arXiv:hep-lat/0306003 v2 10 Jun 2003

NIIG-DP-03-1 June 10, 2003 hep-lat-0306003

Five-dimensional Lattice Gauge Theory as Multi-Layer World

Michika Murata and Hiroto So

Department of Physics, Niigata University, Ikarashi 2-8050, Niigata 950-2181, Japan

Abstract

A five-dimensional lattice space is decomposed into a number of four-dimensional lattices called ‘layers’. We can interpret the five-dimensional gauge theory as four-dimensional gauge theories on the multi-layer with interactions between neighboring layers. In the theory, there exist two independent coupling constants: β4 controls the dynamics inside a layer, and β5 does the strength of the interlayer interaction. We propose the new possibility to realize the continuum limit of a five-dimensional theory using four-dimensional dynamics with large β4 and small β5. Our result is also related to the higher dimensional theory by deconstruction approach.

PACS number(s): 11.10.Kk, 11.15.Ha, 11.25.Mj

1 Introduction

Kaluza and Klein (KK)’s idea was a nice unification scenario that a four-dimensional gravity and a Maxwell theory are derived from a five-dimensional gravity[1]. But their approach was done within a classical framework and it is not so easy to realize its quantum theory. The first problem is that five-dimensional theories are generally unrenormalizable even if they are renormalizable theories in four dimensions. The another point is that the property of phase transitions in five-dimensional lattice theories is exactly same as that of mean-field theories. The latter implies that it is generally difficult to take the continuum limit in the five-dimensional theory using the second order phase transition and the associated fixed point (FP). Actually, some searches for both properties in a five-dimensional gauge theory have been tried [2, 3, 4, 5] and it is still far that one realizes a continuum limit from five-dimensional statistical mechanics.

Although most of possibilities in the construction of five-dimensional theories are shut, there is a path to the construction, that is to use well-known properties of a four-dimensional statistical mechanics. Since we know the continuum limit of a four-dimensional gauge theory, the limiting operation keeping fixed physical quantities can be considered in the meaning of a four-dimensional theory. Recently, a new approach for the KK’s scenario called deconstruction has appeared using four-dimensional asymptotically free gauge theories in the continuum[6, 7]. The approach realizes KK-like modes although they are completely four-dimensional theories. It is an interesting idea but can not give any answer for difficulties of higher dimensional theories because the idea is based on the perturbative picture of four-dimensional theories and has nothing to any clue about properties of the statistical mechanics.

On the other hand, Fu and Nielsen suggested to reduce the extra-dimensional space by the dynamics of a higher-dimensional lattice gauge theory[8]. In the idea, they considered a decomposition of a fivedimensional lattice space into an ensemble of four-dimensional lattice spaces (multi-layer). Unfortunately, they studied about compact U (1) gauge theories which have no continuum limit in four dimensions[9, 10, 11, 12]. In this paper, we formulate a five-dimensional lattice SU (2) gauge theory as a block of fourdimensional theories with an extra interaction like as Fu and Nielsen. The phase structure of the theory is clarified with Monte Carlo simulation and we discuss about the continuum limit as a four-dimensional multi-layer system (multi-layer world). Finally, we suggest how to construct a five-dimensional theory by explicit limiting operations. A limiting curve corresponding to five-dimensional scale shall becomes to an envelope.

The outline of our paper is as follows: our model setting and the notation are explained in the next section. In sec.3, our model is investigated by a numerical method. In sec.4, we discuss physical properties of our model such as gauge squared mass matrix, the four-dimensional continuum limit and suggestion of a new idea for defining a five-dimensional theory. Sec.5 is devoted to summary and discussions.

