arXiv:hep-lat/0607004 v2 18 Jul 2006

Multiparticle States and the Hadron Spectrum on the Lattice

David C. Moore and George T. Fleming Sloane Physics Laboratory, Yale University, New Haven, CT 06520, USA (Dated: July 18, 2006)

Abstract

The Clebsch-Gordan decomposition is calculated for direct products of the irreducible representations of the cubic space group. These results are used to identify multiparticle states which appear in the hadron spectrum on the lattice. Consideration of the cubic space group indicates how combinations of both zero momentum and non-zero momentum multiparticle states contribute to the spectrum.

PACS numbers: 11.15.Ha,12.38.Gc

I. INTRODUCTION

In Lattice QCD with sufficiently light quarks, the only stable particles are flavored pseudoscalar (J^P = 0^−) mesons and J^P =^1_2^+ baryons. At unphysically heavy quark masses, the lowest single particle resonance states in other quantum number channels become stable once they fall below decay thresholds, e.g. ρ → ππ or Δ → pπ. Historically, Lattice QCD has been used to determine the masses of these stable ground state resonances which are then extrapolated to physical light quark regime to estimate the physical masses of the unstable resonances [1, 2, 3, 4, 5, 6, 7]. To extract the masses of excited state resonances, or ground state resonances above threshold, in Lattice QCD is a more involved process that essentially incorporates the study of multiparticle scattering states in a finite box [8, 9, 10, 11, 12, 13, 14, 15, 16]. See [17] for a recent review.

There have been many previous studies in the still nascent field of multiparticle states in Lattice QCD. These include ππ scattering [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29], NN scattering [21, 22, 30], heavy-light meson scattering [31], searching for pentaquark resonances in KN scattering [32, 33, 34, 35, 36, 37, 38, 39, 40, 41], and hadronic decays [42, 43, 44, 45].

There have also been several studies of excited state resonance masses in Lattice QCD: Roper resonance and other excited baryons [46, 47, 48, 49, 50, 51, 52, 53, 54, 55], charmonium and bottomonium [56, 57, 58, 59, 60, 61, 62], heavy-light mesons [63]. As mentioned above, the masses of all these resonances lie somewhere within the discrete energy levels of the multiparticle scattering states and must be disentangled. It is usually not sufficient to just compute two-point correlation functions between single particle operators unless it can be clearly demonstrated that the overlaps of the operators with the multiparticle states are small enough that only resonances contribute to the correlator.

In essentially all of the calculations referenced above, the operators used to compute correlation functions were constructed to transform irreducibly under the symmetry group of continuum QCD Hamiltonian. It is well known [64] that these operators need not transform irreducibly under the symmetry group of the lattice QCD Hamiltonian. When calculating ground state masses, ignoring this fact usually does not lead to confusion. One possible exception is the I(J^P ) =^1_2 (^3_2^+) and^1_2 (^5_2^+) baryons, whose lowest-lying resonances should correspond to the experimentally observed N(1720) P_{13} and N(1680) F_{15}, respectively [65].

When calculating properties of single particle resonances at non-zero momentum, establishing continuum quantum number assignments will be more difficult than for resonances in the rest frame [66, 67]. In this work, we demonstrate for each set of quantum numbers in the center-of-mass frame what two-particle decompositions are possible, including states with non-zero relative momentum.

II. CLEBSCH-GORDAN DECOMPOSITION

We wish to calculate the decomposition of the direct product of irreducible representations of T^3_{lat} ⋊ O^D_h into a direct sum of irreducible representations. Using the character table for T^3_{lat} ⋊O^D_h , the character of a group element g ∈ T^3_{lat} ⋊O^D_h in the direct product representation Γ_i ⊗Γ_j is given as χ^{Γi,Γj} (g) = χ^{Γi} (g)χ^{Γj} (g). The irreducible representations Γ_k and character table for T^3_{lat} ⋊ O^D_h are described in [66]. Then, the multiplicity m that an irreducible representation Γ_k is contained in the direct product representation Γ_i ⊗ Γ_j is given by: m = 1 |G| ∑ g χ^{Γk} (g)^∗χ^{Γi,Γj} (g) (1)

where the sum is taken over all group elements g, and |G| is the order of the group. This formula applies to finite lattices, and we take the limit of m as the lattice size becomes arbitrarily large

