gr-qc/9912083 20 Dec 1999

Selection Rules in Minisuperspace Quantum Cosmology

S. Capozziello^∗ and G. Lambiase^† Dipartimento di Scienze Fisiche ”E.R. Caianiello” Universitá di Salerno, 84081 Baronissi (Sa), Italy.

Istituto Nazionale di Fisica Nucleare, Sez. di Napoli, Italy. (December 20, 1999)

Abstract

The existence of a Noether symmetry for a given minisuperspace cosmological model is a sort of selection rule to recover classical behaviours in cosmic evolution since oscillatory regimes for the wave function of the universe come out. The so called Hartle criterion to select correlated regions in the configuration space of dynamical variables can be directly connected to the presence of a Noether symmetry and we show that such a statement works for generic extended theories of gravity in the framework of minisuperspace approximation. Examples and exact cosmological solutions are given for nonminimally coupled and higher–order theories.

Typeset using REVTEX

∗E-mail: capozziello@physics.unisa.it

†E-mail: lambiase@physics.unisa.it

I. INTRODUCTION

Several points of view can be adopted in order to define quantum cosmology. It can be considered as the first step toward the construction of a full theory of quantum gravity. Besides, it concerns finding initial conditions from which our classical universe is started. However, with respect to other theories of physics as electromagnetism, general relativity or ordinary quantum mechanics, boundary conditions for the evolution of the system “universe” cannot be set from outside. There we need a fundamental dynamical law (e.g. Maxwell’s or Einstein’s equations or Schrödinger’s equation) and then we impose, from the outside, the initial conditions. In cosmology, by definition, there is no rest of the universe so that boundary conditions must be a fundamental law of physics. In this sense, a part the fact that quantum cosmology is a workable scheme to achieve quantum gravity, it can be considered as an autonomous branch of physics due to the issue of finding initial conditions [1].

However, not only the conceptual difficulties, but also mathematical ones make quantum cosmology hard to handle. For example, the superspace of geometrodynamics [2] has infinite degrees of freedom so that it is practically impossible to integrate the full Wheeler–DeWitt (WDW) equation. Furthermore, a Hilbert space of states describing the universe is not available [3]. Finally, it is not clear how to interpret the solutions of WDW equation in the framework of probability theory. Several interpretative schemes have been proposed but the concepts of probability and unitarity are in any case approximate. Their validity is limited by the accuracy of the semiclassical approximation and strictly depends on the suitable definition of probability current [3], [4].

Despite these still unsolved shortcomings, several positive results have been obtained and quantum cosmology has become a sort of paradigm in theoretical physics researches. For example the infinite–dimensional superspace can be restricted to opportune finite–dimensional configuration spaces called minisuperspaces. In this case, the above mathematical difficulties can be avoided and the WDW equation can be integrated. The so called no boundary condition by Harte and Hawking [5] and the tunneling from nothing by Vilenkin [4] give reasonable laws for initial conditions from which our classical universe could be started.

The Hartle criterion [6] is an interpretative scheme for the solutions of the WDW equation. Hartle proposed to look for peaks of the wave function of the universe: If it is strongly peaked, we have correlations among the geometrical and matter degrees of freedom; if it is not peaked, correlations are lost. In the first case, the emergence of classical trajectories (i.e. universes) is expected. The analogy to the non–relativistic quantum mechanics is immediate. If we have a potential barrier and a wave function, solution of the Schrödinger equation, we have an oscillatory regime on and outside the barrier; we have a decreasing exponential behaviour under the barrier. The system behaves classically in the oscillatory regime while it does not in the exponential case. The situation is analogous in quantum cosmology: Now the potential barrier has to be replaced by the superpotential U(h^{ij}, φ), where h^{ij} are the components of the three–metric of geometrodynamics and φ is a generic scalar field describing the matter content. More precisely, the wave function of the universe can be written as Ψ[h_{ij}(x), ϕ(x)] ∼ e^{im2P S} , (1.1) where m_p is the Planck mass and S is an action. A state with classical correlations must be a superposition of states of the form (1.1). This type of state can be expressed as a coherent superposition of eigenstates of operators that commute with the constraints and correspond to constants of the motion. A superposition of this kind can be approximated by a WKB state where

S ≡ S_0 + m^{−2}_P S_1 + O(m^{−4}_P ) , (1.2)

is the expansion of the action. We have to note that there is no normalization factor due to the lack of a probability interpretative scheme. However, in this approximation, it is possible to define a localized prefactor as shown in [7] and we can define a quasiclassical state to describe an approximate classical behaviour and a semiclassical one to describe a product of a part that is quasiclassical and a part that is not. This quasiclassical state can be a coherent one if it is a superposition of states in the sense discussed in [7]. Transition amplitudes of istantaneous eigenstates are discussed in [8].

Considering the action (1.2) and inserting it into the WDW equation and equating similar power of m_p, one obtains the Hamilton–Jacobi equation for S_0. Similarly, one gets equations for S_1, S_2, . . ., which can be solved considering results of previous orders. We need only S_0 to recover the semi–classical limit of quantum cosmology [9]. If S_0 is a real number, we get oscillating WKB modes and Ψ is peaked on a phase–space region defined by

π_{ij} = m^2_P δS_0 δh^{ij} , π_φ = m^2_P δS_0 δφ , (1.3)

where π_{ij} and π_φ are classical momenta conjugates to h^{ij} and φ. The semi–classical region of superspace, where Ψ has an oscillating structure, is the Lorentz one otherwise it is Euclidean. In the latter case, we have S = iI and

Ψ ∼ e^{−m2P I} , (1.4)

where I is the action for the Euclidean solutions of classical field equations (istantons). Given an action S_0, Eqs.(1.3) imply n free parameters (one for each dimension of the configuration space Q ≡ {h^{ij}, φ}) and then n first integrals of motion. However the general solution of the field equations involves 2n − 1 parameters (one for each Hamilton equation of motion except the energy constraint). Consequently, the wave function oscillates on a subset of the general solution. In this sense, the boundary conditions on the wave function (e.g. Harte–Hawking, Vilenkin, others) imply initial conditions for the classical solutions.

