arXiv:hep-lat/0503009 v2 30 Mar 2005

UTHEP-503, LA-UR-04-8892, BUHEP-05-02

Chiral Perturbation Theory for Staggered Sea Quarks and Ginsparg-Wilson Valence Quarks

Oliver Bär^{a∗}, Claude Bernard^{b†} Gautam Rupak^{c‡} and Noam Shoresh^{d§} a Institute of Physics, University of Tsukuba, Tsukuba, Ibaraki 305-8571, Japan. bDepartment of Physics, Washington University, St. Louis, MO 63130, USA.

cLos Alamos National Laboratory, Theoretical Division T-16, Los Alamos, NM 87545, USA.

dDepartment of Physics, Boston University, Boston, MA 02215, USA.

Abstract

We study lattice QCD with staggered sea and Ginsparg-Wilson valence quarks. The Symanzik effective action for this mixed lattice theory, including the lattice spacing contributions of O(a^2), is derived. Using this effective theory we construct the leading order chiral Lagrangian. The masses and decay constants of pseudoscalars containing two Ginsparg-Wilson valence quarks are computed at one loop order.

PACS numbers: 11.15.Ha, 12.39.Fe, 12.38.Gc Keywords: Lattice QCD, chiral perturbation theory, partially quenched theory

∗ Email: obaer@het.ph.tsukuba.ac.jp
† Email: cb@lump.wustl.edu
‡ Email: grupak@lanl.gov
§ Email: shoresh@cgr.harvard.edu

Typeset by REVTEX 1

I. INTRODUCTION

Unquenched simulations with fermions that satisfy the Ginsparg-Wilson relation [1] are computationally much more demanding than those with staggered or Wilson fermions. A precise comparison between the numerical cost depends on many details of the simulation, for example the lattice spacing, the quark masses and also the practical implementation of the Ginsparg-Wilson (GW) fermion, i.e., how well the overlap [2, 3, 4] or the domain-wall fermion [5, 6] is approximated. A recent review [7], however, suggests that dynamical Ginsparg- Wilson fermions may be about ten to hundred times more expensive than corresponding simulations at comparable masses with either improved staggered fermions using the Asqtad action [8, 9, 10] or twisted-mass Wilson fermions [11]. For that reason most dynamical GW simulations so far have been carried out on small volumes together with rather heavy quark masses (see Ref. [7] and references therein). Simulating volumes and quark masses comparable to those in present-day staggered simulations [10], for example, is out of reach in the near future.

A computationally affordable compromise for certain applications may be so-called mixed fermion simulations. This type of simulation employs GW fermions only for the valence quarks, while the sea quarks are either staggered or Wilson fermions. In such an approach at least the valence sector exhibits all the benefits stemming from the exact chiral symmetry at non-zero lattice spacing [12]. Moreover, provided one can use already existing unquenched configurations generated with either staggered or Wilson fermions, mixed simulations only require the computation of correlators in the background of these configurations. The additional numerical cost is therefore comparable to quenched GW fermion simulations. Such mixed actions in two dimensions were studied in the Schwinger model in Ref. [13]. In four dimensions, preliminary results using the publicly available MILC configurations together with domain-wall or overlap valence fermions have been reported recently [14, 15, 16].

In this paper we construct the low-energy chiral effective Lagrangian for a mixed lattice theory with staggered sea and GW valence quarks. Based on this effective Lagrangian we compute the pseudoscalar meson masses and decay constants to one loop. Our results provide the leading quark mass and lattice spacing dependence of these quantities. The formulae are needed in order to analyze numerical data of mixed simulations.

This paper parallels Refs. [17, 18], where the chiral Lagrangian for the mixed lattice theory with Wilson sea quarks and GW valence quarks was constructed. We first find all the relevant operators of O(a^2) in the Symanzik effective action [19, 20] for the mixed lattice theory. A spurion analysis similar to that in ordinary χPT [21, 22, 23] is applied to the Symanzik effective action [24, 25]. The result is a chiral effective theory that exhibits explicit quark mass and lattice spacing dependence of the underlying lattice theory. A recent review of this method can be found in Ref. [26].

The leading order chiral Lagrangian presented here includes the lattice spacing effects proportional to a^2. Compared to the leading order Lagrangian of staggered χPT [27, 28, 29, 30], which is the appropriate low-energy effective theory for “unmixed” lattice QCD with staggered sea and valence quarks, it contains only one additional operator together with an undetermined low-energy constant. This new operator contributes to the masses of “mixed” mesons (one valence and one sea quark) at tree level in the chiral expansion. The decay constant of valence-valence mesons then receives contributions from the new operator through the mixed meson masses at one loop. However, the masses of valencevalence mesons themselves get no one-loop contribution from the new operator. Besides an analytic contribution of O(m_{quark}a^2), the one-loop pseudoscalar masses depend only on the leading order low-energy constants of staggered χPT and the next-to-leading order (NLO) low-energy constants of continuum χPT, the Gasser-Leutwyler coefficients. To the extent that these low energy constants are known from previously performed staggered simulations [10], the quark mass and lattice spacing dependence of the valence-valence pseudoscalar mesons in the mixed theory are highly restricted and depend on only one free parameter.

The paper is organized as follows: In section II we discuss the Symanzik effective action for the mixed lattice theory and list all those operators that are relevant in the subsequent analysis. We then perform the necessary spurion analysis and derive the O(a^2) terms in the chiral effective Lagrangian. The tree-level meson masses are written down in section III A. In section III B we calculate the valence-valence meson masses at one loop; while the corresponding calculation of the pseudoscalar decay constants is given in section III C. We conclude with a discussion of the results in section IV. Appendix A is devoted to some technical details of our calculation.

II. THE CHIRAL EFFECTIVE LAGRANGIAN

A. Lattice theory

Mixed fermion theories are a generalization of partially quenched theories. Theoretically they can be formulated by an action with anti-commuting sea and valence quarks and commuting valence ghosts [31], where the quark masses and the Dirac operators are chosen differently in the sea and in the valence sector.^1 In the following we consider a mixed theory with N_f staggered sea and N_V valence fermions.

The sea sector is described by the standard staggered fermion action,

S_{Sea} = a^4 ∑ x,μ χ_S (x)[η_μ∇_μ + m_{Sea}]χ_S(x), (1)

where ∇_μ denotes the gauge covariant central difference operator and m_{Sea} is the N_f × N_f mass matrix in the sea sector. For brevity we have suppressed the flavor and color indices. This action is invariant under lattice rotations, axis reversal, and translations by one lattice spacing (the so-called shift symmetry). In addition, the single-flavor staggered theory possesses vector and (in the massless case) axial-vector U(1) symmetries. The explicit expressions for the field transformations that correspond to these symmetries can be found in Ref. [33]. For N_f flavors, these symmetries extend to a U(N_f )_ℓ × U(N_f )_r symmetry [29] that corresponds to flavor transformations on the odd and even sites separately.^2 The action for the valence and ghost quarks is given by

S_{Val} = a^4 ∑ x ψ_V (x) { D_{GW} + m_{Val} ( 1 −^1_2 aD_{GW} )} ψ_V (x) . (2)

The valence and ghost quark masses are contained in the 2N_V ×2N_V mass matrix m_{Val}. The Dirac operator D_{GW} is assumed to be a local operator that satisfies the Ginsparg–Wilson relation [1], realized by either overlap [2, 3, 4] or domain-wall fermions [5]. Crucial is that the valence action has an exact chiral symmetry if the valence mass is set to zero [12]. In addition it is invariant under the lattice symmetries (translations, rotations and reflections).

1 Instead of this “ghost” formulation one could also employ the “replica method” with valence quarks only [32].

2 The subscripts ℓ and r are used instead of L and R because the chiral rotations in U (N_f )_ℓ × U (N_f )_r act on the spin and taste degrees of freedom (see Ref. [29]).

B. Symanzik action

At momenta p much below the lattice cut-off momentum 1/a, the long distance physics of the lattice theory can be described by the continuum Symanzik effective theory [19, 20]. The effects due to a non-zero lattice spacing appear in the form of higher dimensional operators in the effective action, multiplied by appropriate powers of a. These operators are constrained by the symmetries of the underlying lattice theory. The Symanzik effective action for the mixed lattice theory has the generic form

S_{Sym} = S_4 + a^2S_6 + · · · . (3)

The first term is the known continuum partially quenched QCD action [31, 34] containing 4N_f sea quark fields ψ_S, ψ_S, and N_V valence quark and ghost fields ψ_V, ψ_V.^3 Each staggered flavor field comes in four different tastes, hence the four-fold degeneracy in the sea quark sector. The mass matrix consists of the renormalized quark masses proportional to the bare lattice quark masses. The symmetries of the lattice action forbid any dimension three operator that would lead to an additive mass renormalization.

There are no terms linear in a in eq. (3), because no dimension five operator is compatible with the symmetries of the underlying lattice theory. Dimension five quark bilinears with two valence fields are ruled out by the chiral symmetry in the valence sector [35], and staggered quark bilinears are forbidden by the axial U(1) and the shift symmetry [36, 37]. Mixed bilinears with one sea and one valence field are not compatible with the separate flavor symmetries in the sea and valence sector.

In order to find the terms in S_6 it will be convenient to distinguish three types of operators: Operators that involve only sea quark fields, operators that contain only valence quark fields and those that contain both.^4 The terms of the first two types have been constructed previously and can be found in the literature. The operators involving only sea quark fields are listed in Refs. [27, 38] for the N_f = 1 case, and the results were generalized to the arbitrary N_f case in Refs. [29, 39]. Similarly, the operators containing only valence fields

3 We collect a valence quark field ψ^q_V and the associated ghost field ψ̃^{gh}_V in one valence field ψ_V = (ψ^q_V , ψ̃^{gh}_V ), and similarly for the anti-valence fields.

4 We do not need to discuss purely gluonic operators, which also appear at O(a^2), since they transform trivially under chiral transformations and therefore will not affect the form of the chiral effective Lagrangian.

are listed in Ref. [18], where the Symanzik action for the mixed lattice theory with Wilson sea and GW valence quarks was constructed.

What remains to be done here is the construction of the mixed operators containing sea and valence fields. Bilinears of dimension six with one sea and one valence field are ruled out by the separate flavor symmetries in the sea and valence sector, analogously to the dimension five bilinears. The mixed operators are therefore four-fermion operators that are products of two bilinears, one from the sea and one from the valence sector.

We construct these four-fermion operators by closely following the procedure described in Ref. [27]. We first construct all relevant lattice operators that are compatible with the symmetries of the lattice theory and correspond to dimension 6 four-fermion operators in the continuum limit. Sending then a to zero gives the desired terms in the Symanzik action. This procedure was used in Ref. [27] to construct all four-fermion operators made of two staggered quark bilinears. The method is easily adapted to the mixed operators. We present the details of the construction in Appendix A and quote here the final result.

