arXiv:hep-lat/0406023 v2 10 Dec 2004

The critical equation of state of the three-dimensional O(N) universality class: N > 4.

Agostino Butti

Dipartimento di Fisica dell’Università di Milano-Bicocca and INFN, Piazza delle Scienze 3, I-20126 Milano, Italy

Francesco Parisen Toldin

Scuola Normale Superiore and INFN, Piazza dei Cavalieri 7, I-56126 Pisa, Italy

Abstract

We determine the scaling equation of state of the three-dimensional O(N) universality class, for N = 5, 6, 32, 64. The N = 5 model is relevant for the SO(5) theory of high-T_c superconductivity, while the N = 6 model is relevant for the chiral phase transition in two-color QCD with two flavors. We first obtain the critical exponents and the small-field, high-temperature, expansion of the effective potential (Helmholtz free energy) by analyzing the available perturbative series, in both fixed-dimension and ϵ-expansion schemes. Then, we determine the critical equation of state by using a systematic approximation scheme, based on polynomial representations valid in the whole critical region, which satisfy the known analytical properties of the equation of state, take into account the Goldstone singularities at the coexistence curve and match the small-field, high-temperature, expansion of the effective potential. This allows us also to determine several universal amplitude ratios. We also compare our approximate solutions with those obtained in the large-N expansion, up to order 1/N, finding good agreement for N ≳ 32.

Key words: O(N) models, Equation of state, Universal amplitude ratios, Two-color QCD, Large-N expansion PACS: 75.10.Hk, 05.70.Jk, 05.70.Ce, 64.60.Cn

Email addresses: agostino.butti@mib.infn.it (Agostino Butti), f.parisentoldin@sns.it (Francesco Parisen Toldin).

Preprint submitted to Elsevier Science

1 Introduction

According to the Renormalization Group theory, it is possible to classify continuous phase transitions into universality classes, determined by few global properties, such as space dimensionality, number of components of the order parameter, the range of interaction, symmetry group and symmetry-breaking pattern [1,2]. Some physical quantities, called universal, are independent from the microscopic structure of the interaction: models belonging to the same universality class have the same critical exponents, scaling functions and universal amplitude ratios. One of the most important universality classes are the O(N) classes, which are characterized by a N-component order parameter, and a symmetry group O(N) which is spontaneously broken to a subgroup O(N −1) in the low-temperature phase. For a recent review on this subject, see Ref. [3]. This universality class can describe the critical behavior of many physical systems, which undergo a second order phase transition. For instance, the liquid-vapor transition in simple fluids and the magnetic transition in uniaxial (anti-)ferromagnets belong to the Ising universality class (N = 1). The XY model, which corresponds to N = 2, describes the helium superfluid transition and the Meissner transition in type-II superconductors. If the order parameter has N = 3 components, we get the Heisenberg universality class, which describes the critical behavior of isotropic magnets. The three-dimensional O(4) model is related to the finite-temperature phase transition in QCD with two light flavors [4,5,6,7].

In this article, we study the critical equation of state and universal quantities for the O(N) three-dimensional universality class, with N > 4. We first consider the N = 5 and the N = 6 models. The 3-D O(5) model is relevant for the so-called SO(5) theory of high-T_c superconductivity [8], since, according to this theory, the SO(5) symmetry should be approximately realized at a multicritical point of the phase diagram^1 . According to universality arguments, the N = 6 case should describe the chiral phase transition in QCD with two flavors and two colors [10]. This subject has been investigated by using an effective field theory in Ref. [11]. For all these O(N) models, we first analyze the perturbative series available, in both fixed-dimension scheme [12,13,14] and ϵ-expansion [15,16,17,18,19]; by resumming these series we determine the critical exponents and the coefficients r_6 and r_8 of the small-magnetization expansion of the critical equation of state in the high-temperature phase. In fixed-dimension we resum the series for the critical exponents η(g), η_t(g) and for the beta function β(g) up to six loops, and the series for r_6(g) and r_8(g) up

1 However, it has been shown [9] that the O(5) multicritical fixed point is in fact unstable: this implies that the SO(5) symmetry is not realized asymptotically at the multicritical point, but it controls the critical behavior in a preasymptotic region for t ≈ 10^{−2}.

to four and three loops respectively. In ϵ-expansion we resum the series for η(ϵ) and η_2(ϵ) up to five loops and the series for r_6(ϵ), r_8(ϵ) and for the universal quantity g_4(ϵ) up to three loops. Then, we implement a systematic approximation scheme for the equation of state, which provides an analytic continuation to the low-temperature phase. This procedure, based on polynomial representations, has already been used for other models in the O(N) universality class [20,21,22,23,24]. We determine, using this approximation scheme, the scaling functions and other universal quantities. We also compare the results with those in the large-N limit, up to order 1/N, that we calculate starting from the large-N expansion of the equation of state reported in Ref. [25]. A recent review on the subject of large-N field theory can be found in Ref. [26]. In order to check the convergence of this expansion, we repeat our work for two other O(N) models, N = 32 and N = 64. In these cases we find a good agreement of our results with those obtained in the 1/N expansion.

This paper is organized as follows. In section 2 we summarize the scaling properties of the equation of state for the O(N) model.

In section 3 we introduce the notation and define some universal amplitude ratios that we calculate.

In section 4 we introduce a parametric representation of the equation of state, valid in the whole critical region.

In section 5 we consider a systematic approximation scheme, based on polynomials, that we use in our calculations.

In section 6 we show critical exponents, universal couplings and other various universal quantities for the O(5) and O(6) three-dimensional models. We present a comparison of this results with those available in literature and with the 1/N expansion. We also plot the universal scaling functions we have obtained.

In section 7 we consider two models with large N: the N = 32 and the N = 64 three-dimensional models. We report various universal quantities for these models, comparing the results with those obtained from the 1/N expansion of the equation of state.

In appendix A we report the algorithm and formulas that we have used for the analysis of the perturbative series.

In appendix B we report the 1/N expansion of the equation of state and the relevant formulas for the universal quantities.

2 The scaling equation of state

The equation of state is a relation between the magnetization ⃗M, the reduced temperature t ≡ (T − T_c)/T_c and the external magnetic field ⃗H. It is obtained by noting that ⃗H is the derivative of the effective potential (Helmholtz free energy) A(t, M) with respect to ⃗M . Near the critical point ⃗H = 0, T = T_c, it can be written [1,2] in the scaling form ⃗H = (B^c)^{−δ} ⃗MM^{δ−1}f(x), x ≡ B^{1/β} tM^{−1/β}, (1) where M ≡ | ⃗M |, f(x) is a universal scaling function, fixed by the normalization f(0) = 1, f(−1) = 0, B^c and B are the non-universal magnetization amplitudes at the critical isotherm and at the coexistence curve: ⃗M = B^c ⃗HH^{1/δ−1}, t = 0, (2) M = B(−t)^β, t < 0, H = 0. (3) In the high-temperature phase t > 0, the critical equation of state can also be written as: ⃗H = ab ⃗M M t^{βδ}F (z), z ≡ bMt^{−β}, (4) where F (z) is a universal scaling function. Since the free energy is analytic in the plane (t, H) outside the coexistence curve and the critical point, F (z) can be expanded around z = 0 in odd powers. The non-universal constants a and b, which appear in (4), fix the normalization on F (z) such that