To be more precise, if the wave function Ψ is sufficiently peaked about some region in configuration space, we predict that we will observe the correlations between observables which characterize this region. If Ψ is small in some region, we predict that observations of the correlations which characterize this region are precluded. Where Ψ is neither small nor sufficiently peaked, we do not predict anything.

For example, given the measured value of the Hubble constant and mass density, we would like a ”good” wave function for the universe to be peaked around a distribution of galaxies consistent with that which is observed. It is crucial to recognize that the wave function does not predict a specific value for H_0, or specific locations for the galaxies, but rather a ”correlation” between these observables.

Halliwell [9] has shown that an oscillatory wave function of the form (1.1) predicts a correlation between the canonical coordinate q and the momentum π_q of the above form π_q = m^2_P ∂S/∂q. In other words, taking into account minisuperspace models, if oscillatory regimes of the WDW wave function exist, we are able to recover correlations among variables and then classical behaviours emerge. Again, in the classically allowed region, the semiclassical approximation to the WDW wave function yields just such oscillatory solutions.

A simple minisuperspace example can be constructed. The ansatz for the wave function is Ψ(a) = e^{im2P S(a)} , (1.5)

where the canonical variables q coincides to the scale factor of the universe a and the phase is a slowly varying function of the scale factor. Since we wish to investigate the classical limit m^2_P → ∞ (which corresponds to h̄ → 0 of ordinary quantum mechanics), we use the expansion (1.2). Inserting such an ansatz into the WDW equation [ ∂^2 ∂a^2 − ( 3π 2G )_2

a^2 ( 1 − a^2 a^2_0 )] Ψ(a) = 0 , (1.6)

deduced by the action A = 3π 4G ∫ dt [ −ȧ^2a + a ( 1 − a^2 a^2_0 )] , (1.7)

of a Friedman–Robertson–Walker (FRW) closed universe (a_0 is a constant) with the canonical momentum π_a given by

π_a = − 3π 2G aȧ , (1.8)

we get a set of differential equations, one for any order of m^{−2}_P , which as we said above, can be solved sequentially. The semiclassical approximation to the wave function obtains by working only to first order. We get

S_0 = ∫ a da^′ ( 3π 2G )_2

a^2_0 ( a^4 a^4_0 − a^2 a^2_0 ) , (1.9) and S_1 = 1 2 ln ( ∂S_0 ∂a ) . (1.10)

Thus the oscillatory semiclassical wave function Ψ ∝ exp(iS_0) is peaked about a region of minisuperspace (every point of which represents a closed FRW model) in which the correlation between the coordinate and momentum (scale factor and expansion rate), π_a = ∂S_0/∂a, holds good.

Using Eq. (1.8) for π_a, the correlation reduces to ȧ = √ a^2 a^2_0

− 1 , (1.11)

which is nothing else but the (0, 0) Einstein equation for a FRW spacetime. If

a_0 = √ 3 Λ , Λ = 8πGρ_{vac} , (1.12)

where ρ_{vac} is a constant density, we get the solution

a(t) = a_0 cosh(a^{−1}_0 t) , (1.13)

which is an inflationary behaviour for a closed FRW model. Thus, by this simple example, in the region of minisuperspace where the wave function oscillates, a classical FRW spacetime, obeying the (classical) Einstein equation emerges.

The issue is now if there exists some method capable of selecting such constants of motion which, being first integrals of motion, allow to find correlations between classical variables and conjugate momenta in minisuperspace models. In other words, can the emergence of classical trajectories be implemented by some general approach without arbitrarily choosing regions of the phase–space where momenta (1.3) are constant? Achieving this result means to obtain oscillatory subsets of WDW wave function where one gets correlations. Consequently classical regime are recovered and the Hartle criterion holds (at least in the framework of the minisuperspace approximation). For the full theory, i.e. without considering simple minisuperspace models, the issue is more delicate since we have to ask for superpositions of the form (1.1) which yield peaked wave packets so that the Hartle criterion holds [7]. In this case, also the issue of universe “creation”, as a particle creation problem, has to be faced considering the way in which the quantum–classical transition is achieved [8].

In this paper, we want to restrict to a more specific (and simple) question. We want to show, for general extended gravity minisuperspace models, that the existence of a Noether symmetry implies, at least, a subset of the general solution of the WDW equation where the oscillating behaviour is recovered. Viceversa, the presence of a Noether symmetry gives rise to the emergence of classical trajectories. This analysis is performed in the context of the minisuperspace approximation and, for classical trajectories, we mean solutions of the ordinary Einstein equations. The existence of a Noether symmetry for a dynamical model is a general criterion to search for constants (first integrals) of motion so that, given a minisuperspace model exhibiting such symmetries we obtain certainly correlations and then classical behaviours. This statement, in our knowledge, has never been done also if constants of motion have been systematically used in quantum cosmology since at least fifteen years.

The layout of the paper is the following. Sect. 2 is devoted to the Noether Symmetry Approach and to its connection to quantum cosmology. In Sect. 3, we apply the method to minisuperspace models of nonminimally coupled theories of gravity, while the same is done in Sects. 4 and 5 for higher–order theories. Discussion and conclusions are drawn in Sect. 6.