2 Our Model

In this section, we shall set our model in addition to explanation for a layer structure in the fivedimensional lattice. Link variables along a fifth direction are interpreted as scalar fields in the model. Naively, this has a picture of a four-dimensional theory in the continuum limit. Afterwards, measured order parameters in our numerical simulation are listed and an expected phase diagram is sketched. 1. Layer structure and Wilson action We consider the five-dimensional pure SU (2) Wilson action on a N^4_4 × N_5 lattice with a periodic boundary condition:

S_{lat} = β_4 ∑ P_4 [ 1 − 1 2 Tr U_{P4} ] + β_5 ∑ P_5 [ 1 − 1 2 Tr U_{P5} ] , (1)

Tr U_{P4} ≡ Tr U^{n5}_{n,μ} U^{n5}_{n+μ̂,ν} U^{†n5}_{n+ν̂,μ} U^{†n5}_{n,ν} , (2)

Tr U_{P5} ≡ Tr U^{n5}_{n,μ} U^{n5}_{n+μ̂,5} U^{†n5+1}_{n,μ} U^{†n5}_{n,5} , (3)

where the sum is defined as ∑ P_4 ≡ ∑ n,n_5 ∑ 1≤μ<ν≤4 , ∑ P_5 ≡ ∑ n,n_5 ∑ 1≤μ≤4 . According to Fu

and Nielsen[8], we call the four-dimensional subspace a ‘layer’, because the individual four-dimensional subspace must be independent of each other if β_5 is equal to zero. Every layer was aligned along the fifth direction −− see Fig.1. An n_5-th layer is noted L_{n5} . U^{n5}_{n,μ} is a link variable inside L_{n5} and U^{n5}_{n,5} connects between L_{n5} and L_{n5+1}. These link variables behave as 2 of SU (2). Then the first term of the action (1) represents interactions inside layers controlled by β_4, and the second term represents interactions between different layers (inter-layer) controlled by β_5^∗. Note that for convenience two coupling constants, β ≡ √ β_4β_5 , γ ≡ √ β_5 β_4

, (4)

are also used.

2. Measuring quantities To understand the dynamics of (1), the following quantities are measured.

• Expectation values of the plaquette U_{P4} inside a layer and U_{P5} between neighboring layers.

• Creutz ratio of loops inside a layer,

σ_4(l_μ, l_ν) ≡ −ln { W (l_μ, l_ν )W (l_μ − 1, l_ν − 1) W (l_μ, l_ν − 1)W (l_μ − 1, l_ν) } , (5)

where W (l_μ, l_ν ) implies an expectation value of Wilson loop with l_μ × l_ν size on the same layer.

∗A similar model with the adjoint Higgs field is investigated[13], where the field plays an essential role in the existence of a ‘layered’ phase. Although we does not assume the phase in this work, it seems an interesting subject.

• Polyakov loop along fifth direction, L_{5,n} ≡ 1 2 Tr ∏ n_5

U^{(n5)}_{n,5} . (6)

• Inverse of correlation length for Polyakov loops, ⟨L_{5,n}L_{5,m}⟩ − ⟨L_{5,n}⟩^2 ∼ cosh(−H |n − m|) . (7) U_{P4} and U_{P5} correspond to parts of the internal energy. σ_4(l_μ, l_ν ) is an order parameter of four-dimensional confinement inside a layer and ⟨L_{5,n}⟩ is that of Z_2 center symmetry^†.

3. Intuitive understanding of dynamics Depending on the magnitude of β_4, β_5, the dynamics (1) has various feature. In the case that γ is larger than unity, inter-layer interactions are strong compared to those inside layers. In this region the influence among the layer can not be ignored because a layer is strongly bound to its neighboring layers. It seems difficult to control the system in taking the continuum limit because there remain the strong extra-interactions caused by the fifth direction in the coupling region. As γ is smaller than unity, interactions of inter-layer are weaker than those of inside layers. Then layers are loosely bound to each other, and in this region the dynamics is similar to a four-dimensional gauge theory with extra fields. We call this picture a ‘multi-layer world’.

From two order parameters σ_4 and ⟨L_5⟩ we can imagine four phases. Since our model is reduced to a four-dimensional gauge theory at β_5 = 0, we know that the phase of σ_4 = 0 and ⟨L_5⟩ = 0 is not realized −− see Fig.2.