The irreducible representations of T^3_{lat} ⋊ O^D_h are labeled by the magnitude of a lattice momentum k and by α, which labels an irreducible representation of the little group of k. The irreducible representations labeled by lattice vectors k and k^′ are equivalent if there is a group element g ∈ O^D_h such that k^′ = gk, and the set of such k^′ is called the star of k. Thus, the inequivalent irreducible representations of T^3_{lat} ⋊ O^D_h are labeled by a star, denoted |k| in analogy with the continuum notation (we must be careful with vectors such as k = (3, 0, 0) and k^′ = (2, 2, 1) since even though |k| = |k^′|, they are not in the same star in the discrete group). As we expect, we see that linear momentum is conserved, i.e. the product of two representations with momenta |k_1| and |k_2| gives only representations labeled by |k| which are the sum of some vector in the star of k_1 and some vector in the star of k_2. Thus, the direct product of two irreducible representations of T^3_{lat} ⋊ O^D_h contain irreducible representations labeled by |k| = 0 (the irreducible representations of O^D_h ) if and only if |k_1| = |k_2|. In this paper we are mainly concerned with such direct products of irreducible representations which have overlap with zero momentum states.

TABLE I: Clebsch-Gordan decomposition for O^D. The table for O^D_h adds a parity g or u to each irreducible representation ⊗ A_1 A_2 E T_1 T_2 G_1 G_2 H A_1 A_1 A_2 E T_1 T_2 G_1 G_2 H A_2 A_1 E T_2 T_1 G_2 G_1 H E A_1 ⊕ A_2 ⊕ E T_1 ⊕ T_2 T_1 ⊕ T_2 H H G_1 ⊕ G_2 ⊕ H T_1 A_1 ⊕ E ⊕ T_1 ⊕ T_2 A_2 ⊕ E ⊕ T_1 ⊕ T_2

G_1 ⊕ H G_2 ⊕ H G_1 ⊕ G_2 ⊕ 2H T_2 A_1 ⊕ E ⊕ T_1 ⊕ T_2

G_2 ⊕ H G_1 ⊕ H G_1 ⊕ G_2 ⊕ 2H G_1 A_1 ⊕ T_1 A_2 ⊕ T_2 E ⊕T_1 ⊕T_2 G_2 A_1 ⊕ T_1 E ⊕T_1 ⊕T_2 H A_1 ⊕ A_2 ⊕ E ⊕ 2T_1 ⊕ 2T_2

For the case where |k_1| = |k_2| = 0, we have the Clebsch-Gordan decomposition for products of the representations of O^D_h which is given in Tab. I. The single valued irreducible representations of O^D are labeled A_1, A_2, E, T_1, T_2 and the double valued representations are labeled G_1, G_2, H using the Mulliken convention. The correspondence of these lattice states to continuum spin states is well-known and given in Tab. II [64]. If we include parity to form the group O^D_h , then each representation carries either the label g or u which correspond to positive and negative parity respectively. These labels are omitted in the table since they follow the same multiplication rules that hold in the continuum: g · g = u · u = g and g · u = u · g = u.

III. MULTIPARTICLE STATES

From Tabs. I and II, we see that multiparticle states for the lowest energy states for each spin behave as in the continuum. In fact, we can generate much of Tab. I using

TABLE II: The decomposition of continuum SU(2) spin states J to the representations of O^D and the continuum O(2)^D states m_j to the various little groups.