F (z) = z + z^3 3! + ∑ n≥3 r_{2n} (2n − 1)!

z^{2n−1}. (5)

In the following, we refer to the universal coefficients r_{2n} as the universal couplings. Inverting (1), the equation of state can also be written as ⃗M = B_c ⃗HH^{1/δ−1}E(y), y ≡ (B/B_c)^{1/β}tH^{−1/(βδ)}, (6) where E(y) is a universal scaling function. The relation between the scaling functions E(y) and f(x) is: E(y) = f(x)^{−1/δ}, y = xf(x)^{−1/(β+γ)}. (7) From (5) it follows the large-x behavior of f(x): f(x) = x^γ ∑ n≥0 f^∞_n x^{−2nβ} . (8)

The fact that the equation of state is analytical for H > 0 implies that f(x) can be expanded around x = 0

f(x) = 1 + ∞∑ n=1 f^0_n x^n, (9)

and that for large-z: F (z) = z^δ ∑ n≥0 F^∞_n z^{−n/β} . (10) The relation between F (z) and f(x) is:

z^{−δ} F (z) = F^∞_0 f(x), z = z_0x^{−β} , (11)

where z_0 = bB = (R^+_4 )^{1/2} (12) is a universal amplitude ratio (see section 3).

At the coexistence curve, that is for x → −1, spontaneous breaking of the O(N) symmetry occurs, so f(−1) = 0. In three dimensions, the presence of Goldstone modes leads to the prediction [27,25,28]:

f(x) ≃ c_f (x + 1)^2, x → −1. (13)

This behavior is exact in the large-N limit [25]. The correction to (13) is less clear. If we define v ≡ x + 1 and w = HM^{−δ} , using ϵ-expansion it has been conjectured [28] that v admits a double expansion in powers of w and w^{(d−2)/2}:

v = c_1w^{(d−2)/2} + b_1w + c_2w^{d−2} + b_2w^2 + . . . (14) In d = 3 eq. (14) implies that v has an expansion in powers of w^{1/2}. However, this is not true in the large-N limit. In fact the 1/N correction to the leading behavior [29] shows the presence of logarithms for x → −1.

From (13) one can derive that the transverse and longitudinal susceptibilities, near the critical point, for t < 0 and H → 0, diverge as:

χ_T = M H (15)

χ_L = ∂M ∂H ∝ (−t)^{β(1−δ(d−2)/2)}H^{(d−4)/2}. (16) In particular, in three dimensions χ_L diverges as H^{−1/2} for H → 0. The scaling behavior of the longitudinal susceptibility in the critical domain can be derived from (6):

χ_L = B_cH^{1/δ−1}D(y), (17) where the scaling function D(y) is: D(y) = 1 δ [ E(y) − y β E^′(y) ] = βf(x)^{1−1/δ} βδf(x) − xf^′(x) . (18)

This function has a maximum at y = y_{max} > 0, which defines the crossover or pseudo-critical line [3] (see section 3).

3 Universal amplitude ratios

Aside from scaling functions defined in the previous paragraph, there are other important universal quantities: the amplitude ratios. They can be defined from the critical behavior of zero-momentum quantities, such as specific heat, susceptibility, etc.. . .

Near the critical point, the specific heat has the following singular behavior:

T_cC_H = A^±|t|^{−α} + b, (19)

where the amplitudes A^+ and A^− are for T > T_c and T < T_c, respectively, and b is a non-universal constant (we use the notations of Ref. [3]). The susceptibility, in the high-temperature phase, diverges for t → 0^+ as:

χ = NC^+t^{−γ} . (20)

The critical behavior of the four-point connected function, at zero momentum, is given, in the high-temperature phase, by:

χ_4 =

N(N + 2) 3 C^+_4 t^{−γ−2βδ}. (21)

The divergence of the correlation length at the critical point is described by:

ξ = f^+t^{−ν} . (22)

Universal amplitudes can also be obtained by considering the crossover, or pseudo-critical, line [3], which is defined as the reduced temperature t_{max}(H) where the longitudinal susceptibility has a maximum at H fixed:

t_{max}(H) = T_pH^{1/(β+γ)}, (23) χ_L(t_{max}, H) = C_pt^{−γ}_{max}. (24) Corresponding to this maximum, the scaling variables x, y and z have the universal values x_{max}, y_{max}, and z_{max}, respectively. From equations (2), (3) and (19-23), one can define several universal amplitude ratios. Those involving the correlation length amplitude f^+ can be obtained by using the zero-momentum four-point coupling g_4, defined as:

g_4 ≡ − 3N N + 2 χ_4 χ^2ξ^d

. (25)

Table 1 Definition of universal amplitude ratios and universal quantity g_4 [3].

U_0 ≡ A^+/A^− R_α ≡ (1 − U_0)/α

R^+_c ≡ αA^+C^+/B^2 R^+_4 ≡ −C^+_4 B^2/(C^+)^3

R_χ ≡ C^+B^{δ−1}/B^δ_c R^+_ξ ≡ (αA^+)^{1/3}f^+ P_m ≡ T^βp B/B^c P_c ≡ −T^{2βδ}p C^+/C^+_4 R_p ≡ C^+/C_p g_4 ≡ −C^+_4 /[(C^+)^2(f^+)^3]

At the critical point, g_4 approaches a universal value, that we indicate with the same symbol. Several definitions of universal amplitude ratios [3] are reported in table 1, as well as the universal quantity g_4.

4 Parametric representation of the equation of state

In order to study the equation of state in the whole critical regime, it is quite useful to introduce a parametric representation that implements the known analytical and scaling properties [30]. We introduce two variables, R and θ, such that: M = m_0R^β m(θ) t = R(1 − θ^2) H = h_0R^{βδ}h(θ), (26)

where h_0 and m_0 are two normalization constants. R is a nonnegative variable which measures the distance from the critical point. The functions h(θ) and m(θ) are odd and are conventionally normalized so that h(θ) = θ + O(θ^3) and m(θ) = θ + O(θ^3), for θ → 0. From (4), (5) and this normalization, one can obtain that h_0/m_0 = ab^2; in order to take account of this, we define a parameter ρ such that

h_0 = ρab, m_0 = ρ/b. (27)

As can be seen from (26), the line θ = 0 corresponds to the high-temperature phase, while on the critical isotherm θ = 1. The coexistence curve is given by θ = θ_0, the first positive zero of h(θ). Clearly, consistence of the representation requires that m(θ) > 0 for 0 < θ ≤ θ_0 and h(θ) > 0 for 0 < θ < θ_0. The mapping (26) is not invertible when its Jacobian vanishes; this happens when:

Y (θ) ≡ (1 − θ^2)m^′(θ) + 2βθm(θ) = 0. (28) Defining θ_l as the smallest zero of Y (θ), it must be θ_l > θ_0.

