hep-lat/9311037 DESY 93-164

FERMION NUMBER VIOLATION AND

A TWO-DIMENSIONAL HIGGS MODEL

I. MONTVAY Deutsches Elektronen-Synchrotron DESY, Notkestr. 85 D-22603 Hamburg, FRG

ABSTRACT

The investigation of topological properties of the gauge field in a two-dimensional Higgs model can help in understanding anomalous fermion number violation.

1. A simple model for fermion number violation

Fermion number, which is the sum of baryon number and lepton number (B+L), is not conserved in the Standard Model^1. This is due to the anomaly in the fermion current. The lattice formulation of the anomalous fermion number non-conservation is problematic^2, because it has to do with the chiral SU(2)_L ⊗U(1)_Y gauge couplings and, as is well known, there is a difficulty with chiral gauge theories on the lattice (see, for instance, the reviews^{3,4}). There is, however, an approximation of the electroweak sector of the standard model which can be studied with standard lattice techniques, namely the limit when the SU(3)_{colour} ⊗ U(1)_{hypercharge} gauge couplings are zero^{5,6}.

A simple prototype model is the standard SU(2)_L Higgs model coupled to an even number 2N_f of fermion doublets. One can take, for simplicity, N_f = 1 but the extension to N_f > 1 is straightforward. The lattice action can be written in terms of the fermion doublet fields ψ_{(1,2)x} with an off-diagonal Majorana mass and Majorana-like Wilson term. It is, however, technically more convenient to consider a Dirac-like form with ψ ≡ ψ_1 and the mirror fermion field χ defined by χ_x ≡ ϵ^{−1}Cψ^T_{2x} , χ_x ≡ ψ^T_{2x}ϵC . (1) with the charge conjugation matrix C and ϵ acting in isospin space. In terms of ψ and χ one obtains the mirror fermion action for chiral gauge fields, which is well suited for studying the physically relevant phase with broken symmetry.

Before doing numerical simulations in the four dimensional SU(2)_L gauge model for anomalous fermion number violation, it is useful to study a simple U(1) toy model in two dimensions, which has often been studied in this context (see e. g.^7).

The lattice action depending on the compact U(1) gauge field U_{xμ} = exp(iA_μ(x)), (μ = 1, 2) and, for simplicity, fixed length Higgs scalar field ϕ(x), |ϕ(x)| = 1 can be written as S = β ∑ x ∑ μ=1,ν=2 [1 − cos(F_{μν} (x))] − 2κ ∑ x 2∑ μ=1 ϕ^∗(x + μ̂)U_{xμ}ϕ(x) , (2) where the lattice gauge field strength is defined for μ, ν = 1, 2 as

F_{μν} (x) = A_ν(x + μ̂) − A_ν(x) − A_μ(x + ν̂) + A_μ(x) . (3)

Real angular variables −π < θ_{xμ} ≤ π on the links can be introduced by

U_{xμ} ≡ exp(iθ_{xμ}) , θ_{xμ} = A_μ(x) − 2π · NINT(A_μ(x)/2π) , (4)

where NINT() denotes nearest integer.

Fermions in this two dimensional model are introduced in the mirror fermion basis (ψ, χ). The U(1) gauge field is only coupled to ψ_L and χ_R. Hence, using the notations P_{L,R} = (1 ∓ γ_5)/2 and U_{(L,R)xμ} = P_{(L,R)}U_{xμ} + P_{(R,L)} , (5) the fermionic part of the action is: S_{fermion} = ∑ x fμ0^[(χ_xψx) + (ψ_xχx)^] −^1_2^{±2∑}_{μ=±1} [(ψ_{x+μ̂}γμULxμψx) + (χ_{x+μ̂}γμURxμχx) − r( (χ_xψ_x) − (χ_{x+μ̂}U_{Lxμ}ψ_x) + (ψ_xχ_x) − (ψ_{x+μ̂}U_{Rxμ}χ_x))] g . (6) Here r is the Wilson parameter of the fermions and μ_0 the bare fermion mass. Possible Yukawa couplings G_ψ and G_χ of the ψ-, respectively, χ-fields are set here equal to zero for simplicity.