J/m_j O^D Dic_4 Dic_3 Dic_2 C_4 C_2 0^+ A_{1g} A_1 A_1 A_1 A_1 A 0^− A_{1u} A_2 A_2 A_2 A_2 A 1 2 G_1 E_1 E_1 E E 2B 1 T_1 E_2 E_2 B_1 ⊕ B_2 A_1 ⊕ A_2 2A 3 2 H E_3 B_1 ⊕ B_2 E E 2B 2 E ⊕ T_2 B_1 ⊕ B_2 E_2 A_1 ⊕ A_2 A_1 ⊕ A_2 2A 5 2 G_2 ⊕ H E_3 E_1 E E 2B 3 A_2 ⊕ T_1 ⊕ T_2

E_2 A_1 ⊕ A_2 B_1 ⊕ B_2 A_1 ⊕ A_2 2A

7 2 G_1 ⊕ G_2 ⊕ H E_1 E_1 E E 2B

4 A_1 ⊕ E ⊕ T_1 ⊕ T_2

A_1 ⊕ A_2 E_2 A_1 ⊕ A_2 A_1 ⊕ A_2 2A

Tab. II and the continuum rules for addition of angular momentum. For example, continuum spins 1 ⊗ 2 = 1 ⊕ 2 ⊕ 3 and the corresponding lattice representations T_1 ⊗ (E ⊕ T_2) = (T_1⊕T_2)⊕(A_2⊕E⊕T_1⊕T_2) = T_1 ⊕(E⊕T_2)⊕(A_2⊕T_1 ⊕T_2). The continuum relations hold, of course, because taking the direct sum of the lattice irreducible representations in Tab. II gives equivalent representations to the SU(2) irreducible representations, so they must follow the same multiplication rules. For spins which lie in a single lattice irreducible representation, there is no ambiguity in the combinations. Thus, on the lattice, the combination of low spin single particle states is identical to the continuum. The π with J^P = 0^− lies in the irreducible representation A_{1u}, and the ππ multiparticle state lies in A_{1u} ⊗ A_{1u} = A_{1g}, which as expected corresponds to J^P = 0^+. Similarly, for the vector meson ρ(770) which lies in T_{1u}, then the state ρπ lies in T_{1g} which corresponds to J^P = 1^+.

Higher spin states are less straightforward since multiple lattice irreducible representations appear for each spin. A spin 2 continuum state could lie in either the E or T_2 representations on the lattice, which leads to different possibilities for multiparticle states.

For the continuum example 1 ⊗ 2, then if the spin 2 state lies in E, the combined state is T_1 ⊕ T_2 whereas if it were in T_2, the combined state would be A_2 ⊕ E ⊕ T_1 ⊕ T_2. In both cases, we get combinations of the representations A_2, E, T_1, and T_2, all of which have their lowest spins corresponding to 1,2, or 3, but the identification of a particular spin state to each is difficult without further information.

When combining states with non-zero momentum, the continuum relations are not as easily recovered. Tabs. III - VII show the zero-momentum representations in the decomposition of products of irreducible representations labeled by the possible lattice momenta. Here, the continuum representations are no longer labeled by J, but by the projection of J along the momentum vector, m_j . However, we know that a particle with a given m_j has J ≥ m_j , so the lowest spin state for a given irreducible representation of T^3_{lat} ⋊ O^D_h will be J = m_j . In addition, the reduced symmetry of the little groups leads to fewer distinct lattice irreducible representations than at zero momentum. Since the continuum irreducible representations are mapped to fewer lattice representations, it is more difficult to assign a particular spin to a given lattice irreducible representation.

Thus, for low spins on the lattice we expect to see the same multiparticle states as we would in the continuum, but as we go to higher spins or non-zero momentum deviations will occur from the continuum behavior. For example, from Tab. II a J^P = 2^+ state in the continuum can lie in either E_g, T_{2g}, or some combination of both on the lattice. In the continuum, an f_2(1270) meson with J^P = 2^+ has the decay modes ππ, 4π, and KK̄ [68]. Thus we expect to see multiparticle states in the lattice spectrum corresponding to these decay modes. From Tab. III, we see that the multiparticle state {n, 0, 0}; A_2 ⊗ {n, 0, 0}; A_2 corresponding to these decay modes occurs in the E_g channel, but not in the T_{2g} channel. We must calculate exactly how the particular spin 2 continuum state we are interested in subduces to the lattice to determine whether these multiparticle states will appear. In this case, it is possible that states we expect from the continuum rules for addition of angular momentum would be absent from the lattice spectrum.