All the scaling functions, scaling variables and universal amplitude ratios definitions, that we have reported in sections 2 and 3, can be written in terms of the representation (26); the formulas can be found in [23]. We only note that, in order to reproduce the expected behavior (13) of f(x) near x = −1, the zero θ_0 of h(θ) must be double:

h(θ) ∼ (θ − θ_0)^2, θ → θ_0. (29)

5 Approximate equation of state

Following [21], we now introduce an approximate polynomial representation, based on the parametric representation (26), that has all the expected properties we enumerated in section 4. It extends the one considered in [20] and was already used in other three-dimensional O(N) systems: the XY model [21,22] (N = 2), the Heisenberg model [23] (N = 3) and the O(4) model [24]. In this approximation scheme^2 , we take h(θ) as a 5th order polynomial and m(θ) as a polynomial of degree 2n + 1: m(θ) = θ ( 1 + n∑ i=1 c_iθ^{2i} ) , h(θ) = θ ( 1 − θ^2 θ^2_0

)_2 . (30)

It can be shown that, in the N → ∞ limit, the scheme n = 0 is exact [25]. The parameters ρ, θ_0 and n coefficients c_i, i.e. n + 2 parameters, are fixed by imposing that the equation of state, in the limit z → 0, or, equivalently, θ → 0, reproduces the expansion (5). It is easy to see that we can implement the scheme at the order n if we know n + 1 coefficients r_{2k}: this occurs because imposing the small-z expansion (5) at the first order gives a trivial equation.

We see that there are two sources of error in this calculus. The first one is the uncertainty on the input parameters. The second one is the systematic error due to this approximation scheme. Indeed, if we are able to compute at least the n = 0 and n = 1 schemes, we can estimate this error by looking at the differences between the results for n = 0 and those for n = 1. Taking into account equations (30), we see that consistence of the whole calculus requires the coefficients c_i to be small. In particular, for the n = 1 case, it must be:

|c_1|θ^2_0 ≪ 1. (31)

2 In [21,22,23,24] it was also considered another approximation scheme, denoted by (B). However, in this work, the scheme (B) didn’t work, either by providing θ_l < θ_0 or by failing to satisfy eq. (31). We mention that also in the N = 4 model, using the approximation schemes (B) and that of eq. (30), the latter provided better results [24].

6 Critical equation of state for the O(5) and O(6) models

We present in table 2 the results for critical exponents and universal couplings for the models N = 5 and N = 6, obtained by an analysis of the fixed-dimension perturbative series [12,13,14] and of the ϵ-expansion series [15,16,17,18,19]. In fixed-dimension we resum the series for the critical exponents η(g), η_t(g) and for the beta function β(g) up to six loops, and the series for r_6(g) and r_8(g) up to four and three loops respectively. In ϵ-expansion we resum the series for η(ϵ) and η_2(ϵ) up to five loops and the series for r_6(ϵ), r_8(ϵ) and g_4(ϵ) up to three loops. We also show a comparison with other determinations available in literature and with the large-N expansion. The series for r_8, in the fixed-dimension scheme, is known up to three loops [14]: for this reason we can only provide a rough estimate of this coupling. The resummation of universal couplings in ϵ-expansion is constrained with the exact results available in dimensions d = 0 and d = 1. The resummation is performed with the conformal mapping method; see appendix A for details.

As explained in section 5, in order to compute the scaling equation of state and universal amplitude ratios, we need the input values of the critical exponents and universal couplings. We chose those final quantities by comparing the values obtained by resumming the fixed-dimension and the ϵ-expansion series. For the O(5) model our input values are η = 0.031(3), ν = 0.764(4), g_4 = 15.74(2), r_6 = 1.71(2), r_8 = −0.3(5). For the O(6) model they are η = 0.029(3), ν = 0.789(5), g_4 = 14.43(4), r_6 = 1.65(3), r_8 = −0.7(4). Since we have r_6 and r_8, we can implement the approximation scheme up to the step n = 1. The results for universal amplitude ratios and other universal quantities are presented in table 3, along with a comparison with the 1/N expansion. The errors reported are due to the variation of the input parameters in their error intervals. Inspecting table 3, we see that all the results obtained in the n = 1 scheme are consistent, within the errors, with the results for the n = 0 case. In particular, for the N = 5 model, the central values for the n = 1 scheme are very close to those for n = 0: this is due to the fact that the predicted r_8 in the n = 0 case matches the input value used in the n = 1 scheme. Moreover, the condition (31) is satisfied. The equation of state for the O(6) model has been obtained by means of Monte Carlo simulation in Ref. [34]. The comparison should be done with some cautions, since the critical exponents in Ref. [34] are different from the ones we used in this work (see table 2). We report the results: R_χ = 1.09(1), y_{max} = 1.34(5). Moreover, from the fits of Ref. [34] other universal quantities can be obtained: R^+_4 = 7.6(2), F^∞_0 = 0.0233(9), c_f = 2.1(2), P_m = 1.13(2), P_c = 0.36(6). Comparing with our results shown in table 3, we see that there is a slight difference among the universal amplitude ratios involving the high-temperature phase. The scaling functions f(x), F (z), E(y) and D(y) are displayed, respectively, in figures 1, 2, 3 and 4. In figures 3 and 4 we also show a comparison with the Monte Carlo

Table 2 Critical exponents, universal couplings and the universal quantity g_4 for the models N = 5 and N = 6 obtained by resummation of the fixed-dimension series [12,13,14] (first row) and ϵ-expansion series [15,16,17,18,19] (second row). A comparison with other determinations is shown.

N g_4 η ν r_6 r_8

5 fixed-dim 15.74(2) 0.030(1) 0.764(2) 1.72(2) −1(3)

ϵ-exp 15.6(1) 0.034(2) 0.764(6) 1.70(1) −0.3(5)

a15.69^a0.034^a0.766^b1.73

k0.054^k 0.784^k 2.88^k − 13

6 fixed-dim 14.43(4) 0.028(1) 0.788(2) 1.66(2) −1(3)

ϵ-exp 14.23(8) 0.032(2) 0.790(6) 1.64(2) −0.7(4)

a14.39^a0.031^a0.790^b1.67^b − 0.28

c14.59^{+5}_{−11}^e0.032(10)^e0.804(3)

d14.65^{+5}_{−11}^f 0.034(9)^f 0.821(3)

g0.033(9)^g0.796(3)

h0.037(9)^h0.819(3)

i0.031(5)^i0.786(5)

j 0.039(3)^j 0.818(5)

k0.045^k 0.820^k 2.54^k − 11 a[13] FT d = 3 exp,^b[14] FT d = 3 exp c[31] HT sc,^d[31] HT bcc e[32] HTE sc unbiased,^f [32] HTE sc θ-biased g[32] HTE bcc unbiased,^h[32] HTE bcc θ-biased i[33] MC,^j [34] MC kLarge-N expansion to order O(1/N), see appendix B

fits of Ref. [34]. As can be seen, the curves n = 0 and n = 1 are very similar. We observe a little difference between our curves and the Monte Carlo fits, in particular for large negative y in E(y) and for large positive y in D(y). This, again, can be interpreted as coming from the different critical exponents used. In fact, for y → −∞, E(y) ≃ (−y)^β: the discrepancies at large negative y are caused by the β = 0.425(2) exponent used in Ref. [34], obtained by their MC simulations, which is larger than our β = 0.406(3), obtained by field-theory methods. For y → +∞, D(y) ≃ R_χy^{−γ} . While our universal amplitude ratio R_χ is compatible with that of Ref. [34], the critical exponent γ = 1.555(10) used in this work is smaller than the one used in Ref. [34], γ = 1.604(6). Finally, we mention that the coefficient F^∞_0 appears to be very precise. This is not trivial, since the series (5) has a finite radius of convergence: starting from