The allowed mixed four-fermion operators are of the form

O^{(6)}_{Mix} = ψ_S(γ_{Spin} ⊗ t^a_{Color} )ψ_S ψ_V(γ_{Spin} ⊗ t^a_{Color} )ψ_V . (4)

The matrix γ_{Spin} represents one of the sixteen Clifford algebra elements and t^a_{Color} denotes a color gauge group generator.^5 The Dirac and color indices are contracted in such a way that the four-fermion operator is a singlet under O(4) rotation symmetry and color. Furthermore, in writing eq. (4) it is understood that the bilinear ψ_V(γ_{Spin} ⊗ t^a_{Color})ψ_V is an SU(N_V |N_V ) flavor singlet and that the bilinear ψ_S(γ_{Spin} ⊗ t^a_{Color})ψ_S is an SU(4N_f ) taste singlet. It is worth emphasizing that the mixed four-fermion operators do not break the taste symmetry in the sea quark sector.

The separate axial symmetries in the sea and valence sector imply that the bilinears in eq. (4) transform either as a vector or an axial vector. Writing γ_{Spin} ⊗ t^a_{Color} more compactly as γ_S t^a we therefore find only four mixed four-fermion operators that are allowed by the symmetries:

O^{(6)}_{Mix,1} = (ψ_S γ_μψ_S )(ψ_V γ_μψ_V ), O^{(6)}_{Mix,3} = (ψ_S γ_μt^aψ_S )(ψ_V γ_μt^aψ_V ), (5) O^{(6)}_{Mix,2} = (ψ_S γ_μγ_5ψ_S )(ψ_V γ_μγ_5ψ_V ), O^{(6)}_{Mix,4} = (ψ_S γ_μγ_5t^aψ_S )(ψ_V γ_μγ_5t^aψ_V ),

5 The identity in color space, for which we use the notation t^0_{Color} , is also allowed here.

where we have explicitly separated out bilinears containing the color identity matrix, and now restrict t^a to be traceless, summing over a.

C. Spurion analysis

The leading term in the Symanzik action, S_4, is just the continuum action of partially quenched QCD. In the massless limit it is invariant under the flavor symmetry group

G_{PQ QCD} = SU(4N_f + N_V |N_V )_L ⊗ SU(4N_f + N_V |N_V )_R, (6)

which is expected to be spontaneously broken to its vector part SU(4N_f + N_V |N_V )_V . The low-energy physics is therefore dominated by Nambu-Goldstone bosons. These pseudoscalar bosons acquire small masses due to non-vanishing quark masses and a non-zero lattice spacing. The latter contribution has its origin in chiral symmetry breaking terms in S_6.

To construct the chiral Lagrangian that describes these pseudoscalar bosons we follow the standard procedure of a spurion analysis. The coefficient c_i of each term O_i in the Symanzik effective action is promoted to a spurion field that transforms under flavor transformations in eq. (6) in such a way that the product c_iO_i is invariant. The chiral effective Lagrangian is constructed from the pseudoscalar fields and the spurion fields with the requirement that it is invariant under flavor rotations. Once the chiral Lagrangian is constructed the spurion field is set to its original constant value. This guarantees that the chiral Lagrangian explicitly breaks the chiral symmetries in the same manner as the underlying Symanzik effective action, and reproduces the same Ward identities.

In order to perform the spurion analysis for the mixed theory it is convenient to introduce the following notation. We collect the quark and anti quark fields in single fields,

Ψ = (ψ_S , ψ_V ), Ψ = (ψ_S , ψ_V ), (7)

where ψ_V contains both the anticommuting valence quarks and the commuting ghost fields. The mass matrix is given by m = diag(m_S , m_V ), with m_S being the 4N_f × 4N_f mass matrix for the sea quarks and m_V is the 2N_V × 2N_V mass matrix for the valence quarks and valence ghosts. We also introduce the projection operators

P_S = diag(I_S , 0) , P_V = diag(0, I_V ) , (8) where I_S denotes the 4N_f × 4N_f identity matrix in the sea sector, and I_V the 2N_V × 2N_V identity matrix in the space of valence fields.

For our purposes it will not be necessary to construct all spurion fields that make the Symanzik action in eq. (3) invariant. Most of the analysis has already been done and we can rely on previously published results. The results of the spurion analysis to O(a^2) for the case with staggered sea and valence quarks were written down in Ref. [29]; the analysis can be found in detail in Ref. [39], which also works to higher order. Since now only the sea sector contains staggered quarks all we need to do is to include the projector P_S appropriately in all spurion fields associated with sea quarks in this reference. These spurion fields render invariant all terms in the Symanzik effective action that are built only of sea quarks. To illustrate this point consider the mass term for the sea quarks, ψ_S m_S ψ_S . In Ref. [39] this term is made invariant by promoting the mass to a spurion field that transforms as m_S → Lm_S R^† under left- and right transformations L and R. In order to make use of this spurion field in the mixed theory we write ψ_S m_S ψ_S = ΨP_S mP_S Ψ and assume the same transformation property as before, i.e., m → LmR^†. The constant value to which the spurion is assigned in the end, however, is now P_S mP_S . One can proceed analogously with all the other spurion fields in Ref. [39]. From the results in Ref. [18] for the mixed theory with Wilson sea quarks and GW valence quarks we can directly determine the spurion fields that are necessary to make the valence field operators invariant. What we need in addition are the new spurion fields that make the mixed four-fermion operators in eq. (5) invariant.

We want to emphasize that the mixed four-fermion operators do break the symmetry group G_{PQ QCD}, even though each bilinear in them couples fields of the same chirality only. The reason is that any four-fermion operator that is invariant under all transformations in G_{PQ QCD} must be of the form

(ΨΓΨ)^2 = (ψ_S Γψ_S )^2 + (ψ_V Γψ_V )^2 + 2(ψ_S Γψ_S )(ψ_V Γψ_V ), (9)

where Γ represents one of the four combinations γ_S t^a in eq. (5). All three types of fourfermion operators on the right hand side of eq. (9) appear in the Symanzik effective action. However, because the lattice theory does not posses any symmetries relating the staggered sea and the GW valence fermions, they do not enter with the same coefficient in front in order to sum up to the square on the left hand side. Consequently, although an arbitrary linear combination of the three operator types is invariant under the subgroup SU(4N_f )_L ⊗

SU(4N_f )_R ⊗ SU(N_V |N_V )_L ⊗ SU(N_V |N_V )_R of G_{PQ QCD}, it is not invariant under the larger symmetry transformations of G_{PQ QCD} that mix the sea and valence sector.

Following the notation in Ref. [18], the mixed four-fermion operators can be made invariant under arbitrary chiral flavor transformations L ∈ SU(4N_f + N_V |N_V )_L and R ∈ SU(4N_f + N_V |N_V )_R by introducing the spurion fields

D ≡ D_1 ⊗ D_2 → LD_1L^† ⊗ LD_2L^†, E ≡ E_1 ⊗ E_2 → RE_1R^† ⊗ RE_2R^†, F ≡ F_1 ⊗ F_2 → LF_1L^† ⊗ RF_2R^†, G ≡ G_1 ⊗ G_2 → RG_1R^† ⊗ LG_2L^†,

(10)

D_0 = E_0 = F_0 = G_0 = a^2P_S ⊗ P_V .

The constant values to which the spurion fields are assigned to in the end carry the subscript “0”. The spurion fields transform as 4-tensors under chiral flavor transformations and therefore carry four indices, which need to be properly contracted with the indices of the fermion fields in order to form invariants.^6 For example, decomposing O^{(6)}_{Mix,1} = (ψ_S γ_μψ_S )(ψ_V γ_μψ_V ) ≡ (ψγ_μψ)_S (ψγ_μψ)_V in chiral components we obtain (ψγ_μψ)_S (ψγ_μψ)_V = (ψ_Lγ_μψ_L)_S (ψ_Lγ_μψ_L)_V + (ψ_Lγ_μψ_L)_S (ψ_Rγ_μψ_R)_V (11) +(ψ_Rγ_μψ_R)_S (ψ_Lγ_μψ_L)_V + (ψ_Rγ_μψ_R)_S (ψ_Rγ_μψ_R)_V .

Both bilinears in the first term on the right hand side couple left-handed fields only. It is made invariant with the spurion field D, where the indices are contracted according to D(ψ_Lγ_μψ_L)_S (ψ_Lγ_μψ_L)_V = (ψ_LD_1γ_μψ_L)_S (ψ_LD_2γ_μψ_L)_V . (12) The other three terms in eq. (11) are analogously made invariant using the spurion fields E, F and G. We remark that the spurion fields in eq. (10) transform in the same way as the ones for the valence-valence four-fermion operators; they differ only in their constant final values: a^2P_S ⊗ P_V is replaced by a^2P_V ⊗ P_V in the valence-valence case [18].

D. Chiral Lagrangian

Assuming that the symmetry in eq. (6) is spontaneously broken down to its vector part, the particle spectrum contains light pseudoscalar bosons. These bosons are described by the

6 Spurion fields with the same transformation properties appear also in weak matrix element studies. See Ref. [40] and references therein.

field Σ = exp(2iΦ/f) , (13) which is an element of U(4N_f + N_V |N_V ). Φ is a matrix that collects the pseudoscalar fields in the usual way [34]. For example, for three sea quark flavors (u, d and s) and two valence flavors (x, y for the valence quarks and x̃, ỹ for the valence ghosts) we arrange the fields as follows:

Φ =

U π^+ K^+ Q_{ux} Q_{uy} · · · · · · π^− D K^0 Q_{dx} Q_{dy} · · · · · · K^− K̄^0 S Q_{sx} Q_{sy} · · · · · · Q^†_{ux} Q^†_{dx} Q^†_{sx} X P^+ R^†_{x̃x} R^†_{ỹx} Q^†_{uy} Q^†_{dy} Q^†_{sy} P^− Y R^†_{x̃y} R^†_{ỹy} · · · · · · · · · R_{x̃x} R_{x̃y} X̃ P̃^+ · · · · · · · · · R_{ỹx} R_{ỹy} P̃^− Ỹ

. (14)

Here P^+, X and Y are the xȳ, xx̄, and yȳ valence bound states, respectively; P̃^+, X̃ and Ỹ are the analogous combinations of valence ghost quarks. R_{x̃x} is the (fermionic) bound state x̃x̄, and similarly for R_{x̃y}, R_{ỹx}, and R_{ỹy} . Likewise, Q_{F v} represents the mixed bound state F v̄, where F is a sea quark, F ∈ {u, d, s}, and v is a valence quark, v ∈ {x, y}.^7 Q_{F v} is a 4 × 1 matrix in taste; while Q^†_{F v} ≡ Q_{vF} is a 1 × 4 matrix. The sea-quark bound state fields are U, π^+, K^+, etc. These are 4 × 4 matrices when we take into account the taste degree of freedom. We write U = 16∑ b=1 U_b T_b 2 , (15)

(and similarly for π^+, K^+, . . .) where

T_b = {ξ_5, iξ_μξ_5, iξ_μξ_ν , ξ_μ, ξ_I } (16)

are the sixteen taste matrices in the form of Euclidean gamma matrices (ξ_I denotes the 4 × 4 identity matrix). Unlike Ref. [29], we include a factor of 2 in eq. (13) and divide T_b by 2 in eq. (15) in order to keep a consistent normalization of all fields in eq. (14).

