hep-lat/9901008 v2 12 May 1999

IFUP-TH 2/99

The Euclidean two-point correlation function of the topological charge density.

Ettore Vicari Dipartimento di Fisica dell’Università and I.N.F.N., I-56126 Pisa, Italy (May 12, 1999)

Abstract

We study the Euclidean two-point correlation function G_q(x) of the topological charge density in QCD. A general statement based on reflection positivity tells us that G_q(x) < 0 for x ≠ 0. On the other hand the topological susceptibility χ_q = ∫ d^dxG_q(x) is a positive quantity. This indicates that G_q(x) developes a positive contact term at x = 0, that contributes to the determination of the physical value of χ_q . We show explicitly these features of G_q(x) in a solvable nontrivial continuum model, the two-dimensional CP^{N −1} model in the large-N limit. A similar analysis is done on the lattice.

Keywords: Field theory, QCD, Correlation of topological charge density operators, Topological susceptibility, Lattice gauge theory, Two-dimensional CP^{N −1} models, Large-N expansion.

PACS numbers: 11.10.-z, 11.15.Ha, 11.15.Pg, 12.38.Gc.

I. INTRODUCTION

By the axial anomaly equation, matrix elements and correlation functions involving the topological charge density operator can be related to relevant quantities of the hadronic phenomenology. The most important phenomenon related to the topological properties of QCD is the explicit breaking of the U(1) axial symmetry, with the result that the theory contains neither a conserved U(1) axial quantum number, nor an extra Goldstone boson.

In Euclidean space the topological charge density is q(x) = g^2 32π^2 ϵ_{μνρσ} Tr F_{μν} (x)F_{ρσ}(x). (1) The correlation function G_q(x − y) ≡ ⟨q(x)q(y)⟩ (2) is important for understanding the breaking of the U(1) axial symmetry. According to Witten’s argument [1] the breaking of the U(1) axial symmetry should occur at the lowest non-planar level, i.e. at the next-to-leading order of the 1/N expansion, and require a nonzero large-N limit of the topological susceptibility^1

χ_q = ∫ d^4x G_q (x) (3)

in the pure SU(N) gauge theory (see also the recent Ref. [3]). An extension of this idea relates χ_q of the large-N pure gauge SU(N) theory to the η^′ mass [4]. Many numerical studies, based on Monte Carlo simulations of lattice formulations of the pure gauge theory, have been devoted to the estimate of χ_q (see e.g. Refs. [5–16]).

Arguments based on reflection positivity [17] tell us that G_q (x) ≤ 0 for |x| > 0 (this was already noted in Refs. [18,19]). On the other hand χ_q ≥ 0 trivially from its definition. These facts indicate that there is a positive contact term at x = 0, that contributes to determine the physical quantity χ_q. In order to investigate this issue, we consider the twodimensional CP^{N −1} model [20,21], which is an interesting theoretical laboratory for studying general topological properties. We will calculate G_q (x) in the large-N limit, providing an explicit analytical example where the main properties that should characterize G_q (x) in QCD are realized. As argued for QCD, G_q(x) presents a short-distance singular behavior characterized by a positive contact term at x = 0 and a negative diverging approach for |x| → 0. Neverthless, the low-momentum behavior of G_q (x) and in particular its moments χ_{q,j} ≡ ∫ d^dx (x^2)^j G_q(x) (4)

(where χ_{q,0} ≡ χ_q) turn out to be well defined and finite.

1 The physically relevant topological susceptibility is correctly defined by Eq. (3) in terms of the Euclidean correlation function G_q(x) (see e.g. Ref. [2] and references therein).

The paper is organized as follows. In Sec. II we discuss some features of G_q (x) in the QCD theory, that can be inferred using reflection positivity, and other general arguments such as perturbation theory and renormalization group. In Sec. III we compute the large-N limit of ⟨q(x)q(y)⟩ in the two-dimensional CP^{N −1} models. Its main features are discussed and compared with those of the correlation function G_q (x) of QCD. In Sec. IV we study the continuum limit of correlation functions of lattice discretizations of the topological charge density operator. An explicit calculation is presented in the large-N limit of a lattice formulation of two-dimensional CP^{N −1} models.