Another example where the lattice multiparticle states cannot be predicted from the continuum behavior occurs for J^P =^5_2^−. As for spin 2, a continuum spin^5_2 state can lie in more than one lattice representation, either G_{2u} or H_u. However, if we consider multiparticle states in the H_u channel, then both states which go to spin^3_2 in the continuum limit and states which go to spin^5_2 in the continuum limit will appear, since at any finite lattice spacing these states may have the same lattice quantum numbers (i.e. correspond to the H_u irreducible representation). Again, we must know how our J^P =^5_2 state subduces to the lattice in order to determine exactly which multiparticle states will occur in the lattice spectrum. Here, multiparticle states are present in the lattice spectrum which we would not predict from the continuum states. As we consider higher spins, these types of ambiguities become common.

IV. CONCLUSION

We have calculated the Clebsch-Gordan decomposition for the cubic space group, T^3_{lat} ⋊ O^D_h , which determines the allowed multiparticle states for each lattice irreducible representation, including states with non-zero momentum. For states with low spin, we find that the lattice states mirror the continuum behavior since these continuum irreducible representations remain irreducible on the lattice.

For higher spins or non-zero momentum, the continuum relations are not as easily recovered. Since multiple continuum spins lie in each lattice irreducible representation, multiparticle states appear which we would not expect from the continuum behavior. In the continuum limit, we should recover the correct multiparticle states, but at any finite lattice spacing these effects will play a role. In general, continuum states must be subduced to the lattice irreducible representations in order to correctly predict which multiparticle states will appear on the lattice.

V. ACKNOWLEDGMENTS

[1] F. Butler, H. Chen, J. Sexton, A. Vaccarino, and D. Weingarten, Nucl. Phys. B430, 179 (1994), hep-lat/9405003.

[2] S. Aoki et al. (CP-PACS), Phys. Rev. D60, 114508 (1999), hep-lat/9902018. [3] S. Aoki et al. (CP-PACS), Phys. Rev. Lett. 84, 238 (2000), hep-lat/9904012. [4] K. C. Bowler et al. (UKQCD), Phys. Rev. D62, 054506 (2000), hep-lat/9910022. [5] A. Ali Khan et al. (CP-PACS), Phys. Rev. D65, 054505 (2002), hep-lat/0105015.

TABLE III: Clebsch-Gordan decomposition for products of the irreducible representations of T^3_{lat} ⋊ O^D_h labeled by |(n, 0, 0)|. Only the zero momentum representations are given. ⊗ A_1 A_2 B_1 B_2 E_1 E_2 E_3 A_1 A_{1g} ⊕ E_g ⊕ T_{1u} T_{1g} ⊕ A_{1u} ⊕ E_u A_{2g} ⊕ E_g ⊕ T_{2u} T_{2g} ⊕ A_{2u} ⊕ E_u G_{1g} ⊕ H_g ⊕ G_{1u} ⊕ H_u T_{1g} ⊕ T_{2g} ⊕ T_{1u} ⊕ T_{2u} G_{2g} ⊕ H_g ⊕ G_{2u} ⊕ H_u A_2 A_{1g} ⊕ E_g ⊕ T_{1u} T_{2g} ⊕ A_{2u} ⊕ E_u A_{2g} ⊕ E_g ⊕ T_{2u} G_{1g} ⊕ H_g ⊕ G_{1u} ⊕ H_u T_{1g} ⊕ T_{2g} ⊕ T_{1u} ⊕ T_{2u} G_{2g} ⊕ H_g ⊕ G_{2u} ⊕ H_u B_1 A_{1g} ⊕ E_g ⊕ T_{1u} T_{1g} ⊕ A_{1u} ⊕ E_u G_{2g} ⊕ H_g ⊕ G_{2u} ⊕ H_u T_{1g} ⊕ T_{2g} ⊕ T_{1u} ⊕ T_{2u} G_{1g} ⊕ H_g ⊕ G_{1u} ⊕ H_u B_2 A_{1g} ⊕ E_g ⊕ T_{1u} G_{2g} ⊕ H_g ⊕ G_{2u} ⊕ H_u T_{1g} ⊕ T_{2g} ⊕ T_{1u} ⊕ T_{2u} G_{1g} ⊕ H_g ⊕ G_{1u} ⊕ H_u E_1 A_{1g} ⊕ E_g ⊕ 2T_{1g} ⊕T_{2g} ⊕ A_{1u} ⊕ E_u ⊕ 2T_{1u} ⊕ T_{2u}