Table 3 Universal amplitude ratios and other quantities for the models N = 5 and N = 6. N = 5 N = 6 n=0 n=1 1/N n=0 n=1 1/N ρ 2.16(1) 2.16(9) - 2.15(2) 2.12(7) - θ^2_0 2.75(6) 2.7(2) - 2.56(7) 2.5(1) - c_1 - 0.0006(234) - - 0.008(19) - r_8 -0.3(1) -0.3(5)* -13.46 -0.5(1) -0.7(4)* -11.22 r_{10} 2.7(8) 3(8) 281.4 5(1) 8(8) 234.5 U_0 2.21(3) 2.2(2) 1.47 2.39(5) 2.5(2) 1.47 R_α 4.1(1) 4.2(6) 0.77 3.8(2) 4.0(5) 0.72 R^+_c 0.279(9) 0.28(2) 0.595 0.33(1) 0.33(2) 0.595 R^+_4 8.25(9) 8.3(5) 1.18 8.3(1) 8.4(4) 2.99 R_χ 1.20(2) 1.2(1) 0.62 1.12(3) 1.15(9) 0.681 R^+_ξ 0.527(5) 0.527(6) 0.6185 0.575(6) 0.575(6) 0.6573 F^∞_0 0.0214(5) 0.0214(7) 0.01961 0.0196(5) 0.0195(6) 0.01750 f^1_0 1.48(2) 1.48(9) 1.782 1.57(2) 1.55(6) 1.819 f^2_0 0.33(2) 0.33(6) 0.620 0.41(2) 0.40(5) 0.684 f^3_0 -0.064(2) -0.06(2) -0.129 -0.073(2) -0.07(1) -0.107 c_f 3.9(4) 4(3) 1.3 2.7(2) 3(1) 1.3 P_m 1.153(6) 1.15(3) 1.029 1.133(6) 1.14(2) 1.040 P_c 0.330(2) 0.330(4) 0.4088 0.319(3) 0.318(5) 0.3741 R_p 2.069(4) 2.069(9) 1.6593 2.088(5) 2.091(9) 1.7827 z_{max} 1.311(3) 1.311(6) 1.0194 1.326(4) 1.327(7) 1.1077 x_{max} 7.3(2) 7.3(6) 5.22 6.7(2) 6.9(4) 5.18 y_{max} 1.44(2) 1.4(1) 1.089 1.36(2) 1.38(7) 1.107 ∗ Input values

the small-z (high-temperature) expansion, the approximation scheme provides an analytic continuation to the low-temperature phase. On the other hand, we see that the 1/N expansion provides values that differ significantly from the results obtained.

Fig. 1. The scaling function f(x) for the models N = 5 and N = 6.

Fig. 2. The scaling function F (z) for the models N = 5 and N = 6.

Fig. 3. The scaling function E(y) for the models N = 5 and N = 6. For the O(6) model we show, for comparison, the results of Ref. [34].

7 Critical exponents and universal couplings for large N

We present in table 4 the results for critical exponents and universal couplings for the models N = 32 and N = 64, obtained by an analysis of the fixed-dimension perturbative series [12,13,14] and of the ϵ-expansion series [15,16,17,18,19]. In fixed-dimension we resum the series for the critical expo-

Fig. 4. The scaling function D(y) for the models N = 5 and N = 6. For the O(6) model we show, for comparison, the results of Ref. [34].

Table 4 Critical exponents, universal couplings and the universal quantity g_4 for the models N = 32 and N = 64 obtained by resummation of the fixed-dimension series [12,13,14] (first row) and ϵ-expansion series [15,16,17,18,19] (second row). A comparison with other determinations is shown.

N g_4 η ν r_6 r_8

32 fixed-dim 4.2295(5) 0.00901(1) 0.9584(2) 1.1106(7) −1.3(2)

ϵ-exp 4.209(3) 0.0088(2) 0.972(3) 1.112(6) −1.244(7)

a4.230^a0.009^a0.958^b1.111^b − 1.23

c4.22(1)^c1.110(9)^c − 1.24(2)

d0.00844^d0.966^d1.152^d − 2.1

64 fixed-dim 2.23177(4) 0.00467(2) 0.9803(2) 0.9819(4) −0.86(9)

ϵ-exp 2.2280(3) 0.00404(5) 0.982(6) 0.9846(3) −0.785(2)

d0.00422^d0.9831^d0.9929^d − 1.052 a[13] FT d = 3 exp,^b[14] FT d = 3 exp c[19] FT ϵ-exp constrained dLarge-N expansion to order O(1/N), see appendix B

nents η(g), η_t(g) and for the beta function β(g) up to six loops, and the series for r_6(g) and r_8(g) up to four and three loops respectively. In ϵ-expansion we resum the series for η(ϵ) and η_2(ϵ) up to five loops and the series for r_6(ϵ), r_8(ϵ) and g_4(ϵ) up to three loops. We also show a comparison with other determinations available in literature and with the large-N expansion. The resummation of universal couplings in ϵ-expansion has been constrained with the exact results available in dimensions d = 0 and d = 1. The resummation is performed with the conformal mapping method; see appendix A for details.

When N is large enough, the coefficients of the series become small. Thus, we expect that the errors provided by the resummation technique become smaller. However, as we state in appendix A, the errors obtained by the analysis of the series don’t have a statistical meaning: they are the variation of the quantity at hand, when the resummation parameters are varied. We believe that the errors provided by our procedure are substantially underestimated when N is large. In order to get the input values for the approximate equation of state with reasonable errors, we must again compare the results obtained with the fixeddimension with those obtained with the ϵ-expansion. For the O(32) model our input values are η = 0.0089(3), ν = 0.965(8), g_4 = 4.22(1), r_6 = 1.112(6), r_8 = −1.24(2). For the O(64) model they are η = 0.0044(4), ν = 0.981(4), g_4 = 2.230(2), r_6 = 0.983(2), r_8 = −0.79(1).

In table 5 we present the results for various universal quantities, for the models N = 32 and N = 64, along with a comparison with the 1/N expansion. The errors reported are due to the variation of the input parameters in their error intervals. Inspecting table 5, we see that, for both models, all the values obtained in the n = 0 scheme are consistent, within the errors, with those obtained in the scheme n = 1. In particular, in many cases the central values, in the two approximation steps, are very close. Regarding the 1/N expansion, we note that, except for the coefficients r_{2n}, even in the N = 32 model there is a good agreement with our universal quantities and those coming from 1/N expansion of the equation of state. The agreement is even better for the N = 64 model: in this case almost all the quantities calculated in the n = 1 approximation scheme are compatible, within the errors, with those obtained in the 1/N expansion.

Acknowledgements

We are grateful to Ettore Vicari for his support, useful discussions and for reading carefully the manuscript. We thank Pasquale Calabrese for useful discussions. We thank Sven Holtmann and Thomas Schulze for sending us the plots.