II. REFLECTION POSITIVITY

In order that Euclidean correlation functions can be continued back to Minkowski space, they have to obey a positivity condition: the so-called reflection positivity [17,22]. The general statement concerning reflection positivity is that ⟨(ΘF )F ⟩ ≥ 0, (5) where Θ is the antilinear reflection operator consisting in an Euclidean time reflection and a complex conjugation, and F is an arbitrary gauge invariant function of the fields having support only at positive Euclidean times (see also Ref. [23]). As a consequence of the intrinsic odd parity of q(x) under reflection,

Θq(x) = −q(θx) = −q(x_1, x_2, x_3, −x_4), (6)

reflection positivity states that

G_q (x) ≤ 0 for |x| > 0. (7)

This fact holds for any operator that is intrisically odd with respect to reflection symmetry in the Euclidean space.

The asymptotic large- and short-distance behaviors of G_q (x) can be inferred by general arguments. At large distance G_q (x) should decay exponentially (in the presence of fermions): G_q(x) ∼ e^{−mη0 r} apart from negative powers of r ≡ |x|. Simple dimensional, perturbative and renormalization group arguments tell us that for r → 0

G_q(x) = c r^8(ln r)^2 [ 1 + O ( 1 ln r )] , (8)

where c is a negative constant. The logarithms can be related to a running coupling constant, indeed in perturbation theory G_q (x) is O(g^2). Since the topological susceptibility χ_q is positive (χ_q = 0 in the presence of a massless fermion) and G_q(x) < 0 for x ≠ 0, G_q (x) should develope a positive contact term at x = 0, that compensates the negative contribution of its integral for x ≠ 0 and makes χ_q positive. Inspite of this singular short-distance behavior, the low-momentum behavior and in particular the moments χ_{q,j} of G_q(x), are conjectured to be well defined and finite. In the next section we will see in a solvable model how these features can coexist.

In the lattice formulation of the theory one may define two versions of the reflection symmetry that are equivalent in the continuum limit: site- and link-reflection simmetry. We recall that reflection positivity is essential on the lattice for the existence of a selfadjoint Hamiltonian at finite lattice spacing defined from the transfer matrix. Site- and link-reflection symmetries are both satisfied by the Wilson lattice action of SU(N) gauge theories [22], and by Wilson fermions with Wilson parameter r = 1 [24]. So Eq. (5) must hold also on the lattice for finite lattice spacing. A lattice discretization of the topological charge density operator is for example [5]:

q_L(x) = − 1 2^4 × 32π^2 ±4∑ μνρσ=±1 ϵ_{μνρσ} Tr [Π_{μν} Π_{ρσ}] , (9)

where Π_{μν} (x) = U_μ(x)U_ν (x + μ)U^†_μ(x + ν)U^†_ν (x) is the plaquette operator and U_μ(x) is the link variable, the sum is done over positive and negative directions. One may easily verify that q_L(x) trasforms as q(x), cf. Eq.(6), under site-reflection. Again reflection positivity tells us that G^L_q (x) ≡ ⟨q_L(x)q_L(0)⟩ is negative for x ≠ 0 (at least along the directions of the lattice and when there is no overlap among the link variables of the two operators). In the continuum limit the lattice correlation G^L_q (x) should reproduce the continuum correlation function G_q (z). This will be discussed later, in Sec. IV.

III. THE LARGE-N LIMIT OF hq(x)q(y)i IN TWO-DIMENSIONAL CP N�1 MODELS.

The arguments of the previous section can be also applied to the two-dimensional CP^{N −1} models as well. In the following we will consider their large-N limit and will calculate the leading order of the two-point correlation function of the corresponding topological charge density (i.e. O(1/N) ). We will show explicitly that G_q(x) develops a singular behavior at the origin consistently with the reflection positivity requirement G_q (x) < 0 for x ≠ 0, and the positivity of the corresponding topological susceptibility, i.e. of its space integral. Nevertheless, the low-momentum behavior of the G_q(x) turns out to be well defined without the need of special subtractions. This provides an explicit example where the conjectured main features of the two-point function G_q (x) of QCD are verified.

