m_R + m^2k R^6 · −R^2 + (β^2 + 2α − α^2|ψ̇|^2) < R, ψ̇ >^2 (1 − k^m_R )^2

(3.20)

Using the relation β^2 = α^2|ψ̇|^2 − 2α we obtain

�f =^{mβ}_{R3} ·^{< R, ψ̈ >}_{1 − k mR} −^{m2k}_{R4}^1_{(1 − k mR )2} (3.21)

As for the quadratic r.h.s. η^{ab}f_{,a}f_{,b} = m^2β^2 R^6 · < R, ψ̇ >^2 (1 − k^m_R )^2 − m^2 R^6 · < R, R_x >^2 + < R, R_y >^2 + < R, R_z >^2 (1 − k^m_R )^2 = m^2β^2 R^6 · < R, ψ̇ >^2 (1 − k^m_R )^2 − m^2 R^6 · R^2 − 2α < ψ̇, R >^2 +α^2|ψ̇|^2 < ψ̇, R >^2 (1 − k^m_R )^2 = − m^2 R^4 1 (1 − k^m_R )^2 + m^2 R^6

(β^2 + 2α − α^2|ψ̇|^2) < R, ψ̇ >^2 (1 − k^m_R )^2

(3.22)

Thus η^{ab}f_{,a}f_{,b} = − m^2 R^4 1 (1 − k^m_R )^2

(3.23)

Thus the field equation (3.1) results in mβ R^3 · < R, ψ̈ > 1 − k^m_R = 0 (3.24)

This means ψ̈ = 0. So the one point singularity moves with constant velocity. Consider now a system of n singular points. In this case the ansatz is f = − 1 k n∑ i=1 ln ( 1 − k (i)m (i)R ) (3.25) where

(i)R = (r −^{(i)}r) −^{(i)}α (_{(i)} ψ̇ < (i)ψ̇, (r − (i)r) > ) −^{(i)}β^{(i)}ψ. (3.26)

The linear part of the equation is �f =^{n∑}_{i=1}^{( (i)m(i)β}_{(i)R3} ·^{< (i)R, (i)ψ̈ >} 1 − k^{(i)m}_{(i)R} − (i)m^2k (i)R^4 1 (1 − k^{(i)m}_{(i)R} )^2 ) (3.27)

Calculate the nonlinear part

f_t = − n∑ i=1 (< (i)R_t, (i)R > 1 − k^{(i)m}_{(i)R} · (i)m (i)R^3 ) = n∑ i=1 (< (i)ψ̇, (i)R > 1 − k^{(i)m}_{(i)R} · (i)m^{(i)}β (i)R^3 ) . (3.28)

Thus

(f_t)^2 = n∑ i,j=1

(i)m(i)β (i)R3 1 − k^{(i)m}_{(i)R} · (j)m(j)β (j)R3 1 − k^{(j)m}_{(j)R} <^{(i)}ψ̇,^{(i)}R ><^{(j)}ψ̇,^{(j)}R > . (3.29)

As for the spatial derivatives

f_x = − n∑ i=1 <^{(i)}R_x,^{(i)}R > 1 − k^{(i)m}_{(i)R} · (i)m (i)R^3

(3.30)

< ∇f, ∇f > = n∑ i,j=1

(i)m (i)R3 1 − k^{(i)m}_{(i)R} · (j)m (j)R3 1 − k^{(j)m}_{(j)R} ( <^{(i)}R_x,^{(i)}R ><^{(j)}R_x,^{(j)}R > +

<^{(i)}R_y,^{(i)}R ><^{(j)}R_y,^{(j)}R > + <^{(i)}R_z,^{(i)}R ><^{(j)}R_z,^{(j)}R > ) (3.31)

Using the relation

(i)R_x = e_1 −^{(i)}α^{(i)}ψ̇ <^{(i)}ψ̇, e_1 > (3.32)

and writing

<^{(i)}R_x,^{(i)}R >=< e_1,^{(i)}R > −^{(i)}α <^{(i)}ψ̇,^{(i)}R ><^{(i)}ψ̇, e_1 > (3.33)

we obtain ( <^{(i)}R_x,^{(i)}R ><^{(j)}R_x,^{(j)}R > ) = ( < e_1,^{(i)}R >< e_1,^{(j)}R > ) − (j)α ( < e_1,^{(i)}R ><^{(j)}ψ̇,^{(j)}R ><^{(j)}ψ̇, e_1 > ) − (i)α ( < e_1,^{(j)}R ><^{(i)}ψ̇,^{(i)}R ><^{(i)}ψ̇, e_1 > ) + (i)α^{(j)}α <^{(i)} ( ψ̇, (i)R >< (i)ψ̇, e_1 >< (j)ψ̇, (j)R >< (j)ψ̇, e_1 > ) . (3.34)