II. THE NOETHER SYMMETRY APPROACH AND QUANTUM COSMOLOGY Minisuperspaces are restrictions of the superspace of geometrodynamics. They are finite– dimensional configuration spaces on which point-like Lagrangians can be defined. Cosmological models of physical interest can be defined on such minisuperspaces (e.g. Bianchi models).

Before taking into account specific models, let us remind some properties of the Lie derivative and the derivation of the Noether theorem [10]. Let L_X be the Lie derivative (L_X ω)ξ = d dt ω(g^t_∗ξ) , (2.1) where ω is a differential form of R^n defined on the vector field ξ, g^t_∗ is the differential of the phase flux {g_t} given by the vector field X on a differential manifold M. Let ρ_t = ρ_{g−t} be the action of a one–parameter group able to act on functions, vectors and forms on the vector spaces C^∞(M), D(M), and Λ(M) constructed starting from M. If g_t takes the point m ∈ M in g_t(m), then ρ_t takes back on m the vectors and the forms defined on g_t(m); ρ_t is a pull back [11]. Then the property ρ_{t+s} = ρ_tρ_s (2.2) holds since g_{t+s} = g_t ∘ g_s . (2.3) On the functions f, g ∈ C^∞(M) we have ρ_t(fg) = (ρ_tf)(ρ_tg) ; (2.4) on the vectors X, Y ∈ D(M), ρ_t[X, Y ] = [ρ_tX, ρ_tY ] ; (2.5) on the forms ω, μ ∈ Λ(M) ρ_t(ω ∧ μ) = (ρ_tω) ∧ (ρ_tμ) . (2.6) L_X is the infinitesimal generator of the one–parameter group ρ_t, and, being a derivative on the algebras C^∞(M), D(M), and Λ(M), the following properties have to hold L_X (fg) = (L_X f)g + f(L_X g) , (2.7) L_X [Y, Z] = [L_XY, Z] + [Y, L_XZ] , (2.8) L_X(ω ∧ μ) = (L_X ω) ∧ μ + ω ∧ (L_X μ) , (2.9) which are nothing else but the Leibniz rules for functions, vectors and differential forms, respectively. Furthermore,

L_X f = Xf , (2.10) L_X Y = adX(Y ) = [X, Y ] , (2.11) L_X dω = dL_X ω , (2.12) where ad is the self–adjoint operator and d is the external derivative by which a p–form becomes a (p + 1)–form.

The discussion can be specified by considering a Lagrangian L which is a function defined on the tangent space of configurations T Q ≡ {q_i, q̇_i}. In this case, the vector field X is

X = α^i(q) ∂ ∂q^i + α̇^i(q) ∂ ∂q̇^i , (2.13)

where dot means derivative with respect to t, and L_X L = XL = α^i(q) ∂L ∂q^i + α̇^i(q) ∂L ∂q̇^i . (2.14)

The condition L_X L = 0 (2.15) implies that the phase flux is conserved along X: This means that a constant of motion exists for L and the Noether theorem holds. In fact, taking into account the Euler–Lagrange equations d dt ∂L ∂q̇^i − ∂L ∂q^i = 0 , (2.16)

it is easy to show that d dt ( α^i ∂L ∂q̇^i ) = L_X L . (2.17)

If (2.15) holds,

Σ_0 = α^i ∂L ∂q̇^i (2.18)

is a constant of motion. Alternatively, using the Cartan one–form θ_L ≡ ∂L ∂q̇^i dq^i (2.19)

and defining the inner derivative i_Xθ_L =< θ_L, X > , (2.20) we get, as above, i_Xθ_L = Σ_0 (2.21) if condition (2.15) holds. This representation is useful to identify cyclic variables. Using a point transformation on vector field (2.13), it is possible to get^1

X̃ = (i_XdQ^k) ∂ ∂Q^k + [ d dt (i_XdQ^k) ] ∂ ∂Q̇^k . (2.22)

If X is a symmetry also X̃ has this property, then it is always possible to choose a coordinate transformation so that

i_XdQ^1 = 1 , i_XdQ^i = 0 , i ≠ 1 , (2.23)

and then X̃ = ∂ ∂Q^1 , ∂L̃ ∂Q^1 = 0 . (2.24)

It is evident that Q^1 is the cyclic coordinate and the dynamics can be reduced [10]. However, the change of coordinates is not unique and a clever choice is always important. Furthermore, it is possible that more symmetries are found. In this case more cyclic variables exists. For example, if X_1, X_2 are the Noether vector fields and they commute, [X_1, X_2] = 0, we obtain two cyclic coordinates by solving the system

i_{X1} dQ^1 = 1 , i_{X2} dQ^2 = 1 , (2.25)

i_{X1} dQ^i = 0 , i ≠ 1 ; i_{X2} dQ^i = 0 , i ≠ 2 .

If they do not commute, this procedure does not work since commutation relations are preserved by diffeomorphisms. In this case

X_3 = [X_1, X_2] (2.26)

is again a symmetry since

L_{X3} L = L_{X1} L_{X2} L − L_{X2} L_{X1} L = 0 . (2.27)

If X_3 is independent of X_1, X_2 we can go on until the vector fields close the Lie algebra [12].

