gr-qc/9911036 v2 30 Nov 1999

International Journal of Modern Physics D,

f_{c World Scientific Publishing Company}

BLACK HOLES OF A MINIMAL SIZE IN STRING GRAVITY

S.O. Alexeyev1∗, M.V. Sazhin1^;3†, M.V. Pomazanov2‡ 1 Sternberg Astronomical Institute, Moscow State University, Universitetskii Prospect, 13, Moscow 119899, RUSSIA 2 Department of Mathematics, Physics Faculty, Moscow State University, Moscow 119899, RUSSIA 3 Isaac Newton Institute for Mathematical Sciences, University of Cambridge, UK

Received (received date) Revised (revised date)

A lower limit for a neutral black hole size is obtained in the frames of the string gravity model with the second order curvature correction. It is shown that this effect remains when the third order curvature correction is also taken into account and argued that such restriction does exist in all perturbative orders of curvature expansions.

Keywords: black hole, string theory, higher order curvature corrections

There are a lot of unsolved (and even non-understood) problems in the modern theoretical physics now. One of the most intriguing of them is a question on the endpoint of a black hole evaporation^1. This problem is widely discussed now^2 because a complete evaporation of black holes (without any remnants) can violate the Quantum Coherence. The indirect indications to a possible existence of the Quantum Coherence violation were found early^3. This puzzle is real only for black holes with initial masses less than 10^{15} grams^4. Hitherto such black holes could either completely evaporate or they could survive as some real objects. The subject of the study is to find a model describing their form of an existence. General Relativity does not suggest any variants of the solution of this puzzle. Perhaps, nonperturbative M-theory, presently developed, can clarify something but it is only at the beginning of its way. Therefore, in order to make a little step in this direction, it is possible (working in quasi-classical approach) to use the non-minimal gravity model which represents the effective low energy limit of some great unification theory.

In the perturbational approach the string theory (as a part of M-theory) predicts the Einstein equations to be modified by higher order curvature corrections in the range where the curvature of space-time has the near-Planckian values^7. In this approach of the string theory one has to use the so-called effective low energy action

∗Electronic address: alexeyev@grg2.phys.msu.su †Electronic address: sazhin@sai.msu.su ‡Electronic address: michael@math356.phys.msu.su

1

with the higher order curvature corrections in order to extend the boundaries of applicability of the classical General Relativity. The addition of the next curvature term allows one to make the next step in this direction. But all the resulting conclusions must be treated as preliminary directions on conclusions in the near Planckian region, later they have to be checked by pure quantum calculations. At the present time the form of higher order curvature corrections in the string effective action is not completely investigated^8. We do not know the general structure of the expansion and, hence, the direct summing up is impossible. But as we deal with the expansion, the most important correction is the second order curvature one which is the product of the Gauss-Bonnet and dilatonic terms. As Gauss- Bonnet term is a total divergence in four dimensional space-time, its combination with a dilatonic field (e^{−2ϕ}L_2, see below) provides only the second order differential equations relatively metric. Thus, the generic form of the action for all kinds of strings (for simplicity, only bosonian part is taken into account) has the form S = 1 16π ∫ d^4x √ −g [ m^2_{P l} ( −R + 2∂_μϕ∂^μϕ ) + λ_2e^{−2ϕ}L_2 ] , (1)

where L_2 = R_{ijkl}R^{ijkl} − 4R_{ij}R^{ij} + R^2. Here ϕ is the dilatonic field and λ_2 = λ_2(α^′) is the string coupling constant. Its value depends upon the type of the string theory.

The investigations in the frames of the discussed model were performed formerly 5,6. One of its most important results is the determination of the restriction to the minimal black hole mass. This effect was found both in the numerical calculations and in the analytical ones and was independent from the metric parametrization. In Plank unit values it has the form r^{inf}_h = √ λ 2^4 √ 6, (2) where r_h is the lower limit value of the horizon radius (for more details see^6). This restriction appears in the second order curvature gravity and is absent in the minimal Einstein-Schwarzschild gravity.

In order to understand whether the formula (2) represents the fundamental restriction resulting from the string theory or it is only the effect of the Gauss-Bonnet curvature correction, it is necessary to investigate the situation in the following perturbation orders. The general form of the action is^8 S = 1 16π ∫ d^4x √ −g [ −m^2_{P l} R + 2∂_μϕ∂^μϕ + λ_2e^{−2ϕ}L_2 + λ_3e^{−4ϕ}L_3 + λ_4e^{−6ϕ}L_4 + . . . ] . (3)

Here L_2 denotes the second order curvature correction (Gauss-Bonnet term), L_3 denotes the third order curvature correction,

L_3 = R^{μν}_{αβ}R^{αβ}_{λρ} R^{λρ}_{μν} + 2Ω_3, where Ω_3 = R^{μν}_{αβ}R^{αβ}_{λρ} R^{λρ}_{μν} − 2R^{μν}_{αβ}R^{λβρ}_ν R^α_{ρμλ} + 3 4 RR^2_{μναβ}

+ 6R^{μναβ}R_{αμ}R_{βν} + 4R^{μν} R_{να}R^α_μ − 6RR^2_{αβ} + 1 4 R^3, and L_4 denotes the fourth order curvature correction. The rest members of formula (3) are λ_3 = c_3λ^2, λ_4 = c_4λ^3_2, . . . The coefficients c_i depend upon the type of the string theory (complete set of their values can be found in^8).