G_{1g} ⊕ G_{2g} ⊕ 2H_g ⊕G_{1u} ⊕ G_{2u} ⊕ 2H_u

A_{2g} ⊕ E_g ⊕ T_{1g} ⊕2T_{2g} ⊕ A_{2u} ⊕ E_u ⊕ T_{1u} ⊕ 2T_{2u} E_2 A_{1g} ⊕ A_{2g} ⊕ 2E_g ⊕ T_{1g} ⊕ T_{2g} ⊕ A_{1u} ⊕ A_{2u} ⊕2E_u ⊕ T_{1u} ⊕ T_{2u}

G_{1g} ⊕ G_{2g} ⊕ 2H_g ⊕G_{1u} ⊕ G_{2u} ⊕ 2H_u

E_3 A_{1g} ⊕ E_g ⊕ 2T_{1g} ⊕T_{2g} ⊕ A_{1u} ⊕ E_u ⊕ 2T_{1u} ⊕ T_{2u}

[6] S. Aoki et al. (JLQCD), Phys. Rev. D68, 054502 (2003), hep-lat/0212039. [7] Y. Namekawa et al. (CP-PACS), Phys. Rev. D70, 074503 (2004), hep-lat/0404014. [8] B. S. DeWitt, Phys. Rev. 103, 1565 (1956). [9] K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957).

[10] H. W. Hamber, E. Marinari, G. Parisi, and C. Rebbi, Nucl. Phys. B225, 475 (1983).

TABLE IV: Zero-momentum irreducible representations for |(n, n, 0)|. ⊗ A_1 A_2 B_1 B_2 E A_1 A_{1g} ⊕E_g ⊕T_{2g} ⊕ T_{1u} ⊕ T_{2u} T_{1g} ⊕ T_{2g} ⊕ A_{1u} ⊕ E_u ⊕ T_{2u} A_{2g} ⊕E_g ⊕T_{1g} ⊕ T_{1u} ⊕ T_{2u} T_{1g} ⊕ T_{2g} ⊕ A_{2u} ⊕ E_u ⊕ T_{1u} G_{1g} ⊕ G_{2g} ⊕ 2H_g ⊕ G_{1u} ⊕ G_{2u} ⊕ 2H_u A_2 A_{1g} ⊕E_g ⊕T_{2g} ⊕ T_{1u} ⊕ T_{2u} T_{1g} ⊕ T_{2g} ⊕ A_{2u} ⊕ E_u ⊕ T_{1u} A_{2g} ⊕E_g ⊕T_{1g} ⊕ T_{1u} ⊕ T_{2u} G_{1g} ⊕ G_{2g} ⊕ 2H_g ⊕ G_{1u} ⊕ G_{2u} ⊕ 2H_u B_1 A_{1g} ⊕E_g ⊕T_{2g} ⊕ T_{1u} ⊕ T_{2u} T_{1g} ⊕ T_{2g} ⊕ A_{1u} ⊕ E_u ⊕ T_{2u} G_{1g} ⊕ G_{2g} ⊕ 2H_g ⊕ G_{1u} ⊕ G_{2u} ⊕ 2H_u B_2 A_{1g} ⊕E_g ⊕T_{2g} ⊕ T_{1u} ⊕ T_{2u} G_{1g} ⊕ G_{2g} ⊕ 2H_g ⊕ G_{1u} ⊕ G_{2u} ⊕ 2H_u E A_{1g} ⊕ A_{2g} ⊕ 2E_g ⊕ 3T_{1g} ⊕ 3T_{2g} ⊕ A_{1u} ⊕ A_{2u} ⊕ 2E_u ⊕ 3T_{1u} ⊕ 3T_{2u}

[11] M. Luscher, Commun. Math. Phys. 104, 177 (1986). [12] M. Luscher, Commun. Math. Phys. 105, 153 (1986). [13] M. Luscher, Nucl. Phys. B364, 237 (1991).