A reduction procedure by cyclic coordinates can be implemented in three steps: i) we choose a symmetry and obtain new coordinates as above. After this first reduction, we get a new Lagrangian L̃ with a cyclic coordinate; ii) we search for new symmetries in this new space and apply the reduction technique until it is possible; iii) the process stops if we select a pure kinetic Lagrangian where all coordinates are cyclic. This case is not very

1We shall indicate the quantities as Lagrangians and vector fields with a tilde if the non–degenerate transformation Q^i = Q^i(q) , Q̇^i(q) = ∂Q^i ∂q^j q̇^j is performed. However the Jacobian determinant J =‖ ∂Q^i/∂q^j ‖ has to be non–zero.

common and often it is not physically relevant. Going back to the point of view interesting in quantum cosmology, any symmetry selects a constant conjugate momentum since, by the Euler–Lagrange equations ∂L̃ ∂Q^i = 0 ⇐⇒ ∂L̃ ∂Q̇^i = Σ_i . (2.28)

Viceversa, the existence of a constant conjugate momentum means that a cyclic variable has to exist. In other words, a Noether symmetry exists.

Further remarks on the form of the Lagrangian L are necessary at this point. We shall take into account time–independent, non–degenerate Lagrangians L = L(q^i, q̇^j), i.e. ∂L ∂t = 0 , detH_{ij} ≡ det||

∂^2L ∂q̇^i∂q̇^j || ≠ 0 , (2.29)

where H_{ij} is the Hessian. As in usual analytic mechanics, L can be set in the form

L = T (q^i, q̇^i) − V (q^i) , (2.30)

where T is a positive–defined quadratic form in the q̇^j and V (q^i) is a potential term. The energy function associated with L is E_L ≡ ∂L ∂q̇^i q̇^i − L(q^j, q̇^j) (2.31)

and by the Legendre transformations

H = π_jq̇^j − L(q^j, q̇^j) , π_j = ∂L ∂q̇^j , (2.32)

we get the Hamiltonian function and the conjugate momenta.

Considering again the symmetry, the condition (2.15) and the vector field X in Eq.(2.13) give a homogeneous polynomial of second degree in the velocities plus an inhomogeneous term in the q^j. Due to (2.15), such a polynomial has to be identically zero and then each coefficient must be independently zero. If n is the dimension of the configuration space (i.e. the dimension of the minisuperspace), we get {1 + n(n + 1)/2} partial differential equations whose solutions assign the symmetry, as we shall see below. Such a symmetry is over–determined and, if a solution exists, it is expressed in terms of integration constants instead of boundary conditions.

In the Hamiltonian formalism, we have

[Σ_j, H] = 0 , 1 ≤ j ≤ m , (2.33)

as it must be for conserved momenta in quantum mechanics and the Hamiltonian has to satisfy the relations

L_ΓH = 0 , (2.34)

in order to obtain a Noether symmetry. The vector Γ is defined by [11]

Γ = q̇^i ∂ ∂q^i + q̈^i ∂ ∂q̇^i . (2.35)

Let us now go to the minisuperspace quantum cosmology and to the semi–classical interpretation of the wave function of the universe.

By a straightforward canonical quantization procedure, we have

π_j −→ π̂_j = −i∂_j , (2.36) H −→ Ĥ(q^j, −i∂_qj ) . (2.37) It is well know that the Hamiltonian constraint gives the WDW equation, so that if |Ψ > is a state of the system (i.e. the wave function of the universe), dynamics is given by

H|Ψ >= 0 . (2.38)

If a Noether symmetry exists, the reduction procedure outlined above can be applied and then, from (2.28) and (2.32), we get

π_1 ≡ ∂L ∂Q̇^1 = i_{X1} θ_L = Σ_1 ,

π_2 ≡ ∂L ∂Q̇^2 = i_{X2} θ_L = Σ_2 , (2.39) . . . . . . . . . , depending on the number of Noether symmetries. After quantization, we get

− i∂_1|Ψ > = Σ_1|Ψ > , −i∂_2|Ψ > = Σ_2|Ψ > , (2.40) . . . . . . , which are nothing else but translations along the Q^j axis singled out by corresponding symmetry. Eqs. (2.40) can be immediately integrated and, being Σ_j real constants, we obtain oscillatory behaviours for |Ψ > in the directions of symmetries, i.e. |Ψ >= m∑ j=1 e^{iΣj Qj} |χ(Q^l) > , m < l ≤ n , (2.41) where m is the number of symmetries, l are the directions where symmetries do not exist, n is the total dimension of minisuperspace. It is worthwhile to note that the component |χ > of the wave function could also depend on Σ_j but it is not possible to state “in general” if it is oscillating.

Viceversa, dynamics given by (2.38) can be reduced by (2.40) if and only if it is possible to define constant conjugate momenta as in (2.39), that is oscillatory behaviours of a subset of solutions |Ψ > exist only if Noether symmetry exists for dynamics.

The m symmetries give first integrals of motion and then the possibility to select classical trajectories. In one and two–dimensional minisuperspaces, the existence of a Noether symmetry allows the complete solution of the problem and to get the full semi–classical limit of minisuperspace quantum cosmology. By these arguments, the Halliwell request that an oscillatory wave function predict correlations between coordinates and canonical conjugate momenta [9] is fully recovered.

In conclusion, we can set out the following

Theorem: In the semi–classical limit of quantum cosmology and in the framework of minisuperspace approximation, the reduction procedure of dynamics, due to the existence of Noether symmetries, allows to select a subset of the solution of WDW equation where oscillatory behaviours are found. As consequence, correlations between coordinates and canonical conjugate momenta emerge so that classical cosmological solutions can be recovered. Viceversa, if a subset of the solution of WDW equation has an oscillatory behaviour, due to Eq.(2.40), conserved momenta have to exist and Noether symmetries are present. In other words, Noether symmetries select classical universes.

In what follows, we shall give realizations of such a statement for minisuperspace cosmological models derived from extended gravity theories.

