gr-qc/9912058 15 Dec 1999

ENERGY-MOMENTUM (QUASI-)LOCALIZATION FOR GRAVITATING SYSTEMS

Chia-Chen CHANG, James M. NESTER, Chiang-Mei CHEN

Department of Physics, National Central University, Chungli E-mail: nester@joule.phy.ncu.edu.tw, cmchen@joule.phy.ncu.edu.tw

Traditional approaches to energy-momentum localization led to reference frame dependent pseudotensors. The more modern idea is quasilocal energy-momentum. We take a Hamiltonian approach. The Hamiltonian boundary term gives not only the quasilocal values but also boundary conditions via the Hamiltonian variation boundary principle. Selecting a Hamiltonian boundary term involves several choices. We found that superpotentials can serve as Hamiltonian boundary terms, consequently pseudotensors are actually quasilocal and legitimate. Various Hamiltonian boundary term quasilocal expressions are considered including some famous pseudotensors, Møller’s tetradteleparallel “tensor”, Chen’s covariant expressions, the expressions of Katz & coworkers, the expression of Brown & York, and some spinor expressions. We emphasize the need for identifying criteria for a good choice.

1 Introduction

1.1 Energy-momentum

Energy-momentum is a fundamental conserved quantity associated with a symmetry of space-time geometry. Noether’s theorem and translation invariance leads to the canonical energy-momentum (EM) density tensor, T^{μν} , which is conserved: ∇_νT^{μν} = 0. But this tensor is not unique: one can add an arbitrary “curl”, and it is still conserved, e.g., one can shift the “zero” of energy. Gravity, however, responds to any real EM, so it removes the ambiguity in T^{μν} . Thus gravity absolutely identifies EM.

The source of gravity is T^{μν} , the EM density for matter and all other interaction fields. But sources exchange EM with the gravitational field locally. This leads to the expectation that gravity should have its own local energy-momentum density (GEM).

1.2 Pseudotensors discredited

Attempts to identify a local “total EM density” for gravitating systems, via standard techniques, gave only various non-covariant, reference frame dependent pseudotensors, e.g., those of Einstein,^1 Landau-Lifshitz,^2 Møller,^3 and Weinberg,^4. Such objects cannot give a well defined GEM localization. This is in accord with the equivalence principle (see, e.g.,^5 p 457) which implies that the gravitational field cannot be detected at a point. Thus the pseudotensor approach has been discredited.

2 Quasi-local energy-momentum

A new idea, quasi-local energy-momentum (QEM) (quasilocal ≡ associated with a closed 2-surface) is now regarded as the proper fundamental notion of energy.

There have been many quasilocal proposals and approaches including null ray geometry,^6 twistors,^7 background,^{8,9,10,11} symplectic reduction,^{12,13,14} spinors,^{15} Hamilton-Jacobi,^{16} “2+2”,^{17} and covariant-symplectic.^{18} Many criteria (see, e.g.,^{19}), such as good limits (in particular the ADM (spatial ∞), Bondi (null ∞), weak field and flat spacetime), have have been proposed. Positivity has also been advocated by many authors, but it not possible for a closed universe, and consequently, cannot be required in general.^{20} In any case, it has been noted that an infinite number of expressions^{21} satisfy all of these requirements! Clearly there is a need for additional principles and criteria.

3 The Hamiltonian Approach

Energy can be defined as the value of the Hamiltonian. The Hamiltonian for a gravitating system (for a finite region & any geometric gravity theory) is the Noether generator of translations along a displacement vector field, N^μ:

H(N ) = ∫ Σ N^μH_μ + ∮ S=∂Σ B(N ), (1)

it includes a volume (i.e., spatial hypersurface) and a (2-dimensional) boundary term.

From Noether’s theorems it follows that H_μ ∝ field equations, consequently E := H(N ) depends only on the boundary term B, which thus gives the quasilocal energy-momentum. However the boundary term B can be modified. (This special case of the usual Noether current non-uniqueness is essentially just the aforementioned ambiguity in the canonical energy-momentum density.) Indeed B must be adjusted to get the correct asymptotic GR values.^{22}

3.1 The Hamiltonian variation boundary term principle

Fortunately, B is not arbitrary. Its form is controlled by another principle of the formalism, the Hamiltonian boundary variation principle: one should choose the Hamiltonian boundary term B so that the boundary term in δH vanishes, when the desired fields are fixed on S. There is thus a nice division: the Hamiltonian density H_μ determines the evolution and constraint equations, the boundary term B determines the boundary conditions and the QEM.