4. Naive continuum limit as four-dimensional gauge theory We consider the naive continuum limit of our model for a particular case which U^{n5}_{n,5} is interpreted as a fundamental ‘scalar’ field V^{n5}_n on the L_{n5} . In the interpretation, the fifth direction is simply an internal degree of freedom. We should consider limit a_4 → 0 as the naive continuum limit because there is only lattice spacing a_4 inside layers. In the first term of the action (1) Σ_{n5} corresponds to a trace operation in the internal space and Σ_n dose to the summation of four-dimensional space. Then the relation between the inside layer coupling β_4 and a four-dimensional gauge coupling g_4 is determined as

β_4 = 4 g^2_4

. (8)

On the other hand, the second term of the action (1) means interactions between gauge field and ‘scalar’ field written as

U_{P5} = U^{n5}_{n,μ} V^{n5}_{n+μ̂} U^{†n5+1}_{n,μ} V^{†n5}_n . (9)

The β_5 is the inter-layer coupling which controls dynamics of ‘scalar’ fields, and it is determined from the renormarization factor in the continuum limit.

3 Numerical Analysis −−− Phase Structures on Various N_5 −−−

In this section, we investigate the phase structure of our model by using Monte Carlo simulation. We simulate for Wilson action (1) using N^4_4 × N_5 lattice (N_4 = 8, 10, 12, N_5 = 1, 2, 3, 5, 6, 8) by heat-bath algorithm. We measure expectation values of plaquettes ⟨U_{P4} ⟩, ⟨U_{P5} ⟩, specific heats C_4 ≡ ⟨ U^2_{P4} ⟩ −⟨U_{P4} ⟩^2, C_5 ≡ ⟨ U^2_{P5} ⟩ − ⟨U_{P5} ⟩^2, Creutz ratio and Polyakov loop with its fluctuation χ_5 ≡ ⟨ L^2_5 ⟩ − ⟨L_5⟩^2. The statistical errors of these measurements are estimated by the jackknife method. In the following figures, open and filled symbols are noted as results of ordered and disordered start respectively. We describe N_5 = 1 and N_5 > 1 cases separately.

†For the N_5 = 1 case, a singlet part of U_{n,5} is important for the phase structure. For the realization of a non-trivial transformation for the singlet part only, we add a special gauge transformation to the center symmetry.

3.1 Case of N_5 = 1

Fig.3 represents the phase diagram at N_5 = 1 and plots measured lines where (i) β_4 = 0, (ii) γ = 1/ √ 12 ∼ 0.29, (iii) β_4 = 10.0 and (iv) β_5 = 10.0. Our calculations support the expected phase diagram (Fig.2), and their detailed discussions are summarized as follows:

(i) β_4 = 0 : Fig.4 shows results of ⟨L_5⟩ and χ_5. Those quantities imply that the confinementdeconfinement phase transition occurs at β_{5c} ∼ 0.6. Especially in χ_5, we can see the volume effect which is a characteristic signal of the phase transition.

(ii) β_4 = 10 .0 : From ⟨L_5⟩, the similar signal of the transition can be seen at β_5 ∼ 0.6. In addition, σ_4 also bends sharply at β_5 ∼ 0.6 −− see Fig.5.

(iii) β_5 = 0 .3 : In Fig.6, we can confirm that signal of crossover about σ_4 is exactly same as that of an ordinary four-dimensional lattice gauge theory (β_5 = 0).

(iv) β_5 = 10 .0 : We can see that σ_4 is decreasing as β_4 is growing in Fig.7, although it is difficult to recognize a rapid change of σ_4 at β_4 ∼ 1.2.

The naive continuum limit of an N_5 = 1 system corresponds to the four-dimensional gauged non-linear σ model:

S_{lat} → ∫ d^4x { 1 4 Tr F^2_{μν} + 1 2 f^2_π ( D_μV (x) )_†( D_μV (x) )} (10)

where V (x) is a scalar field with a constraint condition V (x) = θ_0(x) + i⃗σ · ⃗θ(x) , θ^2_0 + ⃗θ^2 = 1 . (11)

This condition reads to (∂_μθ_0)^2 ≪ (∂_μθ^a)^2 at θ^a ≪ 1. Then the system corresponds to a Georgi-Glashow model with a Higgs triplet [14, 15, 16] which is equivalent to a four-dimensional O(3) Heisenberg model.