III. SCALAR{TENSOR GRAVITY COSMOLOGIES

Let us take into account a nonminimally coupled theory of gravity of the form A = ∫ d^4x √ −g [ F (φ)R + 1 2 g^{μν} φ_μφ_ν − V (φ) ] , (3.1)

where F (φ) and V (φ) are respectively the coupling and the potential of a scalar field [13]. We are using, from now on, physical units 8πG = c = h̄ = 1, so that the standard Einstein coupling is recovered for F (φ) = −1/2.

Let us restrict, for the sake of simplicity, to a FRW cosmology. The Lagrangian in (3.1) becomes

L = 6aȧ^2F + 6a^2ȧḞ − 6kaF + a^3 [φ̇ 2 − V ] , (3.2)

in terms of the scale factor a.

The configuration space of such a Lagrangian is Q ≡ {a, φ}, i.e. a two–dimensional minisuperspace. A Noether symmetry exists if (2.15) holds. In this case, it has to be X = α ∂ ∂a + β ∂ ∂φ + α̇ ∂ ∂ȧ + β̇ ∂ ∂φ̇ , (3.3)

where α, β depend on a, φ. The system of partial differential equation given by (2.15) is

F (φ) [ α + 2a ∂α ∂a ] + aF^′(φ) [ β + a ∂β ∂a ] = 0 , (3.4)

3α + 12F^′(φ) ∂α ∂φ + 2a ∂β ∂φ = 0 , (3.5) aβF^{′′}(φ) + [ 2α + a ∂α ∂a + ∂β ∂φ ] F^′(φ) + 2 ∂α ∂φ F (φ) + a^2 6 ∂β ∂a = 0 , (3.6)

[3αV (φ) + aβV^′(φ)]a^2 + 6k[αF (φ) + aβF^′(φ)] = 0 . (3.7)

The prime indicates the derivative with respect to φ. The number of equations is 4 as it has to be, being n = 2. Several solutions exist for this system [13–15]. They determine also the form of the model since the system (3.4)–(3.7) gives α, β, F (φ) and V (φ). For example, if the spatial curvature is k = 0, a solution is α = − 2 3 p(s)β_0a^{s+1}φ^{m(s)−1} , β = β_0a^sφ^{m(s)} , (3.8)

F (φ) = D(s)φ^2 , V (φ) = λφ^{2p(s)} , (3.9)

where D(s) = (2s + 3)^2 48(s + 1)(s + 2) , p(s) = 3(s + 1) 2s + 3 , m(s) = 2s^2 + 6s + 3 2s + 3

, (3.10)

and s, λ are free parameters. The change of variables (2.23) gives

w = σ_0a^3φ^{2p(s)} , z = 3 β_0χ(s) a^{−s}φ^{1−m(s)} , (3.11)

where σ_0 is an integration constant and χ(s) = − 6s 2s + 3

. (3.12)

Lagrangian (3.2) becomes, for k = 0, L = γ(s)w^{s/3}żẇ − λw , (3.13) where z is cyclic and γ(s) = 2s + 3 12σ^2_0 (s + 2)(s + 1)

. (3.14)

The conjugate momenta are

π_z = ∂L ∂ż = γ(s)w^{s/3}ẇ , π_w = ∂L ∂ẇ = γ(s)w^{s/3}ż , (3.15)

and the Hamiltonian is

H̃ = π^zπ^w γ(s)w^{s/3} + λw . (3.16) The Noether symmetry is given by π_z = Σ_0 . (3.17) Quantizing Eqs. (3.15), we have π −→ −i∂_z , π_w −→ −i∂_w , (3.18) and then the WDW equation [(i∂_z)(i∂_w) + λ̃w^{1+s/3}]|Ψ >= 0 , (3.19) where λ̃ = γ(s)λ.

The quantum version of constraint (3.17) is − i∂_z|Ψ >= Σ_0|Ψ > , (3.20) so that dynamics results reduced. A straightforward integration of Eqs. (3.19) and (3.20) gives |Ψ >= |Ω(w) > |χ(z) >∝ e^{iΣ0z} e^{−iλ̃w2+s/3} , (3.21) which is an oscillating wave function. In the semi–classical limit, we have two first integrals of motion: Σ_0 (i.e. the equation for π_z) and E_L = 0, i.e. the Hamiltonian (3.16) which becomes the equation for π_w. Classical trajectories in the configuration space Q̃ ≡ {w, z} are immediately recovered w(t) = [k_1t + k_2]^{3/(s+3)} , (3.22) z(t) = [k_1t + k_2]^{(s+6)/(s+3)} + z_0 , (3.23) then, going back to Q ≡ {a, φ}, we get the classical cosmological behaviour a(t) = a_0(t − t_0)^{l(s)} , (3.24) φ(t) = φ_0(t − t_0)^{q(s)} , (3.25) where l(s) = 2s^2 + 9s + 6

s(s + 3) , q(s) = − 2s + 3 s . (3.26) Depending on the value of s, we get Friedman, power–law, or pole–like behaviours.

If we take into account generic Bianchi models, the configuration space is Q ≡ {a_1, a_2, a_3, φ} and more than one symmetry can exist as it is shown in [12]. The considerations on the oscillatory regime of the wave function of the universe and the recovering of classical behaviours are exactly the same.

