arXiv:hep-lat/0409068 v1 14 Sep 2004

UPRF-2004-20

Exact supersymmetry on the lattice: the Wess-Zumino model

Marisa Bonini^a and Alessandra Feo^{a∗}

aDipartimento di Fisica, Università di Parma and INFN Gruppo Collegato di Parma, Parco Area delle Scienze, 7/A, 43100 Parma, Italy

It is shown that the lattice Wess-Zumino model written in terms of Ginsparg-Wilson fermions is invariant under a generalized supersymmetry transformation which is determined by an iterative procedure in the coupling constant. This transformation is non-linear in the scalar fields and depends on the superpotential parameters. The implications of this lattice invariance are discussed.

1. INTRODUCTION

The major obstacle in formulating a supersymmetric theory on the lattice arises from the fact that the supersymmetry algebra is actually an extension of the Poincaré algebra, which is explicitly broken by the lattice. Indeed, in an interacting theory, translation invariance is broken since the Leibniz rule is not valid for lattice derivatives [1]. We know that Poincaré invariance is achieved automatically in the continuum limit without fine tuning since operators that violate Poincaré invariance are all irrelevant. A related issue is how to balance bosonic and fermionic degrees of freedom, as demanded by supersymmetry: a naive regularization of fermions produces a wrong number of them. In order to construct a chiral lattice theory, without fermion doubling, the lattice Dirac operator D should satisfy the Ginsparg- Wilson (GW) relation [2].

In this work we consider the four dimensional lattice Wess-Zumino model, introduced in Refs. [3,4], that uses the GW fermion operator, and we show that it is actually possible to formulate the theory in a way that the full action is invariant under a generalized supersymmetry transformation at a fixed lattice spacing. The action and the transformation are written in terms of the GW operator and reduce to their continuum expression in the limit a → 0.

∗Talk given by A. Feo

2. FOUR DIMENSIONAL WESS- ZUMINO MODEL ON THE LATTICE

The action of the four dimensional Wess- Zumino model on the lattice has been introduced in Refs. [3,4] and can be re-written as

S_{W Z} = S_0 + S_{int} , (1)

with

S_0 = ∑ x { 1 2 χ̄(1 − a 2 D_1)^{−1}D_2χ − 1 a (AD_1A + BD_1B) + 1 2 F (1 − a 2 D_1)^{−1}F + 1 2 G(1 − a 2 D_1)^{−1}G } , (2)

S_{int} = ∑ x { 1 2 mχ̄χ + m(F A + GB) + 1 √ 2 gχ̄(A + iγ_5B)χ + 1 √ 2 g [ F (A^2 − B^2) + 2G(AB) ] } . (3)

Here A, B, F, G are scalar fields and χ is a Majorana fermion that satisfies the Majorana condition, χ̄ = χ^T C, where C is the charge conjugation matrix, with C^T = −C and CC^† = 1. Our conventions are Cγ_μC^{−1} = −(γ_μ)^T and Cγ_5C^{−1} = (γ_5)^T . The operators D_1 and D_2 ≡ γ_μD_{2μ} entering in the kinetic terms of the Wess-Zumino action are related to the Neuberger operator D, 1 given in [5], by

D_1 = 1 4 Tr(D) , D_2 = 1 4 Tr(γ_μD) . (4)

Notice that, in terms of D_1 and D_2 the GW relation becomes

D^2_1 − D^2 = 2 a D_1 . (5)

The action (1) reduces to the continuum Wess- Zumino one in the limit a → 0.

2.1. The lattice supersymmetry transformation As discussed in [4], S_0 is invariant under superymmetry, while S_{int} breaks this symmetry because of the failure of the Leibniz rule at finite lattice spacing [1]. One expects that this invariance can be restored by adding irrelevant terms to the action (1).

In [6] it has been shown that the full action (1) is invariant under the following supersymmetry transformation δA = ε̄χ = χ̄ε δB = −iε̄γ_5χ = −iχ̄γ_5ε δχ = −D_2(A − iγ_5B)ε − (F − iγ_5G)ε + gRε δF = ε̄D_2χ δG = iε̄D_2γ_5χ , (6)

where R is a function depending on the scalar and auxiliary fields and their derivatives and can be determined in perturbation theory. By expanding R in powers of g

R = R^{(1)} + gR^{(2)} + · · · (7)

and imposing the symmetry condition order by order in perturbation theory, we find

R^{(1)} = ((1 − a 2 D_1)^{−1}D_2 + m)^{−1}ΔL (8)

with ΔL ≡ 1 √ 2 { 2(AD_2A − BD_2B) − D_2(A^2 − B^2)

+2iγ_5 [ (AD_2B + BD_2A) − D_2(AB) ]} (9) and for n ≥ 2

R^{(n)} = − √ 2((1 − a 2 D_1)^{−1}D_2 + m)^{−1}(A + iγ_5B)

× R^{(n−1)} . (10)

Thus, the function R is non-linear in the fields and can be seen to be the formal solution of [ (1 − a 2 D_1)^{−1}D_2 + m + √ 2g(A + iγ_5B) ] R = ΔL . Notice that, for a → 0 the transformation (6) reduces to the continuum supersymmetry transformation, since ΔL vanishes in this limit. Indeed, ΔL is different from zero because of the breaking of the Leibniz rule for a finite lattice spacing.