For Einstein’s GR theory, (succinctly in terms of differential forms) with the connection one-form ω^α_γ , the curvature 2-form Ω^α_γ := dω^α_γ + ω^α_μ ∧ ω^μ_γ , and η^{αγ�} := ∗(ϑ^α ∧ ϑ^γ · · ·), where ϑ^α is the coframe one-form, we space-time split the Hilbert Lagrangian:

L = dt ∧ i_N L = dt ∧ i_N (Ω^α_γ ∧ η_α^γ ) = dt ∧ [£_N ω^α_γ ∧ η_α^γ − H(N )], (2) to identify the Covariant Hamiltonian as

H(N ) = −N^μΩ^α_γ ∧ η_α^γ_μ − i_N ω^α_γ Dη_α^γ + d(i_N ω^α_γ η_α^γ ) . (3)

The total derivative term here integrates, via the generalized Stokes theorem, to a boundary term — which needs adjustment.

3.2 Covariant Boundary Terms

Although there are an infinite number of possible boundary terms, for each dynamical field C.M. Chen found,^{18,23} using sympletic techniques,^{24} that there are only two covariant choices for B, depending upon what is held fixed on the boundary:

B_ϑ = Δω^α_γ ∧ i_N η_α^γ + i_N^ffiω^α_γ Δη_α^γ , (4)

B_ω = Δω^α_γ ∧ i_N^ffiη_α^γ + i_N ω^α_γ Δη_α^γ , (5)

where for any quantity Δα := α −^ffiα, with^ffiα determining a fixed reference configuration. For these choices of Hamiltonian boundary term, the boundary term in δH is a projection of a 4-covariant expression along the displacement vector field, respectively, di_N (−Δω^α_γ ∧ δη_α^γ ), di_N (δω^α_γ ∧ Δη_α^γ ), (6)

representing a Dirichlet or Neumann type “control mode”.

In passing, we call attention to the important gauge term i_N ω. It plays a role in generating the correct dynamic evolution of the frame along with the proper variational boundary condition. However it also adds an unphysical, noncovariant “rotation of the reference frame” contribution to the quasilocal energy-momentum. This contribution can be isolated by inserting the identity

(i_N ω^α_γ )ϑ^γ ≡ DN^α − £_N ϑ^α. (7)

It can then be removed simply by dropping the terms proportional to £_N ϑ.

Our “covariant” quasilocal expressions yield the correct total ADM and Bondi values.^{25,26} Also, they have widely accepted limiting forms; in fact for many practical cases our quasilocal energy (likewise momentum) essentially reduces to the well known quasilocal expression of Brown & York,^{16} E = ∮ (K − K_0), (8)

although in general there are some important differences: in particular (i) our expressions are 4-covariant, (ii) they allow for general reference configurations, (iii) and more general displacements, (iv) they include a Møller-Komar like term, and (v) our boundary need not be orthogonal to Σ.

3.3 Applications

As an example consider a static spherically symmetric star. In the exterior, where the geometry has the Schwarzschild form, for the quasilocal energy within a sphere

(using Dirichlet boundary conditions, a Minkowski reference configuration and the Minkowski timelike Killing vector for the displacement) we find E = r(1 − √ 1 − 2M/r) = M (1 + M/2R) (9)

in terms of the Schwarzschild r (with necessarily r > 2M ) and isotropic R, respectively. Note that this is a decreasing function which approaches M asymptotically. Hence, for a region between two spherical boundaries in the exterior, the quasilocal energy is negative. Extending this to a black hole, using an inner boundary on the horizon and outer boundary at infinity, (according to this definition) the outer integral gives M and the inner gives 2M so that the total value of the quasilocal energy within the intermediate region is −M .

