arXiv:hep-lat/0103035 28 Mar 2001

The Local Bosonic Algorithm applied to the massive Schwinger model

D i s s e r t a t i o n

zur Erlangung des akademischen Grades doctor rerum naturalium

(Dr. rer. nat.)

eingereicht am

Institut für Physik der Mathematisch–Naturwissenschaftlichen Fakultät I der Humboldt – Universität zu Berlin von Dipl.-Phys. Stephan Elser geb. am 5. Februar 1968 in Gaildorf

Präsident der Humboldt-Universität zu Berlin Prof. Dr. H. Meyer

Dekanin der Math.-Nat. Fakultät I Prof. Dr. V. Bonacic-Koutecký

Gutachter : 1. ..................................... 2. ..................................... 3. .....................................

Tag der mündlichen Prüfung : .......................

Abstract

We investigate various variants of the Hermitean version of the Local Bosonic Algorithm proposed by M. Lüscher. The model used is two-dimensional Quantum Electrodynamics (QED) with two flavours of massive Wilson fermions. The simplicity of the model allows for high statistics simulations close to the chiral and continuum limit.

To find optimal CPU cost behaviour, we carefully scan a 3-dimensional parameter subspace varying the approximation polynomial parameters n and ϵ as well as the number of over-relaxation steps within each update trajectory. We find flat behaviour around the optimum and a modest gain with respect to the Hybrid Monte Carlo algorithm for all variants. Generally, the gain is slightly smaller for the reweighting method than for the acceptance step variants and quite different for plaquette-like and correlator-like observables.

On the technical side, we demonstrate that a noisy Metropolis acceptance step is possible also for the Hermitean variant. The numerical instabilities appearing in the evaluation of the factorized form for the approximating Chebyshev polynomial are investigated. We propose a quantitative criterion for these instabilities and a reordering scheme of the roots reducing the problem.

A different formulation of the Hermitean Local Bosonic Algorithm using an acceptance step which generally avoids these instabilities was recently proposed. We compare the CPU cost to that of Hybrid Monte Carlo and to the more standard Local Bosonic Algorithm variants and find compatible results.

The more physical problem of topological charge sectors and metastability is addressed. We find no plateau in the effective pion mass if metastabilities become too large.

Zusammenfassung

Gegenstand der Untersuchung sind Varianten der Hermiteschen Version des von M. Lüscher vorgeschlagenen Local Bosonic Algorithm. Das dabei benutzte Modell ist die zweidimensionale Quantenelektrodynamik (QED) mit 2 massiven Flavours von Wilson-Fermionen. Die Einfachheit des Modells ermöglicht Simulationen mit hoher Statistik nahe am chiralen und Kontinuumslimes.

Um Bereiche mit optimalem CPU-Kostenverhalten zu finden, untersuchen wir einen 3-dimensionalen Parameter-Unterraum, wobei wir die Parameter des Näherungspolynoms n und ϵ sowie die Anzahl der Überrelaxationsschritte pro Update- Trajektorie variieren. Wir erhalten dabei bei allen Varianten ein flaches Verhalten um das Optimum und einen kleinen Kostengewinn im Vergleich zum Hybrid Monte Carlo Algorithmus. Der Gewinn ist generell für die Reweighting Methode etwas kleiner als für die Akzeptanzschritt-Varianten und deutlich unterschiedlich für Plaquette-ähnliche bzw. Korrelator-ähnliche Observablen.

Auf der technischen Seite zeigen wir, daß ein stochastischer Metropolis-Ak-zeptanzschritt auch in der Hermiteschen Variante möglich ist. Die numerischen Instabilitäten, die bei der Berechnung der Chebyshev-Näherungspolynome in der faktorisierten Form auftreten, werden untersucht. Wir schlagen ein quantitatives Kriterium für die Instabilitäten und ein Umordnungsschema für die Nullstellen des Polynoms, das dieses Problem reduziert, vor.

Eine alternative Formulierung des Hermiteschen Local Bosonic Algorithm mit Akzeptanzschritt, die diese Instabilitäten generell vermeidet, wurde vor kurzen vorgeschlagen. Wir vergleichen die CPU Kosten mit denen des Hybrid Monte Carlo Algorithmus und der üblichen Local Bosonic Algorithm Varianten und finden kompatible Resultate.

Im Weiteren wird das mehr physikalische Problem der topologischen Ladungssektoren und der Metastabilität behandelt. Wir finden kein Plateau der effektiven Pionenmasse, falls Metastabilitäten zu groß werden.

Contents

1 Introduction 2

2 The model: Schwinger model – 2D QED 5 2.1 Continuum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1.1 Massless 1-flavour model . . . . . . . . . . . . . . . . . . . . 5 2.1.2 Massive 1-flavour model . . . . . . . . . . . . . . . . . . . . 6 2.1.3 Massless N-flavour model . . . . . . . . . . . . . . . . . . . 7 2.1.4 Massive 2-flavour model . . . . . . . . . . . . . . . . . . . . 7 2.2 Lattice formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3 The standard way: Hybrid Monte Carlo 11 3.1 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 3.1.1 Micro-canonical update . . . . . . . . . . . . . . . . . . . . . 13 3.1.2 Leapfrog integration . . . . . . . . . . . . . . . . . . . . . . 14 3.2 Counting in Q operations . . . . . . . . . . . . . . . . . . . . . . . 15

4 The new way: Local bosonic algorithm 16 4.1 Basic idea . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 4.2 Correction step . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.2.1 Reweighting . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.2.2 Noisy acceptance step method I . . . . . . . . . . . . . . . . 20 4.2.3 Noisy acceptance step method I with adapted precision . . . 21 4.2.4 Noisy acceptance step method II . . . . . . . . . . . . . . . 22 4.3 Counting in Q operations . . . . . . . . . . . . . . . . . . . . . . . 23

5 The problems I: Instabilities 24 5.1 Factorized Chebyshev polynomial . . . . . . . . . . . . . . . . . . . 24 5.2 Ordering schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 5.3 Scalar numerical tests . . . . . . . . . . . . . . . . . . . . . . . . . . 29 5.4 Matrix valued numerical tests . . . . . . . . . . . . . . . . . . . . . 30

6 The test: Physical results 37 6.1 Consistency tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 6.2 Choice of parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 40

7 The problems II: Topology 52 7.1 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 7.2 Topological sectors . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 7.3 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 7.4 Projections to topological sectors . . . . . . . . . . . . . . . . . . . 55 7.5 External gauge configurations . . . . . . . . . . . . . . . . . . . . . 55

8 The aim: CPU cost optimisation 61 8.1 8 × 20 lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 8.2 16 × 40 lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

9 Conclusions 69 9.1 Instabilities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 9.2 Topology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 9.3 CPU cost optimisation . . . . . . . . . . . . . . . . . . . . . . . . . 71

A Conventions 72 A.1 General conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 A.2 Gamma matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 A.3 Flavour matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 A.4 Fermion matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 A.5 Meson operators, fermion densities and correlators . . . . . . . . . . 75

B Analytic results 79 B.1 Free fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 B.2 Pure gauge topological susceptibility . . . . . . . . . . . . . . . . . 79 B.3 Pure gauge plaquette . . . . . . . . . . . . . . . . . . . . . . . . . . 80 B.4 Hopping parameter expansion . . . . . . . . . . . . . . . . . . . . . 81

C Force 83 C.1 Force on bosonic fields . . . . . . . . . . . . . . . . . . . . . . . . . 83 C.2 Force on links . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

D Root Ordering Fortran codes 85 D.1 Simple pairing scheme . . . . . . . . . . . . . . . . . . . . . . . . . 85 D.2 Subpolynomial scheme . . . . . . . . . . . . . . . . . . . . . . . . . 86 D.3 Bitreversal scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 D.4 Montvay scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

E Gegenbauer Solver 88 E.1 Gegenbauer Polynomials . . . . . . . . . . . . . . . . . . . . . . . . 88 E.2 Solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 E.3 Real solver for γ =^1_2 . . . . . . . . . . . . . . . . . . . . . . . . . . 90

F 4D QCD conventions 93

Chapter 1

Introduction

The task of physics is the determination of all relevant quantities of Nature from basic “principles”. In the case of elementary particle physics the relevant guidelines which have proven to be successful are the symmetry and unification principles. Their application leads to the so-called standard model [Gla61], incorporating 3 of the 4 known basic forces, namely the electro-magnetic, weak and strong interactions. Basic degrees of freedom of the standard model are the fundamental fermions (quarks and leptons) and their interaction with each other is described via the exchange of bosonic gauge quanta. An important part is formed by the Higgs mechanism, generating mass for fermions and massive gauge bosons and introducing the scalar Higgs particle into the model. The theory is formulated as a quantised relativistic local gauge theory coupling the symmetry principle with the dynamics of fields [Zin94, Che84]. Main building blocks of the standard model are Quantum Electrodynamics (QED) with symmetry group U(1) (as part of the electro-weak sector U(1)⊗SU(2)) and Quantum Chromodynamics (QCD), relying on the symmetry group SU(3).

Yet the standard model leaves a lot to be explained. It has as many as 19 free parameters [Don92] and no reason is given why a symmetry of SU(3) ⊗ SU(2) ⊗ U(1) is realized in nature. Thus we would like a more advanced theory with fewer parameters and an even more symmetric structure. Possible ways of extending the standard model include the search for more fundamental constituents of quarks and leptons, string theory including supersymmetric partners to the known elementary particles and grand unified theories. In these higher dimensional symmetry groups are applied at very large energy scales, which for lower energies are broken down to the familiar standard model structure [Sal90].

One main research focus is the relativistic SU(3) gauge theory including dynamical fermions, Quantum Chromodynamics (QCD) [Fri73], which describes hadrons and nuclei under strong interaction with the help of quarks and gluons as fundamental degrees of freedom. The beta-function is known at 3-loop level, leading in the high energy limit (or equivalently at small distances) to asymptotic freedom, i.e. the appearance of almost unbound quarks. In that case, the running coupling constant is small enough to allow perturbative methods. Applying these, there exist in this regime convincing predictions of the theory, which agree well with experiment [Mut87].

On the energy scale of the hadrons themselves, i.e. for the long distance part of the strong interaction, quasi-free quarks were never observed. The quark coupling in this regime is too large for perturbation theory around the free solution to be sensible. We therefore need non-perturbative methods to shed light on e.g. the questions of quark confinement and hadron masses.

Among the attempts to reach non-perturbative insight into the structure of QCD approaches using QCD sum rules, large N expansions, the Bethe-Salpeter equation or Discretized Light-Cone Quantisation [Bro91] can be mentioned besides effective purely phenomenological models. For an overview discussion we refer to the textbook of Narison [Nar89].

Compared to these approaches, lattice gauge calculations offer a way to results stemming directly from the use of first principles. Lattice gauge theory uses a path integral representation with a space-time grid regularisation with lattice spacing a [Wil74]. The theory is set up in such a way that the naive continuum limit a → 0 yields the desired continuum Lagrangian to leading order in the lattice spacing. This of course offers a certain freedom in the choice of the lattice theory. In this approach all quantities are measured in units of the lattice spacing or inverses thereof. Results have to be extrapolated to the continuum limit, in which the lattice spacing a is set to zero and the dimensionless lattice size L to infinity. In order to still have meaningful results, a continuous phase transition point has to be chosen for this procedure. At this point, all correlation functions diverge, so that results in physical units can still be finite. In this limit, we will therefore retain ratios of (e.g. mass) observables corresponding to relations between renormalised quantities. An important point is that certain continuum symmetries (like e.g. Lorentz symmetry) can be broken on a space time grid. The restoration of these symmetries has to be checked in order to justify extrapolation results. For completeness we mention that in order to exclude a contamination of the results by finite size effects, one would like to send also the physical lattice extent a · L to infinity, a limit called the thermodynamic limit.

One non-perturbative approach to lattice gauge theory obtains results with the help of Monte Carlo methods. Introductions can be found in [Cre83, Kal90, Mon94]. To illustrate the success of this approach, we mention that a recent work was able to determine ratios of hadron masses to an error of 2% [Aok97]. Nevertheless, we are still far away from a complete understanding of the physics of hadronic systems using lattice gauge theory.

A severe problem appearing in simulations is the phenomenon of critical slowing down, i.e. the fact that the CPU cost of a simulations grows more than proportional to the space-time volume of the lattice [Sok89]. Especially fermion simulations are very time consuming [For97a]. They face the problem that the fermion interaction is inherently non-local, being described by a determinant in the path integral. Thus, up to now most large-scale calculations apply the so-called quenched approximation, replacing this determinant by a constant. Thereby the dynamics of fermionic vacuum fluctuations interacting with a bosonic gauge field are ignored.

The standard algorithm used to include dynamical fermions is the so-called Hybrid Monte Carlo algorithm [Dua87]. Here a trajectory of small size update steps is generated introducing a fictitious computer time coordinate, conjugate momenta and the corresponding classical equations of motion. At the end of the trajectory an acceptance step is used to make the algorithm exact. Other approaches, e.g. based on Kramers equation [Hor91, Jan95], have not shown significantly better behaviour than Hybrid Monte Carlo.

Recently, an alternative approach was proposed by M. Lüscher [Lue94]. This so-called Local Bosonic Algorithm (LBA) applies an n-th order polynomial approximation to the fermion determinant and thus makes it possible to rewrite the determinant as a set of n local and bosonic integrals plus a non-local correction term. As simulations of locally coupled degrees of freedom are much easier, this could potentially reduce the computational task. This algorithm has generated considerable interest [Jeg95a, For95, Bor96, Jan95a, Jan96a, Wol97]. Examples for applications of the local bosonic algorithm are Monte Carlo simulations of lattice QCD [For95, Jan96a], Supersymmetry [Mon97b], the Hubbard model [Saw97] and the Schwinger model both with staggered [Pea94] and Wilson fermions [Els96a, Els97].

Of course, this new algorithm has to be tested and its efficiency compared to the standard Hybrid Monte Carlo algorithm (HMC) [Bor96a, Jeg95a, Jeg96]. In this context it may be noted that it is well known how to tune the parameters of Hybrid Monte Carlo routines, whereas this is still under investigation for the local bosonic case.

For the proposed studies of algorithms for dynamical fermions that are rather time-consuming, we want to advocate the massive 2-flavour Schwinger model (2- dimensional QED) [Sch62, Het95] as a low-cost laboratory [Bar97]. With the appearance of an axial anomaly, confinement, light pseudo-scalar and heavy scalar mesons, it has enough rich physics to be similar to QCD. One of the aims is to set up a program package facilitating further studies.

This work introduces the Schwinger model variants commonly used, and gives some details on the lattice 2-flavour Schwinger model. We will briefly describe the Hybrid Monte Carlo algorithm applied to set the scale for the CPU cost comparison and the four variants of the Hermitean version of the local bosonic algorithm we are testing. We will discuss some problems regarding numerical instabilities and topological metastabilities encountered in our simulations. Finally, we give results of our investigation of the CPU cost of the plaquette and the pion correlator.

Throughout this work, figures and tables are defered to the end of each chapter.

Chapter 2

The model: Schwinger model { 2D QED

2.1 Continuum

Quantum Electrodynamics (QED) in one space and one time dimension (d = 2) with N_f flavours of fermions having mass m_a, a = 1 . . . N_f , is generally defined by the continuum Lagrangian in Euclidean space L = 1 4 F^2 + N_f∑ a=1 [ ψ̄^a(/∂ + ie/A + m_a)ψ^a ] , (2.1)

where we use the standard conventions h̄ = c = 1. The fermion fields ψ are Grassmann 2-spinors having dimension [m]^12 and the electromagnetic tensor

F^{μν} = ( 0 −E E 0 ) (2.2)

in 1+1 dimensions only includes the electric field E, as because of the missing transverse directions no magnetic field is existing. We point out that the mass and the electric charge are of the same dimension.

For an introduction to Euclidean space we defer the reader to [Mon94]. Conventions are generally collected in App. A.

2.1.1 Massless 1-flavour model

2-dimensional 1-flavour QED with massless fermions, i.e. N_f = 1, m_1 = 0, was presented by Julian Schwinger as an analytically soluble model in 1962 [Sch62]. This version is generally called the Schwinger model.

Schwinger was able to show that a theory of a massless vector gauge field does not prevent the existence of a massive particle. The analytic solution allows only uncharged states. The thus formulated theory was therefore regarded as a model for complete charge screening by vacuum polarisation [Rot79]. This socalled “quark” trapping became an interesting object of study in view of quark confinement [Rot79]. The fact that no electron excitations exist was confirmed in numerous works [Low71, Kog75].

An equivalent formulation of the Schwinger model in boson fields using the mass parameter m_B = e/ √ π (2.3)

is given by a Lagrange density of the form [Col75a, Col75, Col76, Kog75] L = 1 2 (∂_μϕ∂^μϕ − m^2_Bϕ^2) , (2.4)

thus enabling us to interpret the spectrum as that of free bosons, the one-particle state with mass m_B corresponding to a quark-antiquark pair, i.e. a meson. Above that we find a continuum of two meson, three meson . . . states beginning at the minimum energies of 2m_B, 3m_B, . . ., where the corresponding mesons are at rest relative to each other. A pedagogical introduction can be found in [Dit86].

A further feature of the Schwinger model is the appearance of a non-vanishing vacuum condensate ⟨ψ̄ψ⟩. Naively we would expect conservation of electric as well as axial charge. Yet the phenomenon of an axial anomaly is observed [Bro63, Kog75].

2.1.2 Massive 1-flavour model

Much interest was concentrated on the variant of the Schwinger model with massive fermions, N_f = 1, m_1 = m ≠ 0, often called the massive Schwinger model. Using quasi-classical approximations, Coleman was able to confirm that also in this model no charged particles are allowed as asymptotic states [Col75]. One finds in the massless case decoupled, degenerate vacua upon which for each value of the parameter θ, corresponding to a constant electric background field E_c =^e_{2π} θ, the same spectra are built up. In four dimensions this field would be eliminated due to pair creation. In the case of two dimensions this is not possible; electron-positron pairs are only created until the background field falls below a critical value of E^{crit}_c =^e_2 , so that θ can be chosen to lie in the range [−π, π]. Coleman showed in a semi-classical calculation that also in the massive case the background electric field is decisive for the structure of the spectrum. In the weak coupling limit we find for the number of stable states N = 4m^2 πe^2 · 1 1 −^{θ2}_{π2} ( 2 √ 3 − ln(2 + √ 3) ) + O(1) , (2.5)

which at vanishing coupling diverges as expected. In the strong coupling limit the result is one, two and three stable particles for the ranges |θ| >^π_2 , 0 < |θ| <^π_2 and θ = 0 respectively [Col75].

Basic to the expansion around the massless case is the proof that this limit is allowed and leads to the soluble massless Schwinger model [Kog75]. The connection of these phenomena and topology was investigated in [Par93, Man85].

The massive Schwinger model can equivalently be described by an interacting boson field with the Lagrange density [Col75] L = 1 2 [ ∂_μϕ∂^μϕ − m^2_Bϕ^2 + mm_B e^γ π cos(2 √ πϕ) ] , (2.6)

where γ = 0.577 . . . is the Euler constant and m_B the mass parameter Eq. 2.3. An expansion in the fermion mass yields through comparison of the coefficients of ϕ^2 for the mass of the lowest state [Kog75, Var94]

M^2_1 = m^2_B ( 1 + 2 m m_B e^γ ) + O(m^2) . (2.7)

In the framework of lattice gauge theory the massive Schwinger model was investigated numerically using Hamiltonian methods [Kog75, Cre80]. Here besides mass eigenvalues of the lowest-lying states also the coefficients of the linear potential in the limit of small mass were obtained. The results are in good agreement of some percent error with the continuum theory [Cre80]. Discretized Light-Cone Quantisation [Bro91] was able to calculate whole mass spectra in some Fock space approximation [Ell87, Els95]. These data were used to study finite temperature quantities and critical exponents of the massive Schwinger model [Els96].

2.1.3 Massless N-flavour model

The N-flavour model can be solved analytically in the limit m_a = 0, ∀a = 1 . . . N [Het88]. Main predictions are the existence of a massive pseudoscalar isosinglet state with mass m = √ N e √ π (2.8)

and N^2 −1 massless (Goldstone-like) states. We would like to point out that earlier work identifies only N − 1 pion states [Aff86]. Both the fermion condensate ⟨ψ̄ψ⟩ and the pseudoscalar density ⟨ψ̄γ^5ψ⟩ are predicted to be zero.

2.1.4 Massive 2-flavour model

Most useful for lattice investigations with Wilson fermions is the massive degenerate 2-flavour model N_f = 2, m_1 = m_2 = m. It is first of all convenient for technical reasons as the effective probability after integration of the fermionic degrees of freedom is manifestly positive. On the other hand, the 2-flavour model has the nice feature of being rather QCD-like, as was observed in several classic papers [Col75, Het95, Hos96].

The model describes light pseudoscalar isotriplet states (π, analogous to the Goldstone particles of QCD), a pseudoscalar isosinglet state (η, much like the η^′ of QCD) and scalar mesons (a_0, f_0). For most of these the mass perturbation theory is known to first order [Het95, Har94]

m_π = 2.066m^{23} e^{13} m_{f0} = √ 3m_π m_η = √ 2 e √ π . (2.9)

The rich meson physics therefore allows to set the scale via the pion mass and measure physical mass ratios, e.g.^{mπ}_{mη} . Fermionic densities are generally zero with the exception of the fermion condensate, which is found to be real.