[14] K. Rummukainen and S. A. Gottlieb, Nucl. Phys. B450, 397 (1995), hep-lat/9503028. [15] C. h. Kim, C. T. Sachrajda, and S. R. Sharpe, Nucl. Phys. B727, 218 (2005), hep-lat/0507006. [16] N. H. Christ, C. Kim, and T. Yamazaki, Phys. Rev. D72, 114506 (2005), hep-lat/0507009. [17] C. Michael, PoS LAT2005, 008 (2005), hep-lat/0509023. [18] S. R. Sharpe, R. Gupta, and G. W. Kilcup, Nucl. Phys. B383, 309 (1992). [19] R. Gupta, A. Patel, and S. R. Sharpe, Phys. Rev. D48, 388 (1993), hep-lat/9301016. [20] Y. Kuramashi, M. Fukugita, H. Mino, M. Okawa, and A. Ukawa, Phys. Rev. Lett. 71, 2387

TABLE V: Zero-momentum irreducible representations for |(n, n, n)|. ⊗ A_1 A_2 E_2 B_1 B_2 E_1 A_1 A_{1g} ⊕ T_{2g} ⊕ A_{2u} ⊕ T_{1u} A_{2g} ⊕ T_{1g} ⊕ A_{1u} ⊕ T_{2u} E_g ⊕ T_{1g} ⊕ T_{2g} ⊕ E_u ⊕ T_{1u} ⊕ T_{2u}

H_g ⊕ H_u H_g ⊕ H_u G_{1g} ⊕ G_{2g} ⊕ H_g ⊕ G_{1u} ⊕ G_{2u} ⊕ H_u A_2 A_{1g} ⊕ T_{2g} ⊕ A_{2u} ⊕ T_{1u} E_g ⊕ T_{1g} ⊕ T_{2g} ⊕ E_u ⊕ T_{1u} ⊕ T_{2u}

H_g ⊕ H_u H_g ⊕ H_u G_{1g} ⊕ G_{2g} ⊕ H_g ⊕ G_{1u} ⊕ G_{2u} ⊕ H_u E_2 A_{1g} ⊕ A_{2g} ⊕ E_g ⊕ 2T_{1g} ⊕ 2T_{2g} ⊕ A_{1u} ⊕ A_{2u} ⊕ E_u ⊕ 2T_{1u} ⊕ 2T_{2u}

G_{1g} ⊕ G_{2g} ⊕ H_g ⊕ G_{1u} ⊕ G_{2u} ⊕ H_u

G_{1g} ⊕ G_{2g} ⊕ H_g ⊕ G_{1u} ⊕ G_{2u} ⊕ H_u

G_{1g} ⊕ G_{2g} ⊕ 3H_g ⊕ G_{1u} ⊕ G_{2u} ⊕ 3H_u

B_1 A_{2g} ⊕ T_{1g} ⊕ A_{1u} ⊕ T_{2u} A_{1g} ⊕ T_{2g} ⊕ A_{2u} ⊕ T_{1u} E_g ⊕ T_{1g} ⊕ T_{2g} ⊕ E_u ⊕ T_{1u} ⊕ T_{2u} B_2 A_{2g} ⊕ T_{1g} ⊕ A_{1u} ⊕ T_{2u} E_g ⊕ T_{1g} ⊕ T_{2g} ⊕ E_u ⊕ T_{1u} ⊕ T_{2u} E_1 A_{1g} ⊕ A_{2g} ⊕ E_g ⊕ 2T_{1g} ⊕ 2T_{2g} ⊕ A_{1u} ⊕ A_{2u} ⊕ E_u ⊕ 2T_{1u} ⊕ 2T_{2u}

(1993).

[21] M. Fukugita, Y. Kuramashi, H. Mino, M. Okawa, and A. Ukawa, Phys. Rev. Lett. 73, 2176 (1994), hep-lat/9407012.

[22] M. Fukugita, Y. Kuramashi, M. Okawa, H. Mino, and A. Ukawa, Phys. Rev. D52, 3003 (1995), hep-lat/9501024.