A related application of this formalism is to black hole thermodynamics. We considered the appropriate Hamiltonian for the region between an inner boundary on the horizon and a boundary at ∞ and obtained the first law. The outer integral gave the total energy and work terms, the integral over the horizon gives the expression for the entropy.^{18,23}

In an orthonormal Cartesian frame our Hamiltonian boundary term becomes

B_T := ω^{αγ} ∧ i_N η_{αγ}, (10)

which yields Møller’s tetrad-teleparallel energy-momentum “tensor”.^{27} In a holonomic (coordinate) basis, our covariant boundary expressions correspond to controlling π^{ασ} := √ −gg^{ασ} (Dirichlet), or Γ^α_{γλ} ∼ ∂g (Neumann), respectively, are

B_g = N^μπ^{γσ} ΔΓ^α_{γλ} δ^{τρλ}_{ασμ} +^ffiD_γ N^αΔ(π^{γσ})δ^{τρ}_{ασ} , (11)

B_Γ = N^{μ ffi}π^{γσ} ΔΓ^α_{γλ}δ^{τρλ}_{ασμ} + D_γ N^αΔ(π^{γσ})δ^{τρ}_{ασ} . (12)

Our Dirichlet mode matches the recent expression of Katz, Bičák & Lynden-Bell,^{28} and Katz & Lerer,^{29} which they derived via a Noether argument applied to gravity with a fixed global background (whereas we require our reference configuration only on the boundary). Their work includes a discussion of applications of this expression to cosmology and Mach’s principle. By modifying their construction we can likewise obtain our alternative Neumann control mode.

3.4 Choices

Selecting a Hamiltonian boundary term involves many choices:

(1) the representation or choice of dynamic variables: metric, orthonormal frame, connection, spinors . . . ;

(2) the control mode or boundary conditions: e.g., covariant Dirichlet/Neumann;

(3) the reference configuration: e.g., Minkowski, (anti-)de Sitter, FRW cosmology, Schwarzschild;

• The physical meaning is that all of the quasilocal quantities vanish when the field has the reference values, so it fixes the zero of energy, etc.

• This could be determined either geometrically (by embedding and matching conditions) or dynamically (by an equation).

(4) the displacement vector field N : which timelike displacement gives the energy?

which spatial displacement gives the momentum? A good choice is to use a Killing vector of the reference geometry.^{23}

As a consequence of such choices there are various kinds of energy, each associated with specific boundary conditions. The physical situation may be compared with thermodynamics (where we have enthalpy, Gibbs, Helmholtz, . . . ) or electrostatic energy in a region with fixed surface potential vs. fixed surface charge density.

4 Pseudotensors Rehabilitated

Consider the pseudotensor idea in detail.^{30} First select a superpotential H_μ^{νλ} ≡ H_μ^{[νλ]}, and then use it to split the Einstein tensor by defining the GEM pseudotensor: κ √ −gN^μt_μ^ν := −N^μ √ −gG_μ^ν + 1 2 ∂_λ(N^μH^{νλ}_μ ). (13)

Then Einstein’s equation, G_μ^ν = κT_μ^ν , (with constant N^μ) takes a form with the total effective EM pseudotensor as its source:

∂_λH^{νλ}_μ = 2κ(−g)^{12} T_μ^ν := 2κ(−g)^{12} (t_μ^ν + T_μ^ν ). (14)

Consequently ∂_ν (−g)^{1/2}T_μ^ν ≡ 0, which thus integrates to a conserved energymomentum:

N^μP_μ := ∫ N^μT_μ^ν (−g)^{1/2}(d^3x)_ν , (15)

whereas ∇_νT_μ^ν = ∂_ν T_μ^ν − Γ^λ_{νμ}T_λ^ν + Γ^ν_{λν} T_μ^λ = 0 does not — unless Γ = 0 (flat space).

Minor variations of this procedure use H^{μνλ} ≡ H^{μ[νλ]}, and even further H^{μνα} := ∂_γ H^{μανγ} , with H^{μανγ} ≡ H^{νγμα} ≡ H^{[μα][νγ]} and H^{μ[ανγ]} ≡ 0. The latter guarantees a symmetric pseudotensor and thus a simple definition of angular momentum. A special case,^{31} H^{μανγ} (h) := h^{μν}h^{αγ} − h^{αν}h^{μγ} , (16) generalizes to H(h_1, h_2) := H(h_1 + h_2) − H(h_1) − H(h_2). (17)

For suitable choices of H, h, h_1, h_2, these expressions include all of the famous pseudotensors. Formally, including the displacement vector field, and making adjustments like N^μH_μ^{νλ} −→ N_μH^{μνλ} allows us to cover all these particular forms.