3.2 Case of N_5 > 1

The phase diagram for N_5 > 1 and measuring directions are shown in Fig.8. Dashed lines are (i) γ = √ 2, (ii) γ = 0.5, 1/ √ 2 (∼ 0.71), 1/1.2 (∼ 0.83), (iii) γ = 0.29 and (iv) β_4 = 8.0, 10.0 and 20.0 respectively.

(i) γ = √ 2 : In Fig.9, as β becomes to large, the new phase appears at β ∼ 1.2 where the phase varies from σ_4 ≠ 0 and ⟨L_5⟩ = 0 to σ_4 ≠ 0 and ⟨L_5⟩ ≠ 0. Afterward the new phase transition occurs at β ∼ 2.0 where the phase varies from σ_4 ≠ 0 and ⟨L_5⟩ ≠ 0 to σ_4 = 0 and ⟨L_5⟩ ≠ 0.

(ii-a) 0 .5 ≤ γ ≤ 0 .83 : In the middle range of γ, we found a first order phase transition for both order parameters U_{P4} and U_{P5} on a 8^4 ×2 lattice in Fig.10. There the hysteresis loop is clearly seen at γ = 0.71. As N_5 approaches to N_4, the range is wider and includes unity where the theory is recovered as usual five-dimensional one. Then this signal of the first order transition corresponds to that of the isotropic five-dimensional SU (2) gauge theory [3].

(ii-b) 0 .0 ≤ β_5 ≤ 1 .2 : Fig.11 shows a change of σ_4(2, 2) for β_4. To compare with it, the result of an ordinary four-dimensional lattice is also shown at the circle symbol. As β_5 is larger, a slope of σ_4(2, 2) is deeper. The signal of crossover is changed to the second order phase transition at β_5 ∼ 1.0 and further the first order phase transition at β_5 ∼ 1.2. The change of σ_4(2, 2) for β_5 at β_4 = 2.3, is shown in Fig.12. We can see that σ_4(2, 2) or the tension is slightly varied in small β_5, although it becomes clear in β_5 > 0.8 near the phase transition.

(iii) γ = 0 .29 : We can find the phase transition at β ∼ 2.3 (β_4 ∼ 0.79, β_5 ∼ 0.67). It is a surprising fact in a multi-layer world that the transition point is independent of N_5 > 1. Fig.13 shows results of U_{P5} and C_5 on a 8^4 × N_5 lattice, where N_5 = 1, 2, 3, 5, 6 and 8. Both quantities for N_5 > 1 are unchanged.

(iv) β_4 = 8 .0 , 10 .0 and 20 .0 : At β_4 = 10.0 we can see that the phase transition occurs at β_5 ∼ 0.63 from σ_4 ≠ 0 and ⟨L_5⟩ = 0 to σ_4 = 0 and ⟨L_5⟩ ≠ 0 −− see Fig.14. The hysteresis loop can not be seen in their signals. Therefore we expect the phase transition is second order. The inverse correlation length for Polyakov loops shows at β_4 = 10.0 on a 12^4 × 3 lattice in Fig.15 and also supports the property of the phase transition. In addition, we found that the transition point for N_5 > 1 is closer to that for N_5 = 1 as β_4 is larger −− see Fig.16.

Those interesting phenomenon in the multi-layer world shall support our discussions in the next section.