7 We have not bothered to name the mixed bound states of sea quarks with ghost valence quarks in eq. (14) because such states will not enter into the calculations below.

Under chiral symmetry transformations in eq. (6), the field Σ transforms as

Σ → LΣR^† , (17)

where L ∈ SU(4N_f + N_V |N_V )_L and R ∈ SU(4N_f + N_V |N_V )_R.

The chiral Lagrangian is expanded in powers of p^2, m_q and a^2, where m_q stands generically for either a sea or a valence quark mass. We adopt a power counting that assumes that the size of the chiral symmetry breaking due to the quark masses and the discretization effects are of comparable size, i.e., m_q/Λ_{QCD} ≈ a^2Λ^2_{QCD} , (18) where Λ_{QCD} denotes the typical QCD scale, of the order of 300 MeV. A different power counting is necessary if one of the two parameters m_q/Λ_{QCD} and a^2Λ^2_{QCD} is much larger than the other one. However, the approximate equality in eq. (18) is realized in current lattice simulations using improved staggered fermions [10].

Assuming eq. (18), the leading order chiral Lagrangian contains the terms of O(p^2, m_q, a^2) and is of the form

L_χ = f^2 8 ⟨∂_μΣ∂_μΣ^†⟩ − f^2B 4 ⟨ΣM^† + MΣ^†⟩ + m^2_0 6 ⟨Φ⟩^2 + a^2V. (19)

Here ⟨. . .⟩ denotes a supertrace in flavor space and the parameters f and B are undetermined low-energy constants.^8 For our concrete example of three sea quark flavors and two valence flavors the diagonal mass matrix M is given by M =diag(m_uξ_I , m_dξ_I , m_sξ_I , m_x, m_y , m_x, m_y).

As in Ref. [28, 29, 30], for convenience we leave explicit the m^2_0 term, which is allowed because of the anomaly, and we take m^2_0 → ∞ at the end. Note that

⟨Φ⟩ = 2U_I + 2D_I + 2S_I + X + Y − X̃ − Ỹ , (20)

where U_I is the taste singlet component of U (eq. (15)), and similarly for D_I and S_I .

The potential V in the leading order Lagrangian comprises all terms proportional to a^2. For our mixed theory it can be written as a sum of three terms,

V = U_S + U^′_S + U_V. (21)

8 We adopt a normalization that corresponds to a tree-level pion decay constant f ≈ 131 MeV.

The first two terms are just the known taste breaking potentials for the sea sector [27, 29]:

−U_S = C_1⟨ξ̂_5P_S Σ ξ̂_5P_S Σ^†⟩ + C_3 1 2 ∑ ν [ ⟨ξ̂_ν P_S Σ ξ̂_ν P_S Σ⟩ + h.c. ] (22)

+ C_4 1 2 ∑ ν [ ⟨ξ̂_{ν5}P_S Σ ξ̂_{5ν} P_S Σ⟩ + h.c. ] + C_6 ∑ μ<ν ⟨ξ̂_{μν} P_S Σ ξ̂_{νμ}P_S Σ^†⟩ and −U^′_S = C_{2V} 1 4 ∑ ν [ ⟨ξ̂_ν P_S Σ⟩⟨ξ̂_ν P_S Σ⟩ + h.c. ] + C_{2A} 1 4 ∑ ν [ ⟨ξ̂_{ν5}P_S Σ⟩⟨ξ̂_{5ν} P_S Σ⟩ + h.c. ] (23)

+ C_{5V} 1 2 ∑ ν ⟨ξ̂_ν P_S Σ⟩⟨ξ̂_ν P_S Σ^†⟩ + C_{5A} 1 2 ∑ ν ⟨ξ̂_{ν5}P_S Σ⟩⟨ξ̂_{5ν} P_S Σ^†⟩.

Here we introduced the short hand notation ξ̂_5 = (ξ_{5,taste} ⊗ 1_{flavor}) ⊕ 1_V , etc., for the multiflavor generalizations of the taste matrices T_b. For instance, in our concrete example we have ξ̂_5 = diag(ξ_5, ξ_5, ξ_5, 1, 1, 1, 1). The coefficients C_i are low-energy constants.

Note that all terms in the two potentials U_S and U^′_S only involve the fields in the upper left sea-sea block of Σ. This is easily seen by first noting that the matrices T̂_b commute with the projector P_S . Consequently, the structure ⟨T_bP_S ΣT_bP_S Σ^†⟩, for instance, can also be written as ⟨T_bP_S ΣP_S T_bP_S Σ^†P_S ⟩. This is not surprising. The taste matrices T̂_b played the role of spurion fields in the derivation of the potential U_S + U^′_S in Ref. [29, 39]. As explained in section II C, the spurion fields need to be sandwiched by the projector P_S in the mixed theory, i.e., T̂_b → P_ST̂_bP_S . In fact, that was the way we obtained the potential U_S + U^′_S without repeating the details of the spurion analysis in Ref. [29, 39].

The remaining potential U_V comprises all terms that stem from the operators in the Symanzik effective action that involve valence fields. Some of these arise from the mixed 4- fermion operators in eq. (5). The corresponding chiral operators are constructed by forming invariants involving one of the spurion fields in eq. (10) together with arbitrarily many Σ and Σ^†. Insertions of the mass matrix and derivatives are excluded since they lead to terms that are necessarily of higher order in the chiral expansion, at least O(p^2a^2, m_qa^2).

We can only form non-trivial invariants with the fields F and G, which collapse to the same term once the spurion fields are set to their final value: ⟨ F_1ΣF_2Σ^† ⟩ → a^2 ⟨ τ_3Στ_3Σ^† ⟩ , (24) ⟨ G_1Σ^†G_2Σ ⟩ → a^2 ⟨ τ_3Σ^†τ_3Σ ⟩ .

Here we used P_S =^1_2 (I + τ_3) and P_V =^1_2 (I − τ_3), with τ_3 = diag(I_S , −I_V ) and dropped an irrelevant factor of 1/4. When we write (I ± τ_3) for F_{1,2} and G_{1,2}, the fields Σ and Σ^† cancel whenever they sandwich the identity matrix. The only non-trivial operator is the one involving two τ_3 matrices.

The last terms in U_V stem from the four-fermion operators involving only valence fields.^9 As we remarked at the end of the last section, the corresponding spurion fields transform exactly as the ones for the mixed four-fermion operators. The only difference is the final constant value; a^2P_S ⊗ P_V is replaced by a^2P_V ⊗ P_V . This change only involves a sign flip in the first projection operator, and therefore leads to the same term a^2 ⟨ τ_3Στ_3Σ^† ⟩ for the chiral Lagrangian.^{10}

We conclude that the leading order chiral Lagrangian for the mixed action theory with staggered sea and GW valence quarks contains only one more operator compared to the chiral Lagrangian of SχPT:

U_V = −C_{Mix} ⟨ τ_3Στ_3Σ^† ⟩ . (25)

The potential V for the mixed action theory involves nine unknown low-energy constants compared to eight in SχPT. We want to emphasize that the eight constants in U_S + U^′_S are the same constants as those in SχPT. Some combinations of them have already been determined by fits to staggered lattice data [10].

The potential U_S + U^′_S breaks the SU(4) taste symmetry in the sea sector but not entirely - an accidental SO(4) subgroup remains unbroken [27]. The part U_V, on the other hand, preserves the full SU(4) taste symmetry. This is expected because the four-fermion operators in eq. (5), which give rise to U_V, are trivial in taste space. Interaction vertices involving pseudoscalars with one or more valence-quark constituents stem from U_V only. The SU(4) taste symmetry implies that correlation functions that include such external pseudoscalars respect the SU(4) taste symmetry in one-loop NLO diagrams. Analytic, taste symmetry

9 The allowed valence bilinears either have the same symmetries as the lowest order terms, in which case they merely give O(a^2) corrections to lowest order parameters, or they have different symmetries (violate O(4) rotation invariance) and contribute only at higher order in the chiral expansion [18].

10 This also explains that this term is present independently of a change of basis in the Symanzik effective action. Using eq. (9) one could replace either the mixed or the pure valence four-fermion operators at the expense of (ΨΓΨ)^2, which is invariant under transformations in G_{PQ QCD}. Nevertheless, one can remove only one type of four-fermion operators, the other type still gives rise to the term a^2 ⟨ τ_3Στ_3Σ^† ⟩ in the chiral Lagrangian.

violating contributions do appear at NLO: O(a^4, a^2p^2, a^2m_q); while non-analytic symmetry violating contributions start beyond NLO.

III. PSEUDOSCALAR MASSES AND DECAY CONSTANTS

In this section we compute the one-loop expressions for the (valence-valence) pseudoscalar masses and decay constants. For concreteness we now restrict ourselves to the case with three sea quark flavors and two valence quark flavors. This is the most relevant case phenomenologically. Further, the resulting one-loop expressions can be readily used in the analysis of unquenched configurations generated with the Asqtad action by the MILC collaboration (see Refs. [9, 10] and references therein).

In the following we also adjust for the so-called “fourth root trick”, which is commonly employed in staggered simulations in order to reduce the taste degree of freedom from four to one. In the context of the chiral effective theory this adjustment requires proper insertions of factors of 1/4 in the sea quark loop contributions in our expressions [28], depending on the quark flow [41] that corresponds to the meson loop diagram in the chiral effective theory.

The fourth root trick raises legitimate locality questions and its validity is controversial. Recently various studies have addressed this issue using either numerical or analytical methods [13, 42, 43, 44, 45, 46, 47, 48]. In the following we assume that the “fourth root trick” can be given a field theoretically sound underpinning, so that we can follow the procedure described in Ref. [28].

A. Leading-order masses and propagators

At tree level, the new operator of the mixed theory, U_V , contributes only to the masses of valence-sea mesons, represented in eq. (14) by Q_{F v} (F ∈ {u, d, s}; v ∈ {x, y, x̃, ỹ}). Sea-sea and valence-valence mesons get no such contributions because a block-diagonal Φ commutes with τ_3, and ΣΣ^† = I. Similarly, the potentials in the sea sector, U_S and U^′_S , eqs. (22-23), give no contribution to the valence-valence mesons. Thus the valence-valence mesons obey the continuum-like mass relations exemplified by

m^2_P = B(m_x + m_y) . (26)

Of course such relations follow immediately from the exact chiral symmetry (for massless quarks) in the valence sector.