We note that the superpotentials can serve as Hamiltonian boundary terms and consequently the associated pseudotensors are fundamentally quasilocal:

− P (N ) := − ∫ Σ N^μT_μ^ν √ −g(d^3x)_ν ≡ ∫ Σ N^μ √ −g(−t_μ^ν − T_μ^ν)(d^3x)_ν ≡ ∫ Σ [ N^μ √ −g( 1 κ G_μ^ν − T_μ^ν ) − 1 2κ ∂_λ(N^μH_μ^{νλ}) ] (d^3x)_ν ≡ ∫ Σ N^μH_μ + ∮ S=∂Σ B(N ) ≡ H(N ), (18)

here H_μ is the covariant form of the ADM Hamiltonian and

B(N ) = −N^μ(1/2κ)H_μ^{νλ}(1/2)(d^2x)_{νλ}. (19)

In all cases, to understand the physical meaning of the associated quasilocalization we calculate the Hamiltonian variation: δH(N ) = ∫ Σ field eqn. terms + ∮ ∂Σ ham. var. bound. term. (20)

The key is the Hamiltonian variation boundary term: − 1 4κ [ δΓ^α_{γλ}N^μπ^{γσ} δ^{τρλ}_{ασμ} + δ(N^μH_μ^{τρ}) ] dS_{τρ}. (21) It shows what must be held fixed on the boundary.

Let us now consider some specific examples, in each case taking our reference configuration as Minkowski space and using Cartesian coordinates. The Einstein pseudotensor follows from the Freud superpotential,^{32} H_λ^{μν} = π^{γσ} Γ^α_{γρ}δ^{μνρ}_{ασλ} ≡ g_{λα} √ −g ∂_γ H^{μανγ}, (22) where H^{μανγ} := π^{μν} π^{αγ} − π^{μα}π^{νγ} . We find

δH = field eqn. terms + ∮ δ(N^μπ^{γσ})Γ^α_{γλ}δ^{τρλ}_{ασμ}(d^2x)_{τρ}. (23) Hence we should use constant N^α and control π^{αγ} := √ −gg^{αγ} on the boundary.

For the Landau-Lifshitz pseudotensor: L^{μν} := ∂_γ ∂_αH^{μναγ} ≡ ∂_α(π^{μσ} H_σ^{αγ} ), by a similar calculation we find that we should take N^α = π^{αγ} N^0_γ for fixed N^0_γ , and control g^{μ[α}g^{γ]ν} . For the Møller pseudotensor,^3 which has the superpotential

H_λ^{ασ} = 2π^{ν[σ}Γ^{α]}_{νλ} = 2π^{νσ}g^{αμ}∂_{[ν} g_{μ]λ}, (24)

we must control the connection Γ ∼ ∂g.

A similar analysis can be applied to other expressions old and new — e.g., for the recently proposed “symmetric” expression of Petrov & Katz,^{33}

B_{KP} := Δπ^{σ[τ ffi}D_σN^{ρ]} + N_λ^ffiD_γ ( Δπ^{α[λ ffi}g^{γ]σ} ) δ^{τρ}_{ασ}, (25) we expect to get a mixed boundary condition.

5 Spinor Formulations Using a spinor parameterization N^μ = ψγ^μψ, and adjusting the boundary term via a certain spinor-curvature identity^{34} yields the Hamiltonian associated with the Witten positive energy proof,^{35,18} H_w(ψ) := 4Dψ ∧ γ_5ϑ ∧ Dψ − i_N ω^{αγ} Dη_{αγ} ≡ −N^μΩ^{αγ} ∧ η_{αγμ} − i_N ω^{αγ} Dη_{αγ} + dB_w , (26) where ϑ := ϑ^μγ_μ and B_w := 2(ψγ_5ϑ ∧ Dψ + Dψ ∧ γ_5ϑψ). (27) Several similar quasilocal boundary expressions have been investigated, e.g.,^{15,36}. The beauty of these spinor formulations is that they do not need an explicit reference configuration. We introduce a reference configuration here only to compare with our other formulation. With D =^ffiD + Δω, get B_w(ψ) = ψγ^μψΔω^{αγ} ∧ η_{αγμ} + 2(^ffiDψ ∧ γ_5ϑψ + ψγ_5ϑ ∧^ffiDψ). (28) The first term is the same as the main term in eq (4).