4 Multi-Layer World

4.1 Multi-layer world and gauge fields

In this section, we investigate a multi-layer world (γ is sufficiently small to unity and N_5 > 1). This world is composed of four-dimensional gauge theories bound by ‘scalar’ fields: V^i_n ≡ U^i_{n,5}. The fields are transformed as bi-fundamental representations of L_i and L_{i+1}. The gauge transformations are defined as

U^i_{n,μ} → Y^i(n) U^i_{n,μ} Y^{i†}(n + μ̂) for a gauge field inside a L_i, (12)

V^i_n → Y^i(n) V^i_n Y^{i+1†}(n) for a ‘scalar’ field between L_i and L_{i+1}, (13)

where Y^i(n) is an arbitrary element of SU (2). From (13), V^i_n can be fixed to unity except for V^1_n ,

V^{1′}_n = Y^1(n) V^1_n Y^{2†}(n) = 1 , V^{2′}_n = Y^2(n) V^2_n Y^{3†}(n) = 1 , . . V^{N ′5}_n = Y^{N5} (n) V^{N5}_n Y^{1†}(n) = Y^1(n) {∏_{N5} i=1 V^i_n } Y^{1†}(n) ≡ Y^1(n)X_nY^{1†}(n) .

(14)

Note that Tr V^{N ′5}_n is exactly a Polyakov loop L_{5,n}. Since a non-trivial V^i_n can be moved to every interlayer, this implies that the system has a translational invariance to the fifth direction. In this point, the multi-layer world is significantly different from a just four-dimensional theory.

Based on this setting of the gauge fixing, we consider mass spectrum of vector fields, A^{a i}_{n,μ}. The masses include the effect of fluctuations by layers. We get the following mass term,

(A^2_{n,μ} term) ≡ a^4 ∑ n,μ

N_5∑

i,j=1 1 2 A^{a i}_{n,μ} M^2_{ij} A^{a j}_{n,μ} , (15)

where the mass squared matrix is defined as

M^2_{ij} ≡ β_5g^2_4 4 a^2_4

1 −1

−1 2 .. . .. . .. . .. . .. . 2 −1 −1 1

+ L^2_{5,n}

1 −1 0 0 .. . 0 0 −1 1 ≡ β_5g^2_4 4 a^2_4

M_{ij} (16)

using U^i_{n,μ} = exp { i a_4 g_4^{σa}_2 A^{a i}_{n,μ} } . For the purpose that we go ahead to non-perturbative analysis, the mass may be also non-perturbatively defined by the correlation length between different layers. But the analysis is necessary for a large N_5 lattice and it is beyond our present computer capacity. Therefore, we take the semi-classical approach such that the mass formula is derived by expanding a field A_{n,μ} and the mass squared matrix is calculated by Monte Carlo simulation. Under this approximation, L_{5,n} can be replaced with ⟨L_5⟩ ≡ 1/(2V_4) · ∑ n Tr X_n, and V_4 is the four-dimensional volume of a layer. In the case of ⟨L_5⟩^2 = 1, we can easily analyze this matrix M_{ij} owing to the periodic boundary condition for the fifth direction [6, 7]. Eigenvalues of this matrix are

λ_k = 4 sin^2 πk N_5

, k = 0, 1, · · ·, N_5 − 1 , (17)

and at k ≪ N_5, they are simply written as

λ_k = ( 2πk N_5

)_2 . (18)

It is noted that the values for even k are independent of ⟨L_5⟩. Since it is not so easy to get the values for odd k, we numerically calculate them with arbitrary ⟨L_5⟩ which is determined by Monte Carlo simulation. Fig.17 shows plots of eigenvalues λ_k versus ⟨L_5⟩^2 at N_5 = 3, 6 and 12.

We see that eigenvalues are doubly degenerate at ⟨L_5⟩^2 = 1. In addition, a noteworthy thing is that the eigenvalues at ⟨L_5⟩^2 = 1 and N_5 = n are equal to the eigenvalues at ⟨L_5⟩ = 0 and N_5 = n/2 except for its degeneracy. Our system at ⟨L_5⟩^2 = 1 and N_5 = n has really the corresponding relation to a circular model at N_5 = n, and a system with ⟨L_5⟩ = 0 and N_5 = n/2 has a relation to a model with Z_2 orbifolding [6, 7]. This circumstance means that S^1 and S^1/Z_2 with respectively different topologies are connected by one parameter ⟨L_5⟩ which corresponds to the energy releasing quarks from a layer. The reason is the existence of ’singular’ gauge transformations such as (14) on lattice theories in contrast to continuum theories. The eigenvalues for even k are topology-independent and mainly used in our following analysis because we do not have a clue to change to the topology although topology changing phenomena is an interesting topics.