A Resummation of perturbative series

We have calculated the critical exponents and the coefficients r_6 and r_8 for the O(N) model in three dimensions using the perturbative series from field theory available in the literature; these quantities are the input parameters for the determination of the critical equation of state and of the universal amplitude ratios, as explained in section 5.

Table 5 Universal amplitude ratios and other quantities for the models N = 32 and N = 64. N = 32 N = 64 n=0 n=1 1/N n=0 n=1 1/N ρ 1.9(1) 1.90(7) - 1.91(10) 1.76(5) - θ^2_0 1.51(9) 1.51(1) - 1.48(8) 1.406(7) - c_1 - -0.0001(209) - - 0.02(2) - r_8 -1.2(3) -1.24(2)* -2.104 -0.7(1) -0.79(1)* -1.052 r_{10} 19(7) 19(3) 44 10(3) 15(2) 22 U_0 1.5(3) 1.5(5) 1.47 1.4(2) 1.5(4) 1.47 R_α 0.5(3) 0.5(6) 0.51 0.4(2) 0.6(4) 0.49 R^+_c 0.55(3) 0.55(7) 0.595 0.55(3) 0.58(5) 0.595 R^+_4 10.4(1) 10.42(4) 10.310 11.10(7) 11.14(3) 11.155 R_χ 0.939(2) 0.94(1) 0.940 0.965(1) 0.968(4) 0.9701 R^+_ξ 1.11(1) 1.11(4) 1.148 1.40(2) 1.42(4) 1.447 F^∞_0 0.0092(2) 0.0092(2) 0.00892 0.0081(1) 0.00805(8) 0.007934 f^1_0 1.97(1) 1.97(2) 1.966 1.984(5) 1.983(7) 1.9830 f^2_0 0.94(2) 0.94(3) 0.941 0.971(9) 0.97(1) 0.970 f^3_0 -0.020(6) -0.020(7) -0.0201 -0.011(3) -0.011(3) -0.0100 c_f 1.04(2) 1.04(3) 1.051 1.020(7) 1.02(1) 1.026 P_m 1.0800(5) 1.080(3) 1.0822 1.0853(2) 1.0860(9) 1.08710 P_c 0.233(3) 0.233(1) 0.2334 0.218(1) 0.2177(6) 0.21717 R_p 2.295(9) 2.295(4) 2.2843 2.340(5) 2.343(2) 2.3421 z_{max} 1.475(5) 1.475(2) 1.4664 1.507(3) 1.509(1) 1.5078 x_{max} 5.00(5) 5.00(7) 5.034 5.01(2) 5.01(3) 5.017 y_{max} 1.171(2) 1.171(8) 1.1764 1.181(1) 1.182(3) 1.1844 ∗ Input values Since perturbative expansions are divergent (asymptotic), a resummation procedure is needed to obtain reasonable numerical estimates. Consider a generic quantity S(g) that has a perturbative expansion S(g) = ∑ s_k g^k (A.1) in the renormalized coupling constant g, corresponding to the coupling term of the ϕ^4-Hamiltonian we are considering. We use a normalization for g such that the beta function may be written as β(g) = −g + g^2 + O(g^3) [13]. The large order behavior of the coefficients is generally given by s_k ∼ k!(−a)^kk^c [ 1 + O(k^{−1}) ] . (A.2)

Borel summability for g > 0 (proved in fixed dimensions d < 4 [35] for O(N) symmetric models) requires a > 0. The constant a does not depend on the specific observable, unlike the constant c. From instanton calculations (see rfs. [1,36,37,38]) one can determine

a = 1.32996798/(8 + N), (A.3)

for the O(N) model in three dimensions. We then introduce the Borel-Leroy transform B(t) of S(g) S(g) = ∫_∞ 0 dt t^be^{−t}B(gt), (A.4) where b is a resummation parameter. Its expansion is

B_{exp}(t) = ∑ k s_k Γ(k + b + 1) t^k. (A.5)

This expansion is now convergent in the disk of the complex plane: |t| < 1/a, where a is the constant (A.3) that characterizes the large order behavior of S(g). In fact the singularity of B(t) that is nearest to the origin is in t_s = −1/a. However, in order to reconstruct the function S(g) from the integral in (A.4), we need to perform an analytic continuation of the expansion (A.5). For example one can use Padé approximant to the series (A.5): this is the Padé-Borel method. We have used instead a more refined procedure, the conformal mapping method, based on the knowledge of the constant a: following Ref. [39], we perform an Euler transformation y(t) = √ 1 + at − 1 √ 1 + at + 1

, (A.6)

and rewrite the Borel transform as B(t) = 1 [1 − y(t)]^α ∑ k b_ky(t)^k, (A.7)

where α is another resummation parameter and the coefficients b_k are determined by the requirement that the expansion of B(t) in eq. (A.7) in powers of t is equal to the series (A.5). If all singularities of B(t) belong to the real interval ]−∞, −t_c], the expansion converges everywhere in the complex t-plane except on the negative axis for t < −t_c. A good numerical estimate of S(g) is therefore given by S(g) ≃ p∑ k=0 b_k ∫_∞ 0 dt t^be^{−t} y(gt)^k [1 − y(gt)]^α , (A.8)

where now the sum goes until k = p, since obviously we know only a finite number of terms of the perturbative series.

We have also analyzed the ϵ-expansion of the critical exponents and of the coefficients r_6 and r_8, using the same conformal mapping method for the resummation of the series in ϵ (where ϵ = 4 − d) and setting then ϵ = 1. The constant a, which characterizes the singularity of the Borel transform, is given by a = 3 8 + N

, (A.9)

for the ϵ-expansions in the O(N) model [36,37].

Before resumming any series S(g) (or S(ϵ)), we divided it by an opportune power of g (or ϵ), so that the new series starts with a nonzero constant.

In the framework of fixed dimension expansion (d = 3), we numerically resummed the series for:

• β(g) up to six loops [12,13]; we determined the IR fixed point g^∗: β(g^∗) = 0.

We recall that the universal quantity g_4, defined in table 1 and reported in tables 2-4, is related to g^∗ by: g_4 = 48πg^∗/(N +8), for the three-dimensional O(N) model.

• η(g) and η_t(g) up to six loops [12,13], using the value of g^∗. The other critical exponents were determined through the hyperscaling relations among them.

• r_6(g) and r_8(g) up to four and three loops respectively [14].

As to the ϵ-expansion we resummed the series for:

• η(ϵ) and η_2(ϵ) up to five loops [15,16]. The other critical exponents were determined through the hyperscaling relations among them.

• g_4(ϵ), r_6(ϵ) and r_8(ϵ) up to three loops [17,18,19].

The values of g_4(ϵ) and r_{2j} (ϵ) are known exactly in dimensions d = 0 and d = 1; therefore we have also performed for these quantities constrained analyses using the same method described in [17,18,19] and references therein, which should improve the final results under the assumption of a sufficiently large analytic domain in ϵ for the quantity to be resummed.