Another class of spinor quasilocal boundary expressions has been identified. Via other spinor-curvature identities^{34} quadratic spinor Lagrangians (QSL) for GR have been found.^{37,38} The Einstein-Hilbert scalar curvature Lagrangian equals (up to an exact differential) the QSL L_{qs} := 2DΨγ_5DΨ ≡ R ∗ 1 + d(DΨγ_5Ψ + Ψγ_5DΨ) (29) where Ψ = ϑψ is a spinor one-form field. The corresponding first order Lagrangian: L_Ψ := DΨP + P DΨ +^1_2 P γ_5P , (30) yields the first order equations P = 2DΨγ_5, P = 2γ_5DΨ, DP = 0 = DP , (31) and can be used to construct the covariant Hamiltonian 3-form:

H_Ψ := P £_N Ψ + £_N ΨP − i_N L_Ψ

≡ −i_N (^1_2 P γ_5P ) − [ i_N ΨDP + DΨi_N P + Ψi_N ωP − d(i_N ΨP ) + c.c. ] . (32) The associated Hamiltonian boundary term B(N ) = i_N ΨP + P i_N Ψ , (33) and the Hamiltonian boundary variation symplectic structure δH_Ψ(N ) ≃ di_N (δΨ ∧ P + P ∧ δΨ) , (34) are simple. Both are independent of any reference configuration. But we can introduce a reference configuration replacing the boundary term by one of

B_Ψ := i_N ΨΔP + ΔΨi_N^ffiP + c.c. , (35)

B_P := i_N ffi ΨΔP + ΔΨi_N P + c.c.. (36)

Then the variation of the Hamiltonian will contain one of the boundary terms i_N ( ΔP ∧ δΨ + c.c. ) , or i_N ( −δP ∧ ΔΨ + c.c. ) . (37)

Several remarks are in order.

(1) Note that there are no explicit connection terms in these spinor boundary terms. However they are present implicitly via P = 2γ_5DΨ.

(2) Only if we include an explicit reference configuration do we get i_N ω ∼ DN Møller-Komar type terms. Such terms have often been overlooked in earlier investigations. However we have found that they play a key role both in certain angular momentum calculations^{25,26} and in black hole thermodynamics.^{18,23}

(3) In addition to fixing the frame, the spinor field should be held fixed on the boundary. The physical meaning of fixing the spinor field is not yet so clear.

6 Concluding Discussion

We have noted that EM is both related to a symmetry under space-time displacements and is also the source of gravity. Sources interact with gravity and thus should exchange EM with the gravitational field yet there is no proper local density for gravitational or total EM; in the light of the equivalence principle it is not surprizing that traditional methods lead only to reference frame dependent pseudotensors.

It is now widely believed that EM is really quasilocal. Identifying energy with the value of the Hamiltonian, we note that boundary terms in the Hamiltonian for a finite region (i) give the quasilocal EM, and (ii) via the Hamiltonian boundary variation principle, reflect the “control mode”, i.e., the boundary conditions.

There are many choices involved in selecting a Hamiltonian boundary term, e.g., variables, control mode, displacement, reference configuration. For GR we found that there are only two covariant control modes. Schwarzschild and blackhole thermodynamics applications were noted as well as a connection with the work of Brown & York and Katz and coworkers.

One class of Hamiltonian boundary term choices is to use a superpotential. In this way we show that the pseudotensors are actually quasilocal and legitimate expressions for EM. Each pseudotensor is then associated with the value of the Hamiltonian which evolves the variables subject to certain boundary conditions. Several examples of pseudotensors and quasilocal expressions were considered.

We also discusssed how our formalism deals with a couple of spinor quasilocal EM formulations.

In conclusion we stress the importance of identifying appropriate quasilocal energy-momentum criteria. In addition to good asymptotic and weak field/empty space limits (and realizing that quasilocal energy need not be positive) we see a need to relate the choice of boundary conditions to the physics. For electrodynamics (or thermodynamics) we have a good idea of the physical significance of our boundary conditions, but not for gravity. What does it mean to hold the metric (connection) fixed on the boundary (i.e., give it a prescribed time dependence)? What boundary condition corresponds to “thermal insulation”, i.e., no flow of energy-momentum through the boundary? Suppose that observers measured the metric and connection coefficients on the walls, floor and ceiling of this room, what component values in what reference frame would indicate that it was devoid of energy-momentum? Answering such questions should contribute much to our understanding of energymomentum and its localization.