4.2 Continuum limit as a four-dimensional gauge theory

In this subsection, we shall consider the continuum limit of four-dimensional gauge theories on layers. Since our fifth direction is identified with just a internal space, we take only the continuum limit a_4 → 0 on layers. From β_4 = 4/g^2_4, we can express the mass squared matrix as

M^2_k = β_5 β_4a^2_4 λ_k (⟨L_5(β_4, β_5)⟩ , N_5) = γ^2 a^2_4 λ_k(⟨L_5(β_4, β_5)⟩ , N_5) . (19)

At k ≪ N_5, the simple mass formula

M^2_k = γ^2 ( 2πk N_5a_4

)_2 = 1 N_5 ( 2πγk a_4

)_2 , (20)

is obtained. In order to take the continuum limit a_4 → 0 with a fixed mass (19), a possible method exists;

N_5 fixed, γ → 0 and γ a_4 finite .

The approach is realized on β_4 → ∞ with finite β_5. This theory is defined as four-dimensional asymptotically free one using σ_4 in the confinement phase like a la deconstruction. Actually, the scaling for σ_4 is non-trivial because we have to take care of bi-fundamental fields V^{n5}_n . Our numerical result shows that the scaling is subtly different from an ordinary four-dimensional theory with β_5 = 0 −− see Fig.11.

Although we can not use σ_4 in the case of the deconfinement phase, from (7) Higgs mass, m_h ≡ H(β_4, β_5, N_5) a_4

, (21) can be considered instead. This quantity is not yet seen as a good data in statistics in Fig.15. But near β_{5c} in both phases, it can be seen as the important scaling parameter

H ∝ |β_5 − β_{5c}|^ν (22)

where ν is a critical exponent for the correlation length and seems less than unity. It is consistent with second order phase transition at β_5 = β_{5c} ∼ 0.6. The observation is supported by no hysteresis loop and the peak of the specific heat. In this standing point, four-dimensional theories with inter-layer interactions are defined for every β_5 (a multi-layer world).

The phase diagram for N_5 > 1 in the multi-layer world is not changed by N_5 −− see Fig.13. This fact suggests us an extension of a multi-layer theory. If we try to extend this internal space to an real extra dimension, N_5 must be took to infinity. When N_5 goes to infinity, M_k vanishes from (20). To avoid it, it is necessary for a relation among γ, a_4 and N_5. If we can introduce a new lattice spacing, a_5 ∼ a_4/γ, our squared mass (20) is written as

M^2_k ∼ ( 2πk N_5a_5

)_2

. (23)

This relation is exactly a KK mass. Originally, our fifth direction is just an internal space but (23) shows the possibility that the internal space is interpreted as fifth direction. Although the explicit definition for a_5 is discussed in the following subsection, we note that a relation ( a_4 a_5

)_2 ∼ β_5 β_4

= γ^2 (24)

implies just that anisotropy of gauge coupling constants corresponds to that of lattice spacings like as finite temperature theories.

4.3 Suggestion for a new definition of five-dimensional gauge theory

In the end of the previous subsection, we saw the possibility of an extra dimension. To construct a continuous extra dimension, we must consider the continuum limit (a_5 → 0) combining with another limit a_4 → 0. This is a hard parameter-tuning but it becomes possible by the balance between extradimensional dynamics and four-dimensional one. In order to set the balance, we can define the quantity from (7), (19) and (22), R ≡ M^2_k m^2_h = β_5λ_2(N_5) β_4H^2(β_4, β_5, N_5) ∝ β_5 N^2_5 β_4|β_5 − β_{5c}|^{2ν}

. (25)

If this dimensionless quantity is kept as a nonzero finite value in the limit, it is possible to make both a Higgs mass and KK one of the second excited mode finite.