The fermion number current in the four dimensional SU(2)_L gauge model is the difference of the number of fermions (ψ) and number of mirror fermions (χ). The corresponding current in the two dimensional U(1) model, for μ = 1, 2, is: J_{xμ} ≡ 1 2 [ (ψ_{x+μ̂}γ_μU_{Lxμ}ψ_x) + (ψ_xγ_μU^∗_{Lxμ}ψ_{x+μ̂}) −(χ_{x+μ̂}γ_μU_{Rxμ}χ_x) − (χ_xγ_μU^∗_{Rxμ}χ_{x+μ̂}) ] , (7) where the two dimensional γ-matrices are defined as γ_1 = σ_1, γ_2 = σ_2, γ_5 = σ_3. Another alternative choice for the fermion fields in this model is to use the reshuffled combinations ψ_{Cx} ≡ ψ_{Lx} + χ_{Rx} , ψ_{Nx} ≡ χ_{Lx} + ψ_{Rx} . (8) Then the gauge field is coupled only to the “charged” field ψ_C, the other field ψ_N is “neutral”. In terms of these the current J_{xμ} is a combination of the axialvector currents: J_{xμ} ≡ 1 2 [ −(ψ_{C,x+μ̂}γ_μγ_5U_{xμ}ψ_{Cx}) − (ψ_{Cx}γ_μγ_5U^∗_{xμ}ψ_{C,x+μ̂})

+(ψ_{N,x+μ̂}γ_μγ_5ψ_{Nx}) + (ψ_{Nx}γ_μγ_5ψ_{N,x+μ̂}) ] . (9) The anomalous Ward-Takahashi identity for the fermion current J_{xμ} can be derived in the usual way on a small and smooth background gauge field. In the continuum limit a → 0 one obtains, with the backward lattice derivative Δ^b_μ, ⟨Δ^b_μJ_{xμ}⟩ = 4K(r, μ_0)ϵ_{μν}∂_μA_ν(x) + O(a^3) . (10) The lattice integral K is given by K(r, μ_0) ≡ 1 (2π)^2 ∫ π −π μ_k cos k_1 cos k_2 (k̄^2 + μ^2_k)^2 · [r 2∑ α=1 k̄^2_α/ cos k_α − μ_k]d^2k , (11)

and the notations are

μ_k = μ_0 + r 2 k̂^2 , k̄_μ = sin k_μ , k̂_μ = 2 sin k^μ 2 . (12)

For vanishing bare fermion mass μ_0 = 0 one can prove (see e. g.^{8,9}) that the integral K is K(r, 0) = 1 4π (independently from r) . (13) Therefore we get the anomaly equation

⟨∂_μJ_μ(x)⟩ = lim_{a→0}⟨Δ^b_μJ_{xμ}⟩a^{−2} = 1 2π ϵ_{μν} F_{μν}(x) = 2q(x) . (14)

Here q(x) is the density of the topological charge q(x) = 1 4π ϵ_{μν}F_{μν} (x) . (15)

Since according to (14) the non-conservation of the fermion current J_{xμ} is proportional to the topological charge density, the first step in understanding the anomaly on the lattice is to understand the topological features of the two dimensional U(1) lattice gauge fields. Some recent results of an exploratory numerical study in this model are given in the Proceedings of Lattice ’93 Conference^{10}.

2. References

1. G. ’t Hooft, Phys. Rev. Lett. 37 (1976) 8; Phys. Rev. D14 (1976) 3432. 2. T. Banks, Phys. Lett. B272 (1991) 75.

3. I. Montvay, Nucl. Phys. B (Proc. Suppl.) 26 (1992) 57. 4. D.N. Petcher, Nucl. Phys. B (Proc. Suppl.) 30 (1993) 50. 5. I. Montvay, Nucl. Phys. B (Proc. Suppl.) 30 (1993) 621. 6. I. Montvay, DESY preprint 93-134 (1993), to be published in Proceedings of the 17th Johns Hopkins Workshop in Theoretical Physics, Budapest, 1993.

7. A.I. Bochkarev, M.E. Shaposhnikov, Mod. Phys. Lett. A2 (1987) 991. 8. L.H. Karsten and J. Smit, Nucl. Phys. B183 (1981) 103. 9. E. Seiler and I.O. Stamatescu, Phys. Rev. D25 (1982) 2177. 10. I. Montvay, contribution to the Lattice ’93 Conference, Dallas, 1993.