2.2 Lattice formulation

The lattice version of the Schwinger model with two flavours of fermions of identical mass is defined using the positive effective distribution for the compact U(1) link variables U_{x,μ}

P_{eff} [U] ∝ detM^2 e^{−Sg [U ]} (2.10)

one obtains after integration over the fermionic Grassmann variables in the path integral Eq. 2.1 and discretization of the fields [Wil74]. We use the standard plaquette action

S_g[U] = βRe ∑ P (1 − U_P ) (2.11)

with β =^1_{e2a2} the dimensionless lattice gauge coupling and plaquette variables U_{P x} defined starting at the lower left corner of each plaquette U_{P x} = U^†_{x,μ} U^†_{x+μ̂,μ̄} U_{x+^̄μ,μ} U_{x,μ̄} , (2.12) so that the lowest order expansion in the lattice spacing matches to the naive continuum limit. Barred Greek symbols signify the orthogonal direction. The Wilson fermion matrix is given by M_{x,y} = δ_{x,y} − κ ∑ μ ( δ_{x−μ̂,y}(1 + γ^μ)U_{x−μ̂,μ} + δ_{x+μ̂,y}(1 − γ^μ)U^†_{x,μ} ) , (2.13)

where κ =^1_{2(ma+d)} is the dimensionless Wilson parameter. Gamma matrices and details of notation are given in App. A.4. We remark that the lattice spacing a is only explicitly shown in exceptional cases to avoid confusion. Generally it is set to 1 in all formulae.

Chiral symmetry is explicitly broken by the Wilson term. We remark that, as −1 is in the centre of the U(1) group, periodic or anti-periodic boundary conditions for the links should be irrelevant.

The 2-flavour case ensures that the effective distribution to be simulated is manifestly positive. We work with the Hermitean fermion matrix [Lue94]

Q = c_0γ^5M (2.14) = c_oγ^5δ_{x,y} − c_oκ ∑ μ ( δ_{x−μ̂,y}γ^5(1 + γ^μ)U_{x−μ̂,μ} + δ_{x+μ̂,y}γ^5(1 − γ^μ)U^†_{x,μ} ) , scaled so that its eigenvalues are in [−1, 1] using the scaling factor

c_0 = m + d m + 2d 1 c_M = 1 1 + 2dκ 1 c_M ; c_M ≥ 1 . (2.15)

Explicit formulae are given in App. A.4.

The critical Wilson parameter is known in the weak coupling limit κ_c(β → ∞) = 1 4 (2.16)

and expected to be larger for lower β. It is still an open question whether simulations above κ_c are possible. As this was not the focus of this work, we did not investigate this point. Preliminary results (e.g. Sec. 6.1) suggest that reasonable results are difficult but possible in this regime. The second order phase transition point (and thus the continuum limit) is reached for β → ∞ with lines of constant physics fixed via the demand to keep certain (e.g. mass) ratios constant.

Observables A measurement of the average plaquette^1_{LT} ∑ x U_{P x} and of the temporal and spatial Polyakov loops averaged over the orthogonal direction P_L =^1_T ∑T x_2=1 ∏L x_1=1 Ux,1

and P_T =^1_L ∑L x_1=1 ∏T x_2=1 Ux,2 is directly possible from the definitions.

Averages of local fermion bilinears ⟨ψ̄Γψ⟩ can be measured applying a noisy estimator scheme, using random spinors η(x) as sources for the solver as shown in App. A.5. One expects the pseudoscalar density (also called the chiral condensate) ⟨ψ̄γ^5ψ⟩ and the further densities ⟨ψ̄γ^μψ⟩ to vanish within errors. The fermion condensate ⟨ψ̄ψ⟩ remains non-zero even in the massless limit because Wilson fermions break chiral invariance explicitly [Wil74].

For the determination of meson masses operators with various quantum numbers are defined

• flavour triplet - (ψ̄γ^5τ ψ) ‘π’, (ψ̄τ ψ) ‘a_0’,

• flavour singlet - (ψ̄γ^5ψ) ‘η’, (ψ̄ψ) ‘f_0’ .

Moreover, insertion of a γ^0, e.g. (ψ̄γ^0γ^5τ ψ) for the π, leads to alternative operators with the same quantum numbers in the rest frame. This exhausts the Dirac algebra in two dimensions. The result is summed up in Tab. A.1.

The calculation of temporal correlators C^{ΓT} (Δt) involves point sources at randomly chosen positions (x, t) and summation over spatial displacements y in the other time slice (y, t + Δt) to project out the zero momentum states. As to the flavour–singlet channels, the disconnected piece is subtracted with the aid of the noisy inversions performed earlier for the measurement of the condensate [Oka95]. For more details consult App. A.5.

All measurements are analysed taking into account covariances and auto-correlations of the correlators [Bra92]. A binning method is applied to reduce data size.

The scaling idea we are using is based on the following strategy. Imagine that m_π and the ratio^{mπ}_{mη} are fixed, e.g. by experiment. Working at a certain value of β, we will then have to adjust κ such that the ratio is the physical value, while m_π sets the scale, determining the lattice spacing in physical units. The size of the lattice has to be chosen so that finite size effects are small.

Repeating this procedure at larger β results in a smaller pion mass in lattice units, which again sets the scale for the lattice spacing and thus determines the scaling factor achieved.

We remark that motivated by the continuum results we expect the masses to scale like m_η ≈ 1/ √ β, so that we have to increase the value of β enormously if we want to double the lattice size and reduce the lattice spacing by a factor of 2, keeping physical ratios constant by adjusting the κ value. This unfortunately limits the usefulness of the Schwinger model, as very high β simulations encounter topological metastabilities [Joo90, Dil93, Els97a].

Chapter 3

The standard way: Hybrid Monte Carlo

We are ultimately interested in deciding whether the new local bosonic algorithm can be faster than the “workhorse” Hybrid Monte Carlo (HMC) [Dua87] used for more than 10 years. We thus implemented a HMC code working with the Hermitean matrix Q to set the scale. A brief description of the formulae is given in Sec. 3.1.

In order to make a fair comparison we ulilize the optimisation procedures now common in the application of the HMC. Namely, the implementation includes trajectory length set by n · Δτ = 1 and acceptance ≈ 70%. We further use the fact that extending the solver solution in the trajectory via the condition ...x= 0 to generate an optimal new start vector for the inverter results in a gain of approximately 20%.

The inverter algorithm applied throughout is a standard Conjugent Gradient algorithm (CG) [Ral72, Sto90] used with precision 10^{−6}. The decision not to use advanced inverters like BiCGgamma5 for the observables was taken in order to have a guaranteed convergence for all simulation parameters. In order to avoid trouble with bad pseudo-random numbers, we use Lüscher’s high-quality random number generator (RG) [Lue93], which has been shown to have a very long recursion period and efficient decorrelation properties. It is used in a vectorized form applying 257 generators in parallel.

The standard way to get portable results for CPU cost analyses is to count in matrix multiplication operations. These are the most CPU-time intensive parts of any realistic QCD calculation. We describe our explicit counting in Sec. 3.2.

Generally, one uses this information to define the cost of an algorithm by quantifying the cost needed to generate two independent (i.e. decorrelated) configurations on which measurements are executed. Assuming an exponential decorrelation of configurations [Bra92] an estimator for the distance of independent configurations is given by twice the integrated auto-correlation time τ_{int} ≥ 1. Thus this quantity measured in units of molecular dynamics time or respectively matrix multiplications, 2τ_{int}[Q ops] = 2τ_{int} · N_{Q ops/update} , (3.1) can be regarded as a reasonable estimator for the CPU cost of an algorithm. We would like to point out that although the autocorrelation time is dependent on the observable, it is generally of the same order of magnitude characterizing the update algorithm.

3.1 Implementation

The idea of HMC is based upon rewriting the partition function given by Z = ∫ D[U] detQ^2 e^{−SG(U )} (3.2) using complex pseudo-fermion fields (neglecting constant factors) Z = ∫ D[U]D[η]D[η^†]e^{−SG(U )−η†Q−2η} (3.3) and introducing real valued momenta π_{x,μ} conjugate to the links U_{x,μ} with a kinetic term which is not changing the path integral Z = ∫ D[U]D[η]D[η^†]D[π]e^{−SG(U )−η†Q−2η− 12 π2} . (3.4) The thus defined action is called in analogy to classical mechanics the Hamiltonian of the system H = S_G(U) + η^†Q^{−2}η + 1 2 π^2 . (3.5) Applying this distribution, the complete dynamical update of the link configuration is done in a three step procedure

1. • a complex Gaussian update for the field χ = Q^{−1}η

• a real Gaussian update for the field π 2. micro-canonical steps via discretised but reversible leapfrog integration of the equations of motion in fictitious computer time τ leaving the Hamiltonian approximately constant Ḣ = ∂H ∂τ ≈ 0 (3.6) 3. a Metropolis acceptance step correcting for discretisation errors in the leapfrog integration with min{1, e^{−ΔH} } (3.7)

3.1.1 Micro-canonical update

We need the update equations, also called equations of motion (EOMs), for the fields U_{x,μ} and π_{x,μ}. The Hamiltonian EOMs can be chosen to fulfil the two requirements

• U_{x,μ} should stay in U(1), • the Hamiltonian is constant in computer time.

yielding a simple update process for the links U̇_{x,μ} = iπ_{x,μ}U_{x,μ} (3.8) while the equations for the momenta are fixed via Ḣ = 0 . (3.9) Writing this out, we find Ḣ = Ṡ_G(U) + η^† ∂ ∂τ [Q^{−2}]η + ππ̇ . (3.10) Our aim is to express Ṡ_G(U) and η^{† ∂}_{∂τ} [Q^{−2}]η in terms of the derivatives U̇_{x,μ} and π̇_{x,μ} to allow numerical integration of the EOMs. We rewrite the second term η^† ∂ ∂τ [ Q^{−2} ] η = −η^†Q^{−2} [ Q̇Q + QQ̇ ] Q^{−2}η (3.11) and introduce abbreviations for parts independent of the derivatives ω = Q^{−2}η and ξ = Qω (3.12) to rewrite Ḣ = Ṡ_G(U) − 2Re[ξ^†Q̇ω] + ππ̇ . (3.13) We now calculate the dependency of the first term Ṡ_G of the derivatives Ṡ_G = −β ∑ x Re(U̇_{x,1}U_{x+^1,2}U^†_{x+^2,1}U^†_{x,2} + U_{x,1}U̇_{x+^1,2}U^†_{x+^2,1}U^†_{x,2} + U_{x,1}U_{x+^1,2}U̇^†_{x+^2,1}U^†_{x,2} + U_{x,1}U_{x+^1,2}U^†_{x+^2,1}U̇^†_{x,2}) . (3.14)

Using the EOMs we can rewrite Ṡ_G = −β ∑ x Re(iπ_{x,1}U_{x,1}U_{x+^1,2}U^†_{x+^2,1}U^†_{x,2} + U_{x,1}iπ_{x+^1,2}U_{x+^1,2}U^†_{x+^2,1}U^†_{x,2} −U_{x,1}U_{x+}^_{1,2}iπ_{x+}^_{2,1}U^†_{x+^2,1}U^†_{x,2} − U_{x,1}U_{x+}^_{1,2}U^†_{x+^2,1}iπ_{x,2}U^†_{x,2}) (3.15) and reorder Ṡ_G = −β ∑ x π_{x,1}Rei(U_{x,1}U_{x+^1,2}U^†_{x+^2,1}U^†_{x,2} − U_{x−^2,1}U_{x−^2+^1,2}U^†_{x,1}U^†_{x−^2,2}) + π_{x,2}Rei(U_{x−^1,1}U_{x,2}U^†_{x−^1+^2,1}U^†_{x−^1,2} − U_{x,1}U_{x+^1,2}U^†_{x+^2,1}U^†_{x,2})) = ∑ x,μ π_{x,μ}ReΦ_{x,μ} (3.16) defining thus another abbreviation Φ independent on the derivatives Φ_{x,1} = −iβ(U_{P x} − U_{P x−^2}) and Φ_{x,2} = −iβ(U_{P x−^1} − U_{P x}) . (3.17) The dependence of Q̇ on the derivatives is given by Q̇ = −c_oκ ∑ μ ( δ_{x−μ,y}γ^5(1 + γ^μ)U̇_{x−μ,μ} + δ_{x+μ,y}γ^5(1 − γ^μ)U̇^†_{x,μ} )

= −c_oκ ∑ μ ( δ_{x−μ,y}γ^5(1 + γ^μ)iπ_{x−μ,μ}U_{x−μ,μ} − δ_{x+μ,y}γ^5(1 − γ^μ)iπ_{x,μ}U^†_{x,μ} ) . In the Hamiltonian this is used in the combination − 2Re[ξ^†Q̇ω] = 2c_0κRe [ i ∑ x,μ π_{x,μ} ( U_{x,μ}ξ^†_{x+μ̂}γ^5(1 + γ^μ)ω_x − U^†_{x,μ}ξ^†_xγ^5(1 − γ^μ)ω_{x+μ̂} )]

= ∑ x,μ π_{x,μ}Re Ω_{x,μ} (3.18) defining the abbreviation Ω. The final Hamiltonian formula is therefore Ḣ = ∑ x,μ π_{x,μ}(ReΦ_{x,μ} + Re Ω_{x,μ} + π̇_{x,μ}) (3.19) giving the required EOMs Re{Φ_{x,μ} + Ω_{x,μ}} + π̇_{x,μ} = 0 . (3.20)

3.1.2 Leapfrog integration

Heuristically one finds optimal behaviour of the algorithm if the EOMs U̇_{x,μ} = iπ_{x,μ}U_{x,μ} π̇_{x,μ} = −Re{Φ_{x,μ} + Ω_{x,μ}} (3.21) are integrated for N steps of length Δτ under the constraint N · Δτ ≈ 1 . (3.22) Integrating the link EOMs, we find U_{x,μ}(τ_0 + δτ ) = U_{x,μ}(τ_0)e^{iπx,μδτ} (3.23) to explicitly stay in the group manifold and π_{x,μ}(τ_0 + δτ ) = π_{x,μ}(τ_0) − (Re{Φ_{x,μ} + Ω_{x,μ}}) · δτ . (3.24) Expressing this in steps n = 1 . . . N in the link case and n = 1 . . . N + 1 in the momentum case, we can write the result in a computer-friendly way U_{x,μ}(n) = U_{x,μ}(n − 1)e^{iπx,μ(n)Δτ} (3.25) π_{x,μ}(n) = π_{x,μ}(n − 1) − (Re{Φ_{x,μ}(n − 1) + Ω_{x,μ}(n − 1)}) · Δτ (n − 1) with Δτ (0) = Δτ (N) = Δτ 2 Δτ (n) = Δτ ∀n ∈ {1 . . . N − 1} . (3.26) 3.2 Counting in Q operations

We give the number of Q matrix multiplications necessary for one update step of our HMC implementation. In the formulae we denote with N_{CG} the number of matrix multiplications needed by the Conjugent Gradient routine applying Q^2.

The Hybrid Monte-Carlo algorithm applies • a number N_{it} of leapfrog iterations per trajectory • a CG routine to invert the matrix Q^2 using N_{CG} iterations to invert and thus uses

• 2N_{it}N_{CG} Q operations for the main inverter, • 2N_{CG} Q operations for the initial inverter.

• The final inverter can be omitted as the data is known from the trajectory. • 2N_{it} effective Q operations to update the links so that we finally obtain a total number of matrix multiplications of N_{Q ops/update} = 2N_{it}N_{CG} + 2N_{CG} + 2N_{it} . (3.27)

Chapter 4

The new way: Local bosonic algorithm

4.1 Basic idea

As an alternative to the Hybrid Monte Carlo algorithm, M. Lüscher proposed a local bosonic formulation [Lue94]. The one main variant of the local bosonic algorithm (LBA) we consider uses the fact that we are dealing with a rescaled squared Hermitean fermion matrix, so that the eigenvalues are real and between 0 and 1.

We can then identically rewrite the path integral Z = ∫ D[U] det[Q^2]P_n(det[Q^2]) ( P_n(det[Q^2]) )_{−1} e^{−Sg[U ]} (4.1)

using for P_n(s) any real polynomial of degree n which approximates 1/s in (0, 1]. Then

det[Q^2P_n(Q^2)] = det[1 − R] ≈ 1 (4.2)

is a small correction which can be treated via a correction scheme, provided we can sample the remaining distribution.

We now assume that the approximation polynomial is of the form

P_n(Q^2) = N_{norm} n∏ k=1 (Q^2 − z_k) , (4.3)

where N_{norm} is a normalisation constant and the z_k are the roots of the polynomial coming in complex conjugate pairs z_k, z̄_k with non-vanishing imaginary part. They define μ_k, ν_k and μ̄_k, ν̄_k via √ z_k = μ_k + iν_k → μ̄_k = −μ_k ν̄_k = ν_k (4.4)

if one defines the branch of the square root to be taken by ν_k > 0. Using this we can rewrite

P (Q^2) = N_{norm} n∏ k=1 (Q^2 − z_k) = N_{norm} n∏ k=1 [ (Q − μ_k)^2 + ν^2_k ] . (4.5)

As this factorises, sampling this distribution can be done using ∫ D[ϕ]D[ϕ^†]e^{− 12 ϕ†Aϕ} ∝ (det[A])^{−1} (4.6)

to transform the distribution to a bosonic integral

P_{eff} (U) ∝ det[1 − R] e^{−Sg [U ]} ∫ Dϕ e^− ∑ k[ϕ†k(Q−μk)2ϕk+ν2k ϕ†kϕk] (4.7) with n complex bosonic Dirac fields ϕ_k.

The main criteria for the polynomials P_n(s) is that they should be fast convergent to^1_s in (0, 1] and have roots coming in complex conjugate pairs. We chose as approximation polynomials the Chebyshev-derived polynomials proposed by Bunk et al.[Bun95a]

P_n(s) =

1 + ρ_nT_{n+1}(x) s = 1 − R_n(s) s (4.8)

with

x = 2 s − ϵ 1 − ϵ − 1 , (4.9)

such that s ∈ [ϵ, 1] is mapped to x ∈ [−1, 1]. The polynomials T_n(z) of degree n ≥ 0 are the standard Chebyshev polynomials given by

T_n(z) = cosh nϕ with z = cosh ϕ . (4.10)

For completeness, we give some of the first polynomials

T_0(z) = 1 , T_1(z) = z , T_2(z) = 2z^2 − 1 , T_3(z) = 4z^3 − 3z , T_4(z) = 8z^4 − 8z^2 + 1 . (4.11)

An important feature is the Clenshaw recursion relation

T_{n+1}(z) + T_{n−1}(z) = 2zT_n(z) for n ≥ 1 , (4.12)

known to be numerically stable. For more information we defer the reader to [Fox68].

The polynomials P_n(s) approximate 1/s for real s ∈ [ϵ, 1]. The rest term R_n(s) quantifies the quality of the approximation and the normalisation factor ρ_n is defined through the condition that P_n(s) exists even at s = 0 via

0 = sP_n(s)|_{s=0} = 1 + ρ_nT_{n+1} ( − 1 + ϵ 1 − ϵ ) → ρ_n = 1 T_{n+1}(−^{1+ϵ}_{1−ϵ} )

. (4.13)

The explicit expression for the error term R(s) = T_{n+1}(^{2s}_{1−ϵ} −^{1+ϵ}_{1−ϵ} ) T_{n+1}(−^{1+ϵ}_{1−ϵ} )

(4.14) can be used to deduce limits for the approximation quality |R_n(s)| ≤ |ρ_n| = | 1 cosh[(n + 1)χ]

| with cosh χ = −

1 + ϵ 1 − ϵ (4.15)

yielding |R_n(s)| ≤ 2 1 cosh[(n + 1)χ] + sinh[(n + 1)χ] = 2 ( 1 − √ ϵ 1 + √ ϵ )n_{+1} ≈ 2e^{−2√ϵn} (4.16)

proving an exponential convergence to 1/s for s ∈ [ϵ, 1]. Explicitly, we use as the approximation quality factor [Lue94, Bun95a]

δ = 2 ( 1 − √ ϵ 1 + √ ϵ )n_{+1} . (4.17)

Not necessary for the application in the local bosonic algorithm, but convenient is the fact that the roots of this approximation polynomial can be given explicitly observing that

P_n(s) = 0 ↔ T_{n+1}(x) = T_{n+1}(−

1 + ϵ 1 − ϵ ) (4.18)

for complex s, x. This yields

z_k = 1 2 (1 + ϵ) − 1 2 (1 + ϵ) cos( 2πk n + 1 ) − i √ ϵ sin( 2πk n + 1

) , (4.19)

i.e. n roots on an ellipse in the complex plane around the foci ϵ and 1 on the real axis.

We further can deduce the global normalisation constant N_{norm} from the symmetry of the Chebyshev polynomial in [ϵ, 1] T_{n+1} (1 + ϵ 2 ) = 0 →

1 + ϵ 2 P_n (1 + ϵ 2 ) − 1 = 0 (4.20) to N^{−1}_{norm} =

1 + ϵ 2 n∏ k=1 (1 + ϵ 2 − z_k ) . (4.21)

The updating process consists of exact heatbath sweeps for the ϕ’s and U’s [Bes79], followed by a number of over-relaxation iterations. The formulae for the updates are given in App. C. We confirmed in preliminary runs that the reflection sweeps for the ϕ’s and U’s have to be combined in pairs, as was observed before [Jeg95, Jan96]. In total, this introduces the parameters n, ϵ and the number of reflections per heatbath into the algorithm.

4.2 Correction step

Finally, the approximation det[1 − R] ≈ 1 has to be controlled. This in principle can either be done via a Metropolis accept/reject step with correction probability P^C_{Uϕ→U} ′_ϕ′ = min[1, det[1 − R^′] det[1 − R]

] (4.22)

or by reweighting ⟨O⟩ = ⟨O det[1 − R]⟩_L ⟨det[1 − R]⟩_L , (4.23)

where ⟨. . .⟩_L denotes the expectation values in the local bosonic ensemble and primed quantities are of the new configuration.

We would like to point out that algorithms including an acceptance step need the reversibility of the update trajectory to guarantee detailed balance. This leads to a symmetrization of the update trajectories in these cases, which has to be included in the CPU cost derivation.

On the other hand, the ensembles generated by the local bosonic distribution with and without correction are distinctly different. In simulations ⟨det[1 − R]⟩_L can in fact be far from 1 as will be shown in Tab. 6.5. The integrated autocorrelation time can in these cases be small, while the error from each measurement grows to very large values. We thus can no longer use the autocorrelation time measured in matrix multiplications

2τ_{int}[Q ops] (4.24)

described in Ch. 3 as a good transportable indicator for the CPU cost of the algorithms. We have to regress to the basic effective cost defined by

C_{eff} = N_{total Q ops} · σ^2_{tot}(A) < A >^2 (4.25)

applicable to all measurements as only the total work and the real result (i.e. the error obtained for a certain observable) are used. The cost factor is normalised by the mean value of the observable to cancel the trivial dependency. We remark that this cost factor is even more observable-dependent than the standard choice τ_{int}, prohibiting even a rough comparison of different observables.