IV. FOURTH-ORDER GRAVITY COSMOLOGIES Similar arguments work for higher–order gravity cosmology. In particular, let us consider fourth–order gravity given by the action A = ∫ d^4x √ −g f(R) , (4.1) where f(R) is a generic function of scalar curvature. If f(R) = R+2Λ, the standard second– order gravity is recovered. We are discarding matter contributions. Reducing the action to a point-like, FRW one, we have to write A = ∫ dtL(a, ȧ; R, Ṙ) , (4.2) where dot means derivative with respect to the cosmic time. The scale factor a and the Ricci scalar R are the canonical variables. This position could seem arbitrary since R depends on a, ȧ, ä, but it is generally used in canonical quantization [16–18]. The definition of R in terms of a, ȧ, ä introduces a constraint which eliminates second and higher order derivatives in action (4.2), and yields to a system of second order differential equations in {a, R}. Action (4.2) can be written as A = 2π^2 ∫ dt { a^3f(R) − λ [ R + 6 ( ä a + ȧ^2 a^2 + k a^2 )]} , (4.3) where the Lagrange multiplier λ is derived by varying with respect to R. It is λ = a^3f^′(R) . (4.4) Here prime means derivative with respect to R. To recover a more strict analogy with previous scalar–tensor models, let us introduce the auxiliary field p ≡ f^′(R) , (4.5) so that the Lagrangian in (4.3) becomes L = 6aȧ^2p + 6a^2ȧṗ − 6kap − a^3W (p) , (4.6) which is of the same form of (3.2) a part the kinetic term. This is an Helmhotz–like Lagrangian [19] and a, p are independent fields. The potential W (p) is defined as W (p) = h(p)p − r(p) , (4.7) where r(p) = ∫ f^′(R)dR = ∫ pdR = f(R) , h(p) = R , (4.8) such that h = (f^′)^{−1} is the inverse function of f^′. The configuration space is now Q ≡ {a, p} and p has the same role of the above φ. Condition (2.15) is now realized by the vector field

X = α(a, p) ∂ ∂a + β(a, p) ∂ ∂p + α̇ ∂ ∂ȧ + β̇ ∂ ∂ṗ (4.9)

and explicitly it gives the system p [ α + 2a ∂α ∂a ] p + a [ β + a ∂β ∂a ] = 0 , (4.10)

a^2 ∂α ∂p = 0 , (4.11) 2α + a ∂α ∂a + 2p ∂α ∂p + a ∂β ∂p = 0 , (4.12) 6k[αp + βa] + a^2[3αW + aβ ∂W ∂p ] = 0 . (4.13)

The solution of this system, i.e. the existence of a Noether symmetry, gives α, β and W (p). It is satisfied for

α = α(a) , β(a, p) = β_0a^sp , (4.14)

where s is a parameter and β_0 is an integration constant. In particular, s = 0 −→ α(a) = − β_0 3 a , β(p) = β_0 p , W (p) = W_0 p , k = 0 , (4.15)

s = −2 −→ α(a) = − β_0 a , β(a, p) = β_0 p a^2

, W (p) = W_1p^3 , ∀ k , (4.16)

where W_0 and W_1 are constants. As above, the new set of variables Q^j = Q^j(q^i) adapted to the foliation induced by X are given by the system (2.23). Let us discuss separately the solutions (4.15) and (4.16).

A. The case s = 0

The induced change of variables Q ≡ {a, p} −→ Q̃ ≡ {w, z} can be

w(a, p) = a^3p , z(p) = ln p . (4.17)

Lagrangian (4.6) becomes L̃(w, ẇ, ż) = żẇ − 2wż^2 + ẇ^2 w − 3W_0w . (4.18)

and, obviously, z is the cyclic variable. The conjugate momenta are π_z ≡ ∂L̃ ∂ż = ẇ − 4ż = Σ_0 , (4.19) π_w ≡ ∂L̃ ∂ẇ = ż + 2 ẇ w . (4.20) and the Hamiltonian is H(w, π_w, π_z) = π_wπ_z − π^2_z w + 2wπ^2_w + 6W_0w . (4.21) By canonical quantization, reduced dynamics is given by [ ∂^2_z − 2w^2∂^2_w − w∂_w∂_z + 6W_0w^2 ] |Ψ >= 0 , (4.22)

− i∂_z|Ψ >= Σ_0 |Ψ > . (4.23) However, we have done simple factor ordering considerations in the WDW equation (4.22). Immediately, the wave function has an oscillatory factor, being |Ψ >∼ e^{iΣ0z}|χ(w) > . (4.24) The function |χ > satisfies the Bessel differential equation [ w^2∂^2_w + i

Σ_0 2 w ∂_w + ( Σ^2_0 2 − 3W_0w^2 )] χ(w) = 0 , (4.25) whose solutions are linear combinations of Bessel functions Z_ν (w) χ(w) = w^{1/2−iΣ0/4}Z_ν (λw) , (4.26) where ν = ± 1 4 √ 4 − 9Σ^2_0 − i4Σ_0 , λ = ±9 √ W_0 2 . (4.27) The oscillatory regime for this component depends on the reality of ν and λ. The wave function of the universe, from Noether symmetry (4.15) is then Ψ(z, w) ∼ e^{iΣ0[z−(1/4) ln w]} w^{1/2}Z_ν (λw) . (4.28) For large w, the Bessel functions have an exponential behaviour [20], so that the wave function (4.28) can be written as Ψ ∼ e^{i[Σ0z−(Σ0 /4) ln w±λw]} . (4.29) By identifying the exponential factor of (4.29) with S_0, we can recover the conserved momenta π_z, π_w and select classical trajectories. Going back to the old variables, we get the cosmological solutions a(t) = a_0e^{(λ/6)t} exp { − z_1 3 e^{−(2λ/3)t} } , (4.30)

p(t) = p_0e^{(λ/6)t} exp {z_1 e^{−(2λ/3)t}} , (4.31) where a_0, p_0 and z_1 are integration constants. It is clear that λ plays the role of a cosmological constant and inflationary behaviour is asymptotically recovered.