Suppose that the exact values R_{ex}(ϵ_1), . . . R_{ex}(ϵ_k) of the generic quantity R(ϵ) are known for a set of dimensions ϵ_1, . . . ϵ_k. Then define Q(ϵ) = k∑ i=1 R_{ex}(ϵ_i) ϵ − ϵ_i k∏ j=1,j≠i (ϵ_i − ϵ_j )^{−1}

(A.10) and S(ϵ) = R(ϵ) ∏_k i=1 (ϵ − ϵ_i)

− Q(ϵ) (A.11)

and finally

R_{imp}(ϵ) = [Q(ϵ) + S(ϵ)] k∏ i=1 (ϵ − ϵ_i) (A.12)

The resummation procedure is applied to S(ϵ) and the final estimate is obtained by computing R_{imp}(ϵ = 1). When the polynomial interpolation through the values R_{ex}(ϵ_1), . . . R_{ex}(ϵ_k) is a good approximation for R(ϵ), one expects that the ϵ series which gives the deviation has smaller coefficients than the original one. In fact one can check that, in the cases considered, the coefficients of S(ϵ) decrease with k. Consequently also the errors in the resummation should be smaller.

Any resummed quantity depends on the arbitrary parameters α and b: S_p(α, b), where p is the number of known terms in the original series. The parameters α and b may be used to optimize the resummation, see e.g. refs [39,40,41]. We shall now describe the algorithm we used; the idea is to choose the values of α and b providing the fastest convergence of the results in the number of loops.

We tried to minimize numerically the quantity ( S_p(α, b) S_{p−1}(α, b) − 1 )_2

, (A.13)

in a suitable range of parameters: −3/2 ≲ α ≲ 2 (for N = 5, 6), −2 ≲ α ≲ 5 (for N = 32, 64) and 0 ≲ b ≲ 20 (for all the N considered). S_{p−1} is the quantity resummed using only p−1 terms of the original series. When we found only one minimum of (A.13), we considered the positions of the minimum (α_{opt}, b_{opt}) as the best resummation parameters. However in many cases, we found a whole line of zeroes for S_p−S_{p−1} in the plane (α, b), that is a line of minima for (A.13). In those cases we chose the optimal parameters (α_{opt}, b_{opt}) by minimizing the quantity ( S_{p−1}(α, b) S_{p−2}(α, b) − 1 )_2

, (A.14)

along the line of zeroes for S_p − S_{p−1}.

Once we have determined the best resummation parameters, we considered different sets of approximants for the quantity to be resummed [41], obtained by varying the parameters in an opportune range α ∈ [α_{opt} − Δα, α_{opt} + Δα] and b ∈ [b_{opt} − Δb, b_{opt} + Δb]. One can take as the final estimate the average of S_p(α, b) with α and b in this range (we considered half-integers α and integers b, after approximating α_{opt} and b_{opt} to the nearest half-integer or integer, respectively), while the error is indicated by the variance of S_p(α, b). It is not so clear how to determine the width of the intervals Δα and Δb [41]: in general the average of S_p is stable, within the quoted errors, while the variance strongly depends on the choice one is making. In order to obtain reasonable errors, we compared our results with those obtained by other authors in the case N = 4, and determined Δα and Δb so as to reproduce their errors. We have chosen Δα = 2 and Δb = 3; moreover we quote the error in the final results as two standard deviations. In this way we obtain for g^∗ with N = 4 the value g^∗ = 1.375(4), which agrees with the result quoted by R. Guida and J. Zinn-Justin in Ref. [40]: g^∗ = 1.377(5).

For series in fixed dimension depending on g^∗ we summed the squared errors due to the uncertainties of α, b, and of g^∗; the latter was estimated by (S_p(α_{opt}, b_{opt}, g^∗ + Δg^∗) − S_p(α_{opt}, b_{opt}, g^∗ − Δg^∗))/2.

This algorithm is ad hoc and in some way arbitrary, but provides estimates consistent with each other. Moreover our results are in substantial agreement with those of other authors in the case N = 4 [40]. Therefore we consider our final values and error bars reliable, although we should be cautious in giving them the standard statistical meaning.

B Large N behavior of the equation of state

We consider now the large-N behavior of the critical exponents and of the equation of state for the three dimensional O(N) model; our aim is to compare the results from the 1/N expansion with the numerical estimates for critical quantities obtained through resummation procedures and through the parametric approximation of the equation of state.

The longest 1/N series for critical exponents available in literature are [42,43]:

α = −1 + 32 N π^2 − 96 N^2π^4

( 112 27 − π^2 ) , (B.1)

β = 1 2 − 4 N π^2 + 16 N^2π^4 (8 3 − π^2 ) , (B.2)

γ = 2 − 24 N π^2 + 64 N^2π^4

( 44 9 − π^2 ) , (B.3) δ = 5 − 16 N π^2 + 1408 N^29π^4 − 1024 N^327π^6

[ 27 2 π^2 log 2 + 81 8 ψ^{′′} (1 2 ) − 61 8 π^2 − 683 6 ] , (B.4) η = 8 N 3π^2 − 512 N^227π^4 + 512 N^327π^6 [ 9 2 π^2 log 2 + 27 8 ψ^{′′} ( 1 2 ) − 61 24 π^2 − 797 18 ] , (B.5)

ν = 1 − 32 N 3π^2 + 32 N^2π^4

(112 27 − π^2 ) , (B.6)

where ψ(x) is the logarithmic derivative of the Γ function. All the equalities (B.1-B.6) are understood to be true up to higher orders in 1/N. Since, in order to compute the large-N expansion of the various universal quantities, we used the equation of state up to the order 1/N, we have, for consistence, limited ourself to the order 1/N in the critical exponents. The large-N limit of the equation of state and the 1/N corrections were calculated in Ref. [25]; since we will use them, we report their results in the case of three spatial dimensions

f(x) = (x + 1)^2 + 2 N (x + 1) [ g(x) − (x + 1) g(0) −

12 (x + 1) log(x + 1) π^2 ] , (B.7) where g(x) is given by g(x) = 1 π^2 ∫_∞ 0 1 1 2 π (1+x) + k 2 i(k, 0) + −1 − 2 π (1 + x) i(k, 1) +^{2 k2 j(k,1)}_{i(k,1)} 1 2 π (1+x) + (1 + k

2) i(k, 1) dk, (B.8) and the functions i(k, r) and j(k, r) are defined as in Ref. [25] i(k, r) = 1 4πk arctan ( k 2 √ r ) ,

j(k, r) = −3 √ r 8 π (k^2 + r) (k^2 + 4 r) . (B.9)

The function f(x) in (B.7) has the right normalization: f(−1) = 0 and f(0) = 1. Starting from these equations, we derived the large-N expansion of universal amplitude ratios and of other quantities.