In a first step we approximatively included the correction via the lowest 8 eigenvalues of Q^2, using them to apply a global Metropolis correction step [Ale95]. Recently, stochastic methods which are exact were suggested [Bor96]. Some variants of these will be discussed in the next sections.

4.2.1 Reweighting

The correction factor can be treated exactly using a stochastic method. Following a suggestion by Lüscher [Lue96], we rewrite ⟨O⟩ = ⟨O det[1 − R]⟩_L ⟨det[1 − R]⟩_L (4.26) into ⟨O⟩ = ⟨ ∫ [dη] Oe^{−η†[1−R]−1η}⟩_L ⟨ ∫ [dη] e^{−η†[1−R]−1η}⟩_L = ⟨ ∫ [dη] Oe^{−η†[1−R]−1η+η†η−η†η}⟩_L ⟨ ∫ [dη] e^{−η†[1−R]−1η+η†η−η†η}⟩_L . (4.27)

We then interpret the factor e^{−η†η} as a Gaussian weight, resulting in ⟨O⟩ = ⟨Oe^{η†}(^{1−[1−R]−1})^η⟩_{L,η} ⟨e^{η†}(^{1−[1−R]−1})^η⟩_{L,η} = ⟨Oe^{−η†R[1−R]−1η}⟩_{L,η} ⟨e^{−η†R[1−R]−1η}⟩_{L,η} , (4.28)

where ⟨. . .⟩_{L,η} denotes the ensemble generated by the LBA distribution and the Gaussian noise vectors. Note that rewriting 1 − (1 − R)^{−1} → −R(1 − R)^{−1} (4.29) is numerically more stable as it avoids subtracting two almost identical objects.

4.2.2 Noisy acceptance step method I

The idea behind this noisy method [Bor96] is to generate a new configuration (U^′, ϕ^′) with the standard Lüscher action and then to accept it according to a correction probability that is a function of a noise vector η P^C_{(U,ϕ)→(U} ′_{,ϕ}′_)(η) (4.30) satisfying detailed balance on average over the η distribution ∫ [dη] P^C_{(U,ϕ)→(U} ′_{,ϕ}′_)(η) ∫ [dη̃] P^C_{(U} ′_{,ϕ}′_{)→(U,ϕ)}(η̃) = det[1 − R^′] det[1 − R]

. (4.31) In order to do this one generates random numbers according to the distribution P^{HB} which is constructed to give the required determinant factor. The acceptance of the Metropolis P^A is fixed so that the total acceptance P^C_{(U,ϕ)→(U} ′_{,ϕ}′_)(η) = P^{HB}_η P^A_{(U,ϕ)→(U} ′_{,ϕ}′_)(η) (4.32) satisfies detailed balance. The almost obvious choice for the heatbath distribution P^{HB}_η =

N_n det[1 − R] e^{−η†[1−R]−1η} (4.33) with N_n a normalisation constant requires an acceptance P^A_{(U,ϕ)→(U} ′_{,ϕ}′_)(η) = min(1, e^{−η†[1−R′]−1η+η†[1−R]−1η} ) . (4.34) The proof of detailed balance can be seen from the symmetrical behaviour of the involved integrals ∫ [dη] P^C_{(U,ϕ)→(U} ′_{,ϕ}′_)(η) ∫ [dη̃] P^C_{(U} ′_{,ϕ}′_{)→(U,ϕ)}(η̃) = ∫ [dη]^{Nn}_{det[1−R]} e^{−η†[1−R]−1η}min(1, e^{−η†[1−R′]−1η+η†[1−R]−1η} ) ∫ [dη̃]^{Nn}_{det[1−R′]} e^{−η̃†[1−R′]−1η̃}min(1, e^{−η̃†[1−R]−1η̃+η̃†[1−R′]−1η̃} ) det[1 − R^′] det[1 − R] ∫ [dη] min(e^{−η†[1−R]−1η}, e^{−η†[1−R′]−1η} ) ∫ [dη̃] min(e^{−η̃†[1−R′]−1η̃}, e^{−η̃†[1−R]−1η̃} ) = det[1 − R^′] det[1 − R]

. (4.35)

In order to make the algorithm practically working, we transform the heatbath distribution P^{HB} into a simple Gaussian using the substitution

η = Bχ (4.36)

with B and B^† given by the constraint

B^†B = 1 − R . (4.37)

We remark that while this transformation can be done trivially in the non-Hermitean case [Bor96], we here need a little trick. The decomposition can be done easily using the product formula

1 − R = N_{norm}Q^2 n/2∏ k (Q^2 − z_k)(Q^2 − z̄_k) (4.38)

taking one root of each complex conjugate pair to yield B = √ N_{norm}Q n/2∏ k (Q^2 − z_k) . (4.39)

Finally we obtain P_χ = N_ne^{−χ†B†[BB†]−1Bχ} = N_ne^{−χ†χ} (4.40) and P^A_{(U,ϕ)→(U} ′_{,ϕ}′_) = min(1, e^{−χ†B†[1−R′]−1Bχ+χ†χ} ) . (4.41)

4.2.3 Noisy acceptance step method I with adapted precision

This method makes use of a possible optimisation for Metropolis-type acceptance step schemes using a restartable solver like the Conjugent Gradient chosen for this study.

As the random number governing the Metropolis decision is known before the solver is applied, it is in principle possible to interrupt the solver iterations and check whether the quality of the solver solution is already good enough to fulfil the requirements of a clear-cut decision, i.e. to distinguish the result from the chosen random number. If not, the solver is restarted and this procedure iterated.

We implemented this idea in a simplified way. We demand a very limited solver precision of 10^{−2} in the first step and check if this quality is good enough. If not, we in a second step demand full solver precision of 10^{−6}.

4.2.4 Noisy acceptance step method II

Knowing of the idea of using Gegenbauer polynomials [Bun97] to solve equation of the type

A^{12} x = y (4.42)

as explained in App. E, we want to rewrite the formulae of the noisy Metropolis update section, resulting not in the acceptance Eq. 4.41 but in the corresponding P^A_{(U,ϕ)→(U} ′_{,ϕ}′_) = min(1, e^{−χ†[1−R′]− 12 (1−R)[1−R′]− 12 χ+χ†χ} ) , (4.43)

where now we effectively do not need the square root of Q^2P (Q^2) but the inverse square root.

It is again easy to see the idea. One starts with a heatbath distribution including a determinant factor (but now in the numerator)

P^{HB}_η = N_n det[1 − R^′]e^{−η†(1−R′)η} . (4.44)

The acceptance needed in this case is P^A_{(U,ϕ)→(U} ′_{,ϕ}′_)(η) = min(1, e^{−η†(1−R)η+η†(1−R′)η} ) . (4.45)

We skip the proof of detailed balance as it is identical to the method I case.

We apply the same transformation trick eliminating the Gaussian vector η via the substitution

η = [1 − R^′]^{− 12} χ (4.46)

given by the application of the Gegenbauer solver mentioned above.

Thus we again constructed a purely Gaussian distribution for the χ variables

P_χ = N_ne^{−χ†[1−R′]− 12 (1−R′)[1−R′]− 12 χ} = N_ne^{−χ†χ} , (4.47)

yet the acceptance is now

P^A_{(U,ϕ)→(U} ′_{,ϕ}′_) = min(1, e^{η†(R−R′)η}) . (4.48)

This formula makes it evident that in this scheme the main work is done by the Gegenbauer solver constructing the η vectors. Thus its usefulness relies on the fact that the convergence rate of the Gegenbauer solver is equivalent to that of the Conjugent Gradient [Bun97]. In Ch. 8 we will give results of the first simulations with the Gegenbauer solver. Details of polynomials and solver scheme are given in App. E.

We would like to remark that an optimisation of this method analogous to that of the acceptance step method I with adapted precision is possible. The Gegenbauer inverter is not restartable, but a slight alteration storing some shift vectors in the iteration could be implemented without creating too much overhead. We thus could interrupt the solver iteration, check whether the solver quality is already good enough for the requested Metropolis decision, and continue if this is not yet the case. For reasons of limited computer resources this was not included in this study.

4.3 Counting in Q operations

Our implementation of the Lüscher local bosonic algorithm applies in the corrected measurement case

• N_{refl} reflections • 1 heatbath step for the n bosonic fields and the link field, while in the acceptance step cases twice that amount is necessary to symmetrize the trajectory. We use an abbreviation • N_{sym} = 1 for corrected measurement and • N_{sym} = 2 for acceptance step schemes.

For the boson field correction part, both ways have to invert the approximation polynomial Q^2P (Q^2) which takes 2N_{CG}(n + 1) (4.49) Q operations. Heatbath and reflections for the boson fields both require • 1 Q operation to initialise the stored auxiliary fields • 1 Q operation in the force calculation routine • 1.5 Q operations in the update routine so that we obtain 3.5 · nN_{sym}(N_{refl} + 1) + 2N_{CG}(n + 1) . (4.50) The link updates take in 2 dimensions for heatbath and reflection each • 2 Q operations for the staples • 2 Q operations for the bosonic force parts so that we end up with the total number of matrix multiplications necessary for one update step of

N_{Q ops/update} = [3.5n + 4] · N_{sym}(N_{refl} + 1) + 2(n + 1)N_{CG} . (4.51)

Chapter 5

The problems I: Instabilities

In the update algorithms of Ch. 4 we encounter the basic numerical problem of evaluating a matrix-valued polynomial of high order. To be specific, we will in the following consider the problem evaluating a polynomial approximation of the inverse determinant detA ≈ [detP_n(A)]^{−1} , (5.1)

using the Chebyshev polynomials as defined in Ch. 4.1.

The naive idea would be to use the factorized form Eq. 4.3. However, the numerical construction of a polynomial using the product representation, can – due to rounding errors – easily lead to a loss of precision or even to numerical instabilities. This holds in particular if computers with 32-bit floating point precision are used.

Often, as in the case of Chebyshev polynomials, numerically stable recursion relations are available (viz. Ch. 4.1) [Fox68]. However, exact versions of the LBA [Bor96] or related approaches like the Polynomial Hybrid Monte Carlo (PHMC) algorithm [For97b, Fre97a] often need the factorized form of the polynomial P_n. Especially a decomposition of the polynomial into two or more (e.g. complex conjugate) parts can in general not be done without recursion to the factorized form. This is the numerical problem we are faced with in the Hermitean LBA variant using a Metropolis acceptance step. It is our intention to investigate in these cases several ordering schemes for the complex roots.

5.1 Factorized Chebyshev polynomial

Let us consider the Chebyshev approximation of a function f(s) depending on a real variable s by a polynomial P_n(s) of degree n. The motivation to initially study a single degree of freedom is that we might think of the matrix A as being diagonalized. Then the problem, Eq. 5.1, reduces to finding a polynomial that approximates each λ^{−1}(A) separately, where λ(A) is a real eigenvalue of A. We therefore expect that studying a single degree of freedom can provide information also about the qualitative behaviour of rounding error effects when the matrix valued polynomial P_n(A) is numerically computed.

In principle evaluating the partial product P_q(s)

P_q(s) = N^q_{norm} q∏ k=1 (s − z_k) = q∏ k=1 n_k(s − z_k) , (5.2)

one has to define a normalisation N^q_{norm} for the partial products, effectively distributing the global normalisation constant N_{norm} to n k-dependent normalisation constants n_k.

Considering precision losses or numerical instabilities can be understood by the following argument: The absolute values of the, in general complex, subsequent partial products |P_q(s)| and |P_{q+1}(s)| can be different by orders of magnitude if s ≈ z_q. If now |P_{q+1}(s)| ≪ |P_q(s)| then this must have been achieved by subtracting two large numbers, which bears the danger of a significant loss of precision. The problem itself suggests, however, its solution: The monomial factors in Eq. 4.3 or equivalently the roots z_k should be ordered, if possible, in such a way that the absolute values of all partial products |P^q(s)| have the same order of magnitude. Regarding an application to vectors (where s is a priori unknown), this has to be achieved in an s-independent way.

To investigate the effect of reordering, we propose to use a simple criterion to determine the effects of these rounding errors. The idea is to evaluate in a first step for given q the maximal and the minimal value of |P_{q,ϵ}(s)| over the spectral interval 0 ≤ s ≤ 1. The ratio of the maximum to the minimum value, i.e. R̃_q = max_{s∈[0,1]} |P_{q,ϵ}(s)|/ min_{s∈[0,1]} |P_{q,ϵ}(s)|, is then a measure of how large the fluctuations of the absolute values of the partial products can become. If these fluctuations are very large, the polynomial can not be constructed in a safe way. Building the maximum of R̃_q with respect to q, we arrive at the final quantitative measure R_{max} = max q∈{1,...,n} { max_{s∈[0,1]} |P_{q,ϵ}(s)| min_{s∈[0,1]} |P_{q,ϵ}(s)| } . (5.3)

It is clear that R_{max} has to be smaller than the inverse relative accuracy on a given computer as a necessary condition for the stability of the evaluation of the full polynomial.

Another quantity of interest is the maximum value of the partial products itself

M_{max} = max s∈[0,1],q∈{1,...,n} |P_{q,ϵ}(s)| . (5.4) This has to be be smaller than the largest representable number in order not to run into overflow. To avoid underflow one should thus also study M_{min} by replacing the maximum in Eq. 5.4 by the corresponding minimum. We, however, restrict ourselves to the maximum quantity.

Note that R_{max} and M_{max} are computed for s ∈ [0, 1], whereas the Chebyshev polynomial has an exponential convergence only in the interval s ∈ [ϵ, 1]. However, as will be explicitly demonstrated below, our results for R_{max} and M_{max} do not depend very much on the choice of the lower end of the interval.

5.2 Ordering schemes

In this section we introduce the different ordering schemes used for the roots z_k Eq. 4.19. In principle, one could try to also distribute the normalisation constants n_k introduced above in a k-dependent way to reduce rounding errors. However, we found no improvement over the naive homogeneous distribution

n_k = (N_{norm})^{1n} (5.5)

which we therefore adopt throughout the rest of this work.

Naive ordering As naive we regard the ordering given by

z^{naive}_k = z_k , k = 1, · · · , n (5.6)

with the z_k given in Eq. 4.19. The roots z_k form an ellipse in the complex plane and in the naive ordering the roots are selected from this ellipse by starting at the origin and moving around anti-clockwise. This is indicated in Fig. 5.1a, where the roots are shown labelled according to the order in which they are used in the evaluation of the Chebyshev polynomial Eq. 4.3. As we will see later, ordering the roots in this naive way gives rise to substantial rounding error effects, even leading to numerical overflow.

Zürich group scheme Recently, De Forcrand brought to our attention the scheme used for the simulations of the Zürich group [For97], which consists of using the complex pairs s_k, s_{(n+1)−k} as the 2k − 1 and 2k-th roots. Because of results generally worse than the naive scheme, we decided to simply state that this scheme is not to be recommended, and not to include it in the plots. We would further like to stress that the studies undertaken by the Zürich group were of a kind not influenced by the quality of the ordering scheme.

Pairing scheme A first improvement over the naive ordering is to use a simple pairing scheme, reordering the roots

z^{pair}_k = z_{j(k)} , k = 1, . . . , n . (5.7)

We give the reorder index j(k) for the example of n/2 being a multiple of 4 and n^′ = n/8. In the lower half plane, Im z_k < 0, the pairing scheme is achieved by j = { 1, n 2 , n 4 + 1, n 4 , 2, n 2 − 1, n 4 + 2, n 4 − 1, . . . n^′, n 2 − n^′ + 1, n 4 − n^′, n 4 + n^′ − 1 } (5.8) and for Im z_k > 0 correspondingly. An illustration of the ordering in the pairing scheme is shown in Fig. 5.1b. The label of the roots indicates in which order they are used in the numerical construction of the polynomial.

In case of n/2 not divisible by 4, we search for the next integer m smaller than n/2 and divisible by 4. We then repeat the above described procedure on these m roots and simply multiply the remaining roots z_{m+1} · · · z_{n/2} at the end. To make our procedure explicit, we include the Fortran code to reorder the first half of the roots in App. D.1. The code for the second half of the roots is constructed analogously. The Fortran code also contains the case of n/8 being odd, where the above described procedure has to be slightly modified.

Subpolynomial scheme The problem with rounding errors in computing the polynomial in the product representation arises most severely for a high degree n of the polynomial. In order to decrease the effects of rounding errors one may therefore be guided by the following intuitive observation. Let us consider the polynomial P_{n,ϵ}(s) with roots z_k and n ≫ 1. If m is an integer divisor of n, the roots z_1, z_{1+m}, z_{1+2m}, . . . z_{1+(n/m−1)m} turn out to be close to the roots characterising the polynomial P_n′_{,ϵ}(s) of degree n^′ = n/m (note that we keep the same ϵ). Moreover, the normalisation constants c_k = (N_{norm}(n))^{1n} and n^′_k = (N_{norm}(n^′))^{1n′} are of the same order (the dependence on n of n_k turns out to be negligible for large n). Then the product u = n/m−1 ∏ j=0 [c_{j+1}(s − z_{1+jm})] (5.9)

is a good approximation of P_n′_{,ϵ}(s), |u−P_n′_{,ϵ}(s)| ≪ 1 for all ϵ < s ≤ 1, and |u| ≤ ϵ. The same argument may be repeated for the other similar sequences of roots, like z_2, z_{2+m}, z_{2+2m}, . . . z_{2+(n/m−1)m}, . . . , z_m, z_{2m}, z_{3m}, . . . z_n.

This means that the product Eq. 4.3 may be split in a product of m subproducts, in such a way that each of them approximates the factorized form of a polynomial P_n′_{,ϵ}(s) of lower degree n^′ = n/m. Because of the lower degree of the polynomial given by the products such as Eq. 5.9, one may expect that much smaller fluctuations occur in the intermediate steps of the evaluation of each of these subproducts.

The reordering of the subpolynomial scheme

z^{sp}_k = z_{j(k)}; k = 1, . . . , n (5.10)

can be represented by j = { 1, 1 + m, 2 + 2m, . . . , 1 + ( n m − 1)m, 2, 2 + m, 2 + 2m, . . . , 2 + ( n m − 1)m, . . . m, m + m, m + 2m, . . . , m + ( n m − 1)m } , (5.11) where m is an integer divisor of n.

We found that m has to be chosen m ≈ √ n to avoid severe loss of precision in the construction of the polynomial and to reduce rounding error effects to a tolerable level. We remark that the naive ordering is reproduced by the two extreme choices m = 1 and m = n. The Fortran code which generates the subpolynomial ordering of the roots may be found in App. D.2.

Bitreversal scheme The subpolynomial scheme can be generalised, leading to what we will call the bitreversal scheme. To illustrate how this scheme works, let us assume that the degree n of the polynomial is a power of two. One now starts with the n monomial factors in Eq. 4.3, chooses m = n/2 and applies the subpolynomial scheme resulting in m binomial factors. We then proceed in choosing a m^′ = m/2 and again applying the subpolynomial scheme to these m binomial factors which leaves us with m^′/2 subpolynomials each of degree four. The procedure can be iterated until we are left with only one subpolynomial having the degree of the polynomial itself. The above sketched procedure can be realized in practise by first representing the integer label (counting from 0 to n − 1) of the roots in the naive order by its bit representation. The desired order is then obtained by simply reversing the bits in this representation. The resulting reordering of the roots is shown in Fig. 5.1c with n = 16 as an example.

For n not a power of 2, we pad with dummy roots, chosen to be zero for instance, until the artificial number of roots is a power of 2. The bitreversal procedure can then be applied as described above. Afterwards, the dummy roots have to be eliminated from the sequence.

To make the procedure of reordering the roots explicit, we again give the Fortran code used to generate the bitreversal ordering in App. D.3.

Montvay scheme Recently, Montvay [Mon97] suggested to order the roots according to an optimisation procedure which can be implemented numerically, e.g. using algebraic manipulation programs such as Maple. Let us shortly sketch how Montvay’s ordering scheme works and refer to [Mon97] for details. We assume that we have already the optimised order of the roots for the partial product P_{q<n}(s), Eq. 5.2. Then the values of |sP_q(s)(s − z)| are computed for all z taken from the set of roots not already used. The values of s are taken from a discrete set of points, {s_1, . . . , s_N } which are all in the interval [ϵ, 1]. Now, the maximal ratio over s ∈ {s_1, . . . , s_N } of all values |sP_q(s)(s − z)| is computed for each root z separately. Finally, that root is taken which gives the lowest of these maximal values. Starting with the trivial polynomial P_0(s) = 1, this procedure obviously defines a scheme with which the roots can be ordered iteratively. We show in Fig. 5.1d the resulting order of the roots using Montvay’s scheme by again labelling the roots in the order as they are used to compute the Chebyshev polynomial Eq. 4.3.

Clenshaw recursion We repeat the statement that the evaluation of a Chebyshev polynomial normally does, of course, not rely on the product representation, Eq. 4.3. A numerically safe way to construct a Chebyshev polynomial is to use a recursion relation, such as the Clenshaw recursion Eq. 4.12 described in Sec. 4.1 [Fox68]. The recursion is known to be numerically very stable and will serve us in the following as a reference procedure for the numerical evaluation of a Chebyshev polynomial.

5.3 Scalar numerical tests

In this section we will give our numerical results for the quantities R_{max}, Eq. 5.3, and M_{max}, Eq. 5.4. When these quantities assume large values, the numerical evaluation of the Chebyshev polynomial Eq. 4.3 is affected by rounding errors and precision losses or numerical instabilities can easily be encountered. All results presented in this section are obtained on computers using 64-bit arithmetic. Montvay’s ordering scheme is constructed applying a Maple program [Mon97a] requiring 40 digit precision. We want to emphasise at this point that the quantities R_{max} and M_{max}, which we are using to test the different ordering schemes, do not directly correspond to the values |sP_q(s)(s − z)|, which serve to optimise the root ordering in the Montvay scheme.