Thus the brackets in (3.31) are ( ) = <^{(i)}R,^{(j)}R > −^{(j)}α ( <^{(j)}ψ̇,^{(i)}R ><^{(j)}ψ̇,^{(j)}R > ) − (i)α ( <^{(i)}ψ̇,^{(j)}R ><^{(i)}ψ̇,^{(i)}R > ) + (i)α^{(j)}α ( <^{(i)}ψ̇,^{(i)}R ><^{(i)}ψ̇,^{(j)}ψ̇ ><^{(j)}ψ̇,^{(j)}R > ) . (3.35)

Thus, the r.h.s. of the field equation is kη^{ab}f_{,a}f_{,b} = − n∑ i,j=1

(i)m (i)R3 1 − k^{(i)m}_{(i)R} · (j)m (j)R3 1 − k^{(j)m}_{(j)R} [ <^{(i)}R,^{(j)}R > +

<^{(i)}ψ̇,^{(j)}R ><^{(i)}ψ̇,^{(i)}R > (_{(i)} β^{(j)}β +^{(i)}α +^{(j)}α −^{(i)}α^{(j)}α <^{(i)}ψ̇,^{(j)}ψ̇ > )]

Extracting in this expression the nonlinear part we obtain kη^{ab}f_{,a}f_{,b} = −k ∑ i (i)m^2k (i)R^4 1 (1 − k^{(i)m}_{(i)R} )^2 − ∑ i≠j

(i)m (i)R3 1 − k^{(i)m}_{(i)R} · (j)m (j)R3 1 − k^{(j)m}_{(j)R} [ <^{(i)}R,^{(j)}R > +

<^{(i)}ψ̇,^{(j)}R ><^{(i)}ψ̇,^{(i)}R > (_{(i)} β^{(j)}β +^{(i)}α +^{(j)}α −^{(i)}α^{(j)}α <^{(i)}ψ̇,^{(j)}ψ̇ > )]

Thus the field equation takes the form n∑ i=1 (i)m^{(i)}β (i)R^3 · <^{(i)}R,^{(i)}ψ̈ > 1 − k^{(i)m}_{(i)R} = −k ∑ i≠j

(i)m (i)R3 1 − k^{(i)m}_{(i)R} · (j)m (j)R3 1 − k^{(j)m}_{(j)R} ( <^{(i)}R,^{(j)}R > +

<^{(i)}ψ̇,^{(j)}R ><^{(i)}ψ̇,^{(i)}R > (_{(i)} β^{(j)}β +^{(i)}α +^{(j)}α −^{(i)}α^{(j)}α <^{(i)}ψ̇,^{(j)}ψ̇ > )) (3.36)

For the approximation of slow motions it is n∑ i=1 (i)m (i)R^3 · <^{(i)}R,^{(i)}ψ̈ > 1 − k^{(i)m}_{(i)R} = −k ∑ i≠j

(i)m (i)R3 1 − k^{(i)m}_{(i)R} · (j)m (j)R3 1 − k^{(j)m}_{(j)R} <^{(i)}R,^{(j)}R > (3.37)

The two sides of this equation are functions of an arbitrary point x. Choose the singularity point i = p and consider the arbitrary point x to be close to this singularity. It follows that

(p)R → 0 and^{(i)}R → R̄_{ip} for i ≠ k, (3.38)

where R̄_{ip} is a vector from the point i to the point p. In the l.h.s. of the equation (3.37) there is one singular term (p)m (p)R^3

<^{(p)}R,^{(p)}ψ̈ > 1 − k^{(p)m}_{(p)R} (3.39)

The singular term in the r.h.s. of (3.37) is −k (p)m (p)R3 1 − k^{(p)m}_{(p)R} ∑ j≠p

(j)m (j)R3 1 − k^{(j)m}_{(j)R} <^{(p)}R,^{(j)}R > (3.40)

The terms (3.39) and (3.40) are O(R^{−2} near the singularity. When these are inserted to the r.h.s and l.h.s. of (3.37), respectively, the remainder will be O(R^{−1} only if: <^{(p)}R,^{(p)}ψ̈ >= −k ∑ j≠p

(j)m (j)R3 1 − k^{(j)m}_{(j)R} <^{(p)}R,^{(j)}R > (3.41)

This way, the strength of the singularity is diminished.