Similar to our previous work^6, we look for the static, spherically symmetric, asymptotically flat solutions providing a regular (“quasi-Schwarzschild”) horizon. Therefore, the most convenient choice of metric (which is usually called as the “curvature gauge”) is

ds^2 = Δdt^2 − σ^2 Δ dr^2 − r^2(dθ^2 + sin^2 θdφ^2), (4) where Δ = Δ(r), σ = σ(r). The curvature gauge and the Einstein frame are used for a more convenient comparison with the previous results.

Field equations obtained from the action (3) have the form [ A_1 + λ_2A_2 ] Δ^{′′} σ^′ ϕ^{′′} = B_1 + ∞∑ i=2 λ_iB_i, (5)

where (3 × 3) matrix A_1 = A_1(Δ, Δ^′, σ, ϕ^′, r) and the column-vector B_1 = B_1(Δ, Δ^′, σ, ϕ^′, r) come from the variation of the Einstein part of the action (3)^6. (3 × 3) matrix A_2 = A_2(Δ, Δ^′, σ, ϕ, ϕ^′, r) and the column-vector B_2 = B_2(Δ, Δ^′, σ, ϕ, ϕ^′, r) are the result of the variation of the Gauss-Bonnet part of the action (3)^6. Column-vectors B_3, (B_4, . . .), B_i = B_i(Δ . . . Δ^{′′′′}, σ . . . σ^{′′′}, ϕ . . .ϕ^{′′}, r) are the consequence of the variation of the third (fourth, . . .) order curvature correction. Unfortunately, due to a huge size of B_i expressions, we have no opportunity to show them in this letter. Here it is necessary to note that the curvature corrections have the general form R∗R∗R∗. . .. So, they do not produce the highest derivatives with increasing order in the field equations relatively L_3. Therefore, the contribution of B_3 (B_4, . . .) represents the singular perturbation for the (A_1, A_2, B_1, B_2) part of the Eq. (5).

Let us consider the question about the influence of B_3 part to the solution of the equations consisting from (A_1, A_2, B_1, B_2) terms. The main mathematical reason providing the existence of the restriction to the minimal black hole size is the intersection of the solution with the singular surface defined by det(A_1 + λ_2A_2) = 0 which contains a caustic. Since in the infinity the curvature corrections vanish more quickly than the Einstein part, since in the infinity the asymptotic solution is completely determined by the Arnowitt-Deser-Misner mass M and the dilatonic charge D (here we define ϕ_∞ = 0 for simplicity). In other words, the initial data for the numerical calculations for all functions Δ, σ and ϕ are

Δ = 1 − 2M r + O ( 1 r ) , σ = 1 − 1 2 D^2 r^2 + O ( 1 r^2 ) , (6) ϕ = D r + O ( 1 r ) .

The last asymptotics suppose that in a case of λ_3 → 0, the solution of Eqs. (5) converges to the solution of Eqs. (6). This occurs when the solution of Eqs. (5) perturbed by the term B_3 with the highest derivatives is regular (boundary layers are absent). In other words, in the case λ_3 → 0 this solution converges to the regular part of the main branch [A_1, A_2, B_1, B_2]. Consequently, one has to check the stability of the [A_1, A_2, B_1, B_2] solution relatively to the regular perturbation of the singular contribution B_3.

Eqs. (5) with the contribution B_3 were solved numerically. The solution was obtained by the iteration method. At every step system (5) was solved by the Runge-Kutta method (see^6 for more details of our numerical integration strategy), the highest derivatives being taken from the previous step. Figure 1 shows the dependence of the metric function Δ against the radial coordinate r at the different values of the event horizon r_h (in the case when λ_2 = λ_3 = 1). Similar singularity case was found recently by K.Maeda et al.^9. The curve (a) represents the case when r_h is rather large and is equal to 20.0 Planck unit values (P.u.v.). The curve (b) shows Δ(r) with r_h being rather close to r_{hmin}. The curve (c) shows the case when 2M ≪ r_{hmin} and any horizon is absent. One should make a note that the value of r_{hmin} has the same order as in the Gauss-Bonnet case.

Here we would like to add that the asymptotic behavior of the discussed solution near the horizon is also “quasi-Schwarzschild” one and, as we checked numerically, the restriction to a minimal black hole size can be obtained from these asymptotic expansions.