CP^{N −1} models are defined by the action [20,21] S = N 2g ∫ d^2x D_μz D_μz, (10)

where z is a N-component complex scalar field subject to the constraint z̄z = 1, and the covariant derivative D_μ = ∂_μ + iA_μ is defined in terms of the composite gauge field A_μ = iz̄∂_μz. Such models present a U(1) gauge invariance related to the local transformations: z(x) → e^{iα(x)}z(x) and A_μ(x) → A_μ(x) − ∂_μα(x). Two-dimensional CP^{N −1} models are interesting because they present many features that hold in QCD: asymptotic freedom, gauge invariance, existence of a confining potential between non gauge invariant states (that should get eventually screened by the dynamical constituents), and non-trivial topological structure (instantons, anomalies, θ vacua). Moreover, a pleasant feature of these models is the possibility of performing a systematic 1/N expansion around the large-N saddle point solution [20,21,25].

In two-dimensional CP^{N −1} models one defines the topological charge density operator q(x) = i 2π ϵ_{μν} D_μzD_ν z = 1 2π ϵ_{μν} ∂_μA_ν , (11)

and its two-point correlation function G_q(x−y) = ⟨q(x)q(y)⟩. q(x) is a renormalization group invariant operator, i.e. it does not have an anomalous dimension. Like the topological charge density of QCD, q(x) transforms as

Θq(x) = −q(θx) = −q(x_1, −x_2) (12)

under reflection symmetry. Therefore, as a consequence of reflection positivity, G_q (x) < 0 for x ≠ 0.

Let us introduce the second-moment correlation length ξ associated with the two-point correlation function of the operator P_{ij} (x) ≡ z̄_i(x)z_j (x),

G_P (x − y) = ⟨Tr P (x)P (0)⟩, (13)

ξ^2 = ∫ d^2x^1_4 x^2G_P (x) ∫ d^2x G_P (x)

. (14)

We will use ξ as length scale in the following calculations^2.

The Fourier transform of G_q (x) can be written in terms of the propagator of the composite field A_μ, P^A_{μν} (p),

~G_q (p) = 1 4π^2 ϵ_{μν} ϵ_{ρσ}p_μp_ρP^A_{νσ} (p). (15) Substituting the leading large-N expression of P^A_{μν} [20,21,25], one finds N ~G_q(p) = 1 2π p^2 [ u(p) ln u(p) + 1 u(p) − 1 − 2 ]_{−1} , (16) u(p) = √ 1 + 2 3p^2ξ^2 . It is worth noting that in two-dimensional CP^{N −1} models the two-point correlation function of q(x) is also related to the correlation of two Wilson loops constructed with the abelian field A_μ in the limit of small area [25].

2The second-moment correlation length of G_P (x) turns out to be more suitable for a 1/Nexpansion than the mass-scale determined from the large-distance exponential decay of G_P (x), due to its analytical properties in 1/N [25].

Since it is convenient to work with dimensionless quantities, we define B(k) ≡ ξ^2N ~G_q (p = k/ξ), (17) i.e. we use ξ as unit of length. B(k) has the following asymptotic behaviors B(k) = k^2 2π ln(6k^2/e^2) + O ( 1 ln k ) , (18) B(k) = 1 2π + 3 10π k^2 − 27 350π k^4 + O(k^6), (19)

for large and small momentum respectively.

The singular behavior of G_q (x) at small distance is already apparent from the asymptotic behavior (18) of its Fourier transform. The calculation of the large-N limit of G_q (x) requires to perform the Fourier transform of the expression (16). As before let us introduce the dimensionless quantity:

C(x) ≡ ξ^4G_q (xξ) = ∫ d^2k (2π)^2 e^{ik·x}B(k). (20) The moments of C(x) χ_{q,j} ≡ ∫ d^2x (x^2)^j C(x) = ξ^{2(1−j)}χ_{q,j} (21)

(where χ_{q,j} ≡ ∫ d^2x (x^2)^j G_q (x)), and therefore of G_q (x), can be easily obtained from the expansion of B(k) in powers of k^2, cf. Eq. (19). In the large-N limit one finds

ξ^2χ_q = 1 2πN + O ( 1 N^2 ) , (22) χ_{q,1} = − 6 5πN + O ( 1 N^2 ) , (23)

etc... We mention that χ_q and χ_{q,1} are known to O(1/N^2 ) [26,27].