Let us consider when R can be nonzero finite. From the a_4 → 0 and (25), we should investigate the region where β_4 is large and H is small (β_5 ∼ β_{5c}). Our numerical study in section 3 suggests to us that the phase structure and the parameter β_{5c} unchanged under various N_5 > 1. So, we can concentrate on large β_4 and small H independent of N_5. After of all, we can introduce a scale parameter a_5,

a_5 ≡ π √ λ_2N_5γ a_4. (26)

From this parameter, we can define an extra-dimensional physical scale,

R_5 ≡ N_5a_5 = π √ λ_2γ a_4. (27)

Can we realize this as a five-dimensional space? The answer shall be yes if the five-dimensional scale

R_5 = √ β_4 β_5 πH √ λ_2m_h = π √ Rm_h (28) is kept nonzero finite. From the relation (28), we find that R_5 is larger as β_4 is larger in the case of fixed β_5. The formed lines in Fig.18 are expected to make an envelope in β_5 ∼ β_{5c}, which the limiting line appears in the plot after β_4 → ∞. The existence of the envelope shall be an important clue in the proof that a five-dimensional field theory is constructed with a finite extra-dimensional scale R_5 and a finite Higgs mass.

5 Summary and Discussions

In this paper, we have investigated the phase diagram for a five-dimensional SU (2) gauge theory. From the view of a layer world a la Fu-Nielsen, this system is considered as an ensemble of four-dimensional gauge theories on layers with inter-layer interactions. In the region of small but nonzero β_5, the phase structure including a second order phase transition is surprisingly unchanged with N_5 > 1. In the limiting operations, we consider a_4 → 0 firstly because we know the limit of the four-dimensional gauge theory well. After the construction of this multi-layer theory, we have sought the possibility that we can keep an extra-dimensional scale and a four-dimensional scale finite.

From the universality argument, our theory on β_4 → ∞ and β_5 = β_{5c} corresponds to a fourdimensional Ising spin model. The model has a second order phase transition with ν ≥ 0.5 [17, 18, 19, 20]. What happens for our model in the case of β_{5c} = 0 ? In ν > 0.5, we can obtain a finite extra-dimensional scale by the same procedure as above discussion. If ν = 0.5, we need logarithmic corrections for non-trivial theories.

There is another approach called deconstruction. It is the ensemble of asymptotic free theories and has KK-like modes in four dimensions. Based on the construction of a four-dimensional lattice gauge theory, we study the non-perturbative property such as the vacuum expectation value of a five-dimensional Polyakov loop. Both approaches seem complimentary to each other.

As remained problems, after detailed numerical computations along to our scenario, it is natural to try (A) an extension to matter fields, (B) restoration of the rotational symmetry in the five dimensions. Although, in this paper, we have mainly investigated the small β_5/β_4, we may try the connection to the large β_5/β_4 to solve these problems.

Acknowledgments

The authors thank H. Nakano for discussions about deconstruction approaches. We also thank S. Ejiri and H. Arisue for references of four-dimensional Ising models. This work was mainly computed the Yukawa Institute Computer Facility. It is also supported in part by the Grants-in-Aid for Scientific Research No. 13135209 from the Japan Society for the Promotion of Science.

References

[1] Th. Kaluza, Sitzber. Preuss. Akad. d.Wiss., K1 (1921) 966;

O. Klein, Z. Phys, 37 (1926) 895.

[2] C. B. Lang, M. Pilch and B.-S. Skagerstam, Int. J. Mod. Phys. A3 (1988) 1423. [3] H. Kawai, M. Nio and Y. Okamoto, Prog. Theor. Phys. 88 (1992) 341. [4] S. Ejiri, J. Kubo and M. Murata, Phys. Rev. D62 (2000) 105025. [5] S. Ejiri, S. Fujimoto and J. Kubo, Phys. Rev. D66 (2002) 036002. [6] N. Arkani-Hamed, A.G. Cohen and H. Georgi, Phys. Rev. Lett. 86 (2001) 4757;

Phys. Lett. B513 (2001) 232; hep-th/0109082.