In order to compute the values for R_{max}, Eq. 5.3, and M_{max} Eq. 5.4 we take 5000 values of s, equally spaced in the interval [0, 1]. We check explicitly that the values of R_{max} do not depend very much on the lower end of the interval [s_{min}, 1] from which s is taken. In Fig. 5.2 we show R_{max} as a function of the lower end of the interval s_{min} measured in units of the parameter ϵ. We present data for three polynomial degrees n = 30, n = 86 and n = 146 at fixed approximation quality δ = 0.001 using the bitreversal ordering scheme. As Fig. 5.2 shows, the dependence of R_{max} on s_{min} is very weak. For the other root ordering schemes we find a very similar behaviour of R_{max} as a function of s_{min}. This justifies the use of s_{min} = 0 which we have used for the numerical tests described in this section.

We start by comparing the subpolynomial and the bitreversal schemes, as they are closely related to each other. In Fig. 5.3 we show R_{max} and M_{max} as a function of the degree n of the Chebyshev polynomial, keeping the maximal fit accuracy δ = 0.1 constant by adjusting the parameter ϵ accordingly. For the subpolynomial scheme, the divisor m is chosen to be m ≈ √ n. Fig. 5.3 clearly confirms the expectation that the bitreversal scheme, considered as a generalisation of the subpolynomial ordering scheme, gives smaller values of R_{max} and M_{max}. For degrees of the Chebyshev polynomial n > 40 rounding error effects are substantially suppressed in the bitreversal scheme compared to the subpolynomial scheme.

In Fig. 5.4 we show the values of R_{max} and M_{max} for the bitreversal, the naive, the pairing and the Montvay schemes for the case of δ = 0.001 as a function of n. We have also performed numerical tests at δ = 0.1 and δ = 0.01 where we found the same qualitative behaviour of R_{max} and M_{max} as a function of n for the different ordering schemes. The first striking observation in Fig. 5.4 is that with the naive ordering one obtains already for moderate degrees n ≈ 30 of the polynomial large values of R_{max} and M_{max}, indicating that rounding error effects are becoming severely problematic. Clearly, in the naive ordering scheme rounding errors can lead to very large ratios of particular partial products. Using the naive scheme, especially on machines with only 32-bit precision, a safe evaluation of the Chebyshev polynomial in the product representation can certainly not be guaranteed.

The behaviour of the values of R_{max} and M_{max} obtained by using the naive scheme demonstrates the necessity of finding better root ordering schemes which are able to reduce rounding error effects in evaluating the factorized Chebyshev polynomial. That such ordering schemes do exist is also demonstrated in Fig. 5.4. For n < 100, the values for R_{max} and M_{max} obtained from the pairing, bitreversal and Montvay schemes are close to each other and many orders of magnitude below the ones of the naive scheme. However, for n > 120, the values of R_{max} from these ordering schemes also start to deviate from each other. Taking R_{max} as a measure of the effects of rounding errors, it seems that the bitreversal scheme can reduce the rounding error effects most efficiently among the ordering schemes investigated here.

5.4 Matrix valued numerical tests

We report on a direct test of the ordering schemes described above for matrixvalued polynomials. As these tests were done using an existing program running on the powerful massively parallel Alenia Quadrics (APE) machines, we briefly detour to 4-dimensional lattice QCD [Mut87], with details given in App. F.

The task is to construct the matrix valued Chebyshev polynomial of the operator Q̂^2

P_n(Q̂^2) = n∏ k=1 n_k(Q̂^2 − z_k) , (5.12)

where the roots z_k and the normalisation constant n_k are given by Eq. 4.19 and Eq. 5.5, respectively. We evaluated the polynomial, Eq. 5.12, using the Clenshaw recurrence as well as using the different ordering of roots described above.

The numerical tests are performed on thermalized configurations on 8^3 × 16 lattices using the APE computers, which have only 32-bit precision. Simulation parameters were chosen to be β = 6.8, κ = 0.1343 and c_{sw} = 1.42511. They correspond to realistic parameter values as actually used in simulations to determine values of c_{sw} non-perturbatively [Jan97]. We adopt the same (Schödinger functional) boundary conditions as described in [Lue97] for the evaluation of c_{sw}. For the above choice of parameters and setting c_M = 0.735, the lowest eigenvalue of Q̂^2 is λ_{min} = 0.00114(4) and the largest is λ_{max} = 0.8721(3). Investigations are performed at values of (n, ϵ) (16, 0.003), (32, 0.003), (64, 0.0022) and (100, 0.0022). At each of these values of (n, ϵ) we have O(50) configurations.

We apply the matrix Q̂^2P_{n,ϵ}(Q̂^2), which should be close to the unit matrix for our choices of n and ϵ, to a random Gaussian vector G_{alpha,s}(x), which is a complex vector, located at a lattice point (x) and carrying colour α = 1, 2, 3 and spinor s = 1, . . . , 4 indices. We then compute the vectors

Φ_{Clenshaw} = Q̂^2P_{n,ϵ}(Q̂^2)G , (5.13)

where P_{n,ϵ}(Q̂^2) is constructed via Clenshaw’s recurrence relation and

Φ_{order} = Q̂^2P_{n,ϵ}(Q̂^2)G , (5.14)

where now P_{n,ϵ}(Q̂^2) is evaluated using different root ordering schemes, and order stands for naive, pairing, bitreversal and Montvay. On a given configuration and for given G we finally determine

Δ = ‖Φ_{Clenshaw} − Φ_{order}‖^2 . (5.15)

Since the Clenshaw recurrence is the numerically most stable method to evaluate the Chebyshev polynomial, the values of Δ provide a measure for the effects of rounding errors. The result for Δ as a function of n is shown in Fig. 5.5. Using the naive ordering scheme, we could not run the cases of n = 64 and n = 100 as we hit numerical overflows. For the pairing scheme we find large values for Δ at n = 64 and n = 100. The bitreversal scheme gives small, but non-negligible values of Δ for all values of n used. Finally, Montvay’s scheme gives Δ ≈ 10^{−6} for all values of n. Surprisingly, using roots ordered by the Montvay scheme, the construction of the Chebyshev polynomial can be done with a stability that is comparable to the one using the Clenshaw recurrence.

Figure 5.1: The roots z_k with k = 1, . . . , 16 and ϵ = 0.1 are shown in the complex plane. Labels of roots indicate in which order they are used for the numerical evaluation of the Chebyshev polynomial within each ordering scheme. We show in a) the naive, b) the pairing, c) the bitreversal and d) the Montvay root ordering scheme.

146 86 30

s_{min} in units of ϵ

R_{max}

2 1.8 1.6 1.4 1.2 1 0.8 0.6 0.4 0.2 0

1e+07

1e+06

100000

10000

1000 100

Figure 5.2: The ratio R_{max} is shown as a function of the lower end s_{min} of the interval [s_{min}, 1] from which the values of s are taken to compute R_{max}. s_{min} is measured in units of the parameter ϵ. We show data for three degrees of the Chebyshev polynomial n = 30, n = 86 and n = 146 at fixed approximation quality δ = 0.001, using the bitreversal scheme. Although different in magnitude, the flat behaviour of R_{max} as a function of s_{min} is very similar for the other schemes.

Bitreversal

Subpolynomial

ϵ ratio R

0.1 0.01

0.001

0.0001

1e-05

1e-06

1e+15

1e+12

1e+09

1e+06

1000 1

Bitreversal

Subpolynomial

ϵ maximum M

0.1 0.01

0.001

0.0001

1e-05

1e-06

1e+15

1e+12

1e+09

1e+06

1000 1

Figure 5.3: Ratio R_{max} and maximum factor M_{max} are shown as a function of the degree of the polynomial at fixed approximation quality δ = 0.1. We compare subpolynomial and bitreversal ordering schemes.

Montvay

Bit reversal

Pairing

Naive

ϵ ratio R

0.1 0.01

0.001

0.0001

1e+30

1e+24

1e+18

1e+12

1e+06 1000 1

Montvay

Bit reversal

Pairing

Naive

ϵ maximum M

0.1 0.01

0.001

0.0001

1e+30

1e+24

1e+18

1e+12

1e+06 1000 1

Figure 5.4: Ratio R_{max} and maximum factor M_{max} are shown as a function of the degree of the polynomial at fixed approximation quality δ = 0.001. We compare naive, pairing, bitreversal and Montvay ordering schemes.

Figure 5.5: The quantity Δ is shown as a function of the degree of the Chebyshev polynomial n. We compare the naive, pairing, bitreversal (br) and Montvay (M) ordering schemes.

Chapter 6

The test: Physical results

6.1 Consistency tests

In general, the results of valid simulation algorithms must be independent of technical simulation parameters, random number generator types, irrelevant boundary conditions and measurement details like source or noise types used for the correlators or fermion densities.

To check whether we can rely on the results of the program package used to generate the CPU cost data of Ch. 8, we present various tests comparing observables from different measurement strategies to analytical results, those from HMC code or other groups.

Critical kappa

The critical kappa was estimated using the peak in the number of Conjugent Gradient solver iterations needed to invert Q. We perform dynamical simulations using the LBA with acceptance step method I on 16 × 16 lattices with values of β = 2, β = 6 and β = 10. Results shown in Fig. 6.1 to 6.3 lead to estimated κ_c of 0.287 for β = 2.0, 0.268 for β = 6.0 and 0.264 for β = 10.0 with quite large errors of about 0.02. The estimated values are indicated via a vertical line in the figures. We thus obtain the expected behaviour of κ_c ≈^1_4 for high β and an increase in κ_c as one decreases the value of β described in Sec. 2.2.

An independent and usually better way to estimate the critical kappa is the extrapolation to the kappa value at which the pion mass is vanishing. Using dynamical data from 16 × 40 and 16 × 32 lattices respectively, we estimate from Fig. 6.11 a value of 0.266 for β = 6.0 and from Fig. 6.6 a value of 0.262 at β = 10.0 with errors of about the same order of magnitude as above.

Both independent measurement schemes thus yield the same numbers within errors. Moreover, results also agree with expectations.

Noisy scheme tests

We simulate full dynamical fermions on 4×4 lattices and β = 1.0 using the LBA with different approximation qualities and approximation regions. The acceptance step method I acceptances or respectively the reweighting factors are calculated both in a noisy and exact way.

Plaquette. We compare in Tab. 6.1 to 6.4 plaquette averages to the analytic values obtained using a hopping parameter expansion and the exact plaquette for pure U(1) gauge theory as described in App. B.4 and B.3.

All calculations compare simulations with parameter choices n = 0, 2, 10 and ϵ = 0.5, 0.01 to the leading order hopping parameter expansion result which is believed to be reasonable up to κ ≈ 0.15. We generally accumulated statistics of about 10^5 sweeps. Only in the case of the acceptance step method I used with n = 0, where the Metropolis acceptance step is correcting for the full fermion determinant estimated stochastically, this was clearly not enough. We accumulated in this case statistics of up to 10^7 sweeps with integrated autocorrelations of O(1000).

The agreement of the simulation results is evident in all cases. Analytical results are reproduced up to κ = 0.15. For larger values of κ systematic deviations from the analytic results are encountered as expected.

Correction factor. Checking the influence of the noisy scheme on the determination of the correction factor we compare in Tab. 6.5 factors calculated from eigenvalues to those estimated. We show results for the correction factor from the eigenvalues of Q^2 and from 1000 noisy estimation steps. All calculations were done on a 4 × 4 lattice with β = 1.0, κ = 0.1, ϵ = 0.01 and different n.

The results show the compatibility of the exact and the noisy estimation scheme. The n = 2 results nicely demonstrate the importance of importance sampling, i.e. that simulating an almost flat distribution is impossible for dynamical fermions as corrections become too large. They also show that the correction factor can in fact deviate decisively from 1.

Different noises. We compare in Tab. 6.6 Z_2 and Z_4 complex Ising variables used in the noisy estimators for fermion densities as described in App. A.5. We calculate the fermion condensate ⟨ψ̄ψ⟩ and pseudo-scalar density ⟨ψ̄γ^5ψ⟩ in the quenched case on 16 × 16 lattices for β = 2.0 and κ = 0.26.

Results nicely agree with each other. We remark that the imaginary part of the pseudoscalar density was found to be zero to about 10^{−10}.

U = 1 tests

For U = 1 the condensate can be calculated analytically as described in App. B.1. We show results for this basic test from runs with links fixed to U = 1 on 16 × 16 lattices for a range of κ values in Tab. 6.7. They obviously agree with the analytic predictions.

Condensate tests

In order to check the routines, a comparison to completely independent results is desirable.

For the fermion condensate in dynamical simulations the group in Graz obtained data for the 2 flavour Schwinger model with Wilson fermions using a HMC update algorithm on 16 × 16 lattices at β = 2.0 [Lan96].

In Fig. 6.4 we show the comparison of LBA with acceptance step method I data to these independent results. The agreement is evident.

Random generator tests

As mentioned in Ch. 3, we throughout this study used the high-quality random number generator (RG) by M. Lüscher [Lue93] to ensure that results are independent from random numbers. To further verify this, we compare quenched results on 16×16 lattices at β = 10 obtained using a simple vectorized XOR random number generator (XOR RG) [Pre92] and the vectorized Lüscher generator (Lüscher RG). In both cases periodic boundary conditions (BCs) are used.

In Tab 6.8 and Tab 6.9 we compare the condensate and pseudo-scalar density results to each other. These results clearly show that agreement is almost perfect up to the critical kappa κ_c ≈^1_4 . Both the condensate and pseudoscalar density values above κ_c are almost meaningless, as errorbars are of the order of the results themselves. Still, even those results are consistent with each other.

We remark that the pseudoscalar density results for large κ do not agree with zero as was expected. This effect is due to topological effects discussed in Ch. 7. Still, pseudoscalar results are smaller than the fermion condensate by orders of magnitude.

Boundary conditions tests

In a gauge U(1) theory we expect no influence of periodic or anti-periodic boundary conditions as −1 is in the centre of the group. To check this, we repeat in Tab. 6.11 and 6.10 the periodic boundary condition data discussed in the paragraph above with anti-periodic boundary conditions.

Agreement of results with those of the periodic boundary conditions runs is evident in all cases.

Pion mass

We check the implementation of the dynamical fermion update comparing mass results with dynamical fermions against an independent calculation. Using a Hybrid Monte Carlo code, Irving [Irv96] gives a pseudoscalar vector (pion) mass of m_π = 0.369(3) for a 32 × 32 lattice with β = 2.29, κ = 0.26. We obtain m_π = 0.377(4) from about 2000 measurements using acceptance step method I, thus agreeing with high precision with the independent value.

Symmetry tests

We test that the alternative meson operators in the various channels give compatible results.

Quenched. Meson masses in the quenched approximation were obtained on 16 × 32 lattices for β = 6.0 and κ = 0.20 . . . 0.275 performing high-statistics runs with about 2000 independent measurements each. Fig. 6.5 shows the clear signal for the pion mass decreasing as κ is increased, its alternative operator gives masses which agree within errors and is therefore not depicted in the plot. For the η and its variant, consistency is also verified with larger errors. The higher states unfortunately give noisy results.

Dynamical. Masses were determined on 16 × 32 lattices for β = 10.0, κ = 0.20 . . . 0.25 and are shown in Fig. 6.6. We observe the same symmetry behaviour as in the quenched case, with the alternative operators for the eta and pion masses again agreeing within errorbars. Due to the increased complexity of the computations, the data at large κ and for higher states is very noisy compared to the quenched case.

6.2 Choice of parameters

We want to simulate at relevant physical parameter choices, in optimal cases understanding the scaling towards the continuum and chiral limits. To justify the choice of parameters for the CPU cost studies, we show that finite size effects do not affect the mass results at the chosen lattice sizes, β and κ values. In a second step, we demonstrate that the simulation parameters chosen on our larger lattices correspond to the same physical situation with a lattice spacing which is smaller by a factor of about 1.6.

Finite size effects

In order to check the influence of the finite lattice extent, we regard the meson mass spectrum on small 8 × 20 lattices. Naively, one would expect that masses can be obtained in the region 0.5 < m < 2.

We simulate on 8 × 20 lattices with a very conservative β = 3.0 because of the topological metastability problem for high β values as mentioned in Sec. 2.2 and a run length of generally > 1000τ . The topological problems are discussed in more detail in Ch. 7.

As can be seen in Fig. 6.7, finite size effects are small up to a κ value of about 0.24. For larger κ, a deviation from the approximately linear behaviour of the pion mass is detectable.

To justify the linear fits for the pion mass, we included in Fig. 6.7 also a fit assuming the m^23 behaviour suggested by perturbation theory. It is evident that this describes the data far worse than the linear fit. We are obviously not yet in the regime where the leading order result is applicable.

This results in a minimal pion mass m_π(8×20) = 0.629 possible on this lattices and a mass ratio^{mπ}_{mη} = 0.807. These parameter choices are used for the CPU cost tests in Ch. 8.

The scaling procedure described in Sec. 2.2 relies on the possibility to determine for a certain β the appropriate pion mass or κ value corresponding to a fixed ratio mπ mη . This is illustrated in Fig. 6.8. The data shows a clear dependency on the pion mass even taking the errorbars into account. A linear fit and an inversion of the functional dependency is thus feasible.

Scaling to larger lattices

To achieve scaling towards the continuum limit, we aim to to reduce the lattice spacing going from β = 3.0 and lattices of size 8 × 20 to β = 5.0 and appropriate larger lattices as described in Sec. 2.2.

We limit ourselves to these values of β, as for higher β values topological metastabilities contaminate the data as discussed in Ch. 7. Mass spectra and fits for β = 4, 5, 6 on 16 × 40 lattices are shown in Fig. 6.9 to 6.11. This sequence of β values is included to show the deterioration of the data going to higher β.

We have to determine the pion mass or respectively the κ value corresponding to the same mass ratio^{mπ}_{mη} as described above. To illustrate this, we include in Fig. 6.12 a plot of^{mπ}_{mη} versus the pion mass. The lower quality compared to the 8 × 20 results of Fig. 6.8 is an indication how fast CPU costs become prohibitively large for high-precision studies at larger lattices.

We fix the parameters for the optimal CPU cost search runs at β = 5.0 and κ = 0.245, yielding a pion mass of m_π(16 × 40) = 0.384 and a ratio of^{mπ}_{mη} = 0.826. As this ratio is compatible with the one obtained on the smaller 8 × 20 lattices, we thus achieve a scaling by a factor of^{mπ(8×20)}_{mπ(16×40)} = 1.64. Finite size effects are again small on the lattices we used as the pion correlation length is about 3.

Figure 6.1: Number of CG iterations. We show as a function of κ the number of iterations necessary to invert Q to a precision of 10^{−6} using a Conjugate Gradient inverter on 16 × 16 lattices for β = 2.0. The estimated κ_c is indicated by a vertical line.

κ Table 6.1: Plaquette with exact correction factor. We show the dynamical average plaquette value on 4 × 4 lattices for β = 1.0. Columns 4 and 5 calculated with ϵ = 0.5, columns 6 and 7 with ϵ = 0.01.

κ hopp n = 0 ± n = 2 ± n = 10 ± n = 2 ± n = 10 ± 0.10 .4470 .4455 11 .4470 7 .4410 52 .4457 10 .4402 60 0.15 .4493 .4493 48 .4495 7 .4494 7 .4492 14 .4514 12 0.18 .4523 .4529 13 .4545 7 .4547 8 .4538 12 .4560 12 0.20 .4554 .4601 23 .4604 6 .4607 8 .4605 17 .4591 13

Table 6.2: Plaquette with noisy correction factor. We show the dynamical average plaquette value on 4 × 4 lattices for β = 1.0. Columns 4 and 5 calculated with ϵ = 0.5, columns 6 and 7 with ϵ = 0.01.

κ hopp n = 0 ± n = 2 ± n = 10 ± n = 2 ± n = 10 ± 0.10 .4470 .4501 55 .4471 8 .4479 7 .3575 398 .4474 14 0.15 .4493 .4729 313 .4502 19 .4497 7 .4598 159 .4462 18 0.18 .4523 .5026 427 .4482 43 .4542 9 .3780 434 .4545 15 0.20 .4554 .5218 402 .4639 79 .4604 10 .4721 310 .4604 15

Figure 6.2: Number of CG iterations. We show as a function of κ the number of iterations necessary to invert Q to a precision of 10^{−6} using a Conjugate Gradient inverter on 16 × 16 lattices for β = 6.0. The estimated κ_c is indicated by a vertical line.

κ Table 6.3: Plaquette with exact acceptance step. We show the dynamical average plaquette value on 4 × 4 lattices for β = 1.0. Columns 4 and 5 calculated with ϵ = 0.5, columns 6 and 7 with ϵ = 0.01.

κ hopp n = 0 ± n = 2 ± n = 10 ± n = 2 ± n = 10 ± 0.10 .4470 .4457 51 .4465 7 .4465 7 .4483 13 .4460 11 0.15 .4493 .4487 56 .4501 6 .4492 7 .4497 16 .4502 19 0.18 .4523 .4532 52 .4549 8 .4529 8 .4528 16 .4532 12 0.20 .4554 .4643 42 .4600 8 .4596 8 .4589 17 .4596 9

Table 6.4: Plaquette with noisy acceptance step method I. We show the dynamical average plaquette value on 4 × 4 lattices for β = 1.0. Columns 4 and 5 calculated with ϵ = 0.5, columns 6 and 7 with ϵ = 0.01.

κ hopp n = 0 ± n = 2 ± n = 10 ± n = 2 ± n = 10 ± 0.10 .4470 .4472 4 .4465 9 .4466 7 .4071 345 .4491 14 0.15 .4493 .4488 7 .4496 20 .4515 8 .4736 117 .4462 18 0.18 .4523 .4558 21 .4518 37 .4520 11 .4301 312 .4549 14 0.20 .4554 .4557 32 .4654 42 .4612 14 .4954 190 .4619 14

Figure 6.3: Number of CG iterations. We show as a function of κ the number of iterations necessary to invert Q to a precision of 10^{−6} using a Conjugate Gradient inverter on 16×16 lattices for β = 10.0. The estimated κ_c is indicated by a vertical line.