In the sea-sea sector, U_S and U^′_S contribute, and the tree-level results are identical to those in Ref. [29]. For a meson of taste b made up of sea quarks F and F^′ (F ≠ F^′), we have m^2_{F F} ′_{,b} = B(m_F + m^′_F ) + a^2Δ(ξ_b), (27) with

Δ(ξ_5) ≡ Δ_P = 0 , (28) Δ(ξ_{μ5}) ≡ Δ_A = 16 f^2

(C_1 + 3C_3 + C_4 + 3C_6) ,

Δ(ξ_{μν} ) ≡ Δ_T = 16 f^2

(2C_3 + 2C_4 + 4C_6) ,

Δ(ξ_μ) ≡ Δ_V = 16 f^2

(C_1 + C_3 + 3C_4 + 3C_6) ,

Δ(ξ_I ) ≡ Δ_I = 16 f^2

(4C_3 + 4C_4) .

As mentioned above, U_V contributes to the masses of the valence-sea mesons. For the F x̄ meson, with field Q_{F x}, the mass is

m^2_{F x} = B(m_F + m_x) + a^2Δ_{Mix} , (29)

where Δ_{Mix} ≡

16C_{Mix} f^2

. (30) The violation of the Goldstone theorem in eq. (29) clearly arises because there is no lattice axial symmetry that mixes valence and sea quarks.

In a simulation using staggered sea quark configurations, Δ_{Mix} could be directly determined from the propagator of a mixed meson with one GW valence quark and one staggered valence quark.^{11} Such a direct determination of Δ_{Mix} would be useful because it would reduce the number of free parameters in chiral-log fits. For example, Δ_{Mix} enters (through m^2_{f x}) into the NLO expression for the decay constant of a meson with two GW valence quarks (see section III C).

11 At least within the context of staggered chiral perturbation theory, taking the fourth root of the staggered sea-quark determinant will not change the standard equivalence between masses of particles on internal and external lines. The fourth-root procedure only changes the weighting, not the mass, of an internal meson made from one valence and one sea quark.

Since we have no a priori reason to expect a particular sign for C_{Mix} (or equivalently Δ_{Mix}), eq. (29) shows there is a possibility of a lattice “Aoki phase” [49] if Δ_{Mix} < 0. This would be similar to the type of lattice phases for staggered quarks discussed in Refs. [27, 29, 50]. The direct measurement of Δ_{Mix} discussed in the previous paragraph would determine if this possibility is realized in practice.

The flavor-charged (non-diagonal) fields in eq. (14) have only connected propagators in the quark-flow sense, Fig. 1; while flavor neutral (diagonal, e.g., U or X) mesons also have disconnected contributions, Fig. 2. The only complication in the connected case is getting the sign of the propagator right for mesons with one or more ghost valence quarks. Using [AB](p^2) to denote the Euclidean space propagator of field A and B with momentum p, examples of connected propagators are [ P^+P^− ] (p^2) = 1 p^2 + m^2_P

, (31) [ π^+_a π^−_b ] (p^2) = δ_{ab} p^2 + m^2_{πa} , [XX]_{conn} (p^2) = 1 p^2 + m^2_X , [ X̃X̃ ] conn

(p^2) = −1 p^2 + m^2_{X̃} , [ Q_{uix}Q^†_{uj x} ] (p^2) = δ_{ij} p^2 + m^2_{ux} , [ R_{x̃y} R^†_{x̃y} ] (p^2) = − [ R^†_{x̃y} R_{x̃y} ] (p^2) = 1 p^2 + m^2_{x̃y} . Here a, b = {1, 2, . . . , 16} are meson taste indices as in eq. (15); while i, j = {1, 2, 3, 4} are quark taste indices.

FIG. 1: Quark flow diagram for a connected meson propagator.

Disconnected propagators for flavor neutral mesons can be generated by the anomaly (m^2_0) term in eq. (19), which gives a “hairpin” interaction (two-meson vertex with disconnected quark flow). Summing such graphs as in Refs. [29, 51] gives, for the disconnected X-Y

FIG. 2: Quark flow diagrams for the disconnected meson propagator.

propagator

[XY ]_{disc} (p^2) = − m^2_0 3 (p^2 + m^2_{UI} )(p^2 + m^2_{DI} )(p^2 + m^2_{SI} ) (p^2 + m^2_X )(p^2 + m^2_Y )(p^2 + m^2_{π0I} )(p^2 + m^2_{ηI} )(p^2 + m^2_η′_I )

, (32)

where, for concreteness, we have again assumed three sea-quark flavors. The π^0_I , η_I and η^′_I are the mass eigenstates in the flavor-neutral, taste-singlet channel, found by diagonalizing the mass matrix including the m^2_0 term. The subscript “disc” is included for clarity, but of course the XY propagator has no connected contribution. In the sea-sea sector, only the taste-singlet, flavor neutral mesons feel the anomaly hairpin vertex. In addition, sea-sea flavor neutral mesons of vector or axial taste get hairpin contributions from U^′_S [29]. Since the corresponding disconnected propagators do not enter into the quantities calculated in sections III B and III C, we do not write them explicitly here.

It is convenient to take m^2_0 → ∞ at this point to decouple the η^′_I . In the case of most current interest, with three staggered flavors and the fourth root of the determinant taken to eliminate the extraneous taste degree of freedom, m^2_η′_I ∼= m^2_0 for large m^2_0 [29]. Equation (32) then becomes

[XY ]_{disc} (p^2) = − 1 3 (p^2 + m^2_{UI} )(p^2 + m^2_{DI} )(p^2 + m^2_{SI} ) (p^2 + m^2_X )(p^2 + m^2_Y )(p^2 + m^2_{π0I} )(p^2 + m^2_{ηI} )

. (33)

Other disconnected valence-valence propagators are found from eq. (33) by substitution: Let Y → X for [XX]_{disc}, X → Y for [Y Y ]_{disc}. If m_u = m_d, as in the MILC simulations [9, 10], then m^2_π0_I = m^2_{UI} = m^2_{DI} , (34)

m^2_{ηI} = m^2_{UI} 3 + 2m^2_{SI} 3 . If we take the fourth root but keep the number N_f of flavors arbitrary, then m^2_η′_I ∼= N_f m^2_0/3, and the more general version of eq. (33) is

[XY ]_{disc} (p^2) = − 1 N_f ∏_{Nf} L=1(p^2 + m^2_{LI} ) (p^2 + m^2_X )(p^2 + m^2_Y ) ∏_{Nf −1} L^′ =1 (p

2 + m^2_L′_I )

, (35)

where L runs over diagonal flavor neutral states (U, D, S, . . . ), and L^′ run over the neutral mass eigenstates (π_0, η, . . . ), excluding the η^′.

B. NLO valence-valence mass

We are interested in computing the one-loop correction to the meson made from valence quark x and ȳ, i.e., a P^+. The P^+ self energy comes from the meson graphs in Fig. 3. We thus need the four-meson vertices generated by the kinetic energy, by the mass term, and by U_V , with at least one P^+ and one P^− field.

FIG. 3: Meson graphs for the P^+ self energy. Graph (a) has a connected internal propagator (Fig. 1 in the quark flow picture); while graph (b) has a disconnected internal propagator (Fig. 2).

Expanding the kinetic energy, and including the minus sign for a vertex, gives the following terms with derivatives acting on both P^+ and P^−:

V^{(1)}_{KE} = 1

3f^2

∂_μP^+∂_μP^− [ 2P^+P^− + X^2 + Y^2 + R^†_{x̃x}R_{x̃x} + R^†_{ỹx}R_{ỹx} + R^†_{x̃y} R_{x̃y} + R^†_{ỹy} R_{ỹy} + ∑ F ( Q^†_{F x}Q_{F x} + Q^†_{F y} Q_{F y} ) − 2XY ] . (36)

The fields in this expression are defined in eq. (14). The summation index F runs over sea quarks, typically u, d, and s. There is also an implied sum over the taste index in the product Q^†Q. As usual, terms with a derivative on P^+ or P^−, but not both, are not needed since the corresponding diagrams in Fig. 3 will vanish by symmetric momentum integration. The kinetic energy terms with no derivatives on the P^+, P^− fields are

V^{(2)}_{KE} = 1

3f^2

P^+P^− [ (∂_μX)^2 + (∂_μY )^2 + ∂_μR^†_{x̃x} ∂_μR_{x̃x} + ∂_μR^†_{ỹx} ∂_μR_{ỹx} + ∂_μR^†_{x̃y} ∂_μR_{x̃y} (37) +∂_μR^†_{ỹy} ∂_μR_{ỹy} + ∑ F ( ∂_μQ^†_{F x} ∂_μQ_{F x} + ∂_μQ^†_{F y} ∂_μQ_{F y} ) − 2∂_μX ∂_μY ] . Similarly, the mass term and the “mixed potential” U_V give, respectively,

V_{mass} = B

3f^2

P^+P^− [ (m_x + m_y)P^+P^− + (3m_x + m_y)X^2 + (m_x + 3m_y )Y^2 (38)

+(3m_x + m_y )R^†_{x̃x}R_{x̃x} + 2 (m_x + m_y) ( R^†_{ỹx}R_{ỹx} + R^†_{x̃y}R_{x̃y} ) + (m_x + 3m_y)R^†_{ỹy} R_{ỹy} + ∑ F { (2m_x + m_y + m_F ) Q^†_{F x}Q_{F x} + (m_x + 2m_y + m_F ) Q^†_{F y}Q_{F y} }

+2(m_x + m_y)XY ]

and V_{Mix} = a^2Δ_{Mix}

3f^2

P^+P^− ∑ F ( Q^†_{F x}Q_{F x} + Q^†_{F y}Q_{F x} ) , (39)

where we have used eq. (30).

By including the ghost quark contributions we have guaranteed that quark loop terms from the valence quarks will be canceled automatically, thereby accomplishing the partial quenching. However, we still must understand the meson diagrams at the quark-flow level [41] in order to adjust for the effects of the fourth root procedure on the staggered quarks. If we assume three flavors of sea quarks for definiteness, the fields P^+ and P^− correspond to Φ_{45} and Φ_{54}, respectively (cf. eq. (14)). The vertices, Eqs. (36), (37), (38) and (39), then come generically from two types of terms in the supertrace of four Φ fields: terms where P^+ and P^− are next to each other: ∼ ∑ i Φ_{45}Φ_{54}Φ_{4i}Φ_{i4} (or ∼ ∑ i Φ_{54}Φ_{45}Φ_{5i}Φ_{i5}), and terms where P^+ and P^− are separated: ∼ Φ_{45}Φ_{55}Φ_{54}Φ_{44}. These can be represented by the vertices (a) and (b) in Fig. 4 respectively. The index i in Fig. 4(a) should be summed over all valence, ghost valence and sea quarks. The last contributions (proportional to XY ) in Eqs. (36), (37) and (38) correspond to vertex Fig. 4(b); while all other terms come from the sum over i in Fig. 4(a).

Note that the graphs in Fig. 4 represent quark flow only; the numerical value of each graph depends on the term in the Lagrangian that generates it, and may also depend on the free index i. In particular the mixed potential U_V generates only vertex Fig. 4(a) terms, and only gives non-zero coefficients of terms where i is a sea quark flavor. This follows from the fact that τ_3 in eq. (25) is proportional to the identity in the pure valence sector, and therefore U_V reduces to a field-independent constant in that sector.