B. The case s = −2 The new variables adapted to the foliation for the solution (4.16) are now w(a, p) = ap , z(a) = a^2 . (4.32) and Lagrangian (4.6) assumes the form L̃(w, ẇ, ż) = 3żẇ − 6kw − W_1w^3 , (4.33) The conjugate momenta are π_z = ∂L̃ ∂ż = 3ẇ = Σ_1 , (4.34)

π_w = ∂L̃ ∂ẇ = 3ż . (4.35) The Hamiltonian is given by H(w, π_w, π_z) = 1 3 π_zπ_w + 6kw + W_1w^3 . (4.36) Going over the same steps as above, the wave function of the universe is given by Ψ(z, w) ∼ e^{i[Σ1z+9kw2+(3W1/4)w4]} , (4.37) and the classical cosmological solutions are a(t) = ± √ h(t) , p(t) = ± c_1 + (Σ_1/3) t √ h(t) , (4.38)

where h(t) = ( W_1Σ^3_1 36 ) t^4 +

(W_1w_1Σ_1 6 ) t^3 + ( kΣ_1 +

W_1w^2_1Σ_1 2 ) t^2 + w_1(6k + W_1w^2_1) t + z_2 . (4.39) w_1, z_1 and z_2 are integration constants. Immediately we see that, for large t a(t) ∼ t^2 , p(t) ∼ 1 t . (4.40) which is a power–law inflationary behaviour.

V. HIGHER THAN FOURTH{ORDER GRAVITY COSMOLOGIES Minisuperspaces which are suitable for the above analysis can be found for higher than fourth–order theories of gravity as A = ∫ d^4x √ −g f(R, 2R) . (5.1) In this case, the configuration space is Q ≡ {a, R, 2R} considering 2R as an independent degree of freedom [17,18,21]. The FRW point–like Lagrangian is formally L = L(a, ȧ, R, Ṙ, 2R, ˙(2R)) (5.2) and the constraints R = −6 [ ä a + (ȧ a )_2 + k a^2 ] , (5.3)

2R =^¨R + 3^ȧ^˙R (5.4)

holds. Using the above Lagrange multiplier approach, we get the Helmholtz point–like Lagrangian L = 6aȧ^2p + 6a^2ȧṗ − 6kap − a^3ḣq − a^3W (p, q) , (5.5) where p ≡ ∂f ∂R , q ≡ ∂f ∂2R^{, (5.6)} W (p, q) = h(p)p + g(q)q − f , (5.7) and h(p) = R , g(q) = 2R , f = f(R, 2R). (5.8) Now the minisuperspace is three–dimensional but, again, the Noether symmetries can be recovered. Cases of physical interest [21] are f(R, 2R) = F_0R + F_1R^2 + F_2R2R , (5.9)

f(R, 2R) = F_0R + F_1 √ R2R , (5.10)

discussed in details in [22]. Also here the existence of the symmetry selects the form of the model and allows to reduce the dynamics. Once it is identified, we can perform the change of variables induced by foliation using Eqs. (2.23), if a symmetry is present, or Eqs. (2.25), is two symmetries are present. In both cases,

Q ≡ {a, R, 2R} −→ Q̃ ≡ {z, u, w} , (5.11) where one or two variables are cyclic in Lagrangian (5.5). Taking into account, for example, the case (5.10), we get

L̃ = 3[wẇ^2 − kw] − F_1 [ 3wẇ^2u + 3w^2ẇu̇ + w^3żu̇ 2u^2 − 3kwu ] , (5.12)

where we assume F_0 = −1/2, the standard Einstein coupling, z is the cyclic variable and z = R , u = √ 2R_{R , w = a . (5.13)}

The conserved quantity is

Σ_0 = w^3u̇ 2u^2

. (5.14)

Using the canonical procedure of quantization and deriving the WDW equation from (5.12), the wave function of the universe is |Ψ >∼ e^{iΣ0z}|χ(u) > |Θ(w) > , (5.15) where χ(u) and Θ(w) are combinations of Bessel functions. The oscillatory subset of the solution is evident. In the semi–classical limit, using the conserved momentum (5.14), we obtain the cosmological behaviours

a(t) = a_0t , a(t) = a_0t^{1/2} , a(t) = a_0e^{k0t} , (5.16)

depending on the choice of boundary conditions.

VI. DISCUSSION AND CONCLUSIONS

In this paper, we discussed the connection of Noether symmetries for minisuperspace cosmological models to the recovering of classical solutions. If the wave function of the universe is related to the probability to get a given classical cosmology, the existence of such symmetries tell us when the WDW wave function of the universe has oscillatory behaviours connected to the recovering of correlations between coordinates and conjugate canonical momenta [9]. I this sense, the Hartle criterion to get correlations capable of selecting classical universes works.

Some remarks are necessary at this point. First of all, we have to stress that the wave function is only related to the probability to get a certain behaviour but it is not the probability amplitude since, till now, quantum cosmology is not a unitary theory. Furthermore, the Hartle criterion works in the context of an Everett–type interpretation of quantum cosmology [23,24] which assumes the ideas that the universe branches into a large number of copies of itself whenever a measurement is made. This point of view is called Many Worlds interpretation of quantum cosmology. Such an interpretation is just one way of thinking and gives a formulation of quantum mechanics designed to deal with correlations internal to individual, isolated systems. The Hartle criterion gives an operative interpretation of such correlations. In particular, if the wave function is strongly peaked in some region of configuration space, we predict that we will observe the correlations which characterize that region. On the other hand, if the wave function is smooth in some region, we predict that correlations which characterize that region are precluded to the observations.