From our analysis we can conclude that when the third curvature correction L_3 is taken into account, the restriction to the minimal black hole size does retain. Its numerical value slightly differs from the second order one, but the effect retains principally. In so far as the curvature corrections L_i, i = 4, . . . do not produce the highest derivatives with the increasing order relatively L_3 one, so far as a particularity existing in the third perturbation order exists in all perturbative orders. Thus, it is possible to get a conclusion that the discussed restriction to the minimal black hole mass is a fundamental restriction of the string theory because it takes place in all perturbative orders. Note that after taking into account the whole curvature expansions, one has a right to work with the masses of Plank order in the quasi-classical level.

Conclusions We have analyzed the four dimensional black hole solutions appearing in the low energy limit in all kinds of the string theory. When the higher order curvature corrections are allowed for the analysis, the restriction to the minimal size of the black hole appears. For example, it is approximately equal to 0.4 m_{P l} in the second order for the heterotic strings. Such restriction does exist in all perturbation orders of curvature expansions. Here it is necessary to point out that the same result was obtained during the quantization of black hole with selfgraviting dust shell^{10}.

And finally, speculating on this phenomenon (if this object is stable), the minimal (“quasi-Schwarzschild”) black hole being the endpoint of the Hawking evaporation can represent the relic remnant of black holes formed during the initial stages of our Universe formation. This is the very interesting problem and it requires the future investigations.

Acknowledgments The authors are indebted to Profs. V.Rubakov, K.Maeda and Dr. S.Mignemi for valuable discussions. M.Sazhin is indebted Isaac Newton Institute for Mathematical Sciences, University of Cambridge, for hospitality. S.Alexeyev would like to thank Universita di Cagliari, Dipartimento di Matematica and INFN, Sezione di Cagliary for hospitality.

References

1. S.W. Hawking and G.F.R. Ellis, \Large Scale Structure of Space-Time", Cambridge University Press, Cambridge, (1973);

I.D. Novikov and V.P. Frolov, \Physics of black holes", Moscow, Nauka, (1986) (in russian).

2. T.Banks, M. O’Loughlin and A. Strominger, Phys. Rev. D 44, 4476 (1993);

L. Susskind, Phys. Rev. Lett. 71, 2367 (1993); L. Susskind and J. Uglum, Phys. Rev. D 50, 2700 (1994); G. ’t Hooft, Nucl. Phys. B 256, 727 (1985); G. ’t Hooft, Int. J. Mod. Phys. A 11, 4623 (1996);

R.M.Wald, \Gravitation, Thermodynamics and Quantum Theory", gr-qc/9901033. 3. V.B. Braginsky, F.Ya. Khalili and M.V. Sazhin, Phys. Lett. A 208, 177 (1995). 4. A.R. Liddle and A.M. Green, Talk given at 3rd International Symposium on Sources and Detection of the Dark Matter in the Universe (DM98), Santa Monica, CA, Feb 18-20, 1998 (gr-qc/9804034);

B.J. Carr, J.H. Gilbert and J.E. Lidsey, Phys. Rev. D 50, 4853 (1994). 5. S. Mignemi and N.R. Stewart, Phys. Rev. D 47, 5259 (1993);

M. Natsuume, Phys. Rev. D 50, 3945 (1994);

P. Kanti, N.E. Mavromatos, J. Rizos, K. Tamvakis and E. Winstanley, Phys. Rev. D 54, 5049 (1996);

P. Kanti and K. Tamvakis, Phys. Lett. B 392, 30 (1997); T. Torii, H. Yajima and K. Maeda, Phys. Rev. D 55, 739 (1997); T. Torii and K. Maeda, Phys. Rev. D 58, 084004 (1998).

6. S.O. Alexeyev and M.V. Pomazanov, Phys. Rev. D 55, 2110 (1997);

S.O. Alexeyev and M.V. Pomazanov, Gravitation & Cosmology 3 (1/11), 191 (1997); S.O. Alexeyev and M.V. Sazhin, Gen. Relativ. and Grav. 8, 1187 (1998).

7. M.B.Green, J.H. Schwartz and E.Witten, \Superstring Theory", Cambridge University Press, Cambridge (1986).

8. R.R. Metsaev and A.A. Tseytlin, Phys. Lett. B 185, 52 (1987);

M.C. Bento and O. Bertolami, Phys. Lett. B 228, 348 (1989); M.C. Bento and O. Bertolami, Phys. Lett. B 368, 198 (1996).

9. H. Yajima, K. Maeda and H. Ohkubo, \Generality of Singularity Avoidance in Superstring Theory: Anisotropic Case", gr-qc/9910061.

10. V.A.Berezin, Phys.Rev. D 55, 2139 (1997).

Figure 1: The dependence of the metric function Δ against the radial coordinate r at the different values of the event horizon r_h (in the case when λ_2 = λ_3 = 1). The curve (a) represents the case when r_h is rather large and is equal to 20.0 Planck unit values (P.u.v.). The curve (b) shows Δ(r) with r_h being rather close to r_{hmin}. The curve (c) shows the case when 2M ≪ r_{hmin} and any horizon is absent.