κ

Table 6.5: Correction factor. We show the average correction factor det[1 − R] calculated exactly from the eigenvalues of Q^2 and stochastically estimated from dynamical simulations on 4 × 4 lattices for β = 1.0 and κ = 0.1 using generally ϵ = 0.01 and different n.

n from Q^2 noisy ± 40 .99967 .99966 7 10 .40885 .408 12 8 .73572 .69 3 6 .43990 .44 5 4 .00164 .0033 16 2 .00010 .002 2

Table 6.6: Ising Random Number Test. We show the quenched average fermion condensate and pseudoscalar density on 16 × 16 lattices for β = 2.0 and κ = 0.26 using different Ising noises with Z_4 or Z_2 symmetry.

Z_4 ± Z_2 ±

real part ψ̄ψ -.9084 .0013 -.9098 .0016 ψ̄γ5ψ .0018 .0027 -.0035 .0028

Imaginary part ψ̄ψ -.0008 .0019 -.0004 .0015 ψ̄γ5ψ .0000 .0000 .0000 .0000

Table 6.7: U = 1 Condensate. We show the average fermion condensate from U = 1 simulations on 16 × 16 lattices, compared to analytic results.

κ analytic result ψ̄ψ ±

0.000 -1.0000 -1.0000 .0000 0.100 -.9982 -.9982 .0007 0.200 -.9554 -.9543 .0018 0.300 -.5253 -.5278 .0020 0.400 -.3491 -.3505 .0016 0.500 -.2587 -.2596 .0014 0.600 -.2029 -.2034 .0012

Table 6.8: Condensate – periodic BCs. We show the quenched fermion condensate on 16 × 16 lattices at β = 10.0 comparing results from Lüscher RG to those of XOR RG.

κ Lüscher: ψ̄ψ ± XOR: ψ̄ψ ±

0.05 -.99998 .00010 -.99983 .00010 0.10 -.99842 .00019 -.99816 .00020 0.15 -.98999 .00031 -.98965 .00031 0.20 -.95808 .00010 -.95808 .00010 0.22 -.92873 .00012 -.92873 .00012 0.24 -.88164 .00017 -.88122 .00017 0.26 -.77180 .10871 -.59028 .09895

Figure 6.4: Fermion condensate. We show as a function of κ the dynamical fermion condensate, calculated on 16 × 16 lattices at β = 2.0.

Table 6.9: Pseudoscalar density – periodic BCs. We show the quenched pseudoscalar density on 16 × 16 lattices at β = 10.0, comparing results from Lüscher RG to those of XOR RG.

κ Lüscher: ψ̄γ^5ψ ± XOR: ψ̄γ^5ψ ±

0.05 -.00021 .00014 .00002 .00013 0.10 -.00050 .00030 .00015 .00027 0.15 -.00090 .00051 .00083 .00045 0.20 .00241 .00015 .00241 .00015 0.22 .00566 .00019 .00566 .00019 0.24 .01935 .00035 .01920 .00031 0.26 .02001 .09420 .16371 .09485

Table 6.10: Condensate – anti-periodic BCs. We show the quenched fermion condensate on 16 × 16 lattices at β = 10.0, comparing results from Lüscher RG to those of XOR RG.

κ Lüscher: ψ̄ψ ± XOR: ψ̄ψ ±

0.05 -.99998 .00010 -.99982 .00010 0.10 -.99843 .00020 -.99817 .00020 0.15 -.98998 .00032 -.98969 .00031 0.20 -.95802 .00006 -.95800 .00005 0.22 -.92883 .00007 -.92862 .00012 0.24 -.88137 .00012 -.88087 .00018 0.26 -.55999 .11331 -1.44166 .85625

Table 6.11: Pseudoscalar densities – anti-periodic BCs. We show the quenched pseudoscalar density on 16 × 16 lattices at β = 10.0, comparing results from Lüscher RG to those of XOR RG.

κ Lüscher: ψ̄γ^5ψ ± XOR: ψ̄γ^5ψ ±

0.05 -.00012 .00015 .00001 .00014 0.10 -.00029 .00032 .00016 .00029 0.15 -.00051 .00053 .00096 .00047 0.20 .00220 .00009 .00219 .00008 0.22 .00536 .00014 .00565 .00019 0.24 .01882 .00024 .01922 .00030 0.26 -.23836 .13051 -1.14357 1.29132

Figure 6.5: Meson mass spectrum. We show quenched meson masses as a function of κ calculated on a 16 × 32 lattice at β = 6.0. Included are pion masses from the operators ψ̄γ^5τ ψ and ψ̄γ^5γ^0τ ψ, eta masses from ψ̄γ^5ψ and ψ̄γ^5γ^0ψ and a0 masses from ψ̄τ ψ. Both pion operators give identical results.

Figure 6.6: Meson mass spectrum. We show dynamical meson masses as a function of κ calculated on a 16 × 32 lattice at β = 10.0. Included are pion masses from the operators ψ̄γ^5τ ψ and ψ̄γ^5γ^0τ ψ, eta masses from ψ̄γ^5ψ and ψ̄γ^5γ^0ψ and a0 masses from ψ̄τ ψ. We give just one pion mass if results are within errorbars.

Figure 6.7: Meson mass spectrum. We show dynamical meson masses as a function of κ calculated on a 8 × 20 lattice at β = 3.

Figure 6.8: Mass ratio. We show the dynamical pi/eta mass ratio as a function of the pion mass, calculated on a 8 × 20 lattice at β = 3.

Figure 6.9: Meson mass spectrum. We show dynamical meson masses as a function of κ, calculated on a 16 × 40 lattice at β = 4.

Figure 6.10: Meson mass spectrum. We show dynamical meson masses as a function of κ, calculated on a 16 × 40 lattice at β = 5.

Figure 6.11: Meson mass spectrum. We show dynamical meson masses as a function of κ, calculated on a 16 × 40 lattice at β = 6.

Figure 6.12: Mass ratio. We show the dynamical pi/eta mass ratio as a function of the pion mass, calculated on a 16 × 40 lattice at β = 5.

Chapter 7

The problems II: Topology

Constructing decorrelated configurations in lattice simulations can be difficult if large energy barriers exist between regions of the configuration space to be sampled. Unfortunately, one such possibility are topological sectors for the U(1) model [Gat95], part of the Schwinger model [Joo90, Gat97a, Dil93] we are considering in this study.

While local updates do not work well, we can use in two dimensions a global heatbath update to obtain reasonably high tunnelling rates. This trick obviously works also in the quenched case, while for full dynamical simulations global heatbath updates are not known.

A possible way of dealing with such systems which has been suggested [Gut97] is to stay in one fixed topological charge sector and define quantities in that way. In order to study this for relevant observables, we measure pion correlators in fixed (low) topological sectors. In the quenched case we compare local and global update schemes. For dynamical fermions we compare low and high β results, using both the local bosonic algorithm (LBA) [Lue94] and Hybrid Monte Carlo (HMC) [Dua87].

7.1 Algorithm

Quenched case: local update. We use a local link update consisting of one exact heatbath [Bes79] and three over-relaxation steps per trajectory.

Quenched case: global update. Alternatively, it is possible to use a global heatbath for the plaquettes. As the new configuration is constructed without recursion to the old one, there are no problems with metastabilities.

The global update uses the fact that nearly all plaquettes are independent even on a finite lattice. The plaquettes only have to satisfy the constraint ∏ P U_P = 1 . (7.1)

We are therefore able to update LT −1 plaquettes with a heatbath algorithm. The last plaquette is then determined by the condition Eq. 7.1 and the configuration has to be accepted or rejected according to a Metropolis decision to ensure the correct distribution. Finally, this plaquette configuration has to be translated into a valid link configuration. To achieve this, we utilise the freedom to choose a gauge. We use a maximal tree prescription, setting LT − 2 links to 1. Then LT links can be recursively determined from the plaquettes. The unconstrained two remaining links correspond to the free Polyakov loops P_T and P_L in 2 dimensions.

We want to state that the problem of slow topological charge fluctuations could also be solved by explicit topological updates [Dil93]. Unfortunately, this trick is not applicable in the presence of dynamical fermions. Improvements claimed to increase tunnelling for staggered fermions [Dil93] did not work for the Wilson fermions used in this study. Whether a recently suggested reweighting method to enhance topological updates [For97c] really reduces the problem is still under discussion.

Full dynamical simulations. In this case we use the Hermitean version of Lüscher’s local bosonic algorithm with noisy acceptance step method I as described in Ch. 4. To have an independent check, we compare to a Hybrid Monte Carlo algorithm implemented as described in Ch. 3.

7.2 Topological sectors

The integer-valued topological charge functional e 4π ∫ d^2xϵ_{μν}F_{μν} (7.2)

can be represented on the lattice by Q = 1 2π ∑ P ϕ_P (7.3)

with plaquette angle ϕ_P = Im ln(U_P ) ∈ (−π, π) [Lue82]. We denote by tunnel events all updates resulting in a change of the topological charge and as tunnel probability the number of tunnel events divided by the total number of updates. The topological susceptibility is defined via

χ_{top} = 1 N_P [< Q^2 > − < Q >^2] . (7.4)

We demonstrate the relevance of topological sectors on a 16×32 lattice showing in Fig. 7.1 the tunnel rate plotted against β for local and global updates. The exponential decrease of the tunnel probability for this local update algorithm gives rise to metastabilities in simulations at large β. We therefore consider it worthwhile to investigate observables within fixed topological sectors.

7.3 Simulations

Simulation parameters. We simulate on 8×20 and 16×40 lattices at a beta value of β = 12 generating 10000 configurations. We only show data for the larger 16 × 40 lattices. For the fermion part, we choose κ = 0.24, where the pion correlation length (in the quenched case) is found to be around 3 and finite size effects can be expected to be small.

Local updates. We monitor the topological charge during the simulations. Due to metastability, no tunnelling of Q is observed in the runs with local updates. At β = 12 we therefore are able to perform a simulation in a given topological sector by using an initial configuration with this particular charge. This is done generating a classical homogeneous plaquette configuration of the desired charge and converting this to the links as described in Sec. 7.1. The two Polyakov loops P_T , P_L are chosen according to a flat random distribution.

Global updates. In the limit of independent plaquettes the topological susceptibility can be calculated analytically as shown in App. B.2. The result in the large β approximation for β = 12 is

χ_{top}|_{β=12} ≈ 1 4π^2β

|_{β=12} = 0.0022 . (7.5)

To check the global update, we simulate on a 16 × 32 lattice obtaining χ_{top} = 0.0021(1). This shows that the global update works well without metastabilities in the topological charge.

Observables. We generally measure the pion correlator using the prescription detailed in App. A.5.

Quenched results

The results of the quenched runs are shown in Fig. 7.2. Obviously, for Q = 0, 4 we are not able to find a plateau in the effective mass plots. We find a valley-like structure in the mass for the low Q cases. For high Q this turns into a hill-like structure with the peak situated at half of the temporal lattice extent. To show that in the intermediate region the valley and hill structures can approximately cancel and suggest a fake plateau, we include the Q = 1 plot.

In the quenched case, we are able to compare to the results using a global update scheme. For the global update we find a tunnel probability of P = 0.76 and therefore do not expect any influence of topology. The effective mass is shown in the lower right plot of Fig. 7.2. A plateau is clearly more reasonable than in the fixed Q cases.

Dynamical fermion results

Effective masses from full dynamical simulations are shown in Fig. 7.3. We do not expect quantitatively the same results as in the quenched case, yet the behaviour is qualitatively similar.

To establish that dynamical results are not influenced by the chosen parameters of the local bosonic algorithm, we repeat the calculation with topological charge

Q = 4 using a standard HMC algorithm. This is also shown in Fig. 7.3. The results agree nicely within errorbars.

From these results, we conclude that we need to average over the topological sectors to obtain a plateau in the effective mass.

7.4 Projections to topological sectors

To gain further insight, we now use a slightly different approach. In principle, we could also restrict ourselves to definite topological sectors by selecting measurements with fixed topological charge from a simulation, i.e. effectively simulating the path integral given by Z[q] = ∫ D[U]D[ψ̄]D[ψ]δ_{Q,q}e^{−S} . (7.6) To this end we need simulations with a reasonably high fluctuation. Such simulations can be done e.g. with dynamical simulations at low β or quenched simulations using global updates.

Full dynamical case. We work at low β = 1 with a slightly smaller κ = 0.22. Effective masses are depicted in Fig. 7.4. We can detect no discrepancy between masses calculated in different topological sectors. This result was also reported by a group working with staggered fermions, which concluded that topological sectors are of no importance to mass estimates in the Schwinger model [Gut97].

Quenched case. Here we exploit the opportunity to use the same parameters β = 12, κ = 0.24 as in Sec. 7.3. The results are shown in Fig. 7.5. At this β, we do not find agreement. Rather the effective masses are nearly the same as in the simulations without tunnelling presented in Fig. 7.3. We would like to point out that they do not agree within errorbars. On the other hand, we remark that the statistical sample was very much smaller for the projected data due to the fact that only a part of the generated configurations is projected into the appropriate sectors.

The striking difference between low and high β results makes a sound understanding of this behaviour highly desirable. As can be seen from the quenched results here, it is evidently not just the averaging over the topological sectors (as found in Sec. 7.3) which is lacking in high β simulations. There seems to be some more subtle dynamical effect involved.

7.5 External gauge configurations

In order to investigate how much averaging is necessary, we plot in Fig. 7.6 effective masses for external configurations with fixed topological charge Q = 0 and Q = 4. These are generated from homogeneous plaquette configurations in the way described in Sec. 7.1. For the fermions we use κ = 0.24.

We stress that we use random Polyakov loops P_T , P_L in both cases, so that one should not expect free fermion behaviour in the Q = 0 case. For Q = 4 a

Figure 7.1: Tunnel probability. Topological tunnel probability of pure U(1) as a function of β using local and global updates on a 16 × 16 lattice.

completely irregular behaviour is observed. It is thus not possible to measure a meaningful pion correlator from one (even very smooth) configuration alone. The translation invariance is manifestly broken even for that smooth configuration.

The result of averaging over 10 values of P_T and P_L is shown in Fig. 7.7. We clearly regain the qualitatively expected regular valley and hill structure observed in Fig. 7.3 in both the Q = 0 and Q = 4 case.

Figure 7.2: Effective pion mass. Quenched effective pion mass as a function of time for β = 12.0, κ = 0.24.

Q = 0, local Q = 1, local

Q = 4, local global

Figure 7.3: Effective pion mass. Dynamical effective pion mass as a function of time for β = 12.0, κ = 0.24.

Q = 0, LBA Q = 1, LBA

Q = 4, LBA Q = 4, HMC

Figure 7.4: Effective pion mass. Dynamical projected effective pion mass as a function of time for β = 1.0, κ = 0.22. Q = 0 Q = 4

Figure 7.5: Effective pion mass. Quenched projected effective pion mass as a function of time for β = 12.0, κ = 0.24. Q = 0 Q = 4

Figure 7.6: Effective pion mass. Shown as a function of time from one external configuration at κ = 0.24.

Q = 0 Q = 4

Figure 7.7: Effective pion mass. Shown as a function of time from 10 external configurations at κ = 0.24.

Q = 0 Q = 4

Chapter 8

The aim: CPU cost optimisation

We remind the reader of the schemes included in our investigation. Besides • Hybrid Monte Carlo (HMC) to set the scale, we compare

• LBA with reweighting, • LBA with acceptance step method I , • LBA with acceptance step method I with adapted precision and • LBA with acceptance step method II as described in Ch. 4, investigating the CPU cost behaviour changing n, ϵ and the number of reflections for the simulation runs.

We would like to point out again that reweighting and acceptance step algorithms result in two different ensembles, so that one has to use the effective CPU cost C_{eff} = N_{total Q ops} ·^{σ2tot(A)}_{<A>2} defined in Sec. 4.2.

8.1 8 � 20 lattices

Our search for optimal CPU cost behaviour is conducted on 8 × 20 lattices with parameters β = 3.0 and κ = 0.24 measuring costs for the average plaquette and the pion correlator at distance Δt = 3.

We generally use anti-periodic boundary conditions and 5 hits for the link heatbath algorithm to provide high acceptance rates. To ensure numerical stability, we apply the bitreversal scheme for ordering of roots as described in Ch. 5.2 whenever a Chebyshev polynomial in the factorized form was necessary. The rescaling factor c_M (viz. App. A.4, [Lue94]) is set to a conservative c_M = 1.02, so that there is no slowing down from the large eigenvalues of Q^2. The precision of the inverters demanded is generally 10^{−6}, with 10^{−2} for the reduced precision of the adapted precision scheme. We accumulated statistics of 10000 calculation sweeps, applying 1000 sweeps thermalization with integrated autocorrelations generally below 50.

To illustrate our search for optimal parameters, we depict in Fig. 8.1 and Fig. 8.2 the CPU cost in the n − ϵ plane, where the number of reflections is optimised for each n, ϵ pair. The figure clearly shows that we obtain flat optima.

In Tab. 8.1 we show the CPU cost for the Hybrid Monte Carlo algorithm run with different acceptance probability. This illustrates that the cost is not very dependent on the acceptance. To set the scale, we take the optimal values for an acceptance of 0.84.

We in Tab. 8.2 compare the CPU cost of only the optimal parameter sets of the various LBA variants with the HMC scale.

We find that the LBA is doing better than the HMC by a factor of about 3 for the plaquette and about 2 for the pion correlator at distance Δt = 3. Thus the gain in the plaquette is typically better than that in the pion correlator. The reweighting method is a bit worse than the optimised acceptance step methods, losing for both observables by about a factor of 1.3. The gain using the adapted precision trick is quite considerable for the pion correlator (1.6), while it is even a slight detoriation for the plaquette as the overhead is too large. We remark that the configurations found for the optimised and unoptimised acceptance step method I scheme runs are not identical as one might expect in the case of no numerical errors. Overall, the number of reflections is important to the optimisation. A fixed number of 1 would not have reproduced the real optima. This leaves room for improvement in simulations where this has not yet been utilised.

8.2 16 � 40 lattices

For the larger lattices we choose the parameter values β = 5.0 and κ = 0.245 on 16 × 40 lattices as detailed in Sec. 6.2. Technical simulation parameters are the same as described in Sec. 8.1.

We again illustrate our search for optimal parameters in Fig. 8.3 and Fig. 8.4, showing the CPU cost in the n − ϵ plane, where the number of reflections is optimised for each n, ϵ pair. The figure shows that although optima are fairly flat, we do not find as flat behaviour as for the smaller lattices. We admit, though, that somewhat larger n should have been included in the study.

In Tab. 8.3 we give the CPU costs for the Hybrid Monte Carlo algorithm run with different acceptance probability. As we did not study this as exhaustively as in the smaller lattices case, we take the optimal values from all HMC runs to set the scale.

We in table 8.4 again compare CPU cost of the optimal parameter sets of the various LBA variants with the HMC scale.

We find that the LBA is again doing better than the HMC by a factor of about 3 for the plaquette and about 2.5 for the pion correlator at distance Δt = 3. Thus the gain in the plaquette is again better than that in the pion correlator, but not by as large a margin as for the smaller lattices. The reweighting method is again less efficient than the optimised acceptance step methods, this time even more so than for the smaller lattices, losing for both observables by about a factor of 1.8. The gain using the adapted precision trick is negligible for both observables. Overall, the number of reflections is not as important to the optimisation as for the small lattices.

Figure 8.1: Plaquette CPU cost. Contour plots of the plaquette CPU cost as a function of n and ϵ calculated on 8 × 20 lattices at β = 3.0, κ = 0.24.

Figure 8.2: Pion CPU cost. Contour plots of the pion correlator CPU cost as a function of n and ϵ calculated on 8 × 20 lattices at β = 3.0, κ = 0.24.

Table 8.1: HMC cost. Simulations at β = 3.0, κ = 0.24 on 8 × 20 lattices. We vary the number of trajectory steps n_{tr}, while holding the trajectory length n_{tr} · Δτ constant.

n_{tr} Δτ Accept Plaq. Cond. Pion 4 0.209 .3910 7.49 14.68 846.88 5 0.169 .6015 6.69 7.61 759.65 7 0.137 .7170 6.33 8.85 577.20 9 0.103 .8441 6.10 7.77 573.66 12 0.082 .8996 6.61 11.81 813.38

Table 8.2: LBA CPU cost minina. Simulations at β = 3.0, κ = 0.24 on 8 × 20 lattices.

Plaquette Pion correlator algorithm n ϵ refl. cost n ϵ refl. cost HMC 6.1 574 Accept I 18 0.02 2 1.9 24 0.01 2 501 Accept I adapted 18 0.02 3 2.1 18 0.04 1 320 Accept II 18 0.01 2 2.0 12 0.04 1 304 Reweighting 24 0.02 4 2.6 18 0.02 4 414

Figure 8.3: Plaquette CPU cost. Contour plots of the plaquette CPU cost as a function of n and ϵ calculated on 16 × 40 lattices at β = 5.0, κ = 0.245.

Figure 8.4: Pion CPU cost. Contour plots of the pion correlator CPU cost as a function of n and ϵ calculated on 16 × 40 lattices at β = 5.0, κ = 0.245.

Table 8.3: HMC cost. Simulations at β = 5.0, κ = 0.245 on 16 × 40 lattices. We vary the number of trajectory steps n_{tr}, while holding the trajectory length n_{tr} · Δτ constant.

n_{tr} Δτ Accept Plaq. Cond. Pion 11 0.0847 .6232 1.15 14.08 856.97 11 0.0847 .6172 1.57 11.73 671.16 17 0.0556 .8410 .93 14.28 1017.99

Table 8.4: LBA CPU cost minina. Simulations at β = 5.0, κ = 0.245 on 16 × 40 lattices.

