arXiv:hep-lat/0409102 v1 17 Sep 2004

Lattice Study of the O(3) Supersymmetric Sigma Model

Sofiane Ghadab^{a∗}

aDepartment of Physics Syracuse University, Syracuse NY 13244

We present preliminary numerical results from a lattice study of the two-dimensional O(3) non-linear sigma model. In the continuum this model possesses N = 2 supersymmetry. The lattice formulation we use retains an exact (twisted) supersymmetry except for a soft breaking associated with a Wilson mass term needed to remove the doubles. Our numerical results show that the partition function is independent of coupling as predicted by supersymmetry.

1. General 2D Sigma Model

As was first noted by Polyakov [1], there exists a deeply rooted analogy between fourdimensional Yang-Mills theories and twodimensional sigma models. Indeed the latter can serve as perfect theoretical laboratories to test methods and approaches developed for solving the problems of these far richer and more complicated theories. This is particularly true for the supersymmetric extensions of these theories [2]. It is clearly important to formulate such theories on the lattice and a greal deal of progress has been made in this area recently for models possessing extended supersymmetry [3,4,5,6]. These formulations all rely on the idea of twisting – a technique pioneered by Witten [7] in the context of topological field theory. These twisted formulations possess a scalar nilpotent supercharge Q, which with care, may often be preserved on the lattice. This symmetry can help prevent relevant susy breaking counterterms from appearing in the effective action and thus may avoid the fine tuning problems of generic discretizations of supersymmetric models. As was discussed in Simon Catterall’s talk in this conference the twisted action is typically Q exact and in the case of the 2D sigma model takes the

∗research supported in part by DOE grant DE-FG02- 85ER40231

form S = αQ ∫ σ η_{iμ} ( N^{iμ} (ϕ) − 1 2 g^{ij} B^μ_j )

where the action of the twisted charge on the fields is given by Qϕ^i = λ^i Qλ^i = 0 Qη_{iμ} = ( B_{iμ} − η_{jμ}Γ^j_{ik}λ^k )

QB_{iμ} = ( B_{jμ}Γ^j_{ik}λ^k − 1 2 η_{jμ}R^j_{ilk}λ^lλ^k )

Here ϕ^i(σ) is a set of commuting fields which act as coordinates on some N -dim target space with metric g_{ij}(ϕ). λ^i(σ) are scalar grassmann fields, η_{iμ}(σ) are vector grassman fields and B_{iμ}(σ) are another commuting vector fields. If we carry out the Q-variation and integrate out B we find S = α ∫ σ ( 1 2 g_{ij}N^{iμ}N^j_μ − η_{iμ}∇_kN^{iμ}λ^k (1) + 1 4 R_{jlmk}η^{jμ}η^l_μλ^mλ^k ) (2) To generate a kinetic term for the ϕ fields it is necessary to choose N^{iμ} = ∂^μϕ^i Finally to make contact with usual sigma model we need to impose self-duality conditions on the 1 vector fields in the model. This amounts to replacing η by P^{(+)}η where

P^{iμ}_{jν}^{(+)} = 1 2 ( δ^i_j δ^μ_ν + J^i_j ϵ^μ_ν ) and J is a covariantly constant matrix ∇_kJ^i_j = 0. Manifolds possessing such a tensor field are termed Kähler. It can be shown that the resultant model can we written in complex coordinates as S = α ∫ d^2σ ( 2h^{+−}g_{IJ} ∂_+ϕ^I ∂_−ϕ^J

− h^{+−}g_{IJ} η^I_+D_−λ^J − h^{+−}g_{IJ} η^I_−D_+λ^J + 1 2 h^{+−}R_{IIJJ} η^I_+η^I_−λ^J λ^J )

2. 2D Sigma Model on the lattice

It is trivial to see that the action is invariant under the twisted supersymmetry when I replace the continuum derivatives by symmetric finite differences, as the continuum Q-symmetry makes no reference to derivatives of the fields. However the kernel of the (free) lattice Dirac operator constructed this way contains both fermionic and bosonic doubles which have no continuum interpretation. To remove these we need to add a Wilson term to the lattice action. Of course it is not obvious that the addition of such a term is compatible with the topological symmetry in the case of a curved target space. However, in [8] it was shown that indeed it is possible to add potential terms to the twisted sigma models while maintaining the topological symmetry. The possible terms are

ΔS = c^2V^I V_I + c^2λ^I ∇_I V_J λ^J − 1 4 h^{+−}η^I_+∇_I V_J η^J_−

Here, V^I is a holomorphic Killing vector and c^2 an arbitrary parameter. A Wilson term would correspond to the choice V^I = im_W ϕ^I where

m_W = 1 2 ( Δ^+_z Δ^−_z + Δ^+_z Δ^−_z ) Many Kähler manifolds possess such a holomorphic Killing vector (for example the CP^N theories). Actually Q^2 is no longer zero in such models but yields a diffeomorphism along the Killing vector. For a reparametrization invariant continuum action this will be an exact symmetry. However on the lattice (where exact reparametrization invariance is broken) it will yield a symmetry breaking term of O(a^3). As discussed in [5] such a term will not affect the renormalization of the model and we expect that the model will flow to a continuum theory with full N = 2 SUSY in the continuum limit.