By rotational invariance C(x) depends only on r ≡ |x|: C(x) = 1 2π ∫_∞ 0 kdkJ_0(kr)B(k). (24) In order to evaluate C(x) for finite r ≡ |x|, it is convenient to modify the integration contour in the complex k plane, moving it along the imaginary axis (when r > 0) [25]. For r > 0 one can then write C(x) = − 1 2π^2 ∫_∞ √_{23} dtK0(tr)t^3v(t) ( v(t) ln

1 + v(t) 1 − v(t) − 2 )_2

+ π^2v(t)^2 −1 , (25)

where v(t) = √ 1 −^2_{3t2} . Since K_0(x) > 0, Eq. (25) shows that C(x) < 0 for r > 0 as expected.

In Fig. 1 we show the function C(x). The integral representation (25) for C(x) holds only for r > 0. For r = 0 the contour rotation leading to the integral representation (25) misses the contribution from the path at infinite distance, that is not suppressed anymore and that should represent the positive contact term.

The integral representation (25) allows us to derive the asymptotic behaviors of C(x). At large distance C(x) decays exponentially^3: C(x) = − 1 24π e^− √_{23 r}

r^2 [ 1 + O (1 r )] . (27)

For r → 0, C(x) diverges as C(x) = − 1 2π^2 1 r^4 (ln r)^2 [ 1 + O ( 1 ln r )] . (28)

One can infer this short-distance behavior also by calculating the leading order of perturbation theory that is given by − g^2 2π^4r^4

. (29)

Then, using renormalization group arguments, one replaces the coupling g with a running coupling constant g(r) ≈ π/ ln(Λ/r).

The diverging negative integral of C(x) for r > 0 must be compensated by a diverging positive contribution of the contact term at r = 0 (that got lost in the integral contour rotation performed to evaluate C(r) for r > 0) so that ∫ d^2x C(x) = B(0) = 1 2π . (30)

The integrals for r > r_0 > 0 are finite; for example numerically one finds ∫ r>1 d^2x C(x) = −0.0503..., ∫ r>1/2 d 2x C(x) = −0.1653..., etc... Notice that as a consequence of the r^{−4} short-distance behavior and the positivity of χ_q, we have formally ∫ |x|<δ d 2x C(x) −→ +∞ for δ → 0. Thus a δ-like distribution cannot represent the contact term. The behavior at x = 0 should be described by more complicated distributions acting in a finite interval^4. Similar considerations hold in QCD.

3We used the asymptotic behavior

K_0(x) = ( π 2x )_{1/2} e^{−x} [ 1 + O ( 1 x )] . (26)

for x → ∞.

4 An example of such distributions may be

lim_{ε→0}+ [ P_ε(∂)δ(⃗x) − λ_ε 1 |x|^4 f (ln |x|) θ(x − ε) ] (31)

where the polynomial P_ε(∂) and λ_ε are appropriate functions of ε and the limit ε → 0 must be considered in a weak sense, i.e. after performing the integral with the test function.

For comparison one may calculate the large-N limit of G_P (x), cf. Eq.(13). Since the operator P_{ij} (x) is not renormalization group invariant, in order to construct a renormalization group invariant function, one may define f(x) ≡ G_P (x) χ_P /ξ^2 (32)

where χ_P = ~G_P (0) =^6_π g^2ξ^2 is the corresponding susceptibility, and therefore χ_P /ξ^2 is the renormalization constant at zero momentum of the operator P_{ij} (x). In the large-N limit one finds (in units of ξ) ~f(k) = 1 3k^2u(k) ln u(k) + 1 u(k) − 1 , (33)

whose asymptotic behaviors are ~f (k) = ln(6k^2) 3k^2 + O ( ln k k^4 ) , (34)

~f (k) = 1 − k^2 + O(k^4) (35)

for large and small momentum respectively. After some manipulations, for r ≡ |x| > 0 f(x) = 1 3π ∫_∞ √_{23} dt

K_0(tr) tv(t) (36)

(where again an integral contour rotation of the Fourier transform of ~f (k) has been performed), with the following asymptotic behaviors

f(x) ∼^1_r e^−

√_{23 r} for r → ∞, (37) f(x) ∼ (ln r)^2 for r → 0. (38)

In the integral contour rotation the contribution to the contact term of the path at infinite distance is again lost. Comparing with the behavior of the topological charge density correlation function, we note that the singularity at r = 0 is much softer in this case. This is already apparent by comparing the large momentum behaviors of ~f (k) and B(k), cf. Eqs. (35) and (18).