Plaquette Pion correlator algorithm n ϵ refl. cost n ϵ refl. cost HMC .93 671 Accept I 18 0.01 1 .33 30 0.005 1 272 Accept I adapted 36 0.005 4 .36 36 0.02 1 273 Accept II 18 0.01 1 .33 30 0.005 1 272 Reweighting 30 0.005 2 .61 36 0.005 2 476

Chapter 9

Conclusions

The massive two-flavour Schwinger model has physical properties similar to QCD in four dimensions. It is much easier to simulate even with dynamical fermions and allows to determine observables with high precision as the cost will be lower by orders of magnitude as compared to the case of QCD in four dimensions. This makes the Schwinger model a reasonable testing ground for dynamical fermion algorithms. Still, in the case of the local bosonic algorithm, this study is the first application using Wilson fermions.

On the other hand, due to problems with topological sectors (as discussed below) and the scaling properties towards the continuum limit, it is definitely not that easy a toy model as one might expect.

9.1 Instabilities

In a class of fermion simulation algorithms relying on the local bosonic algorithm (LBA) a matrix valued Chebyshev polynomial is involved. Recursion relations allow the evaluation of these polynomials in a numerically stable way. Yet in a number of cases, like our implementation of the Acceptance step method I in the Hermitean LBA or the Polynomial Hybrid Monte Carlo (PHMC) algorithm [Fre97a], the polynomial is needed in the factorized form. Then rounding errors can easily lead to significant precision losses and even numerical instabilities, especially if simulations are done on machines having only 32-bit floating point arithmetic precision.

We investigate the effects of using various ordering schemes of monomial factors, or equivalently the complex roots, on the numerical construction of the Chebyshev polynomials now commonly used for the LBA. We find that different ordering schemes for the roots can lead to rounding error effects ranging from numerical overflow to retaining a precision comparable to the one numerically stable recurrence relations can provide.

In the case of a Chebyshev polynomial of a single real variable s approximating the function 1/s, we find that the bitreversal scheme and a scheme suggested by Montvay can keep rounding error effects to a low level for degrees of the Chebyshev polynomial up to n ≈ 220.

Applying these reordering schemes to the evaluation of a matrix valued polynomial, we study numerical simulations of 4-dimensional lattice QCD. We find that Montvay’s ordering scheme of the roots seems to be particularly suited for this problem. The rounding errors could be kept on a level which is comparable to the one that is reached when using the stable Clenshaw recurrence relation.

We conclude that the precision with which the numerical evaluation of the Chebyshev polynomial can be performed depends strongly on the chosen ordering of the roots. We expect also severe consequences for the dynamics of the simulation algorithms where Chebyshev polynomials in the product representation are used, depending on the root ordering scheme employed.

As the most important outcome of this investigation, we consider that there exist orderings of the roots which allow a numerically very stable evaluation of a Chebyshev polynomial, even up to degrees n of the polynomial of about 200. Since these values of n correspond to degrees of the Chebyshev polynomials commonly used in simulations, we consider our findings as promising for future applications of the local bosonic algorithm.

9.2 Topology

During these studies we encountered simulations at high β (≈ 8) exhibiting metastabilities in the topological charge. For dynamical simulations, no cure to this problem is known.

Motivated by this, we studied simulations at extreme β values (>∼ 12) which are effectively at fixed charge as no tunnelling occurs within these runs. Results for effective pion masses show that a definition of a pion mass from a plateau is not possible for either quenched or dynamical simulations even for vanishing topological charge.

A comparison with quenched global updates exhibiting no metastabilities demonstrates that a plateau can be found in the correct path integral sample. Furthermore, cross-checks against the Hybrid Monte Carlo algorithm (HMC) indicate that this problem is not an artifact stemming from the fermion algorithm.

To gain insight into the mechanism, we studied effective pion masses calculated from projections to fixed topological sectors. Results from fluctuating ensembles show no dependence on the topological charge. On the other hand, those projected from fluctuating quenched ensembles at high β show approximately the same problematic behaviour as simulations completely without tunnelling. This suggests a rather subtle dynamical effect we do not understand yet.

We find that external homogeneous plaquette configurations with fixed Polyakov loop values P_T and P_L exhibit completely irregular behaviour. After averaging over P_T and P_L we regain the effective mass results characteristic for the topological charge sectors these configurations lie in.

We conclude that there is a need to obtain a better understanding of the interplay between the dynamical mass generation of mesonic states and topological sectors. We would like to point out that higher statistics runs could reveal similar phenomena in other models with non-trivial topological structure.

9.3 CPU cost optimisation

We optimised the CPU cost of the local bosonic algorithm varying 3 technical parameters of the algorithm, namely the number of over-relaxation steps in each trajectory, the order of the approximating Chebyshev polynomial n and the lower cut of the approximation region ϵ. We simulated at two different lattice sizes 8×20 and 16 × 40 keeping the physical mass ratio^{mπ}_{mη} = 0.81 approximately constant. This resulted in pion masses of about m_π = 0.629 and m_π = 0.384, or equivalently in a scaling of the lattice spacing of about 1.6.

The tuning of the LBA is demonstrated to be surprisingly easy. It became more difficult for the larger lattices, though. Technically, the number of reflections per heatbath update, usually fixed in other studies of the algorithm, is found to be an important optimisation tool.

The CPU cost can be lower than for HMC, but not by a large factor with present techniques. We find a gain for the plaquette of approximately 3 for both lattice sizes and for the pion propagator of ≈ 2 on the smaller and ≈ 2.5 on the larger lattices. The gain thus differs and estimates from plaquette-like observables are too optimistic. Still, our main point is that the gain is detectable and consistent for both lattice sizes.

We also demonstrate that using a noisy Metropolis acceptance step scheme to make the LBA exact is also possible for the Hermitean case. The use of the Gegenbauer solver, which avoids instabilities in the evaluation of the polynomial, in the method labelled as acceptance step method II, is shown to be competitive to CG in the first real simulation. Costs are virtually identical to those of the acceptance step method I for both lattice sizes.

In general, all investigated acceptance variants performed similarly. The reweighting method, though, had decisively higher costs. Especially for the larger lattices it performed worse than the acceptance step methods for both observables studied by a factor of 1.8 (1.3 for the smaller lattices). Still, as the difference is not really large, the possible advantages of this method regarding exceptional configurations [Fre97] make further study worthwhile.

The optimisation of the acceptance step method I, interrupting the solver iterations and checking at intermediate steps whether the solution quality was already good enough for the requested Metropolis decision, did result in a significant gain of a factor of 1.6 compared to the unoptimised version regarding the cost of the pion correlator on the smaller lattices. On the larger lattices, though, we did not find any improvement. As this is nevertheless an optimisation offering possible gain, future studies should have this trick in mind as the gain could be different for larger inverter trajectories.

We conclude that these results give further evidence that the LBA is a competitive algorithm for the simulation of dynamical fermions.

Appendix A

Conventions

A.1 General conventions

Dimensions. We use the standard conventions

h̄ = c = 1 . (A.1)

In d = 2 dimensions then follow

[p] = [e] = [m] [l] = [t] = [m]^{−1} . (A.2)

The inverse lattice coupling β =^1_{e2a2} and the Wilson parameter κ =^1_{2(ma+d)} are dimensionless. Gauge links U_{x,μ} are dimensionless, while Grassmann fermion fields ψ have the dimension [m]^12 . In the electromagnetic tensor

F^{μν} = ( 0 −E E 0 ) (A.3)

in 1+1 dimensions only the electric field E appears, as because of the missing transverse directions no magnetic field is existing. The electric field has the same dimension as the charge. Indices. We denote flavour indices with Latin lower case letters usually starting with a, lattice sites with Latin lower case letters usually starting with x, spinor indices with Latin lower case letters usually starting with s. Directions we abbreviate with Greek lower case letters μ, ν, 1, 2, . . . and use barred letters for the orthogonal direction (only one in 2D) μ̄, ν̄, ¯1, ¯2, . . . . Generally, 1 signifies the spatial direction, 2 the temporal. Unit vectors are denoted by a hat μ̂, ^̄μ, ^1, ^̄1, . . .. Trace conventions. The different traces are

TR = ∑ x,s,a ; i.e. sum over sites, Dirac and flavour indices,

Tr = ∑ x,s ; i.e. sum over sites and Dirac indices, tr = ∑ s ; i.e. sum over Dirac indices, tr_f = ∑ a ; i.e. sum over flavour indices. . (A.4)

In an update trajectory, new variables and configurations are primed, the old ones unprimed.

Links. We use compact U(1) link variables U_{x,μ}. Plaquettes are defined starting at the lower left corner going anti-clockwise U_{P x} = U^†_{x,μ} U^†_{x+μ̂,μ̄} U_{x+}^_{μ̄,μ} U_{x,μ̄} . (A.5) Plaquette angles ϕ_x ∈ [−π, π] are defined via e^{iϕx} = U_{P x} . (A.6) Polyakov loops P_T , P_L are used averaged over the orthogonal direction, i.e. P_L = 1 T T∑ x_2=1 L∏ x_1=1

U_{x,1} and P_T = 1 L L∑ x_1=1 T∏ x_2=1

U_{x,2} . (A.7)

Fermions. Spinors are denoted with Greek letters ψ_{x,s} throughout.

A.2 Gamma matrices

We use Hermitean gamma matrices γ^0 = ( 1 0 0 −1 ) , γ^1 = ( 0 1 1 0 ) (A.8) and a Hermitean γ^5 γ^5 = iγ^0γ^1 = ( 0 i −i 0 ) (A.9) with the relations { γ^μ, γ^ν } = 2δ^{μ,ν} , { γ^5, γ^μ } = 0, γ^5γ^μγ^5 = −γ^μ . (A.10) Note that

γ^5(1 ± γ^μ)γ^5(1 ± γ^μ) = 1 ± γ^5γ^μγ^5 ± γ^μ ± γ^5γ^μγ^5γ^μ = 0 , (A.11) i.e. that the Q^2 matrix (Eq. A.26) does not connect sites with two straight links in-between. For general purposes we introduce the set Γ ∈ Γ̃ = {1, (iγ^5), γ^0, (iγ^1)} (A.12) chosen so that (ψ̄Γψ)^† = (ψ̄Γψ) ∀Γ . (A.13)

A.3 Flavour matrices

The flavour matrices set is T ∈ T̃ = {τ^+, τ^−, 1, τ^0} , (A.14) where the tau matrices are derived from the Pauli matrices given by τ^0 = ( 1 0 0 −1 ) , τ^1 = ( 0 1 1 0 ) , τ^2 = ( 0 −i i 0 ) (A.15) via τ^+ = 1 √ 2 (τ^1 + iτ^2), τ^− = 1 √ 2 (τ^1 − iτ^2) . (A.16) The Hermiticity relations

1^† = 1, τ^{0†} = τ^0, τ^{+†} = τ^− (A.17)

hold. Further useful relations are tr_f (τ^a) = 0 , tr_f (τ^{a†}τ^a) = 2 , tr_f (1) = 2 (A.18) and ∑ a tr_f (τ^{a†}τ^a) = 3tr_f (τ^{b†}τ^b) ∀b . (A.19)

A.4 Fermion matrix

Starting from the standard Wilson fermion matrix M = δ_{x,y} − κ ∑ μ ( δ_{x−μ̂,y}(1 + γ^μ)U_{x−μ̂,μ} + δ_{x+μ̂,y}(1 − γ^μ)U^†_{x,μ} ) (A.20) with the Wilson kappa definition κ = 1 2(m + d)

, (A.21) we define via

M = 1 − κH (A.22)

the hopping matrix H. The abbreviation G for the Greens function M^{−1}δ_{flavour} is used throughout. We construct a Hermitean matrix Q scaled such that eigenvalues lay in [-1,1] [Lue94] via Q = c_oγ^5δ_{x,y} − c_oκ ∑ μ ( δ_{x−μ̂,y}γ^5(1 + γ^μ)U_{x−μ̂,μ} + δ_{x+μ̂,y}γ^5(1 − γ^μ)U^†_{x,μ} ) (A.23) with the scaling factor

c_0 = m + d m + 2d 1 c_M = 1 1 + 2dκ 1 c_M ; c_M ≥ 1 . (A.24)

Inserting explicit gamma matrices, this results in the programmed formulae for Q (Qϕ)_{x,1} = + ic_0ϕ_{x,2}

− 2ic_0κU^†_{x,0}ϕ_{x+}^_{0,2} − ic_0κU^†_{x,1}(ϕ_{x+}^_{1,2} − ϕ_{x+}^_{1,1}) − ic_0κU_{x−}^_{1,1}(ϕ_{x−}^_{1,1} + ϕ_{x−}^_{1,2}) (Qϕ)_{x,2} = − ic_0ϕ_{x,1} − ic_0κU^†_{x,1}(ϕ_{x+}^_{1,2} − ϕ_{x+}^_{1,1}) + 2ic_0κU_{x−^0,0}ϕ_{x−^0,1} + ic_0κU_{x−^1,1}(ϕ_{x−^1,1} + ϕ_{x−^1,2}) (A.25) and Q^2 Q^2_{x,z} = c^2_0δ_{x,z} − 2c^2_0κ ∑ μ [U_{x−μ̂,μ}δ_{x−μ̂,z} + U^†_{x,μ}δ_{x+μ̂,z}] + c^2_0κ^2 ∑ μ,μ^′ ( δ_{x−μ̂−μ̂}′_{,z} (1 − γ^μ)(1 + γ^{μ′} ) U_{x−μ̂,μ}U_{x−μ̂−μ̂}′_{,μ}′ + δ_{x+μ̂−μ̂}′_{,z} (1 + γ^μ)(1 + γ^{μ′} ) U^†_{x,μ}U_{x+μ̂−μ̂}′_{,μ}′ + δ_{x−μ̂+μ̂}′_{,z} (1 − γ^μ)(1 − γ^{μ′} ) U_{x−μ̂,μ}U^†_{x−μ̂,μ}′ + δ_{x+μ̂+μ̂}′_{,z} (1 + γ^μ)(1 − γ^{μ′} ) U^†_{x,μ}U^†_{x+μ̂,μ}′ ) . (A.26) The diagonal parts are

Q_{x,x} = c_0γ^5 = ( 0 ic_0 −ic_0 0 )

Q^2_{x,x} = c^2_0(1 + 4dκ^2) = ( c^2_0(1 + 4dκ^2) 0 0 c^2_0(1 + 4dκ^2) ) . (A.27)

A.5 Meson operators, fermion densities and correlators

Operators. As meson operators we introduce fermion bilinears O^{ΓT}_x = ψ̄_xΓT ψ_x , (A.28) sandwiching both a gamma matrix Γ ∈ Γ̃ and a flavour matrix T ∈ T̃ from the sets described above. We show the list of operators in 2 dimensions and the corresponding mesonic states in Tab. (A.1). The 2D peculiarities

Table A.1: Meson Operators.

No. O Γ T Γ^′ T^′ γ^5Γ meson 1 ψ̄ψ 1 1 1 1 γ^5 f_0 ψ̄γ0ψ γ0 1 γ0 1 γ5γ0 ω_0

2 ψ̄(iγ^1)ψ iγ^1 1 iγ^1 1 iγ^5γ^1 ω_1 ψ̄(iγ5)ψ iγ5 1 iγ5 1 i1 η 3 ψ̄τ ψ 1 τ 1 τ γ^5 a_0 ψ̄γ0τ ψ γ0 τ γ0 τ γ5γ0 ρ_0 4 ψ̄(iγ^1)τ ψ iγ^1 τ iγ^1 τ iγ^5γ^1 ρ_1 ψ̄(iγ5)τ ψ iγ5 τ iγ5 τ i1 π

γ^5γ^0 = −iγ^1 and iγ^5γ^1 = −γ^0 (A.29) reduce the possible gamma structures to four. The trivial action of γ^0, if used on momentum zero states, leads to still further reduction to 2 relevant operators each for the flavour singlet and triplet. We remark that these symmetries are not used in the program. Correlations from all operators are explicitly calculated and the symmetry properties verified.

Fermion densities. To evaluate densities we need the general expression ⟨ψ^{a1}_{x1}ψ̄^{b1}_{y1} . . . ψ^{an}_{xn}ψ̄^{bn}_{yn} ⟩ = ∑ x^′_1...x^′_n ϵ^{x′1...x′n} x_1...xn M −1 x^′_1y_1 δ a_1b_1 . . . M −1 x^′_nyn δ anbn (A.30)

specialised to the 2 fermion isosinglet case 1 V dn_f ⟨ψ^a_{x,r}Γ_{rs}ψ̄^a_{x,s}⟩ = −1 V d ∑ rsx Γ_{rs}M^{−1}_{x,s;x,r} . (A.31) Corresponding to the four possible gamma matrices Γ ∈ Γ̃ we obtain • for Γ = 1 the fermion condensate, • for Γ = γ^5 the axial condensate or pseudo-scalar density, • for Γ = γ^1, γ^0 the γ^0 and γ^1 densities.

Rewriting this in terms of Q (Eq. A.23) and normalising by a constant^1_{V ·d} to suppress trivial volume and dimension behaviour we arrive at the desired expression −c_0 V d ∑ rstx γ^5_{rt}Γ_{ts}Q^{−1}_{x,s;x,r} . (A.32)

Noise. We use noise vectors with the properties < η^∗_xη_y >= δ_{x,y}, < η_x >= 0 , (A.33) where the components are either continuous, having a Gaussian distribution, or are discrete Z_2 (±1) or Z_4 (±1, ±I) Ising variables. The vectors do not carry spinor indices.

Noisy scheme. Using these noise vectors we apply the noisy estimator of the inverse of Q Q^{−1}_{xr,xs} = ⟨(η^∗_x ∑ z Q^{−1}_{xrzs}η_z)⟩ (A.34)

where the inversion has to be done for each spinor component separately to obtain the full information.

Correlators. For the meson 2-point functions (correlators) we specialise Eq. A.30 to the 4 fermion case Ĉ^{ΓT Γ′T ′} xy = ⟨ψ̄_xΓT ψ_xψ̄_yΓ^′T^′ψ_y⟩ (A.35) can then be expressed as Ĉ^{ΓT Γ′T ′} xy = ⟨ ∑ abcd,αβγδ ψ̄^a_{xα}Γ_{αβ}T^{ab}ψ^b_{xβ}ψ̄^c_{yγ} Γ^′_{γδ}T^{′cd}ψ^d_{yδ}⟩ = ∑ abcd,αβγδ −Γ_{αβ}T^{ab}Γ^′_{γδ}T^{′cd}⟨ψ^b_{xβ}ψ̄^c_{yγ}ψ^d_{yδ}ψ̄^a_{xα}⟩ = ∑ abcd,αβγδ Γ_{αβ}T^{ab}Γ^′_{γδ}T^{′cd} ( G^{dc}_{yδ,yγ} G^{ba}_{xβ,xα} − G^{bc}_{xβ,yγ}G^{da}_{yδ,xα} ) . (A.36)

For operators having an expectation value we have to subtract this value from the correlator to get the connected Greens function. This is not explicitly written out here, nor is it used in the analysis routine - there the constant part is simply fitted.

Using the flavour structure of the Greens function, it is possible to write general formulae for all flavour matrices

Ĉ^{ΓT}_{xy} = ∑ αβγδ Γ_{αβ}Γ_{γδ} ( (tr_f T )^2G_{yδ,yγ} G_{xβ,xα} − (tr_f T^†T )G_{xβ,yγ}G_{yδ,xα} ) , (A.37)

where we introduce the simplified notation C^{ΓT}_{xy} = ⟨ψ̄_xΓT ψ_x(ψ̄_yΓT ψ_y)^†⟩ = Ĉ^{ΓT ;γ0T †Γ†γ0}_{xy} . (A.38) Using the connection to the scaled matrix Q G = c_0Q^{−1}γ^5; Q^† = Q (A.39) we get

C^{ΓT}_{xy} = ∑ αβϵι c^2_0(γ^5Γ)_{ιβ} (γ^5Γ)_{ϵδ} ( (tr_f T )^2Q^{−1}_{yδ,yϵ}Q^{−1}_{xβ,xι} − (tr_f T^†T )Q^{−1}_{xβ,yϵ}Q^{−1}_{yδ,xι} ) , (A.40) where the matrices A_{ϵδ} = ∑ γ γ^5_{ϵγ} Γ_{γδ} (A.41) can be calculated and coded in the program.

We generally use correlators with randomly located point source and summation over the target time slice C^{ΓT} (t) = ∑ x C^{ΓT}_{(x+x0,t+t0)(x0,t0)} , (A.42) where the index structure should be clear from the context.