3. Lattice O(3) nonlinear sigma model

The usual O(3) supersymmetric sigma model is perhaps the simplest example of a model with Kähler target space which may be realized as a twisted model. In this case the metric, connection and curvature are easily verified to be g_{uu} = 1 2ρ^2 (3) Γ^u_u = g^{uu}∂_ug_{uu} = − 2u ρ (4) R_{uuuu} = g_{uu}∂_uΓ^u_u = − 1 ρ^4 (5) where ρ = 1+uu. In this case the supersymmetric lattice action including Wilson terms takes the form S = α ∑ x [ 1 ρ^2

Δ^S_+uΔ^S_−u + 1 ρ^2

(m_W u)(m_W u) − 1 2ρ^2 ηD^S_−λ − 1 2ρ^2 ηD^S_+λ − 1 2ρ^4 ηηλλ + 1 2ρ^2 λi[m_W − 2ū ρ (Δ^S_+u) + c.c]λ − 1 8ρ^2 ηi[m_W − 2ū ρ (Δ^S_+u) + c.c]η ] (6) To proceed further it is convenient to introduce an auxiliary field σ to remove the quartic fermion term. Explicitly we employ the identity α^N ∫ Dσe^{−α} (_{12 σσ+ σ} 2ρ2 ηλ+^σ_{2ρ2} ηλ ) = e^{α2ρ4 ηηλλ} (7) where N is the number of lattice sites. Thus the partition function of the lattice model can be cast in the form Z = ∫ DuDσDηDψe^{−S(u,σ,η,λ)} (8) where the action is now given by S = α ∑ x [ 1 ρ^2

Δ^S_+uΔ^S_−u + 1 ρ^2

(m_W u)(m_W u) + 1 2 σσ + ΨM (u, σ)Ψ ] (9) The anticommuting fields are assembled into Dirac spinors Ψ = (¯ λ_1 2i η̄ ) Ψ = ( λ_1 2i η )

and the Dirac operator M (u, σ) in the chiral basis is M (u, σ) = i 2ρ^2 ( m_W −^{2ū}_ρ m_W u + c.c D_+

−D^†_+ m_W −^{2ū}_ρ m_W u + c.c )

where the covariant derivative is modified to include a coupling to the auxiliary field σ

D̂_+ = Δ^S_+ − 2u ρ ( Δ^S_+u ) + σ (10)

To simulate this model we have to reproduce the fermion determinant arising after integrating out the anticommuting fields. This leads to an effective action of the form (we observe the determinant to be positive definite) S = αS_B (u, σ)− 1 2 Tr ln ( α^2M^†(u, σ)M (u, σ) ) (11)

where S_B (u, σ) denotes the local bosonic pieces of the action and we have shown the dependence on coupling α explicitly. We have employed a Langevin algorithm with a stochastic fermion force estimator to represent this determinant. In this case physical quantities exhibit systematic errors of order the step size O(τ ).

Using the invariance of the action under the twisted Q, one can easily show that the partition function should be independent of the coupling constant α. A stringent test of this α independence of Z is gotten by measuring the expectation value of S_B . It should be clear that − ∂ ln Z ∂α = 0 = ⟨S_B ⟩ − 2V α (12)

Figure 1. α < S_B > /2V

where V denotes the number of lattice sites. The results are given in fig.1 which shows data for α 2V < S_B > from runs at a variety of couplings α for a lattice of size 12x12 for different time steps τ . This is in a good agreement with the theoretical prediction above. Notice that the small deviations from unity at small α’s are due to small Q-symmetry breaking associated with the Wilson term, whereas those for large α’s are due to the systematic errors (O(τ )) in the Langevin algorithm. Further numerical studies of Ward identities and other important quantities are underway. They should give us a better understanding of the theory and the possibility of breaking of the supersymmetry.

REFERENCES

1. A.M. Polyakov, Phys. Lett. 59B (1975) 79. 2. V.A. Novikov et al., Phys. Rep. 116 (1984) 103.

3. S. Catterall and S. Karamov, Phys. Rev. D65 (2002) 094501.

4. S. Catterall, JHEP 0305 (2003) 038 5. S. Catterall and S. Ghadab, JHEP 0405 (2004) 044.

6. F. Sugino, JHEP 03(2004)067.

7. E. Witten, Comm. Math. Phys. 118:411,1988 8. J.M.F. Labastida and P.M. Llatas, Nucl.

Phys. B379 (1992) 220.