[7] H. Cheng, C.T. Hill, S. Pokorski, and J. Wang, Phys. Rev. D64 (2001) 065007. [8] Y. K. Fu and H.B. Nielsen, Nucl. Phys. B236 (1984) 167.

[9] A. Hulsebos, C. P. Korthals-Altes and S. Nicolis, Nucl. Phys. B450 (1995) 437. [10] P. Dimopoulos, K. Farakos, C. P. Korthals-Altes, G. Koutsoumbas and S. Nicolis, J. High Energy Phys. 0102 (2001) 005.

[11] P. Dimopoulos, K. Farakos, A. Kehagias and G. Koutsoumbas, Nucl. Phys. B617 (2001) 237. [12] P. Dimopoulos, K. Farakos, and S. Nicolis, Eur. Phys. J. C24 (2002) 287. [13] P. Dimopoulos, K. Farakos and G. Koutsoumbas, Phys. Rev. D65 (2002) 074505. [14] R. Baier, R. V. Gavai and C.B. Lang, Phys. Lett. 172B (1986) 387. [15] I. Lee and J. Shigemitsu, Nucl. Phys. B263 (1986) 280. [16] R. Baier and H-J, Reusch, Nucl. Phys. B285 (1987) 535. [17] C. Vohwinkel and P. Weisz, Nucl. Phys. B374 (1992) 647.

[18] K. Jansen, T. Trappenberg, I. Montvay, G. Munster and U. Wolff, Nucl. Phys. B322 (1989) 698. [19] H.G. Ballesteros, L.A. Fernandez, V. Martin-Mayor, A. Munoz Sudupe, G. Parisi and J.J. Ruiz- Lorenzo, Nucl. Phys. B512 (1998) 681, hep-lat/9707017.

[20] J.L. Alonso, J.M. Carmona, J. Clemente Gallardo, L.A. Fernandez, D. Iniquez, A. Tarancon and C.L. Ullod, hep-lat/9503016.

L_1 L_2 L_{n5} L_{N5} L_1

Figure 1: Layer structure of five-dimensional lattice.

Figure 2: Intuitive understanding of phase diagram in (2.1).

Figure 3: The phase diagram for N_5 = 1. Solid lines imply phase boundaries and a dash-dotted line is originated in the crossover of a four-dimensional gauge theory. Dashed lines correspond to measured directions.

Figure 4: ⟨L_5⟩ and χ_5 at β_4 = 0.

Figure 5: ⟨L_5⟩ and σ_4(2, 2) at β_4 = 10.0.

Figure 6: σ_4 and ⟨L_5⟩ at β_5 = 0.3.

Figure 7: σ_4 and ⟨L_5⟩ at β_5 = 10.0.

Figure 8: The phase diagram for N_5 > 1. The meaning of lines is same as Fig.3.

Figure 9: ⟨L_5⟩ and σ_4 at γ = √ 2.

Figure 10: U_{P4} and U_{P5} at 0.5 ≤ γ ≤ 0.83.

Figure 11: The circle symbol shows σ_4(2, 2) on an 8^4 lattice. The others are results on an 8^4 × 3 lattice.

Figure 12: σ_4(2, 2) at β_4 = 2.3.

Figure 13: U_{P5} and C_5 at γ = 0.29 on an 8^4 × N_5 lattice; N_5 = 1, 2, 3, 5, 6 and 8.

Figure 14: ⟨L_5⟩ and σ_4 at β_4 = 10.0.

Figure 15: The lattice counterpart H for a Higgs mass at β_4 = 10.0 on a 12^4 × 3 lattice.

Figure 16: U_{P5} at β_4 = 8.0, 10.0 and 20.0.

Figure 17: Eigenvalues λ_k of a matrix M_{ij} for N_5 = 12, 6 and 3.

Figure 18: An expected envelope (β_4 = ∞) formed by lines β_4, β^′_4, β^{′′}_4 , etc.