Noisy scheme. Using Gaussian or Ising noise vectors with the properties Eq. A.33, we are able to sum over the time slice S(x_0t_0) including the initial site x_0, t_0. Using Hermiticity of Q we can derive in the triplet case

C^Γ_{triplet}(t) = −6c^2_0 ∑ xabcd (γ^5Γ)_{ab}(γ^5Γ)_{cd} Q^{−1}_{x+x0t+t0b;x0t0c} Q^{−1}_{x0t0d;x+x0t+t0a} = −6c^2_0 L ∑ xabcd (γ^5Γ)_{ab}(γ^5Γ)_{cd}( ∑ z Q^{−1}_{x+zt+t0b;zt0c}η_z)( ∑ x_0

(Q^{−1}_{x+x0t+t0a;x0t0d}η_{x0} )^†) (A.43) and, correspondingly, for the singlet

C^Γ_{singlet}(t) = 1 3 C^Γ_{triplet}(t) (A.44) + ∑ xαβγδ c^2_0(γ^5Γ)_{αβ}(γ^5Γ)_{γδ} ( 4Q^{−1}_{x0t0δ,x0t0γ}Q^{−1}_{x0+xt0+tβ,x0+xt0+tα} ) , where one would estimate the disconnected part from the full point source. Pion. For the pion a special trick is possible. The gamma structure allows to use noise vectors including spinor indices with < η^∗_{xs}η_{yt} >= δ_{x,y}δ_{s,t}, < η_{xs} >= 0 . (A.45) Using these only one inversion is necessary, as can be seen from

C^{pion}(t) = 6c^2_0 ∑ xabcd δ_{a,b}δ_{c,d} Q^{−1}_{x+x0t+t0b;x0t0c} Q^{−1}_{x0t0d;x+x0t+t0a} = 6c^2_0 L ∑ ax ( ∑ ze Q^{−1}_{x+zt+t0a;zt0e}η_{ze}) ( ∑ x_0c

(Q^{−1}_{x+x0t+t0a;x0t0c}η_{x0c})^†) . (A.46)

Appendix B

Analytic results

B.1 Free fermions

We just give the result for the fermion condensate using free fermions where the momenta are restricted using anti-periodic boundary conditions to

k_μ = 2π L_μ (n_μ + 1 2 ); n_μ ∈ {0, . . . L_μ − 1} . (B.1)

We obtain the condensate 1 n_f V d ⟨TR(ψ̄ψ)⟩ = −1 V ∑ k (1 − 2κ ∑ μ cos k_μ) ∑ μ(2κ sin k_μ)^2 + (1 − 2κ ∑ μ cos k_μ)^2

. (B.2)

B.2 Pure gauge topological susceptibility

In the limit of independent plaquettes the topological susceptibility can be calculated analytically. Introducing the generating functional with periodic BCs for N_P independent plaquettes we obtain Z(β, θ) = [∫ π −π dϕ 2π e^{iθQ+β cos ϕ} ]N_P , (B.3)

where ϕ denotes the plaquette angle defined in Eq. A.6. From this the topological susceptibility is given by

χ_{top} = −1 N_P ∂^2_θ log Z(β, θ)|_{θ=0} (B.4)

which can be evaluated to

χ_{top} = −∂^2_θ log ∫ π −π dϕ 2π e^{iθQ+β cos ϕ}|_{θ=0} = ∫ π −π dϕ 2π (^ϕ_{2π} )^2e^{β cos ϕ} ∫ π −π dϕ 2π e^{β cos ϕ}

=< ( ϕ 2π )^2 > . (B.5)

Approximations. Two convenient approximations are possible. On the one hand the small β limit yields

χ_{top} = ∫ π −π dϕ 2π ( ϕ 2π )^2 = 1 12 . (B.6)

On the other hand the integral can be approximated by a Gaussian one in the large β limit using

β cos ϕ = β − β 2 ϕ^2 + . . . → < ϕ^2 >≈ 1 β (B.7)

yielding a topological susceptibility of

χ_{top} ≈ 1 4π^2β

. (B.8)

B.3 Pure gauge plaquette

For the pure U(1) theory in 2 dimensions it is possible to derive an analytical expression for the plaquette even on a finite lattice. We label link angles as ϕ_{ltμ} with l and t the site indices from 1 to L and T respectively and express the path integral in these variables Z = e^{−βΩ} ∫ D[ϕ_{ltμ}]e^β ∑ lt cos(ϕlt1+ϕl+1t2−ϕlt+11−ϕlt2) (B.9) = e^{−βΩ} ∏ lt ∫ π −π dϕ_{lt1} 2π dϕ_{lt2} 2π ∑ n_{lt} I_{nlt} (β)e^{inlt(ϕlt1+ϕl+1t2−ϕlt+11 −ϕlt2)} , where we introduced the Fourier-transform of the exponential

e^{β cos ϕ} = ∞∑ −∞ c_ne^{inϕ} (B.10)

with coefficients

c_n = 1 2π ∫ π −π e^{β cos ϕ}e^{−inϕ}dϕ = 1 π ∫ π 0 e^{β cos ϕ} cos(nϕ)dϕ = I_n(β) . (B.11)

I_n signifies the modified Bessel function [Pre92]. As this expression for the path integral factorizes we can rewrite Z to e^{−βΩ} ∑ n_{lt} [ ∏ lt (∫ π −π dϕ_{lt1} 2π e^{inltϕlt1−inlt−1ϕlt1} ∫ π −π dϕ_{lt2} 2π e^{−inltϕlt2+inl−1tϕlt2} ) ∏ lt I_{nlt}(β)] = e^{−βΩ} ∑ n_{lt} [ ∏ lt ( δ_{nlt,nlt−1} δ_{nlt,nl−1t} I_{nlt} (β) )] . (B.12)

This reduces Z to a simple sum Z = e^{−βΩ} ∞∑ n=−∞ I_n(β)^Ω = e^{−βΩ} [ I_0(β)^Ω + ∞∑ n=1 2I_n(β)^Ω ] , (B.13) where we used the symmetry I_n(x) = I_{−n}(x) valid for all n and x. To finally get the plaquette we use the relation

< P > = 1 + 1 ZΩ ∂Z ∂β (B.14) and ∂I_n(β) ∂β = 1 2 [I_{n−1}(β) + I_{n+1}(β)] (B.15)

to get after some algebra to

< P > = I_1(β) I_0(β) + ∞∑ n=1 ( I_n(β) I_0(β)

)_{Ω−1} ( I_{n−1}(β) I_0(β) + I_{n+1}(β) I_0(β) )

1 + 2 ∞∑ n=1 ( I_n(β) I_0(β)

)_Ω . (B.16)

This expression is then numerically evaluated using Fortran routines for Bessel functions [Pre92].

B.4 Hopping parameter expansion

We start with the distribution of the links in a dynamic fermion simulation

P_{eff} ∝ (det[1 − κH])^2e^β ∑ x Re UP x (B.17)

with H the hopping terms (Eq. A.22) and rewrite using

det[M^2] = e^{2Tr log M} . (B.18)

We expand the logarithm

log M = log(1 − κH) = −κH − κ^2H^2 2 − κ^3H^3 3 − κ^4H^4 4 + . . . (B.19)

and observe that the first link-dependent term appearing in the trace is the H^4 term as the odd powers of H vanish in the trace TrH = TrH^3 = . . . = 0 and the second order contribution

TrH^2 = const. + const. · U_{x−μ̂,μ} · U^†_{x−μ̂,μ} . . . = const. (B.20)

is an irrelevant constant. So we end up with

det[M^2] = e^{− 12 κ4TrH4} (B.21)

to leading order.

Writing out the H^4 term, we see that only closed loops of links can contribute to the trace, i.e. to leading order only plaquettes are contributing. This results in TrH^4 = ∑ x,μ ( tr[(1 + γ^μ)(1 + γ^{μ̄})(1 − γ^μ)(1 − γ^{μ̄})]U_{x−μ̂,μ} U_{x−μ̂−}^_{μ̄,μ̄} U^†_{x−μ̂−^̄μ,μ} U^†_{x−^̄μ,μ̄} + tr[(1 + γ^μ)(1 − γ^{μ̄})(1 − γ^μ)(1 + γ^{μ̄})]U_{x−μ̂,μ} U^†_{x−μ̂,μ̄} U^†_{x−μ̂−^̄μ,μ} U_{x,μ̄} + tr[(1 − γ^μ)(1 + γ^{μ̄})(1 + γ^μ)(1 − γ^{μ̄})]U^†_{x,μ} U_{x+μ̂−^̄μ,μ̄} U_{x−^̄μ,μ} U^†_{x−^̄μ,μ̄} + tr[(1 − γ^μ)(1 − γ^{μ̄})(1 + γ^μ)(1 + γ^{μ̄})]U^†_{x,μ} U^†_{x+μ̂,μ̄} U_{x+^̄μ,μ} U_{x,μ̄}) . (B.22) To evaluate the gamma matrix expressions we observe that

tr1 = 2 , trγ^i = 0 ∀i ,

trγ^iγ^j = 2δ_{i,j} , trγ^iγ^jγ^k = 0 ∀i, j, k (B.23) and that therefore all gamma terms give the same contribution tr [gamma terms] = 2 − 2 − 2 + tr[γ^μγ^{μ̄}γ^μγ^{μ̄}] = −4 . (B.24) Returning to the full expression we abbreviate the plaquette as above and obtain TrH^4 = −4 ∑ x,μ ( U_{P x−μ̂−^̄μ} + U^†_{P x−μ̂} + U^†_{P x−^̄μ} + U_{P x} ) . (B.25) As we sum over the lattice sites, we can reorder the contributions and find that we have each term twice for each direction. We further combine the complex conjugate pairs so that the final expression for the determinant is det[M^2] = e^{16κ4} ∑ x Re UP x . (B.26)

This first order result can be combined with the standard link action term so that the result is an effective pure gauge theory with a shifted beta value of β^′ = β + 16κ^4 . (B.27)

Appendix C Force

C.1 Force on bosonic fields

Starting with the effective action

S_L = βRe ∑ p (1 − U_p) + ∑ k,x,y ϕ^{k†}_x (Q − μ_k)^2_{x,y}ϕ^k_y + ∑ k,x ν^2_k ϕ^{k†}_x ϕ^k_x (C.1)

we want the part dependent on one specified field spinor ϕ^k_x. Rewriting yields S_L(U, ϕ) = const. + ϕ^{k†}_x [ ∑ y|y≠x (Q^2 − 2Qμ_k)_{x,y}ϕ^k_y ] + [ ∑ y|y≠x ϕ^{k†}_y (Q^2 − 2Qμ_k)_{y,x} ] ϕ^k_x + ϕ^{k†}_x (μ^2_k + ν^2_k + (Q^2 − 2Qμ_k)_{x,x})ϕ^k_x = const. + ϕ^{k†}_x B^k_x + B^{k†}_x ϕ^k_x + ϕ^{k†}_x K^k_x ϕ^k_x . (C.2) Mapping this to a Gaussian distribution via e^{−S} ∝ e^{−ϕk†x Bkx−Bk†x ϕkx−ϕk†x Kkx ϕkx} ∝ e^{−R†R} (C.3) we easily see heatbath updates R = (K^k_x )^{12} ϕ^k_x + (K^k_x )^{− 12} B^k_x ϕ^k_x = (K^k_x )^{− 12} R − (K^k_x )^{−1}B^k_x (C.4) and micro-canonical reflections steps R → −R = −(K^k_x )^{12} ϕ^k_x − (K^k_x )^{− 12} B^k_x

ϕ^{k′}_x = −ϕ^k_x − 2(K^k_x )^{−1}B^k_x . (C.5) The necessary coefficients B^k_x, (K^k_x )^{−1}, (K^k_x )^{− 1}2 can be calculated using the formulae in App. A.4 giving explicit expressions for K^k_x K^k_x = c^2_0(1 + 4dκ^2) − 2μ_kc_0γ^5 + ν^2_k + μ^2_k = K^k , (C.6) which is not a function of the lattice site (though a Dirac matrix) and B^k_x B^k_x = ∑ y≠x (Q^2 − 2Qμ_k)_{x,y}ϕ^k_y = ∑ y [(Q^2 − 2Qμ_k)_{x,y}ϕ^k_y] − [c^2_0(1 + 4dκ^2) − 2μ_kc_0γ^5]ϕ^k_x . (C.7)

C.2 Force on links

The force on links is defined by − S_L = const. + ReF_{x,μ}U_{x,μ} (C.8) with the intention to apply this to the heatbath formulae P ∝ e^{b·cos ϕ} . (C.9) Observing that the links U_{x,μ} are complex numbers, we define b = |F_{x,μ}| cos ϕ = cos(ϕ_1 + ϕ_2) with e^{iϕ1} = F_{x,μ} |F_{x,μ}| ; e^{iϕ2} = U_{x,μ} . (C.10) Starting with the action one easily sees S_L = const. − Re βU_p + ∑ k,x,y ϕ^{k†}_x (Q^2_{x,y} − 2μ_kQ_{x,y})ϕ^k_y . (C.11) Expanding and using 2Re z = z + z^∗ and the gamma matrix relations ( γ^5(1 + γ^μ) )_† = γ^5(1 − γ^μ) , ( (1 ± γ^μ)(1 ± γ^{μ′} ) )_† = (1 ± γ^{μ′} )(1 ± γ^μ) (C.12) to combine the complex conjugate pairs and also complex conjugating one of the staple expressions (allowed as only the real part is taken) one obtains F_{x,μ} = β ∑ μ^′≠μ (U^†_{x,μ}′ U^†_{x+μ̂}′_{,μ}U_{x+μ̂,μ}′ + U^†_{x+μ̂−μ̂}′_{,μ}′ U^†_{x−μ̂}′_{,μ}U_{x−μ̂}′_{,μ}′ ) + 4c^2_0κ ∑ k [ ϕ^{k†}_{x+μ̂}ϕ^k_x ]

− 2c^2_0κ^2 ∑ k [ ∑ μ^′ (

ϕ^†_{x+μ̂} (1 − γ^μ)(1 + γ^{μ′} ) ϕ_{x−μ̂}′ U_{x−μ̂}′_{,μ}′ +ϕ^†_{x+μ̂} (1 − γ^μ)(1 − γ^{μ′} ) ϕ_{x+μ̂}′ U^†_{x,μ}′ +ϕ^†_{x+μ̂}′_{+μ̂} (1 − γ^{μ′} )(1 + γ^μ) ϕ_xU_{x+μ̂,μ}′ +ϕ^†_{x−μ̂}′_{+μ̂} (1 + γ^{μ′} )(1 + γ^μ) ϕ_xU^†_{x−μ̂}′_{+μ̂,μ}′ )] − 4c_0κ ∑ k [ μ_kϕ^{k†}_{x+μ̂}γ^5(1 + γ^μ)ϕ^k_x ] . (C.13)

Appendix D

Root Ordering Fortran codes

In this appendix we want to give the Fortran codes which are used for the reordering of the roots Eq. 4.19. In the following n will always denote the degree of the Chebyshev polynomial and m is an integer divisor of n as needed for the subpolynomial scheme.

D.1 Simple pairing scheme

We show the code for the first half of roots. The second half is constructed analogously.

if (abs(n/4 - one*n/4) .ge. 0.01) then
  med1 = n/4 + 1 ! n/4 odd
  med2 = n/4 + 1
else
  med1 = n/4 ! n/4 even
  med2 = n/4 + 1
endif

i=0
do k=1,n/8 ! take complete
  i = i+1 ; j1(i) = k ! groups of 4
  i = i+1 ; j1(i) = n/2-k+1
  i = i+1 ; j1(i) = med1+k ! -> hashing table
  i = i+1 ; j1(i) = med2-k
end do

r = n/2 - n/2 /4*4
if (r .ge. 2) then ! last pair
  k = n/8 + 1
  i = i+1 ; j1(i) = k
  i = i+1 ; j1(i) = n/2-k+1
  r = r-2
endif
if (r .ge. 1) then ! last lonely one
  i = i+1 ; j1(i) = med1
endif

D.2 Subpolynomial scheme

kstep = n / m ! \# of subpolynomials
i =0
do k=1,m
  do l=1,kstep
    i = i+1 ; j1(i) = (l-1)*m + k ! reset index
  end do
end do

D.3 Bitreversal scheme

     do b=0,20
       if (2**b .ge. n) then ! length of array
         bits=b; goto 333
       end if
     end do
333 continue

     do k=1,2*n
       j(k) = 0 ! init
     end do

     do k=1,n
       do b=0,bits
         bit(b)=0 ! init
       end do

       nn = k-1 ! shift
       do b=bits-1,0,-1
         if (2**b .le. nn) then
           nn = nn - 2**b
           bit(b) = 1 ! extract bit
         end if
       end do

       i = 0
       do b=0,bits-1
         i = i + bit(b) * 2**(bits-1-b) ! reverse
       end do
       i = i+1 ! reshift
       j(i) = k ! -> hashing table
     end do

     i = 0
     do k=1,2*n
       if (j(k) .ne. 0) then ! no dummy root
         i = i+1
         j1(j(k)) = i ! reset index
       end if
     end do

D.4 Montvay scheme

read(‘approxima.txt‘);

n := 12 ;
eps := .1000000044703483 ;
c0 := 52987.39383322105 ;
Root:=[
6.299918614676031E-02 -.146958373796435 *I,
.2375643902633147 -.2602503551965 *I,
.483704827825326 -.313922116577824 *I,
.7450326909011724 -.295678104222787 *I,
.9616809154023317 -.209697801497745 *I,
1.08401800398973 -7.567825958203078E-02 *I,
1.08401800398973 + 7.567825958203071E-02 *I,
.9616809154023317 + .2096978014977446 *I,
.7450326909011726 + .2956781042227866 *I,
.483704827825326 + .3139221165778238 *I,
.2375643902633154 + .2602503551965006 *I,
6.299918614676020E-02 + .146958373796435 *I ];

Optimord(n,Root,c0,1,1.,x,eps,1.,100,40,yes);

Appendix E Gegenbauer Solver

E.1 Gegenbauer Polynomials

We define polynomials C^γ_n (z) of the complex variable z with degree n and a real parameter γ > 0 via their generating function (1 + t^2 − 2tz)^{−γ} = ∞∑ n=0 t^nC^γ_n(z) . (E.1) Alternatively, an integral representation

C^γ_n (z) =

2^{1−2γ}Γ(2γ + n)

n! Γ(γ)^2 ∫ π 0 dϕ (sin ϕ)^{2γ−1}(z + √ z^2 − 1 cos ϕ)^n (E.2) is possible. For the many known features of the thus defined Gegenbauer polynomials like trigonometric representation, coefficients of the highest monomial, parity, bounds and large n approximations we defer the reader to the literature [Bun97, Erd53]. For completeness, we mention the first few polynomials C^γ_0 (z) = 1 C^γ_1 (z) = 2γz C^γ_2 (z) = 2γ(γ + 1)z^2 − γ C^γ_3 (z) = 4 3 γ(γ + 1)(γ + 2)z^3 − 2γ(γ + 1)z . (E.3) The relative error of the partial sums is given by R_n(z) = 1 − (1 + t^2 − 2tz)^γ n∑ k=0 t^kC^γ_k (z)

= (1 + t^2 − 2tz)^γ ∞∑ k=n+1 t^kC^γ_k (z) . (E.4) The main item we want to stress is the existence of an recursion relation (n + 1)C^γ_{n+1}(z) + (n + 2γ − 1)C^γ_{n−1}(z) = 2(n + γ) zC^γ_n(z) (E.5) enabling an efficient calculation of these polynomials.

E.2 Solver

The generating function suggests the use of this polynomial expansion to build up a solver method. Assume M a Hermitean matrix with spectrum spec(M) ⊂ [λ_1, λ_2] and 0 < λ_1 ≤ λ_2. We want to solve for x in M^γx = b . (E.6) To map to the Gegenbauer polynomials defined in Eq. E.1, we transform to a normalised matrix A with spec(A) ⊂ [−1, 1] M = c(1 + t^2 − 2tA) ↔ A = − 1 2tc M + 1 + t^2 2t , (E.7) defining parameters t and c

t = √ λ_2 λ_1 − 1 √ λ_2 λ_1 + 1 , c = λ_2 − λ_1 4t . (E.8)

We can then write the solution x as x = M^{−γ} b = c^{−γ}(1 + t^2 − 2tA)^{−γ}b = c^{−γ} ∞∑ n=0 t^nC^γ_n (A)b = ∞∑ n=0 t^ns_n (E.9) with s_n = c^{−γ} C^γ_n(A)b , (E.10) i.e. as a sum over shift vectors s_n with exponentially decreasing factors. Moreover, the shifts have an easy recursion relation (n + 1)s_{n+1} + (n + 2γ − 1)s_{n−1} = 2(n + γ) As_n (E.11) with start shifts s_{−1} and s_0 defined by s_{−1} = 0 s_0 = c^{−γ}b . (E.12) To obtain a valid solver, we have to find a stopping criterion, i.e we have to calculate (at least bounds for) the relative error Eq. E.4 and the rest vector r_n = b − M^γ x_n = R_n(A)b . (E.13)

E.3 Real solver for fl =^1_2

For γ = 1 one obtains a standard inverter algorithm. Most interesting are nonstandard cases, like e.g. γ =^1_4 , which is applicable to SUSY models [Mon97b]. The general cases for γ and z are discussed in more detail in [Bun97]. We for obvious reasons at this place only consider the real case with γ =^1_2 . Legendre Polynomials The Gegenbauer polynomials in the γ =^1_2 case are the Legendre polynomials C^{1/2}_n (z) ≡ P_n(z) . (E.14) In this case the integral representation is given by P_n(cos ϕ) = ∫ π 0 dϕ π (z + √ z^2 − 1 cos ϕ)^n (E.15) with a normalisation P_n(1) = 1. The recursion is identical to Eq. E.5.

The important point is that in this case the relative error can be estimated for real z ∈ [−1, 1] to |R_n(t)| ≤ |t|^{n+1} . (E.16) For the proof we defer to [Bun97]. More involved is the estimation for |z| ≥ 1, so we briefly sketch the idea. We regard the Legendre polynomials with complex argument z parametrised by z = cosh(τ + iφ) . (E.17) Assume that z an t given by Eq. E.8 are inside the ellipse given by Z = cosh(θ + iϕ) (E.18) with θ ≥ 0, ϕ ∈ [0, 2π]. Then we get a uniform bound for the relative error of the expansion |R_n(z)| ≤ (|t|e^θ)^{n+1} (E.19) and equivalently for the error of the solver assuming A is normal with spectrum inside the ellipse.

A priori, θ is unknown. An estimate can be deducted from the shifts solving ||s_n|| ||s_0|| = ||P_n(A)b|| ||b|| ≤ P_n(cosh θ) (E.20) e.g. by Newton-Raphson iterations.

Solver implementation For the Hermitean local bosonic algorithm case M = Q^2P_{nϕ} (Q^2) we are able to give an realistic upper bound for the spectrum

λ_{max}(M) = 1 + δ(n, ϵ) , (E.21)

but we have to use a guess for the unknown λ_{min}(M) > 0

λ_1 = r_{GB}ϵP_{nϕ} (r_{GB}ϵ) ≈ r_{GB}(n_ϕ + 1) √ ϵ , (E.22)

assuming that the spectrum starts at r_{GB}ϵ, r_{GB} ≤ 1.

If λ_{min}(M) > λ_1, the convergence factor is t, but a smaller value would be more efficient. In case of λ_{min}(M) < λ_1, cosh θ > 1 holds. The convergence factor is te^θ. If te^θ ≥ 1, the series does not converge at all. So there exists an optimal choice t_{opt} which maps the extreme value A = 1 exactly to λ_{min}(M) ( 1 − t_{opt} 1 + t_{opt} )_2 = λ_{min}(M) 1 + δ

, (E.23)

where the expansion converges with t_{opt}. Using the knowledge of θ, we can determine t_{opt} from ( 1 − t_{opt} 1 + t_{opt} )_2 = 1 + t^2 − 2t cosh θ (1 + t)^2

. (E.24)

In reality, this is done by adjusting parameters t and c for the next expansion t → t^′ = { t^{1.1} if θ = 0 t_{opt} if θ > 0 and c → c^′ =

1 + δ (1 + t^′)^2

(E.25)

using the information from the last and the fact that we expect similar behaviour for configurations close in an updating sequence.