If the wave function is neither peaked nor smooth, no predictions are possible from observations. In other words, we can read the correlations of some region of minisuperspace as causal connections. However, the validity of minisuperspace approximation is often not completely accepted and it is still matter of debate [25].

As we said above, the analogy with standard quantum mechanics is straightforward. By considering the case in which the individual system consists of a large number of identical subsystems, one can derive from the above interpretation, the usual probabilistic interpretation of quantum mechanics for the subsystems [1,9].

What we proposed in this paper is a criterion by which the Hartle point of view can be recovered without arbitrariness. If a Noether symmetry (or more than one) is present for a given minisuperspace model, then oscillatory subsets of the wave function of the universe are found. Viceversa, oscillatory parts of the wave function can be always connected to conserved momenta and then to Noether symmetries.

¿From a general point of view, this is the same philosophy of many branches of physics: Finding symmetries allows to solve dynamics, gives the main features of systems and simplify the interpretation of results.

However the above scheme should be enlarged to more general classes of minisuperspaces in order to seek for its application to the full field theory (i.e. to the infinite–dimensional superspace). Only in this sense, one could claim for the validity of the approach to the full semiclassical limit of quantum cosmology.

REFERENCES

[1] J.B. Hartle, Spacetime Quantum Mechanics and the Quantum Mechanics of Spacetime in Gravitation and Quantization, Proceeding of the 1992 Les Houches Summer School, Eds. B. Julia and J. Zinn–Justin, Les Houches Summer School Proceedings, vol. LVII, North–Holland, Amsterdam (1995).

[2] J.A. Wheeler, in Bottelle Rencontres, Eds. C. DeWitt, J.A. Wheeler (Benjamin, New York, 1968).

C.W. Misner, Phys. Rev. 186, 1319 (1969); Phys. Rev. Lett. 22, 1071 (1969); Phys. Rev. D8, 3271 (1973).

C.W. Misner, in Relativity, Eds. Carmeli, Fickler, Witten (Plenum, San Francisco, 1970); C.W. Misner, in Magic Without Magic, Ed. J. Klauder (W.H. Freeman, San Francisco, 1972).

[3] B.S. DeWitt, Phys. Rev. 160, 1113 (1967).

[4] A. Vilenkin, Phys. Lett. B117, 25 (1982); Phys. Rev. D30, 509 (1984); Phys. Rev.

D33, 3560 (1986); Phys. Rev. D39, 1116 (1989). [5] J.B. Hartle and S.W. Hawking, Phys. Rev. D28, 2960 (1983).

S. W. Hawking, in Relativity, Group and Topology II, Les Houches Session XL, Eds. B. DeWitt and R. Stora, North Holland, Amsterdam (1984).

[6] J.B. Hartle, in Gravitation in Astrophysics, Gargese 1986, eds. S. Carter, J.B. Hartle (Plenum, New York, 1986).

[7] G. Lifschytz, S.D. Mathur, M. Ortiz, Phys. Rev. D53, 766 (1996). [8] S. Massar and R. Parentani, Nucl. Phys. B513, 375 (1998).

[9] J.J. Halliwell, Nucl. Phys. B266, 228 (1986); J.J. Halliwell, Phys. Rev. D36, 3626 (1987); J.J. Halliwell, in Quantum Cosmology and Baby Universes, Eds. S. Coleman, J.B. Hartle, T. Piran, S. Weinberg (World Scientific, Singapore, 1991).

[10] V.I. Arnold, Mathematical Methods of Classical Mechanics, Springer–Verlag, Berlin (1978).

[11] G. Marmo, E.J. Saletan, A. Simoni, B. Vitale, A Differential Geometric Approach to Symmetry and Reduction (1985) (New York, Wyley).

[12] S. Capozziello, G. Marmo, C. Rubano, and P. Scudellaro, Int. J. Mod. Phys. D4, 491 (1997).

[13] S. Capozziello and R. de Ritis, Phys. Lett. A177, 1 (1993). [14] S. Capozziello and R. de Ritis, Class. Quant. Grav. 11, 107 (1994). [15] S. Capozziello, M. Demianski, R. de Ritis, and C. Rubano, Phys. Rev. D52, 3288 (1995). [16] A. Vilenkin, Phys. Rev. D32, 2511 (1985).

[17] H.-J. Schmidt, Class. Quant. Grav. 7, 1023 (1996); Phys. Rev. D53, 7906 (1996). [18] S. Capozziello, R. de Ritis, and A.A. Marino, Gen. Rel. Grav. 30, 1247 (1998). [19] G. Magnano and L.M. Sokolowski, Phys. Rev. D50, 5039 (1994). [20] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions, Dover Publication, Inc., New York, 1972.

[21] S. Gottlöber, H.-J. Schmidt, A.A. Starobinski, Class. Quant. Grav. 7, 893 (1990).

A.L. Berkin, K. Maeda, Phys. Lett. B245, 348 (1990).

[22] S. Capozziello and G. Lambiase, Higher Order Correction to the Effective Gravitational Action from Noether Symmetry Approach, submitted to Gen. Rel. Grav. (1999).

[23] H. Everett, Rev. Mod. Phys. 29, 454 (1957). [24] D. Finkelstein, Trans. N.Y. Acad. Sci. 25, 621 (1963).

J.B. Hartle, Am. J. Phys. 36, 704 (1968).

[25] K.V. Kuchar and M.P. Ryan in Gravitational Collapse and Relativity, Eds. H. Sato and T. Nakamura (World Scient.) Singapore (1986).