FIG. 4: Quark flow graphs corresponding to the four meson vertices in the the P^+ self energy, Eqs. (36), (37), (38) and (39). The horizontal x, y lines produce the external P^± fields. Graph (a) represents terms where the P^+ and P^− are next to each other in the supertrace; an almost identical graph with x ↔ y is not shown. The free index i represents any quark type, but the numerical coefficient of the graph may depend on i. Graph (b) represents terms where P^+ and P^− are not next to each other in the supertrace.

When two meson lines at the vertices are contracted, as in Fig. 3, the quark flow diagrams in Fig. 5 result. The connected contraction of Fig. 4(a) gives Fig. 5(a), which clearly involves an internal sea quark loop. This means that terms from Fig. 4(a) where i is a valence or ghost valence quark must cancel in the connected contractions. This arises algebraically from Eqs. (36), (37) and (38) using eq. (31): Contractions of R^†R terms cancel connected contractions of XX and Y Y and P^+P^− terms. This leaves just connected Q^†Q contractions (Fig. 5(a)), disconnected XX and Y Y contractions (Fig. 5(b)), and disconnected XY contractions (Fig. 5(c)).

At this point it is easy to make the “by-hand” adjustment necessary to correspond with the fourth-root procedure. The only explicit sea quark loop in Fig. 5 is in diagram (a), so we just divide those terms by 4. We already know such terms come only from Q^†Q contractions;

FIG. 5: Quark flow graphs corresponding to the P^+ self energy, Fig. 3. Graphs (a) and (b) come from connected and disconnected contractions, respectively, of the internal meson lines in vertex Fig. 4(a); graph (c), from the disconnected contraction in vertex Fig. 4(b). Iterations of sea quark loops in the disconnected propagators, as in Fig. 2, is implied in graphs (b) and (c).

dividing them by 4 is equivalent to ignoring the implicit sum over the 4 tastes in the Q^†Q terms. There are also sea quark loop insertions in the disconnected meson propagators in Fig. 5(b) and (c). Such insertions have already been corrected for the fourth root in eq. (33) or eq. (35).

Let Σ_P + be the P^+ self energy, defined to be the negative of the sum of self energy diagrams. At NLO, we have

Σ_P + (p^2) = 1 16π^2f^2 ( σ_0 m^2_P + σ_1 p^2 ) + analytic terms , (40)

where σ_0 and σ_1 come from the one-loop diagrams and are independent of momentum p. Since we have not determined the NLO chiral Lagrangian, we cannot express the analytic contributions in terms of chiral parameters. For the quantities of interest, however, it will be sufficient for our purposes to write down the most general contributions consistent with the symmetries. Putting together the one-loop contributions from the vertices Eqs. (36),

(37), (38) and (39), we get

σ_0 = − 1 3 ∫ [ ∑ F ( 1 q^2 + m^2_{F x} + 1 q^2 + m^2_{F y} ) (41)

+ [XX]_{disc}(q^2) + [Y Y ]_{disc}(q^2) + 4 [XY ]_{disc}(q^2) ] ,

σ_1 = − 1 3 ∫ [ ∑ F ( 1 q^2 + m^2_{F x} + 1 q^2 + m^2_{F y} ) (42)

+ [XX]_{disc}(q^2) + [Y Y ]_{disc}(q^2) − 2 [XY ]_{disc}(q^2) ] , where, as usual, F runs over sea quark flavor (e.g., u,d,s), and ∫ ≡ 16π^2 ∫ d^4q (2π)^4

, (43)

suitably regulated. The disconnected propagator is given in eq. (33) or eq. (35). In eq. (42), we have dropped (constant) quartic divergences and have used Eqs. (26), (29) and (27) to replace factors of quark masses with the corresponding meson masses. The simple identity q^2 + m^2_X q^2 + m^2_Y

[XX]_{disc}(q^2) = q^2 + m^2_Y q^2 + m^2_X

[Y Y ]_{disc}(q^2) = [XY ]_{disc}(q^2) (44)

has allowed us to remove all explicit factors of q^2 in the integrands involving disconnected propagators.

We now focus explicitly on computing the P^± mass. The chiral symmetry in the valence sector implies that the analytic contributions to (m^{NLO}_P )^2 must be proportional to the treelevel m^2_P ∝ (m_x + m_y). In the continuum limit, these contributions just go over to the standard form in terms of the Gasser-Leutwyler parameters L_i [22]. At finite lattice spacing, the only possible new NLO analytic term is Ca^2m^2_P , where C is an unknown constant that depends on the details of the lattice action in both the valence and the sea sectors. Indeed it is easy to write down terms that will appear in the NLO Lagrangian and will contribute to C, for example,

a^2 ⟨ P_V ∂_μΣP_V ∂_μΣ^† ⟩ , (45) a^2U_S ⟨ ∂_μΣ∂_μΣ^† ⟩ , a^2U_S ⟨ ΣM^† + MΣ^† ⟩ , with U_S given in eq. (22). The one-loop corrections to the P^± mass squared are then found by evaluating Σ_P + (p^2) at p^2 = −m^2_P , giving (m^{NLO}_P )^2 B(m_x + m_y)

= 1 + 1 16π^2f^2

(σ_0 − σ_1) + 16B f^2

(2L_8 − L_5) (m_x + m_y ) (46) + 32B f^2

(2L_6 − L_4) ∑ f m_f + a^2C,

where, from Eqs. (42) and (43),

σ_0 − σ_1 = −2 ∫ [XY ]_{disc}(q^2) . (47)

The integral in eq. (47) can be evaluated in terms of the chiral logarithm and residue functions defined in Refs. [29, 30]. For completeness we include the definitions here. The chiral logarithm functions, coming from integration over a single and double pole, respectively, are:

ℓ(m^2) ≡ m^2 ( ln m^2 Λ^2_χ

+ δ_1(mL) ) , (48)

ℓ̃(m^2) ≡ − ( ln m^2 Λ^2_χ + 1 ) + δ_3(mL) ,

where Λ_χ is the chiral scale, L is the spatial dimension, and the finite volume correction terms are [28]

δ_1(mL) ≡ 4 ∑ ⃗r≠0 K_1(|⃗r|mL) mL|⃗r| , (49)

δ_3(mL) ≡ 2 ∑ ⃗r≠0 K_0(|⃗r|mL) .

K_0 and K_1 are Bessel functions of imaginary argument, and ⃗r, which labels the various periodic images, is a three-dimensional vector with integer components.

The residue functions R^{[n,k]}_j allow one to write integrals over ratios of products of (q^2 +m^2) terms, such as [XY ]_{disc}(q^2), as integrals over single poles. They are defined by R^{[n,k]}_j ({M};{μ}) ≡ ∏_k a=1(μ^2_a − m^2_j ) ∏′_n i=1(m^2_i − m^2_j )

. (50)

The residues are a function of two sets of masses, the “denominator” set {M} = {m_1, m_2, . . . , m_n} and the “numerator” set {μ} = {μ_1, μ_2, . . . , μ_k }. The indices j and i,

1 ≤ j, i ≤ n, refer to particular denominator masses; the prime on the product in the denominator of eq. (50) means that i = j is omitted. In cases of degeneracy, we also need the double-pole residue functions, D^{[n,k]}_{j,ℓ} : D^{[n,k]}_{j,ℓ} ({M};{μ}) ≡ − d dm^2_ℓ R^{[n,k]}_j ({M};{μ}) . (51) We can now write out eq. (46) explicitly in various useful cases. In the N_f = 3 partially quenched case, with no mass degeneracies, we have

(m^{NLO}_P + )^2 B (m_x + m_y )

= 1 + 1 16π^2f^2 ( 2 3 4∑ j=1 R^{[4,3]}_j ({M^{[4]}_{XY,I} }; {μ^{[3]}_I }) ℓ(m^2_j ) ) + (52) + 16B f^2

(2L_8 − L_5) (m_x + m_y ) + 32B f^2

(2L_6 − L_4) (m_u + m_d + m_s) + a^2C.

The index j is summed over the denominator masses, as it will also be in subsequent cases; the mass-set arguments are {M^{[4]}_{XY,I} } ≡ {m_X , m_Y , m_π0_I , m_{ηI} } , (53) {μ^{[3]}_I } ≡ {m_{UI} , m_{DI} , m_{SI} } . Equation (52) is identical to the corresponding continuum partially quenched result with no degeneracies [51], except for the explicit discretization term a^2C and the fact that the neutral sea-sea mesons are specified to be taste singlets. For us, “no degeneracies” means that none of the seven meson masses in eq. (53) are equal. We have chosen the normalization of quark masses in the chiral Lagrangian, eq. (19), so that the same constant B appears in the relation between quark and meson masses in both sea and valences cases. However, degeneracies between sea-sea and valence-valence mesons in eq. (53) would not imply equal valence and sea quark masses, because of the splitting of the taste-singlet sea-sea mesons, eq. (27).

Taking m_u = m_d ≡ m̂ ⇒ m_{UI} = m_{DI} = m_π0_I , but with no other degeneracies, then gives (m^{NLO}_{P +} )^2 B (m_x + m_y)

= 1 + 1 16π^2f^2 ( 2 3 3∑ j=1 R^{[3,2]}_j ({M^{[3]}_{XY,I} }; {μ^{[2]}_I }) ℓ(m^2_j ) ) + (54) + 16B f^2

(2L_8 − L_5) (m_x + m_y) + 32B f^2

(2L_6 − L_4) (2m̂ + m_s) + a^2C , with {M^{[3]}_{XY,I} } ≡ {m_X , m_Y , m_{ηI} } , (55) {μ^{[2]}_I } ≡ {m_{UI} , m_{SI} } .

When m_u = m_d ≡ m̂ and m_x = m_y ⇒ m_X = m_Y , but no degeneracies between sea-sea and valence-valence mesons, we have a “partially quenched pion” with

(m^{NLO}_{P +} )^2 2Bm_x = 1 + 1 16π^2f^2 2 3 ( R^{[2,2]}_1 ({M^{[2]}_{X,I} }; {μ^{[2]}_I }) ℓ̃(m^2_X ) (56)

+ 2∑ j=1 D^{[2,2]}_{j,1} ({M^{[2]}_{X,I} }; {μ^{[2]}_I }) ℓ(m^2_j ) ) + + 16B f^2

(2L_8 − L_5) (2m_x) + 32B f^2

(2L_6 − L_4) (2m̂ + m_s) + a^2C ,

where {M^{[2]}_{X,I} } ≡ {m_X , m_{ηI} } , (57) and {μ^{[2]}_I } is given by eq. (55).