The functions f(x) and g(x) are regular in x = 0; therefore it is easy to compute the coefficients f^0_i

f^0_1 = 2 + 1 N ( − 24 π^2

− 2 g(0) + 2 g^′(0) ) , (B.10)

f^0_2 = 1 + 1 N ( − 36 π^2

− 2 g(0) + 2 g^′(0) + g^{′′}(0) ) , (B.11) f^0_3 = 1 N ( − 8 π^2

+ g^{′′}(0) + g^{(3)}(0) 3 ) . (B.12)

The values of g(x) and its derivatives in x = 0 can be obtained from the definition (B.8) by calculating numerically the integrals in k. In the opposite limit x → ∞, we wrote the behavior of g(x) as

g(x) = −(x + 1) + 8 π^2 log(x + 1) + 8 π^2 log π 4 + ∫_∞ 0 dk R(k, x), (B.13) where the function R(k, x) is

R(k, x) = 8 (1 + k) π^2 + 2 (1 + x) (1 + k^2) π + −1 − 2 π (1 + x) i(k, 1) +^{2 k2 j(k,1)}_{i(k,1)} π^2

(_1

2 π (1+x) + (1 + k

2) i(k, 1) ) . (B.14) The last term in (B.13) can be expanded in powers of 1/(x + 1) ∫_∞ 0 dk R(k, x) = g_0 + g_1 x + 1 + g_2 (x + 1)^2 + g_3 (x + 1)^3 + O ( 1 (x + 1)^4 ) . (B.15)

The coefficients g_i can be obtained by Taylor expanding the integrand and calculating numerically the integrals in k. Then one can find the coefficients f^∞_i f^∞_0 = 1 − 2 N (1 + g(0)) , (B.16)

f^∞_1 = 2 + 2 N ( −2 + g_0 − 12 π^2

− 2 g(0) +

8 log(^π_4 )

π^2 ) , (B.17)

f^∞_2 = 1 + 2 N ( −1 + g_0 + g_1 − 10 π^2

− g(0) +

8 log(^π_4 ) π^2 ) , (B.18)

f^∞_3 =

2g_2 N . (B.19)

Using these results and the definitions of universal amplitude ratios, one can find:

R^+_4 = 12 + 12 N ( −12 + g_0 π^2 + 8 log(^π_4 )

π^2 ) , (B.20)

R_χ = 1 + 2 N (1 + g(0)) , (B.21)

F^∞_0 = 1 144 + 1 N π^2 (1 − g_0 + g(0)) + 4 (3 + log(192) − 2 log(π)) 72 π^2

, (B.22) r_6 = 5 6 + 1 N 5 (2 + g_1 π^2)

3 π^2

, (B.23)

r_8 = 1 N 35 g_2 6 , (B.24)

r_{10} = 1 N −35 (2 + 6 g_2 π^2 − 6 g_3 π^2) 6 π^2

. (B.25)

All these equalities are understood to be true up to order 1/N.

To derive the expressions of universal ratios involving the specific heat amplitudes, we need the effective potential (Helmholtz free energy), proportional to the universal function A(x). Using the notations of Ref. [3], we have f(x) = A(x) − x dν A^′(x). (B.26)

A(x) is the solution of this differential equation which is analytic in x = 0. Solving (B.26) using the expressions (B.1-B.8) for f(x) and critical exponents up to 1/N terms, and then taking the limit N → ∞, we obtained for A(x)

A(x) = 1 + 3x + 3x^2 − π^2 32 ( − 24 π^2

+ 3g^{′′}(0) + g^{′′′}(0) ) x^3. (B.27)

Note that the knowledge of f(x) and ν up to the order 1/N allows to determine only the leading term of the 1/N expansion of A(x). This is related to the fact that, in dimension d = 3, the critical exponent α tends to an integer for N → ∞. Therefore, in the expression for the free energy in the large N limit, one cannot separate the term which is singular near the critical point from the analytic background. Ref. [26] gives the large-N behavior of the free energy and of the amplitudes R^+_c and R^+_ξ for generic fixed dimension d; as explained, these results cannot be extended to d = 3.

Using the expression (B.27), it is easy to obtain the large-N limit of the following universal amplitude ratios

U_0 = − π^2 32 ( − 24 π^2

+ 3g^{′′}(0) + g^{′′′}(0) )

1 + π^2 32 ( − 24 π^2

+ 3g^{′′}(0) + g^{′′′}(0)

) , (B.28)

R^+_c = − π^2 32 ( − 24 π^2

+ 3g^{′′}(0) + g^{′′′}(0) ) . (B.29)

The leading behavior of R^+_ξ is

R^+_ξ = ( R^+_c 4π N ) 1_3

, (B.30)

where R^+_c is given by its large-N limit (B.29). The 1/N series for the coefficient c_f is determined by the behavior of f(x) and g(x) near x = −1. We found the following expression g(x) = 12 π^2

(x + 1) log(x + 1) + C(x + 1) + o(x + 1), (B.31)

for x → −1. The constant C may be expressed as C = − 4 (2 + log(64) − 3 log(π)) π^2 + 2 π^2 ∫_∞ 0 ( 6 1 + k − 3 k^3 π (1 + k^2) (4 + k^2) arctan(^k_2 ) ) dk. (B.32)

Then the coefficient c_f is (up to order 1/N)

c_f = 1 + 2 N (C − g(0)) . (B.33)

The position of the crossover line can be determined by imposing D^′(y) = 0; solving this equation up to order 1/N, we found

x_{max} =5 + 1 N ( 64 − 30 g^′(5) π^2 + 300 g^{′′}(5) π^2 + 5 π^2 g(5) ) , (B.34)

y_{max} = 5 6^45 + 1 N15π^26^45 ( 320 − 150 g^′ (5) π^2 + 1500 g^{′′} (5) π^2 + 60 π^2 g(0) (B.35) +15 π^2 g(5) + 16 log(216) ) ,

z_{max} =2 √ 3 5 + 1 N5π^2 √ 3 5 ( −124 + 5 g_0 π^2 + 30 g^′(5) π^2 − 300 g^{′′}(5) π^2

−5 π^2 g(5) + 40 log(5π/4) ) . (B.36)

The universal amplitude ratios involving the crossover line are

P_m = √ 5 6^{25} + 1 N30 √ 5 6^{25} π^2 ( 320 − 150 g^′(5) π^2 + 1500 g^{′′}(5) π^2 + 60 π^2 g(0)

+15 π^2 g(5) + 528 log(6) − 600 log(5) ) , (B.37)

P_c =

3125 15552 − 3125 N46656π^2 ( −100 + 12 π^2 + 3 g_0 π^2 + 30 g^′(5) π^2 − 300 g^{′′}(5) π^2

−3 π^2 g(5) − 192 log(2) − 144 log(3) + 168 log(5) + 24 log(π) ) , (B.38)

R_p = 12 5 + 8 N25π^2 ( −76 + 15 π^2 + 15 g^′(5) π^2 − 300 g^{′′}(5) π^2 + 180 log(5/6) )

We report the results after calculating numerically the integrals:

r_6 = 5 6 + 10.213 N f^0_1 = 2 −

1.08789 N r_8 =

−67.314 N f^0_2 = 1 −

1.89798 N r_{10} =

1406.83 N f^0_3 = −

0.642744 N U_0 = 1.4674 c_f = 1 +

1.64657 N R_α = 0.4674 P_m = 1.092 −

0.313824 N R^+_c = 0.594715 P_c = 0.200939 +

1.0391 N R^+_4 = 12 −

54.0813 N R_p = 2.4 −

3.70369 N R_χ = 1 −

1.91184 N + 9.22 N^2 z_{max} = 1.54919 −

2.64874 N R^+_ξ = 0.361715 N^{13} x_{max} = 5 +

1.08647 N F^∞_0 = 1 144 + 0.0633049 N y_{max} = 1.19247 −

0.515247 N .

In the last equations we quoted from [44] the correction 1/N^2 to the universal amplitude ratio R_χ.