Computer realization

1. start of basic constants

(a) read t (b) c =^{1+δ(n,ϵ)}_{(1+t)2} 2. initialise work scalars and vectors (a) s_0 = c^{− 12} b (b) s_{−1} = 0 (c) x_0 = s_0 (d) N = ||s_0|| (e) n = 0 (f) mult = 1 3. recursion

(a) Ms ← Ms_0 (b) As ←^{1+t2}_{2t} s_0 −^1_{2tc} Ms (c) W ←^{2n+1}_{n+1} As −^n_{n+1} s_{−1} (d) s_{−1} ← s_0 (e) s_0 ← W (f) mult ← mult · t (g) x_0 ← x_0 + mult · s_0 (h) n ← n + 1 (i) θ from max (_{||}s_{0||} N , 1 ) = P_n(cosh θ) 4. test

(a) if (|t|e^θ)^n < δ_{rec} → store t, exit (b) else → iterate the recursion

Appendix F

4D QCD conventions

The theory is established in d = 4 dimensions on a Euclidean space-time lattice with size L^3 ×T . A gauge field U_μ(x) ∈ SU(3) is assigned to the link pointing from point x to point (x + μ), where μ = 0, 1, 2, 3 designates the 4 forward directions in space-time. The matrix defining the interaction of the fermions is

Q(U)_{xy} = c_0γ^5[(1 + ∑ μν [ i 2 c_{sw}κσ_{μν} F_{μν} (x)])δ_{x,y} − κ ∑ μ {(1 − γ^μ)U_μ(x)δ_{x+μ,y} + (1 + γ^μ)U^†_μ(x − μ)δ_{x−μ,y}}] , (F.1) where κ and c_{sw} are parameters that have to be chosen according to the physical problem under consideration, c_0 = [c_M (1 + 2dκ)]^{−1} and c_M is a constant serving to optimise simulation algorithms. Typically κ ≈ 1/8 and both c_{sw} and c_M are O(1). We refer to the following notation section for the definitions of the matrices γ^μ, γ^5, σ_{μν} and the anti-Hermitian tensor F_{μν}(x).

In order to speed up the Monte Carlo simulation, not the original matrix Q but an even-odd preconditioned matrix Q̂ is used. We rewrite the matrix Q as

Q ≡ c_0γ^5 ( 1 + T_{ee} M_{eo} M_{oe} 1 + T_{oo} ) , (F.2)

where we introduce the matrix T_{ee}(T_{oo}) on the even (odd) sites as (T )_{xaα,ybβ} = ∑ μν [ i 2 c_{sw}κσ^{αβ}_{μν} F^{ab}_{μν} (x)δ_{x,y}] . (F.3) The off-diagonal parts M_{eo} and M_{oe} connect the even with odd and odd with even lattice sites respectively. Preconditioning is now realized by writing the determinant of Q, apart from an irrelevant constant factor, as

det[Q] ∝ det[1 + T_{ee}] det[Q̂] Q̂ = ĉ_0γ^5(1 + T_{oo} − M_{oe}(1 + T_{ee})^{−1}M_{eo}) . (F.4)

The constant factor ĉ_0 is given by ĉ_0 = [c_M (1 + 64κ^2)]^{−1}, and the constant c_M is chosen such that the eigenvalues of Q̂ are in the interval [−1, 1]. Since for the simulation algorithms the eigenvalues have to be positive, we finally work with the matrix Q̂^2.

Notations in 4D

Gamma matrices. The matrices σ_{μν} , μ, ν = 0, ..., 3, are defined via the commutator of γ-matrices σ_{μν} = i 2 [γ^μ, γ^ν] . (F.5) The 4 ⊗ 4 γ-matrices are given by

γ^μ = ( 0 e_μ e^†_μ 0 ) , (F.6)

with the 2 ⊗ 2 matrices

e_0 = −1 ; e_j = iσ_j, j = 1, 2, 3 (F.7)

and Pauli-matrices σ_j

σ_1 = ( 0 1 1 0 ) σ_2 = ( 0 −i i 0 ) σ_3 = ( 1 0 0 −1 ) . (F.8)

The matrix γ^5 = γ^0γ^1γ^2γ^3 is thus diagonal

γ^5 = ( 1 0 0 −1 ) . (F.9)

F_{μν} (x). This antisymmetric and anti-Hermitian tensor is a function of the gauge links and given by F_{μν}(x) = 1 8 [ U_μ(x)U_ν (x + μ̂)U^†_μ(x + ν̂)U^†_ν (x) + U_ν(x)U^†_μ(x + ν̂ − μ̂)U^†_ν (x − μ̂)U_μ(x − μ̂) + U^†_μ(x − μ̂)U^†_ν (x − ν̂ − μ̂)U_μ(x − ν̂ − μ̂)U_ν(x − ν̂) + U^†_ν (x − ν̂)U_μ(x − ν̂)U_ν (x − ν̂ + μ̂)U^†_μ(x) − h.c.] . (F.10)

Bibliography

[Aff86] I. Affleck, Nucl. Phys. B265 (1986) 448.

[Ale95] C. Alexandrou, A. Borelli, P. de Forcrand, A. Galli, F. Jegerlehner, Nucl. Phys. B456 (1995) 296 (= hep-lat/9506001).

[Aok97] S. Aoki, G. Boyd, R. Burkhalter, S. Hashimoto, N. Ishizuka, Y. Iwasaki, K. Kanaya, Y. Kuramashi, M. Okawa, Y. Yoshie, CP- PACS result for the quenched light hadron spectrum, hep-lat/9709139, Lattice97 contribution, to appear in Nucl. Phys. B (Proc. Suppl.).

[Bar97] W. Bardeen, A. Duncan, E. Eichten, H. Thacker, QED2 as a testbed for interpolations between quenched and full QCD, hep-lat/9710020, Lattice97 contribution, to appear in Nucl. Phys. B (Proc. Suppl.).

[Bes79] D. J. Best, N. I. Fisher, Appl. Statist. 28 (1979) 152.

[Bor95] A. Borici, P. de Forcrand, Nucl. Phys. B454 (1995) 645 (= heplat/9505021).

[Bor95a] A. Borici, P. de Forcrand, Nucl. Phys. B (Proc. Suppl.) 43 (1996) 800 (= hep-lat/9509080).

[Bor96] A. Borrelli, P. de Forcrand, A. Galli, Nucl. Phys. B477 (1996) 809 (= hep-lat/9602016).

[Bor96a] A. Borici, Theoretical analysis of multi-boson algorithm with local and global update of bosonic fields, hep-lat/9602018.

[Bra92] S. Brandt, Datenanalyse (BI Wissenschaftsverlag, Mannheim 1992).

[Bro91] S. J. Brodsky, H.-C. Pauli, in Recent Aspects of Quantum Fields, eds. H. Mitter, H. Gausterer (Lecture Notes in Physics, Vol. 396, Springer- Verlag, Heidelberg 1991).

[Bro63] L. S. Brown, Nuovo Cimento 29 (1963) 617.

[Bun94] B. Bunk, Nucl. Phys. B (Proc.Suppl.) 53 (1997) 987 (= heplat/9608109).

[Bun95a] B. Bunk, K. Jansen, B. Jegerlehner, M. Luscher, H. Simma, R. Sommer, Nucl. Phys. B (Proc. Suppl.) 42 (1995) 49 (= hep-lat/9411016).

[Bun97] B. Bunk, Fractional inversion in Krylov space, Lattice97 contribution, to appear in Nucl. Phys. B (Proc. Suppl.).

[Che84] T. Cheng, L. Li, Gauge Theory of Elementary Particle Physics (Clarendon Press, Oxford 1984).

[Col75] S. Coleman, R. Jackiw, L. Susskind, Ann. Phys. (N.Y.) 93 (1975) 267.

[Col75a] S. Coleman, PRD 11 (75) 2088.

[Col76] S. Coleman, Ann. Phys. (N.Y.) 101 (1976) 239.

[Cre83] M. Creutz, Quarks, Gluons and Lattices (Monographs on Mathematical Physics, Cambridge University Press, Cambridge 1983).

[Cre94] M. Creutz, Nucl. Phys. B (Proc. Suppl.) 42 (1995) 56 (= heplat/9411033).

[Cre80] D. P. Crewther, C. J. Hamer, Nucl. Phys. B170 (1980) 353. [Cul85] J. K. Cullum, R. A. Willoughby, Lanczos algorithms for large symmetric eigenvalue problems I (Birkhäuser, Boston 1985).

[Dan92] D. Daniel, R. Gupta, G. Kilcup, A. Patel, S. Sharpe, Phys. Rev. D46 (1992) 3130 (= hep-lat/9204011).

[Dav84] F. David, H. W. Hamber, Nucl. Phys. B248 (1984) 381. [Dil93] H. Dilger, H. Joos, Nucl. Phys. B (Proc. Suppl.) 34 (1994) 195 (= hep-lat/9312041); H. Dilger, Nucl. Phys. B434 (1995) 321; H. Dilger, Int. Jour. Mod. Phys. C6 (1995) 123 (= hep-lat/9408017).

[Dit86] W. Dittrich, M. Reuter, Selected topics in gauge theories (Lecture notes in physics, Springer, Heidelberg 1986).

[Don92] J. F. Donoghue, E. Golowich,B. R. Holstein, Dynamics of the standard model (Cambridge University Press, Cambridge 1992).

[Dua87] S. Duane, A. D. Kennedy, B. J. Pendleton, D. Roweth, Phys. Lett. B195 (1987) 216.

[Ell87] Th. Eller, H.-C. Pauli, S. J. Brodsky, Phys. Rev. D35 (1987) 1493; Th. Eller, H.-C. Pauli, Z. Phys. C42 (1989) 59.

[Els95] S. Elser, H.-C. Pauli, A. C. Kalloniatis, Discretized light-cone quantization: Solving a 1+1 dimensional field theory (QED), hep-th/9505069.

[Els96] S. Elser, A. C. Kalloniatis, Phys. Lett. B375 (1996) 285 (= hepth/9601045).

[Els96a] S. Elser and B. Bunk, Nucl. Phys. B (proc. Suppl.) 53 (1997) 953 (= hep-lat/9608073).

[Els97] S. Elser, B. Bunk, hep-lat/9709121, Local bosonic versus HMC – a CPU cost comparison, Lattice97 contribution, to appear in Nucl. Phys. B (Proc. Suppl.).

[Els97a] S. Elser, B. Bunk, Topological sectors and the pion mass, heplat/9710019, submitted to Phys. Rev. D.

[Els97b] S. Elser, B. Bunk, K. Jansen, R. Frezzotti, Ordering monomial factors of a Chebyshev polynomial in the product representation, to be published.

[Erd53] A. Erdélyi (ed.), Higher Transcendental Functions (Vol. I/II, McGraw- Hill, New York 1953).

[For95] P. de Forcrand, Nucl. Phys. B (Proc. Suppl.) 43 (1996) 228 (= heplat/9509082).

[For97] P. de Forcrand, private communication.

[For97a] P. de Forcrand, Fermionic Monte Carlo algorithms for lattice QCD, hep-lat/9702009.

[For97b] P. de Forcrand and T. Takaishi, Nucl. Phys. B (Proc.Suppl.) 53 (1997) 968 (= hep-lat/9608093).

[For97c] P. de Forcrand, J. E. Hetrick, T. Takaishi, A. J. van der Sijs, Three topics in the Schwinger model, hep-lat/9709104, Lattice97 contribution, to appear in Nucl. Phys. B (Proc. Suppl.).

[Fox68] L. Fox and I. B. Parker, Chebyshev polynomials in numerical analysis (Oxford University Press, London 1968).

[Fre97] R. Frezzotti, K. Jansen, Phys. Lett. B 402 (1997) 328 (= heplat/9702016).

[Fre97a] R. Frezzotti, K. Jansen, Experiences with the Polynomial Hybrid Monte Carlo algorithm, hep-lat/9709033, Lattice97 contribution, to appear in Nucl. Phys. B (Proc. Suppl.).

[Fri73] H. Fritzsch, M. Gell-Mann, H. Leutwyler, Phys. Lett. B47 (1973) 365; H. D. Polizer, Phys. Rep. C14 (1974) 129.

[Fuc84] F. Fucito, S. Solomon, Phys. Lett. B134 (1984) 230.

[Gat95] C. R. Gattringer, QED_2 and the U(1) problem, hep-th/9503137 (diploma thesis, Universität Graz, Graz 1995); C. R. Gattringer, I. Hip, C. B. Lang, Quantum fluctuations versus topology – a study in U(1)_2 lattice gauge theory, hep-lat/9706010.

[Gat97a] C. R. Gattringer, I. Hip, C. B. Lang, Topological charge and the spectrum of the fermion matrix in lattice-QED_2, hep-lat/9707011; I. Hip, C. B. Lang, R. Teppner, Chiral symmetry in the 2-flavour lattice Schwinger model, hep-lat/9709030.

[Gla61] S. L. Glashow, Nucl. Phys. 22 (1961) 579; S. Weinberg, Phys. Rev. Lett. 19 (1967) 1264; A. Salam, in Elementary Particle Theory, ed. N. Svartholm (Almqvist & Wiksell, stockholm 1968).

[Gra80] I. S. Gradshteyn, I. M. Ryzhik, Table of Integrals, Series and Products (Academic Press, San Diego 1980).

[Gra87] J. Grady, PRD 35 (1987) 1961.

[Gut97] C. Gutsfeld, H. A. Kastrup, K. Stergios, J. Westphalen, Meson-meson scattering in the massive Schwinger model – a status report, heplat/9709158, Lattice97 contribution, to appear in Nucl. Phys. B (Proc. Suppl.).

[Har94] K. Harada, T. Sugihara, M. Taniguchi, M. Yahiro, Phys. Rev. D49 (1994) 4226 (= hep-lat/9309128).

[Het88] J. E. Hetrick, Y. Hosotani, PRD 38 (1988) 2621.

[Het95] J. E. Hetrick, Y. Hosotani, S. Iso, Phys. Lett. B350 (1995) 92 (= hepth/9502113); J. E. Hetrick, Y. Hosotani, S. Iso, Phys. Rev. D53 (1996) 7255 (= hep-th/9510090).

[Hor91] A. M. Horowitz, Phys. Lett. B156 (1985) 89; Nucl. Phys. B280 (1987) 510; Phys. Lett. 268B (1991) 247.

[Hos96] Y. Hosotani, P. Rodriguez, J. E. Hetrick, S. Iso, Minneapolis 1996, Continuous advances in QCD, p. 382 (= hep-th/9606129).

[Irv96] A. C. Irving and J. C. Sexton, Nucl. Phys. B (Proc. Suppl.) 43 (1996) 679 (= hep-lat/9508032).

[Itz85] C. Itzykson, J. Zuber, Quantum Field Theory (McGraw-Hill, New York 1985).

[Jan95] K. Jansen, C. Liu, Nucl. Phys. B453 (1995) 375 (= hep-lat/9506020).

[Jan95a] K. Jansen, C. Liu, B. Jegerlehner, Phys. Lett. B375 (1996) 255 (= hep-lat/9512018).

[Jan96] K. Jansen, B. Jegerlehner, C. Liu, Some aspects of simulation algorithms for dynamical fermions, hep-lat/9604016.

[Jan96a] K. Jansen, Nucl. Phys. B (Proc.Suppl.) 53 (1997) 127 (= heplat/9607051).

[Jan97] K. Jansen and R. Sommer, The non-perturbative O(a)-improved action for dynamical Wilson fermions, CERN preprint, CERN-TH 97-239, hep-lat/9709022.

[Jeg95] B. Jegerlehner, Nucl. Phys. B (Proc. Suppl.) 42 (1995) 879 (= heplat/9411065).

[Jeg95a] B. Jegerlehner, Nucl. Phys. B465 (1996) 487 (= hep-lat/9512001). [Jeg96] B. Jegerlehner, Nucl. Phys. B (Proc. Suppl.) 53 (1997) 959 (= heplat/9612013).

[Joo90] H. Joos, Helv. Phys. Acta 63 (1990) 670; H. Joos, NPB (Proc. Suppl.) 17 (1990) 704; H. Joos, S. Azakov, Helv. Phys. Acta 67 (1994) 723.

[Kal90] T. Kalkreuter, Simulation von Gitterfeldtheorien mit Hilfe der Polymermethode (Diploma thesis, Universität Hamburg, Hamburg 1989).

[Kog75] J. Kogut, L. Susskind, Phys. Rev. D11 (1975) 3594. [Kur94] Y. Kuramashi, M. Fukugita, H. Mino, M. Okawa, A. Ukawa, Phys. Rev. Let. 72 (1994) 3448 (= hep-lat/9312016).

[Lan50] C. Lanczos, J. Res. Nat. Bur. Stand. 45 (1950) 255. [Lan96] C. Lang, R. Teppner, I. Hip, private communication. [Low71] J. Lowenstein, A. Swieca, Ann. Phys. (N.Y.) 68 (1971) 172. [Lue82] M. Lüscher, Commun. Math. Phys. 85 (1982) 39. [Lue93] M. Lüscher, Comput. Phys. Commun. 79 (1994) 100 (= heplat/9309020).

[Lue94] M. Lüscher, Nucl. Phys. B418 (1994) 637 (= hep-lat/9311007). [Lue95] M. Lüscher, internal Alpha Collaboration report. [Lue96] M. Lüscher, private communication.

[Lue97] M. Lüscher, S. Sint, R. Sommer, P. Weisz and U. Wolff, Nucl. Phys. B491 (1997) 323 (= hep-lat/9609035).

[Man85] N.S. Manton, Ann. Phys. (N.Y.) 159 (1985) 220.

[Mon94] I. Montvay, G. Münster, Quantum fields on a lattice (Monographs on Mathematical Physics, Cambridge University Press, Cambridge 1994).

[Mon97] I. Montvay, Quadratically optimized polynomials for fermion simulations, hep-lat/9707005.

[Mon97a] I. Montvay, MAPLE program package available at http://www.desy.de:8888/∼montvay/susy.html [Mon97b] I. Montvay, SUSY on the lattice, hep-lat/9709080, Lattice97 contribution, to appear in Nucl. Phys. B (Proc. Suppl.).

[Mut87] T. Muta, Foundations of Quantum Chromodynamics (Lecture Notes in Physics, Vol. 5, World Scientific, Hongkong 1987).

[Nar89] S. Narison, QCD Spectral Sum Rules (Lecture Notes in Physics, Vol. 26, World Scientific, Hongkong 1989).

[Oka95] M. Okawa, Nucl. Phys. B (Proc. Suppl.) 43 (1996) 160 (= heplat/9510047).

[Par93] M. B. Paranjape, Phys. Rev. D48 (1993) 4946 (= hep-th/9307051). [Pea94] M. Peardon, UKQCD Collaboration, Nucl. Phys. B (Proc. Suppl.) 42 (1995) 891 (= hep-lat/9412008).

[Pre92] W. H. Press, S. A. Teukolsky, W. T. Vetterling and B. P. Flannery, Numerical Recipes (Second Edition, Cambridge University Press, Cambridge 1992).

[Ral72] R. Ralston, H. S. Wilf, Mathematische Methoden für Digitalrechner I (Oldenburg, München 1967).

[Rot79] H. J. Rothe, K. D. Rothe, J. A. Swieca, Phys. Rev. D19 (1979) 3020. [Sal90] A. Salam, Unification of fundamental forces (Cambridge University Press, Cambridge 1990).

[Saw97] P. Sawicki, Hubbard model with Lüscher fermions, Kraków preprint, TPJU-1/97, hep-lat/9703005.

[Sch96] K. Scharnhorst, Nucl. Phys. B479 (1996) 727 (= hep-lat/9604024). [Sch62] J. Schwinger, Phys. Rev. 128 (1962) 2425. [Sha94] S. Sharpe, Boulder TASI 1994, p. 377 (= hep-lat/9412243). [Sok89] A. D. Sokal, Lectures given at the Troisieme Cycle de la Physique en Suisse Romande, Lausanne, Switzerland, Jun 15-29, 1989.

[Sto90] J. Stoer, R. Bulirsch, Numerische Mathematik 2 (Springer, Berlin 1990).

[Var94] J. Vary, T. J. Fields, Polana Light Cone Quantiz. 1994, p. 122 (= hep-ph/9411263).

[Wil74] K. Wilson, Phys. Rev. D10 (1974) 2445.

[Wol97] U. Wolff, Multi-boson simulation of the Schrödinger functional, heplat/9708018, Lattice97 contribution, to appear in Nucl. Phys. B (Proc. Suppl.).

[Zin94] J. Zinn-Justin, Quantum Field Theory and Critical Phenomena (Int. Series of Monographs in Physics 85, Clarendon Press, Oxford 1994).

Acknowledgement

I wish to thank

the referees Dr. Karl Jansen, Prof. Dr. Michael Müller-Preußker and Prof. Dr. Gerrit Schierholz for their taking on this extra work,

my colleagues Dr. Wolfgang Bock, Dr. Martin Hasenbusch, Dr. Thomas Kalkreuter, Dr. Klaus Scharnhorst, and Andrea Voigt in the Computational Physics group at the Humboldt Universität,

Dr. Andreas Hoferichter, Dr. Roger Horsley and Dr. Ernst-Michael Ilgenfritz in the Institut für Physik der Humboldt Universität

for the general willingness to collaborate, help and for many fruitful discussions and explanations.

For support and help with all computer problems I am indebted to Konrad- Zuse-Zentrum für Informationstechnik and to Deutsches Elektronensynchrotron – Institut für Hochenergiephysik Zeuthen. I would like to mention Dr. Hinnerk Stueben at ZIB and Dr. Hannelies Novak, Dr. Wolfgang Friebel and Dr. Alf Wachsmann at the IfH.

This work was supported by the Deutsche Forschungsgemeinschaft under grants No. WO 389/3-1 and WO 389/3-2.