At finite lattice spacing, the cases that most resemble the full (unquenched) theory are ones with degeneracies among the valence-valence and sea-sea mesons in eq. (53). For current purposes, we might call a “full pion” one with m_X = m_Y = m_{UI} = m_{DI} = m_π0_I , which requires m_x = m_y and m_u = m_d = m̂, but m_x > m̂, since the taste splitting Δ_π0_I in eq. (27) is positive.^{12} In this case, we have

(m^{NLO}_{π+} )^2 2Bm_x = 1 + 1 16π^2f^2 ( ℓ ( m^2_π0_I ) − 1 3 ℓ ( m^2_{ηI} ) ) + (58) + 16B f^2

(2L_8 − L_5) (2m_x) + 32B f^2

(2L_6 − L_4) (2m̂ + m_s) + a^2C ,

where we have used eq. (34) to simplify the residues. Similarly, calling a “full kaon” a meson with m_X = m_{UI} = m_{DI} and m_Y = m_{SI} , results in

(m^{NLO}_K )^2 B(m_x + m_y)

= 1 + 1 16π^2f^2 2 3 ℓ ( m^2_{ηI} ) + (59) + 16B f^2

(2L_8 − L_5) (m_x + m_y ) + 32B f^2

(2L_6 − L_4) (2m̂ + m_s) + a^2C .

Equations (58) and (59) clearly approach the standard results [22] as a → 0.

C. NLO valence-valence pseudoscalar decay constant

The decay constant f_P of the P^± meson is defined by the matrix element of the corresponding axial current, j^P_{μ5}, ⟨ 0 | |j^P_{μ5} | | P (p)⟩ = −if_P p_μ . (60) 12 This is at least true for the simulations carried out by the MILC collaboration.

In the LO chiral theory of eq. (19), the axial current is given by^{13}

j^P_{μ5} = −if^2 4 ⟨ λ ( ∂_μΣΣ^† + Σ^†∂_μΣ )⟩ . (61)

Here λ projects out the appropriate flavors: With three sea-quark flavors as in eq. (14), the valence quarks x and y correspond to indices 4 and 5 of Φ, and then λ_{ij} = δ_{i5}δ_{j4}.

At NLO, the decay constant has the form f^{NLO}_P f = 1 + 1 16π^2f^2 δf_P + analytic terms . (62)

The term δf_P comes from the one-loop diagrams, and the analytic contributions are generated at tree-level by NLO terms in the chiral Lagrangian and corresponding corrections to the current in eq. (61). There are two contributions to δf_P ,

δf_P = δf^{current}_P + 1 2 δZ_P , (63)

where δf^{current}_P comes from diagrams generated directly by expanding the current in eq. (61) to cubic order in Φ, and δZ_P is the one-loop wave function renormalization. From eq. (40) we have δZ_P ≡ −16π^2f^2 dΣ_P + (p^2) dp^2 = −σ_1 . (64) As in Ref. [30], a straightforward calculation shows that δf^{current}_P = −2 δZ_P . From eq. (43), we then have δf_P = 3 2 σ_1 = − 1 2 ∫ [ ∑ F ( 1 q^2 + m^2_{F x} + 1 q^2 + m^2_{F y} ) (65)

+ [XX]_{disc}(q^2) + [Y Y ]_{disc}(q^2) − 2 [XY ]_{disc}(q^2) ] , with F summed over sea quark flavors.

The analytic terms in eq. (62) come only from NLO terms in the chiral Lagrangian with derivatives, which affect the decay constant either directly, through wave function

13 We use the Noether current corresponding to axial vector rotations as our partially conserved axial vector current. This is justified if the analogous current is used in the underlying lattice theory. A convenient method to construct this current in numerical simulations is described in Ref. [52]. Alternatively, one may employ the corresponding covariant pseudoscalar density to define the decay constant [52]. On the other hand, using a conserved but not covariant axial vector current would result in extra terms proportional to am_x and am_y, which are not captured in the following results.

renormalization, or indirectly, by leading to higher corrections to the axial current. Thus, O(a^4) corrections to the chiral Lagrangian have no effect on eq. (62). There will however be analytic terms from O(p^4), O(mp^2), and O(a^2p^2) Lagrangian corrections. The former two are identical to those in the continuum, and produce terms proportional to quark masses. The effects of the latter corrections on f_P can be absorbed into a single term proportional to a^2. We thus have,

f^{NLO}_P f = 1 + 1 16π^2f^2 δf_P + 8B f^2

L_5 (m_x + m_y ) + 16B f^2

L_4 ∑ F m_F + a^2F , (66)

where L_4 and L_5 are standard [22], F is a new constant, and δf_P is given by eq. (65). Because Lagrangian terms of O(ma^2) do not affect F, it is easy to see from the discussion surrounding eq. (45) that F is independent of the corresponding constant C occurring in the expression for the meson mass, eq. (46). Like C, F depends on the details of the lattice action in both the sea and valence sectors.

We can now write out the NLO expression for the decay constant in various special cases. In the N_f = 3 partially quenched case, with no mass degeneracies, we have

f^{NLO}_P f = 1 + 1 16π^2f^2 [ − 1 2 ∑ F [ ℓ ( m^2_{F x} ) + ℓ ( m^2_{F y} )] (67)

+ 1 6 ( R^{[3,3]}_1 ({M^{[3]}_{X,I} }; {μ^{(3)}_I })ℓ̃(m^2_X ) + R^{[3,3]}_1 ({M^{[3]}_{Y,I} }; {μ^{(3)}_I })ℓ̃(m^2_Y )

+ 3∑ j=1 D^{[3,3]}_{j,1} ({M^{[3]}_{X,I} }; {μ^{(3)}_I })ℓ(m^2_j ) + 3∑ j=1 D^{[3,3]}_{j,1} ({M^{[3]}_{YI} }; {μ^{(3)}_I })ℓ(m^2_j )

−2 4∑ j=1 R^{[4,3]}_j ({M^{[4]}_{XY,I} }; {μ^{(3)}_I })ℓ(m^2_j ) )]

+ 8B f^2

L_5 (m_x + m_y ) + 16B f^2

L_4 ∑ F m_F + a^2F ,

where F runs over u, d, and s. The mass sets {M^{[4]}_{XY,I} } and {μ^{(3)}_I } are given by eq. (53), and {M^{[3]}_{X,I} } ≡ {m_X , m_π0_I , m_{ηI} } , (68) {M^{[3]}_{Y,I} } ≡ {m_Y , m_π0_I , m_{ηI} } .

With m_u = m_d ≡ m̂ ⇒ m_{UI} = m_{DI} = m_π0_I , but no other degeneracies, the result is

f^{NLO}_P f = 1 + 1 16π^2f^2 [ − 1 2 [ 2ℓ ( m^2_{ux} ) + ℓ ( m^2_{sx} ) + 2ℓ ( m^2_{uy} ) + ℓ ( m^2_{sy} )] (69)

+ 1 6 ( R^{[2,2]}_1 ({M^{[2]}_{X,I} }; {μ^{(2)}_I })ℓ̃(m^2_X ) + R^{[2,2]}_1 ({M^{[2]}_{Y,I} }; {μ^{(2)}_I })ℓ̃(m^2_Y )

+ 2∑ j=1 D^{[2,2]}_{j,1} ({M^{[2]}_{X,I} }; {μ^{(2)}_I })ℓ(m^2_j ) + 2∑ j=1 D^{[2,2]}_{j,1} ({M^{[2]}_{YI} }; {μ^{(2)}_I })ℓ(m^2_j )

−2 3∑ j=1 R^{[3,2]}_j ({M^{[3]}_{XY,I} }; {μ^{(2)}_I })ℓ(m^2_j ) )]

+ 8B f^2

L_5 (m_x + m_y ) + 16B f^2

L_4 (2m̂ + m_s) + a^2F .

Here, {M^{[3]}_{XY,I} } and {μ^{(2)}_I } are given in eq. (55); while {M^{[2]}_{X,I} } is defined in eq. (57) (for {M^{[2]}_{Y,I} } take X → Y ).

For a “partially quenched pion” with m_x = m_y , there is considerable simplification because the disconnected contributions in eq. (65) will cancel. Taking in addition m_u = m_d ≡ m̂ for simplicity, we have

f^{NLO}_P f = 1 + 1 16π^2f^2 [ − 2ℓ ( m^2_{ux} ) − ℓ ( m^2_{sx} ) ] (70) + 8B f^2

L_5 (2m_x) + 16B f^2

L_4 (2m̂ + m_s) + a^2F .

There is no obviously preferred way here to define a “full pion” to make the NLO corrections take on a continuum-like form. In the a → 0 limit, the splitting a^2Δ_{Mix} in eq. (29) will vanish, and the logarithm terms will clearly approach the standard form [22]: −2ℓ (m^2_π) − ℓ (m^2_K ). At finite lattice spacing, we can choose m_x so that m^2_{ux} and m^2_{sx} have the masses of the sea-sea pion and sea-sea kaon of any one taste, but there seems to be no advantage in doing that. In particular, the value of m_x so chosen will not be the same in general as the value needed to give the logarithms in the meson mass their continuum-like form, eq. (58).

For the kaon, it makes some sense to define a “full kaon” as we did in Sec. III B: m_X = m_{UI} = m_{DI} = m_π0_I and m_Y = m_{SI} . This at least gives the disconnected contributions the form they would have in the continuum. We then have

f^{NLO}_K f = 1 + 1 16π^2f^2 [ −ℓ ( m^2_{ux} ) − 1 2 ℓ ( m^2_{sx} ) − ℓ ( m^2_{uy} ) − 1 2 ℓ ( m^2_{sy} ) (71)

+ 1 4 ℓ ( m^2_π0_I ) + 1 2 ℓ ( m^2_{SI} ) − 3 4 ℓ ( m^2_{ηI} ) ]

+ 8B f^2

L_5 (m_x + m_y ) + 16B f^2

L_4 (2m̂ + m_s) + a^2F .

In the continuum limit, m_{ux} = m_π0_I ≡ m_π, m_{sx} = m_{uy} ≡ m_K , m_{ηI} ≡ m_η, and m_{sy} = m_{SI} , thereby reproducing the known result [22].

IV. DISCUSSION

Our results for 2+1 sea quark flavors are currently the most relevant ones, since they can be applied to simulations using the existing configurations generated by the MILC collaboration. Eqs. (56) and (70) describe the quark mass and lattice spacing a dependence of the pion masses and decay constants, and these expressions can be directly fitted to lattice data obtained with Ginsparg-Wilson valence fermions.

The number of unknown fit parameters in these expressions is fairly small. For instance, the pion mass depends on the usual low-energy constants of continuum χPT (f, B and two familiar combinations of Gasser-Leutwyler coefficients), the sea-sea meson masses m^2_{π0I} , m^2_{ηI} , the sea quark masses m̂, m_s and the constant C. At one loop order we can express the sea quark mass combination 2m̂ + m_s through leading order sea-sea meson masses (cf. eq. (27)):

B(2m̂ + m_s) = 1 2 m^2_π+_5 + m^2_K+_5 . (72)

These masses as well as m^2_{π0I} and m^2_{ηI} have already been measured by the MILC collaboration and are therefore not unknown parameters.^{14} The only true unknown parameter in addition to the ones from continuum χPT is thus the constant C.