2.2. The algebra

We now study the algebra associated to the lattice supersymmetry transformation (6). In particular, carrying out the commutator of two supersymmetries we must find a transformation which is still a symmetry of the Wess-Zumino action, i.e. the transformations of the fields form a closed algebra, order by order in g. Here we explicitly check this fact up to order g^1, even though the calculation can be generalized to any order. The commutator of two supersymmetries on the scalar field A is [6]

[δ_2, δ_1]A = −2ε̄_1γ_με_2 { D_{2μ}A + g √ 2 m(1 −^a_2 D_1) m^2(1 −^a_2 D_1) +^2_a D_1 [ D_{2μ}(A^2 − B^2) −2(AD_{2μ}A − BD_{2μ}B) ]} . (11)

Similar expressions can be found for the other scalar fields. For the fermion field χ a Fierz rearrangement is needed and after some algebra we find [6]

[δ_2, δ_1]χ = −2ε̄_1γ_με_2 { D_{2μ}χ − g √ 2 m(1 −^a_2 D_1) − D_2 m^2(1 −^a_2 D_1) +^2_a D_1 ( D_2(A − iγ_5B)γ_μχ +(A + iγ_5B)D_2γ_μχ − D_2 [ (A − iγ_5B)γ_μ χ ] )} . Therefore, the general expression of the commutator of two transformations is

[δ_1, δ_2]Φ = α^μP^Φ_μ (Φ) , Φ = (A, B, F, G, χ) , (12)

where α^μ = −2ε̄_2γ^με_2 and P^Φ_μ (Φ) are polynomials in Φ defined as

P^Φ_μ (Φ) = D_{2μ}Φ + O(g) (13) where the order g^1 contributions can be read in (11) for the case Φ = A. We have verified that the closure works, i.e. the action (1) is invariant under the transformation

Φ → Φ + α^μP^Φ_μ (Φ) (14)

up to terms of order g^1. Notice that, in the continuum limit, D_{2μ} → ∂_μ and the transformation (14) reduces to Φ → Φ + α^μ∂_μΦ, since terms of order g^1 in (11) vanish due to the restoration of the Leibniz rule as a → 0.

2.3. Ward-Takahashi identity

The existence of this exact symmetry should be responsible for the restoration of supersymmetry in the continuum limit. The study of the Ward- Takahashi identity (WTi) associated to the exact lattice supersymmetry we have introduced can be done by generalizing the analysis performed by Golterman and Petcher in [7] for the two dimensional Wess-Zumino model. By making a variation of the generating functional with respect to the lattice supersymmetry transformation (6), the WTi reads < J_ΦδΦ >= 0, where J_Φ are the sources for the fields Φ = (A, B, F, G, χ).

As an example we explicitly verify the simple WTi < F > −iγ_5 < G > −g < R >= 0 (15) to the order g^1. From the action (1), the free propagators are

< AA >^{(0)}=< BB >^{(0)}= −M^{−1}(1 − a 2 D_1)^{−1}

< F F >^{(0)}=< GG >^{(0)}= 2 a M^{−1}D_1

< AF >^{(0)}=< BG >^{(0)}= m M^{−1} < χχ̄ >^{(0)}= −M^{−1}((1 − a 2 D_1)^{−1}D_2 − m) ,

where M = 2 a D_1(1 − a 2 D_1)^{−1} + m^2 . (16)

Then using the standard perturbative expansion we find

< F (k) >^{(1)} = δ^4(k) m ∫ p M^{−1}(p) ×Tr [ (1 − a 2 D_1(p))^{−1}D_2(p) − m ]

+4δ^4(k) ∫ p M^{−1}(p) = 0 . (17)

while the one point function of G is zero at this order. Finally, the last term of the WTi (15),

< R >^{(0)}= ((1 − a 2 D_1)^{−1}D_2 + m)^{−1} < ΔL >^{(0)} ,

vanishes since D_2(p) is an odd function of the integration momentum p. Notice that, even if each term of the WTi (15) is zero separately, there are non-trivial cancellations between the fermionic and scalar terms in (17).

3. CONCLUSIONS

We have shown that it is actually possible to formulate the theory in such a way that the full action is invariant under a lattice supersymmetry transformation at a fixed lattice spacing. This supersymmetry transformation introduces a function R which is non-linear in the scalar fields and depends on the parameters m and g entering in the S_{int}. We believe that the lattice supersymmetry we have introduced automatically leads to a restoration of continuum supersymmetry without additional fine tuning. We are currently investigating on this issue. Obviously the most important question is whether these ideas may be extended to supersymmetric gauge theories where one expects that the GW relation plays an important role in the construction of a lattice supersymmetry.

REFERENCES

1. P. H. Dondi and H. Nicolai, Nuovo Cim. A41 (1977) 1.

2. P. H. Ginsparg and K. G. Wilson, Phys. Rev.

D25 (1982) 2649.

3. K. Fujikawa and M. Ishibashi, Phys. Lett.

B528 (2002) 295 4. K. Fujikawa, Nucl. Phys. B636 (2002) 80. 5. H. Neuberger, Phys. Lett. B417 (1998) 141;

H. Neuberger, Phys. Lett. B427 (1998) 353. 6. M. Bonini and A. Feo, JHEP 09 (2004) 011. 7. M. F. L. Golterman and D. N. Petcher, Nucl.

Phys. B319 (1989) 307.