References

[1] J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, fourth edition (Clarendon Press, Oxford, 2001).

[2] V. Privman, P. C. Hohenberg and A. Aharony, in Phase Transitions and Critical Phenomena Vol. XIV, p. 1, Ed. C. Domb and J.L. Lebowitz (Acad. Press, N.-Y., 1991) [3] A. Pelissetto and E. Vicari, Phys. Rept. 368 (2002) 549 [arXiv:cond-mat/0012164].

[4] R. D. Pisarski and F. Wilczek, Phys. Rev. D 29 (1984) 338. [5] F. Wilczek, Int. J. Mod. Phys. A 7 (1992) 3911 [Erratum-ibid. A 7 (1992) 6951]. [6] K. Rajagopal and F. Wilczek, Nucl. Phys. B 399 (1993) 395 [arXiv:hep-ph/9210253].

[7] A. Butti, A. Pelissetto and E. Vicari, JHEP 0308 (2003) 029 [arXiv:hep-ph/0307036].

[8] S.-C. Zhang, Science 275 (1997) 1089 [9] P. Calabrese, A. Pelissetto and E. Vicari, Phys. Rev. B 67 (2003) 054505 [arXiv:cond-mat/0209580].

[10] A. Smilga and J. J. M. Verbaarschot, Phys. Rev. D 51 (1995) 829 [arXiv:hep-th/9404031].

[11] J. Wirstam, Phys. Rev. D 62 (2000) 045012 [arXiv:hep-ph/9912446]. [12] G. A. Baker, B. G. Nickel, M. S. Green and D. I. Meiron, Phys. Rev. Lett. 36 (1976) 1351.

G. A. Baker, B. G. Nickel and D. I. Meiron, Phys. Rev. B 17 (1978) 1365. [13] S. A. Antonenko and A. I. Sokolov, Phys. Rev. E 51 (1995) 1894 [arXiv:hep-th/9803264].

[14] A. I. Sokolov, E. V. Orlov, V. A. Ul’kov, S. S. Kashtanov, Phys. Rev. E 60 (1999) 1344 [hep-th/9810082];

[15] S. G. Gorishnii, S. A. Larin, F. V. Tkachov and K. G. Chetyrkin, Phys. Lett.

B 132 (1983) 351.

[16] H. Kleinert, J. Neu, V. Schulte-Frohlinde, K. G. Chetyrkin and S. A. Larin, Phys. Lett. B 272 (1991) 39 [Erratum-ibid. B 319 (1993) 545] [arXiv:hep-th/9503230].

[17] A. Pelissetto and E. Vicari, Nucl. Phys. B 519 (1998) 626 [arXiv:cond-mat/9711078].

[18] A. Pelissetto and E. Vicari, Nucl. Phys. B 522 (1998) 605 [arXiv:cond-mat/9801098].

[19] A. Pelissetto and E. Vicari, Nucl. Phys. B 575 (2000) 579 [arXiv:cond-mat/9911452].

[20] R. Guida and J. Zinn-Justin, Nucl. Phys. B 489 (1997) 626 [arXiv:hep-th/9610223].

[21] M. Campostrini, A. Pelissetto, P. Rossi and E. Vicari, Phys. Rev. B 62 (2000) 5843 [arXiv:cond-mat/0001440].

[22] M. Campostrini, M. Hasenbusch, A. Pelissetto, P. Rossi and E. Vicari, Phys.

Rev. B 63 (2001) 214503 [arXiv:cond-mat/0010360].

[23] M. Campostrini, M. Hasenbusch, A. Pelissetto, P. Rossi and E. Vicari, Phys.

Rev. B 65 (2002) 144520 [arXiv:cond-mat/0110336].

[24] F. Parisen Toldin, A. Pelissetto and E. Vicari, JHEP 0307 (2003) 029 [arXiv:hep-ph/0305264].

[25] E. Brézin and D.J. Wallace, Phys. Rev. B 7 (1973) 1967.

[26] M. Moshe and J. Zinn-Justin, Phys. Rept. 385 (2003) 69 [arXiv:hep-th/0306133].

[27] E. Brezin and J. Zinn-Justin, Phys. Rev. B 14 (1976) 3110. [28] I. D. Lawrie, J. Phys. A 14 (1981) 2489.

[29] A. Pelissetto and E. Vicari, Nucl. Phys. B 540 (1999) 639 [arXiv:cond-mat/9805317].

[30] P. Schofield, Phys. Rev. Lett. 22 (1969) 606;

B.D. Josephson, J. Phys. C: Solid State Phys. 2 (1969) 1113; P. Schofield, J.D. Litster, and J.T. Ho, Phys. Rev. Lett. 23 (1969) 1098.

[31] P. Butera and M. Comi, Phys. Rev. B 58 (1998) 11552 [arXiv:hep-lat/9805025]. [32] P. Butera and M. Comi, Phys. Rev. B 52 (1995) 6185 [arXiv:hep-lat/9505027].

P. Butera and M. Comi, Phys. Rev. B 56 (1997) 8212 [arXiv:hep-lat/9703018]. [33] D. Loison, Physica A 271 (1999) 157.

[34] S. Holtmann and T. Schulze, Phys. Rev. E 68 (2003) 036111 [arXiv:hep-lat/0305019].

[35] J.P. Eckmann, J. Magnen, and R. Sénéor, Commun. Math. Phys. 39 (1975) 251.

J. Magnen and R. Seneor, Commun. Math. Phys. 56 (1977) 237. J. S. Feldman and K. Osterwalder, Annals Phys. 97 (1976) 80. J. Magnen and V. Rivasseau, Commun. Math. Phys. 102 (1985) 59.

[36] L. N. Lipatov, Sov. Phys. JETP 45 (1977) 216 [Zh. Eksp. Teor. Fiz. 72 (1977) 411].

[37] E. Brezin, J. C. Le Guillou and J. Zinn-Justin, Phys. Rev. D 15 (1977) 1544.

E. Brezin, J. C. Le Guillou and J. Zinn-Justin, Phys. Rev. D 15 (1977) 1558. [38] G.Parisi, Statistical field theory, Addison-Wesley, New York 1988. [39] J. C. Le Guillou and J. Zinn-Justin, Phys. Rev. Lett. 39 (1977) 95.

J. C. Le Guillou and J. Zinn-Justin, Phys. Rev. B 21 (1980) 3976. [40] R. Guida and J. Zinn-Justin, J. Phys. A 31 (1998), 8103 [arXiv:cond-mat/9803240].

[41] J. M. Carmona, A. Pelissetto and E. Vicari, Phys. Rev. B 61 (2000) 15136 [arXiv:cond-mat/9912115].

[42] Y. Okabe and M. Oku, Prog. Theor. Phys. 60 (1978) 1277.

Y. Okabe and M. Oku, Prog. Theor. Phys. 60 (1978) 1287.

[43] A. N. Vasiliev, Y. M. Pismak and Y. R. Khonkonen, Theor. Math. Phys. 50 (1982) 127 [Teor. Mat. Fiz. 50 (1982) 195].

[44] M. Oku and Y. Okabe, Prog. Theor. Phys. 61 (1979) 443.