TABLE VI: Zero-momentum irreducible representations for |(n, m, 0)|. ⊗ A_1 A_2 E A_1 A_{1g} ⊕ A_{2g} ⊕ 2E_g ⊕ T_{1g} ⊕

T_{2g} ⊕ 2T_{1u} ⊕ 2T_{2u}

2T_{1g} ⊕2T_{2g} ⊕A_{1u} ⊕A_{2u} ⊕ 2E_u ⊕ T_{1u} ⊕ T_{2u}

2G_{1g} ⊕ 2G_{2g} ⊕ 4H_g ⊕ 2G_{1u} ⊕ 2G_{2u} ⊕ 4H_u A_2 A_{1g} ⊕ A_{2g} ⊕ 2E_g ⊕ T_{1g} ⊕ T_{2g} ⊕ 2T_{1u} ⊕ 2T_{2u}

2G_{1g} ⊕ 2G_{2g} ⊕ 4H_g ⊕ 2G_{1u} ⊕ 2G_{2u} ⊕ 4H_u E 2A_{1g}⊕2A_{2g} ⊕4E_g⊕6T_{1g}⊕ 6T_{2g} ⊕ 2A_{1u} ⊕ 2A_{2u} ⊕ 4E_u ⊕ 6T_{1u} ⊕ 6T_{2u}

TABLE VII: Zero-momentum irreducible representations for |(n, n, m)|. ⊗ A_1 A_2 E A_1 A_{1g} ⊕ E_g ⊕ T_{1g} ⊕ 2T_{2g} ⊕

A_{2u} ⊕ E_u ⊕ 2T_{1u} ⊕ T_{2u}

A_{2g} ⊕ E_g ⊕ 2T_{1g} ⊕ T_{2g} ⊕ A_{1u} ⊕ E_u ⊕ T_{1u} ⊕ 2T_{2u}

2G_{1g} ⊕ 2G_{2g} ⊕ 4H_g ⊕ 2G_{1u} ⊕ 2G_{2u} ⊕ 4H_u A_2 A_{1g} ⊕ E_g ⊕ T_{1g} ⊕ 2T_{2g} ⊕ A_{2u} ⊕ E_u ⊕ 2T_{1u} ⊕ T_{2u}

2G_{1g} ⊕ 2G_{2g} ⊕ 4H_g ⊕ 2G_{1u} ⊕ 2G_{2u} ⊕ 4H_u E 2A_{1g}⊕2A_{2g} ⊕4E_g⊕6T_{1g}⊕ 6T_{2g} ⊕ 2A_{1u} ⊕ 2A_{2u} ⊕ 4E_u ⊕ 6T_{1u} ⊕ 6T_{2u}

[23] H. R. Fiebig, K. Rabitsch, H. Markum, and A. Mihaly, Few Body Syst. 29, 95 (2000), heplat/9906002.

[24] C. Liu, J.-h. Zhang, Y. Chen, and J. P. Ma, Nucl. Phys. B624, 360 (2002), hep-lat/0109020. [25] S. Aoki et al. (JLQCD), Phys. Rev. D66, 077501 (2002), hep-lat/0206011. [26] S. Aoki et al. (CP-PACS), Phys. Rev. D67, 014502 (2003), hep-lat/0209124. [27] T. Yamazaki et al. (CP-PACS), Phys. Rev. D70, 074513 (2004), hep-lat/0402025. [28] S. Aoki et al. (CP-PACS), Phys. Rev. D71, 094504 (2005), hep-lat/0503025. [29] S. R. Beane, P. F. Bedaque, K. Orginos, and M. J. Savage (NPLQCD), Phys. Rev. D73, 054503 (2006), hep-lat/0506013.

[30] S. R. Beane, P. F. Bedaque, K. Orginos, and M. J. Savage (2006), hep-lat/0602010.

[31] M. S. Cook and H. R. Fiebig (2002), hep-lat/0210054.

[32] F. Csikor, Z. Fodor, S. D. Katz, and T. G. Kovacs, JHEP 11, 070 (2003), hep-lat/0309090. [33] S. Sasaki, Phys. Rev. Lett. 93, 152001 (2004), hep-lat/0310014. [34] N. Mathur et al., Phys. Rev. D70, 074508 (2004), hep-ph/0406196. [35] T.-W. Chiu and T.-H. Hsieh, Phys. Rev. D72, 034505 (2005), hep-ph/0403020. [36] N. Ishii et al., Phys. Rev. D71, 034001 (2005), hep-lat/0408030. [37] B. G. Lasscock et al., Phys. Rev. D72, 014502 (2005), hep-lat/0503008. [38] F. Csikor, Z. Fodor, S. D. Katz, T. G. Kovacs, and B. C. Toth, Phys. Rev. D73, 034506 (2006), hep-lat/0503012.