14 The measurement of the singlet meson masses is difficult because disconnected diagrams contribute to the correlator. For m_u = m_d, however, there are no disconnected contributions to the π^0_I propagator, and its mass is degenerate with the π^+_I mass. The η_I mass is also not affected by disconnected diagrams if m_u = m_d ≠ m_s and the limit m_0 → ∞ is taken. In that case it is consistent to employ eq. (34) where the m_{SI} and m_{UI} masses are from connected diagrams only. In reality m^2_0 is not infinity, and there can be η − η^′ mixing, which would be proportional to (m_s − m_u)/m^2_0. Such corrections are not taken into account in the MILC determination of m_{ηI} .

Similar statements apply to the pion decay constant in eq. (70). Even though the masses m^2_{ux}, m^2_{sx} of the valence-sea mesons have not been measured yet, they can be straightforwardly determined from the propagator of the mixed meson and a linear fit to the leading order mass formula in eq. (29). Using this information leaves one additional parameter, the constant F, besides the familiar parameters of continuum χPT.

Let us compare our results for Ginsparg-Wilson valence quarks with the corresponding expressions for staggered valence quarks. The one loop expression for the Goldstone pion π^+_5 in the 2+1 flavor case reads (see eq. (75) in Ref. [29]) (m^{NLO}_{π+5} )^2 2Bm̂ = 1 + 1 16π^2f^2 ( ℓ(m^2_π0_I ) − 1 3 ℓ(m^2_{ηI} ) ) (73) + 16B f^2

(2L_8 − L_5) (2m̂) + 32B f^2

(2L_6 − L_4) (2m̂ + m_s) + a^2C̃ − 1 16π^2f^2 ( 4ℓ(m^2_π0_V ) +

2a^2δ^′_V m^2_η′_V − m^2_{ηV} [ m^2_{SV} − m^2_{ηV} m^2_{π0V} − m^2_{ηV} ℓ(m^2_{ηV} ) − m^2_{SV} − m^2_η′_V m^2_{π0V} − m^2_η′_V ℓ(m^2_η′_V ) ]

+4ℓ(m^2_π0_A ) +

2a^2δ^′_A m^2_η′_A − m^2_{ηA} [ m^2_{SA} − m^2_{ηA} m^2_{π0A} − m^2_{ηA} ℓ(m^2_{ηA} ) − m^2_{SA} − m^2_η′_A m^2_{π0A} − m^2_η′_A ℓ(m^2_η′_A ) ]) . The first two rows of this expression give the corresponding result in eq. (58) for Ginsparg- Wilson valence quarks. The remaining contributions involve many more sea-sea meson masses as well as the two “hairpin” parameters δ^′_V and δ^′_A.^{15} These parameters cannot be expressed in terms of leading order charged meson masses and are therefore true unconstrained fit parameters.

The one-loop result for the pion decay constant – given in eq. (27) in Ref. [30] – also has

15 These two parameters are combinations of the low-energy constants in the potential U^′: δ^′_V = C_{2V} − C_{5V} , and analogously for δ^′_A [29].

contributions proportional to δ^′_V and δ^′_A: f^{NLO}_{π+5} f = 1 + 1 16π^2f^2 ∑ b −2ℓ(m^2_π0_b ) − ℓ(m^2_K+_b ) 16 + 16B f^2

(2m̂ + m_s) L_4 + 16B f^2 m̂L_5 + a^2F̃ (74)

+ 1 16π^2f^2 ( 2a^2δ^′_V [ m^2_{SV} − m^2_{ηV} (m^2_{π0V} − m^2_{ηV} )(m^2_η′_V − m^2_{ηV} ) ℓ(m^2_{ηV} ) + m^2_{SV} − m^2_η′_V (m^2_{π0V} − m^2_η′_V )(m^2_{ηV} − m^2_η′_V ) ℓ(m^2_η′_V )

+ m^2_{SV} − m^2_{π0V} (m^2_{ηV} − m^2_{π0V} )(m^2_η′_V − m^2_{π0V} ) ℓ(m^2_π0_V ) ]

+2a^2δ^′_A [ m^2_{SA} − m^2_{ηA} (m^2_{π0A} − m^2_{ηA} )(m^2_η′_A − m^2_{ηA} ) ℓ(m^2_{ηA} ) + m^2_{SA} − m^2_η′_A (m^2_{π0A} − m^2_η′_A )(m^2_{ηA} − m^2_η′_A ) ℓ(m^2_η′_A )

+ m^2_{SA} − m^2_{π0A} (m^2_{ηA} − m^2_{π0A} )(m^2_η′_A − m^2_{π0A} ) ℓ(m^2_π0_A ) ]) . The factor of 1/16 in the first line is canceled in the continuum limit by the sum over b, which runs over all sixteen different meson tastes. As was the case for the pseudoscalar masses, the corresponding expression for the mixed theory, eq. (70), is much simpler and does not involve the contributions proportional to the hairpin parameters δ^′_V and δ^′_A. Note that the constants C̃, F̃ in eqs. (73) and (74) are different from C and F in eqs. (58) and (70).

Obviously the functional dependence in the expressions for staggered valence quarks is much more complicated and involves more undetermined parameters than in the corresponding results for the mixed theory. However, the physical low-energy constants, the Gasser-Leutwyler coefficients, enter the expressions in the same way. Therefore, as already pointed out in Ref. [17], mixed simulations may be used to extract these phenomenologically relevant parameters from numerical lattice simulations.

The NLO formulas computed in Secs. III B and III C also make concrete a rather obvious fact about mixed action theories: At non-zero lattice spacing there is no way to define equality of valence and sea quark masses in order to have all properties that might be desired of a “full” (unquenched) theory. The lattice theory will always have some features of partial quenching, and it is only in the continuum limit that the full theory is obtained. Depending on the purpose one may wish to choose various definitions to match the sea and valence quark masses. Since the scalar correlator is very sensitive to the effects of partial quenching [53], it has been proposed to choose the valence quark mass such that the scalar correlator does not have a negative contribution [16]. For the results reported in Ref. [14] the masses were chosen so that the valence-valence pion mass coincides with the Goldstone pion mass made of staggered quarks, i.e., m^2_π+ = m^2_π+_5 . The NLO results have suggested yet another definition with m^2_{π+} = m^2_{π+I} . In this case, as we have seen in Sec. III B, some chiral logarithms resemble their continuum form and one might expect smaller partial quenching effects than with other definitions.^{16} From a theoretical point of view all these definitions are equally good since they guarantee that full unquenched QCD is reached in the continuum limit. Practically, they differ with respect to the size of the partial quenching effects at nonzero lattice spacing, and the quark mass tuning can be rather difficult to achieve, depending on, for example, the statistical errors in the observables used for the matching.

Nevertheless, at least in the context of chiral perturbation theory, there is no fundamental difficulty with using mixed action theories to simulate QCD. The effects of finite lattice spacing can be controlled by first fitting to the chiral forms of the type derived here, and then extrapolating to the continuum limit. Furthermore, as in the pure staggered case [55], we expect the chiral and continuum limits to commute in the mixed theory for any quantity that has a well-defined chiral limit in the continuum.

Acknowledgments

We thank M. Golterman and S. Sharpe for helpful discussions. O. B. and C. B. gratefully acknowledge support of the Benasque Center of Science, where part of this work was done during the workshop “Matching light quarks to hadrons”. This work is supported in part by the Grants-in-Aid for Scientific Research from the Japanese Ministry of Education, Culture, Sports, Science and Technology (Nos. 13135204, 15204015, 15540251, 16028201), the University of Tsukuba Research Project and by the US Department of Energy under grant numbers DE-FG02-91ER40628, W-7405-ENG-36, DE-FG03-96ER40956/A006 and DE-FG02-91ER40676.

16 With the definition in Ref. [14] the scalar correlator becomes negative [54], a clear signal for partial quenching.

APPENDIX A: CONSTRUCTION OF MIXED FOUR-FERMION OPERATORS

In this appendix we construct the mixed four-fermion operators in eq. (5) that enter the Symanzik effective theory at O(a^2). We closely follow the procedure and notation in Ref. [27] where the four-fermion operators made of sea quarks only were constructed. The method determines first all lattice four-fermion operators without derivatives and mass insertions that are singlets under the symmetries of the lattice theory. Taking the continuum limit of these terms results in the allowed continuum operators that appear in the Symanzik effective action.

First we convert the staggered fields into hypercube fields, since these fields yield the proper continuum fields when the lattice spacing is sent to zero. Following Refs. [56, 57, 58] the lattice is divided into hypercubes containing 16 sites whose coordinates are written as^{17}

x_μ = 2y_μ + η_μ. (A1)

The hypercube vector η labels the sites within the hypercube and its components η_μ are either 0 or 1. In terms of the site variables χ, χ and the gauge links U the hypercube fields are defined by ψ_{S,αa}(y) = 1 2 ∑ η Γ^{αa}_η U(2y, 2y + η)χ_S (2y + η), (A2) ψ_{S,αa}(y) = 1 2 ∑ η χ_S (2y + η)U^†(2y, 2y + η)Γ^{∗αa}_η ,

where U(2y, 2y + η) denotes a product of link variables along a path going from 2y to 2y + η, and Γ_η = γ^{η1}_1 γ^{η2}_2 γ^{η3}_3 γ^{η4}_4 . (A3)

The indices α and a represent the Dirac and taste index, respectively (we suppress the flavor and the color index).

Using the hypercube fields we now construct all mixed four-fermion operators O_{4f} that are allowed by the symmetries and that correspond to dimension 6 operators in the continuum limit. Four-fermion operators that contain derivatives and/or quark masses are higher than

17 We use lattice units and set a = 1 in this appendix.

O(a^2) in the Symanzik action and can be ignored here. Since no quark mass appears the operators must be invariant under the full chiral symmetries of the massless lattice theory.

The construction proceeds in five steps [27]:

1. Multiply a sea quark bilinear on a hypercube by a valence bilinear at the same lattice point and sum over all hypercubes,

O_{4f} (Γ_S , Γ_V ) = ∑ y ( ψ_S (y)Γ_S ψ_S (y) )( ψ_V (y)Γ_V ψ_V (y) ) . (A4)

The flavor symmetries dictate that the sea quark bilinear is an SU(N_f ) singlet while the valence bilinear is a singlet under SU(N_V |N_V ). Γ_S represents an arbitrary tensor product γ_A ⊗ t^a ⊗ ξ_α of a gamma matrix acting in Dirac space, a color generator t^a and an SU(4) taste group generator ξ_α. Similarly, Γ_V denotes an arbitrary combination γ_B ⊗ t^b acting on the valence fields. It does not include a slot for a taste matrix since the valence fields do not have the taste degree of freedom.