Take into account that the point x is still arbitrary. Hence (3.41) can be valid only if (p)ψ̈ = −k ∑ j≠p

(j)m (j)R3 1 − k^{(j)m}_{(j)R} (j)R (3.42)

For the limiting values in (3.38) (p)ψ̈ = −k ∑ j≠p (j)mR_{jp} R^3_{jp} 1 1 − k^{(j)m}_{Rjp} (3.43)

The second fraction differs from 1, significantly, only for small distances comparable to the Schwarzschild radius r = km. Thus, we neglect it. It follows that (p)ψ̈ = −k ∑ j≠p (j)mR_{jp} R^3_{jp} (3.44)

For a system of two singularity points

(1)ψ̈ = −k^{(2)}mR21 R^3_{21}

(3.45)

If k < 0 then (3.44) and (3.45) result in attraction between the particles. The absolute value of k is unimportant, since it amounts to rescaling of the mass. This way the Newton law (p)ψ̈ = ∑ j≠p (j)mR_{jp} R^3_{jp} . (3.46)

is obtained.

References

[1] A. Einstein, L. Infeld and B. Hoffmann: “The gravitational equations and the problem of motion”,Ann. Math. 39, 65-100.

[2] B. Fock: “On motion of finite mass in general theory of relativity”, JETP, 9 (4), (1939), 375. [3] T. Damour and N. Deruelle:”General relativistic celestial mechanics of binary systems”,Ann. Inst. H.

Poincare,(Phys. Theor.), 44, (1986), 263.

[4] A.Einstein:“Auf die Riemann-Metric und den Fern-Parallelismus gegründete einheitliche Field- Theorie”, Math. Ann. 102, (1930), 658-697.

[5] Cartan, E., Geometry of Riemannian spaces, Math. Sci. Press, New York, 1983. [6] A.Einstein, W.R.P. Mayer,: “Zwei strenge statische Lösungen der Feldgleichungen der einheitlichen Feldtheorie”, Sitzungsber. preuss, Acad. Wiss.,phys.-math. Kl (1930) 110–120.

[7] F. W. Hehl, J. D. McCrea, E. W. Mielke, and Y. Ne’eman: “Metric-affine gauge theory of gravity: Field equations, Noether identities, world spinors, and breaking of dilation invariance”, Physics Reports 258, (1995) 1–171.

[8] S. Kaniel and Y. Itin: “Gravity on a parallelizable manifold”, Nuov. Cim. 113B (1998) 393-400 [9] H. Yilmaz: “Physical foundations of the new theory of gravitation”, Ann. Phys.(N.Y.) 101 (1976) 413–432.

[10] N. Rosen: “A theory of gravitation”, Ann. Phys. (N.Y.) 84 (1974) 455–473. [11] Y. Itin “Gravity on a parallelizable manifold. Exact solutions”, Gen. Rel. Grav. 31 (1999) 187–204. [12] U. Muench, F. Gronwald, F. W. Hehl:“A small guide to variations in teleparallel gauge theories of gravity and the Kaniel-Itin model”, Gen.Rel.Grav., 30 (1998), 933-961 [13] Y. Itin: “On variations in teleparallelism theories”,gr-qc/9904030.

[14] Y. Itin, S. Kaniel “On a class of invariant coframe operators and application to gravity”, grqc/9907023.

[15] Y. Itin: “Quasi-linear equations in coframe gravity”, Gen. Rel. Grav. 31 (1999) ... [16] K. Watt, C. W. Misner: “Relativistic Scalar Gravity: A Laboratory for Numerical Relativity”, grqc/9910032.

[17] Y. Itin: “Teleparallel models. Exact solutions”, to appear.

[18] Y. Foures-Bruhat: “Theoreme d’existence pour certains systems d’equations aux derivees partielles non lineaires”, Acta. Math 88, (1952), 141-225