Acknowledgments

We are very grateful to J.P. Hsu, L. Liu and K. Nandi for useful comments. This work was supported by the National Science Council under grants NSC 89-2112-M- 008-020 & 89-2112-M-008-016.

References

1. A. Trautman, in Gravitation: an Introduction to Current Research, ed. L.

Witten (Wiley, New York, 1962).

2. L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields, 2nd ed.

(Addison-Wesley, Reading, Mass., 1962). 3. C. Møller, Ann. Phys. 4, 347 (1958).

4. S. Weinberg, Gravitation and Cosmology, (Wiley, New York, 1972). 5. C. W. Misner, K. Thorne and J. A. Wheeler, Gravitation, (Freeman, San Francisco, 1973).

6. S. W. Hawking, J. Math. Phys. 9, 598 (1968). 7. R. Penrose, Proc. R. Soc. London A381, 53 (1982). 8. J. Katz, Class. Quant. Grav. 2, 423 (1985). 9. P. T. Chruściel, Ann. Inst. Henri Poincaré 42, 267 (1985). 10. R. D. Sorkin, in Contemporary Mathematics 71: Mathematics and General Relativity ed. J. Isenberg (AMS, Providence, RI, 1988).

11. A. N. Petrov, Int. J. Mod. Phys. D 4, 451 (1995). 12. J. Jezierski and J. Kijowski, Phys. Rev. D 36, 1041 (1987). 13. J. Jezierski and J. Kijowski, Gen. Rel. Grav. 22, 1283 (1990). 14. J. Kijowski, Gen. Rel. Grav. 29, 307 (1997).

15. A. J. Dougan and L. J. Mason, Phys. Rev. Lett. 67, 2119 (1991). 16. J. D. Brown and J. W. York, Jr., Phys. Rev. D 47, 1407, 1420 (1993). 17. S. A. Hayward, Phys. Rev. D 49, 831 (1994).

18. C.-M. Chen, J. M. Nester and R.-S. Tung Phys. Lett. A 203, 5 (1995). 19. D. Christodoulou and S. T. Yau, in Contemporary Mathematics 71: Mathematics and General Relativity, ed. J. Isenberg (AMS, Providence, RI, 1988).

20. G. Hayward, Phys. Rev. D 52, 2001 (1995). 21. G. Bergqvist, Class. Quant. Grav. 9, 1917 (1992). 22. T. Regge and C. Teitelboim, Ann. Phys. 88, 286 (1974). 23. C.-M. Chen and J. M. Nester, Class. Quant. Grav. 16, 1279 (1999). 24. J. Kijowski and W. M. Tulczyjew, A Symplectic Framework for Field Theories, (Berlin: Springer Verlag, 1979), Lecture Notes in Physics 107.

25. R. D. Hecht and J. M. Nester, Phys. Lett. A 180, 324 (1993). 26. R. D. Hecht and J. M. Nester, Phys. Lett. A 217, 81 (1996). 27. C. Møller, Ann. Phys. 12, 118 (1961).

28. J. Katz, J. Bičák and D. Lynden-Bell, Phys. Rev. D 55, 5957 (1997). 29. J. Katz and D. Lerer, Class. Quant. Grav. 14, 2249 (1997). 30. C.-C. Chang, J. M. Nester and C.-M. Chen, Phys. Rev. Lett. 83, 1897 (1999). 31. J. N. Goldberg, Phys. Rev. 111, 315 (1958). 32. P. Freud, Ann. Math. 40, 417 (1938).

33. A. N. Petrov and J. Katz, Conservation Laws for Large Perturbations on General Backgrounds, gr-qc/9905088.

34. J. M. Nester, R.-S. Tung and V. V. Zhytnikov, Class. Quant. Grav. 11, 983 (1994).

35. J. M. Nester, in Asymptotic Behavior of Mass and Space-Time Geometry (Lecture Notes in Physics, Vol. 202), ed. F. Flaherty (Springer, Berlin, 1984).

36. L. B. Szabados, Class. Quant. Grav. 11, 1833, 1847 (1994). 37. J. M. Nester and R.-S. Tung, Gen. Rel. Grav. 27, 115 (1995). 38. R.-S. Tung and J. M. Nester, Phys. Rev. D 60, 0210501 (1999).