In eq. (A4) all the sea quark indices are contracted with Γ_S while all the valence indices are contracted with Γ_V , so the operator truly is a product of two bilinears. One can write down other operators that do not have this simple structure. For example, one could contract the color indices of ψ_S and ψ_V and the indices of ψ_V and ψ_S . Similarly one can contract the Dirac indices in such a “twisted” manner. However, all these operators are redundant [18]. Making use of Fierz identities one can always “untwist” these operators and bring them into the form in eq. (A4).

On each hypercube there are 16^2 possibilities to form a valence field bilinear. The one chosen in eq. (A4) involves only the fields at the lattice point y where the staggered hypercube field lives. Close to the continuum, all other valence bilinears can be written as the one in eq. (A4), plus terms involving derivatives, which we can drop.

2. The sum over all hypercubes in eq. (A4) makes the operator O_{4f} invariant under lattice translations by one hypercube, i.e., y → y + 1. In order to obtain the part that is invariant under single site translations we apply the projection operator P = ∏ μ 1 2 (1 + T^μ_S ⊗ T^μ_V ) , (A5)

with T^μ_S ⊗ T^μ_V being the translation operator in the μ-direction. The translation operator acts differently in the sea and valence sector. In the valence sector it is a trivial shift of the fields,

T^μ_V ψ_V (x) = ψ_V (x + μ̂), (A6) T^μ_V ψ_V (x) = ψ_V (x + μ̂),

where μ̂ denotes the unit vector in the μ direction. In the sea sector it involves transformations of the spin and taste degrees of freedom. Explicitly [59]

T^μ_S ψ_S (y) = 1 2 [ (I ⊗ ξ_μ − γ_{μ5} ⊗ ξ_5)ψ_S (y) + (I ⊗ ξ_μ + γ_{μ5} ⊗ ξ_5)ψ_S (y + 2μ) ] , (A7)

T^μ_S ψ_S (y) = 1 2 [ ψ_S (y)(I ⊗ ξ_μ + γ_{μ5} ⊗ ξ_5) + ψ_S (y + 2μ)(I ⊗ ξ_μ − γ_{μ5} ⊗ ξ_5) ] . Note that the translation operators for different directions commute when acting on staggered bilinears, so the order of them is irrelevant in the product in eq. (A5). Applying the projection operator eq. (A5) results in many terms with derivatives, which we can neglect. Acting with T^μ_V on the valence bilinear gives

ψ_V (y)Γ_V ψ_V (y) → ( ψ_V (y) + ∇^f_μψ_V (y) ) Γ_V ( ψ_V (y) + ∇^f_μψ_V (y) ) , (A8)

where we have introduced the usual nearest-neighbor forward difference operator in μ direction, ∇^f_μ. Similarly, acting with T^μ_S on sea quark bilinear produces many derivative terms. Using eqn. (A7) and (A8) one straightforwardly establishes ∑ y ψ_S (y)Γ_S ψ_S (y) → ∑ y ψ_S (y)(I ⊗ ξ_μ)Γ_S (I ⊗ ξ_μ)ψ_S (y) + derivative terms. (A9)

Using these two results we find P [ O_{4f} (Γ_S , Γ_V ) ] = O_{4f} (Γ̃_S , Γ_V ) + derivative terms. (A10)

The matrix Γ̃_S differs from Γ_S only in the taste matrix: ξ_α is replaced by the average

ξ̃_α = 1 16 16∑ i=1 ξ^†_i ξ_αξ_i, (A11)

where the sum runs over all sixteen elements of the Clifford algebra. Only the identity ξ_α = I survives this average; for the other 15 taste matrices the average is zero. Thus we conclude that we only need to consider sea quark bilinears in eq. (A4) that are taste singlets.

3. Next we impose the constraint that the operators must be color singlets. There are only two ways to form such singlets. Either the color group generators in Γ_S and Γ_V are equal and a summation over the generator index is performed, or the identity matrix is inserted instead.

4. Now we form linear combinations of O_{4f} (Γ_S , Γ_V ) that are singlets under the hypercubic symmetry group of the lattice (π/2 rotations and reflections) and also charge conjugation. The transformation properties of the staggered fields in the hypercube notation are listed in Refs. [37, 60]. Since the matrix Γ_S is trivial in taste space these transformations act in spin space only and their form is the same as for continuum Dirac spinors. We therefore find that the gamma matrices in Γ_S and Γ_V must be equal with their open indices being properly contracted in order to form scalars under rotations and reflections.

5. Finally we select the operators that are invariant under the chiral symmetries. Each bilinear must be separately invariant under the full chiral symmetry group. This excludes all gamma matrices but the vector and axial vector.

This procedure produces all mixed four-fermion operators without derivatives that are singlets under all lattice symmetries. Taking the continuum limit one finds the four invariant operators listed in eq. (5).

[1] P. H. Ginsparg and K. G. Wilson, Phys. Rev. D25, 2649 (1982). [2] R. Narayanan and H. Neuberger, Phys. Lett. B302, 62 (1993), [hep-lat/9212019]. [3] R. Narayanan and H. Neuberger, Nucl. Phys. B412, 574 (1994), [hep-lat/9307006]. [4] R. Narayanan and H. Neuberger, Nucl. Phys. B443, 305 (1995), [hep-th/9411108]. [5] D. B. Kaplan, Phys. Lett. B288, 342 (1992), [hep-lat/9206013]. [6] V. Furman and Y. Shamir, Nucl. Phys. B439, 54 (1995), [hep-lat/9405004]. [7] A. D. Kennedy, hep-lat/0409167.

[8] C. W. Bernard et al., Phys. Rev. D64, 054506 (2001), [hep-lat/0104002]. [9] C. Aubin et al., Phys. Rev. D70, 094505 (2004), [hep-lat/0402030]. [10] C. Aubin et al., Phys. Rev. D70, 114501 (2004), [hep-lat/0407028].

[11] R. Frezzotti, P. A. Grassi, S. Sint and P. Weisz, JHEP 08, 058 (2001), [hep-lat/0101001]. [12] M. Lüscher, Phys. Lett. B428, 342 (1998), [hep-lat/9802011]. [13] S. Dürr and C. Hoelbling, Phys. Rev. D69, 034503 (2004), [hep-lat/0311002]. [14] D. B. Renner et al., hep-lat/0409130.

[15] K. C. Bowler, B. Joo, R. D. Kenway, C. M. Maynard and R. J. Tweedie, hep-lat/0408043. [16] K. C. Bowler, B. Joo, R. D. Kenway, C. M. Maynard and R. J. Tweedie, hep-lat/0411005. [17] O. Bär, G. Rupak and N. Shoresh, Phys. Rev. D67, 114505 (2003), [hep-lat/0210050]. [18] O. Bär, G. Rupak and N. Shoresh, Phys. Rev. D70, 034508 (2004), [hep-lat/0306021]. [19] K. Symanzik, Nucl. Phys. B226, 187 (1983). [20] K. Symanzik, Nucl. Phys. B226, 205 (1983). [21] S. Weinberg, Phys. Rev. D19, 1277 (1979). [22] J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985). [23] J. Gasser and H. Leutwyler, Ann. Phys. 158, 142 (1984).

[24] S. R. Sharpe and J. Singleton, Robert, Phys. Rev. D58, 074501 (1998), [hep-lat/9804028]. [25] G. Rupak and N. Shoresh, Phys. Rev. D66, 054503 (2002), [hep-lat/0201019]. [26] O. Bär, hep-lat/0409123.

[27] W.-J. Lee and S. R. Sharpe, Phys. Rev. D60, 114503 (1999), [hep-lat/9905023]. [28] C. Bernard, Phys. Rev. D65, 054031 (2002), [hep-lat/0111051]. [29] C. Aubin and C. Bernard, Phys. Rev. D68, 034014 (2003), [hep-lat/0304014]. [30] C. Aubin and C. Bernard, Phys. Rev. D68, 074011 (2003), [hep-lat/0306026]. [31] A. Morel, J. Phys. (France) 48, 1111 (1987).

[32] P. H. Damgaard and K. Splittorff, Phys. Rev. D62, 054509 (2000), [hep-lat/0003017]. [33] M. F. L. Golterman and J. Smit, Nucl. Phys. B245, 61 (1984).

[34] C. W. Bernard and M. F. L. Golterman, Phys. Rev. D49, 486 (1994), [hep-lat/9306005]. [35] F. Niedermayer, Nucl. Phys. Proc. Suppl. 73, 105 (1999), [hep-lat/9810026]. [36] S. R. Sharpe, Nucl. Phys. Proc. Suppl. 34, 403 (1994), [hep-lat/9312009]. [37] Y.-b. Luo, Phys. Rev. D55, 353 (1997), [hep-lat/9604025]. [38] Y.-b. Luo, Phys. Rev. D57, 265 (1998), [hep-lat/9702013]. [39] S. R. Sharpe and R. S. Van de Water, hep-lat/0409018. [40] C. W. Bernard, Lectures given at TASI ’89, Boulder, CO, Jun 4-30, 1989 . [41] S. R. Sharpe, Phys. Rev. D46, 3146 (1992), [hep-lat/9205020].

[42] S. Dürr, C. Hoelbling and U. Wenger, Phys. Rev. D70, 094502 (2004), [hep-lat/0406027]. [43] S. Dürr, C. Hoelbling and U. Wenger, hep-lat/0409108.

[44] S. Dürr and C. Hoelbling, Phys. Rev. D71, 054501 (2005), [hep-lat/0411022]. [45] E. Follana, A. Hart and C. T. H. Davies, Phys. Rev. Lett. 93, 241601 (2004), [hep-lat/0406010]. [46] F. Maresca and M. Peardon, hep-lat/0411029. [47] D. H. Adams, hep-lat/0411030. [48] Y. Shamir, hep-lat/0412014. [49] S. Aoki, Phys. Rev. D30, 2653 (1984).

[50] C. Aubin and Q. Wang, Phys. Rev. D70, 114504 (2004), [hep-lat/0410020]. [51] S. R. Sharpe and N. Shoresh, Phys. Rev. D62, 094503 (2000), [hep-lat/0006017]. [52] P. Hasenfratz, S. Hauswirth, T. Jorg, F. Niedermayer and K. Holland, Nucl. Phys. B643, 280 (2002), [hep-lat/0205010].

[53] W. A. Bardeen, A. Duncan, E. Eichten, N. Isgur and H. Thacker, Phys. Rev. D65, 014509 (2002), [hep-lat/0106008].

[54] W. Schroers, private communication. [55] C. Bernard, hep-lat/0412030.

[56] F. Gliozzi, Nucl. Phys. B204, 419 (1982).

[57] A. Duncan, R. Roskies and H. Vaidya, Phys. Lett. B114, 439 (1982). [58] H. Kluberg-Stern, A. Morel, O. Napoly and B. Petersson, Nucl. Phys. B220, 447 (1983). [59] T. Jolicoeur, A. Morel and B. Petersson, Nucl. Phys. B274, 225 (1986). [60] D. Verstegen, Nucl. Phys. B249, 685 (1985).