[39] C. Alexandrou and A. Tsapalis, Phys. Rev. D73, 014507 (2006), hep-lat/0503013. [40] T. T. Takahashi, T. Umeda, T. Onogi, and T. Kunihiro, Phys. Rev. D71, 114509 (2005), hep-lat/0503019.

[41] B. G. Lasscock et al., Phys. Rev. D72, 074507 (2005), hep-lat/0504015. [42] C. McNeile and C. Michael (UKQCD), Phys. Rev. D63, 114503 (2001), hep-lat/0010019. [43] C. McNeile and C. Michael (UKQCD), Phys. Lett. B556, 177 (2003), hep-lat/0212020. [44] C. McNeile, C. Michael, and P. Pennanen (UKQCD), Phys. Rev. D65, 094505 (2002), heplat/0201006.

[45] M. S. Cook and H. R. Fiebig, PoS LAT2005, 062 (2005), hep-lat/0509028. [46] S. Sasaki, T. Blum, and S. Ohta, Phys. Rev. D65, 074503 (2002), hep-lat/0102010. [47] R. G. Edwards, U. M. Heller, and D. G. Richards (LHP), Nucl. Phys. Proc. Suppl. 119, 305 (2003), hep-lat/0303004.

[48] S.-J. Dong, J.-B. Zhang, and H.-P. Ying, Chin. Phys. Lett. 20, 626 (2003). [49] N. Mathur et al., Phys. Lett. B605, 137 (2005), hep-ph/0306199.

[50] D. Brommel et al. (Bern-Graz-Regensburg), Phys. Rev. D69, 094513 (2004), hep-ph/0307073. [51] Y. Chen et al. (2004), hep-lat/0405001.

[52] T. Burch et al. (Bern-Graz-Regensburg), Phys. Rev. D70, 054502 (2004), hep-lat/0405006. [53] D. Guadagnoli, M. Papinutto, and S. Simula, Phys. Lett. B604, 74 (2004), hep-lat/0409011. [54] K. Sasaki, S. Sasaki, and T. Hatsuda, Phys. Lett. B623, 208 (2005), hep-lat/0504020. [55] T. Burch et al. (2006), hep-lat/0604019.

[56] P. Chen, Phys. Rev. D64, 034509 (2001), hep-lat/0006019.

[57] M. Okamoto et al. (CP-PACS), Phys. Rev. D65, 094508 (2002), hep-lat/0112020.

[58] X. Liao and T. Manke (2002), hep-lat/0210030. [59] X. Liao, Ph.D. thesis, Columbia University, New York (2002). [60] C. Bernard et al., Phys. Rev. D68, 074505 (2003), hep-lat/0301024. [61] A. Gray et al., Phys. Rev. D72, 094507 (2005), hep-lat/0507013. [62] X.-Q. Luo and Y. Liu (2005), hep-lat/0512044.

[63] M. Wingate, J. Shigemitsu, C. T. H. Davies, G. P. Lepage, and H. D. Trottier, Phys. Rev.

D67, 054505 (2003), hep-lat/0211014. [64] R. C. Johnson, Phys. Lett. B114, 147 (1982).

[65] S. Basak et al. (LHP), Nucl. Phys. Proc. Suppl. 140, 278 (2005), hep-lat/0409082. [66] D. C. Moore and G. T. Fleming, Phys. Rev. D73, 014504 (2006), hep-lat/0507018. [67] D. C. Moore and G. T. Fleming, in publ. (2006), hep-lat/0607005.

[68] S. Eidelman, K. Hayes, K. Olive, M. Aguilar-Benitez, C. Amsler, D. Asner, K. Babu, R. Barnett, J. Beringer, P. Burchat, et al., Physics Letters B 592, 1+ (2004), URL

http://pdg.lbl.gov.