IV. THE TOPOLOGICAL CHARGE DENSITY CORRELATION FUNCTION ON THE LATTICE.

In a pure gauge theory q(x) is a renormalization group invariant operator, thus G_q(x) is the universal continuum limit of corresponding lattice correlations ⟨q_L(x)q_L(y)⟩, when expressed in the appropriate units. In the presence of fermions a nontrivial anomalous dimension is generated due to the mixing with the operator ∂_μj^5_μ(x) [28]. One may still define a universal RG invariant function from the topological charge density correlation function, using the fact that the anomaly equation (in the chiral limit) ∂_μj^5_μ(x) = i2N_f q(x) does not get renormalized [29].

Further subtleties are present on the lattice. For example let us consider the case of a pure gauge theory. A more careful analysis of the continuum limit of the matrix elements of a generic lattice discretization q_L(x) of q(x), such as Eq. (9), leads to the relation [10]

q_L(x) = a^4Z(g)q(x) + O(a^6), (39)

where a is the lattice spacing, g is the bare lattice coupling and Z(g) = 1 + O(g^2) a finite renormalization function. Thus we have

G^L_q (x) = a^8Z(g)^2G_q (ax) [ 1 + O(a^2) ] for ax ≠ 0. (40)

In order to evaluate the moments of G_q(x) and in particular the topological susceptibility, one also needs the contribution at x = 0. This is strongly affected by lattice artifacts that eventually become dominant in the continuum limit. So a careful subtraction is required (see e.g. Ref. [30,11]). In order to overcome these problems, geometrical definitions have been proposed [31,6], that represent appropriate interpolations among the discrete lattice variables, and are in general non-analytical and non-single-valued functions of the lattice variables. These lattice estimators are not affected by renormalizations. On the other hand the corresponding topological susceptibility, and probably also higher moments, turns out to be sensitive to unphysical lattice defects [32], that may spoil their continuum limit in some cases (see also Refs. [33–35]).

In order to investigate how G_q(x) is recovered in the continuum limit of lattice correlations G^L_q (x − y) ≡ ⟨q_L(x)q_L(y)⟩, we consider a lattice formulation of the two-dimensional CP^{N −1} models. We consider the lattice action [36,37]: S_L = −Nβ ∑ n,μ ( z̄_{n+μ}z_nλ_{n,μ} + z̄_nz_{n+μ}λ̄_{n,μ} − 2 ) , (41)

where β = 1/g, z_n is a N-component complex vector, constrained by the condition z̄_nz_n = 1, and λ_{n,μ} is a U(1) variable. One can easily prove that site- and link-reflection positivity holds for the lattice action (41). The lattice formulation (41) of CP^{N −1} models turns out to be particularly convenient for a large-N expansion [37–40,35].

In an infinite lattice (free boundary conditions are assumed) one may consider the following discretization of the topological charge density operator

q_L(n) = 1 4π ϵ_{μν} (θ_{n,μ} + θ_{n+μ,ν} − θ_{n+ν,μ} − θ_{n,ν} ), (42) where θ_{n,μ} is the phase of the field λ_{n,μ}, i.e. λ_{n,μ} ≡ e^{iθn,μ} . Using the property of q_L(n) under site-reflection one can prove that G^L_q (x) ≡ ⟨q_L(x)q_L(0)⟩ must be negative for |x| > 0 (at least along the directions of the lattice). At large N one can explicitly show that q_L(n) has the correct continuum limit, and no lattice renormalizations are necessary [38,35]. Thus in the continuum limit and for |x| > 0 one expects

C^L(x) ≡ ξ^4NG^L_q (xξ) = C(x) + O(ξ^{−2} ), (43) where C(x) is the continuum function defined in Eq. (20), and ξ the second-moment correlation length associated with the lattice correlation function G_P (x) ≡ ⟨Tr P (x)P (0)⟩.

G^L_q (x) can be calculated in the large-N limit. Straightforward calculations lead to N ~G^L_q (k) = ∑ x e^{ik·x}NG^L_q (x) = 1 (2π)^2 k̂^2Δ_{(λ)}(k), (44)

where [37–39]

Δ^{−1}_{(λ)}(k) = ∫_π −π d^2q (2π)^2 2 ∑ μ cos q_μ ^q^2 + m^2_0 − ∫_π −π d^2q (2π)^2 4 ∑ μ sin^2 (q_μ + k_μ/2) [^q^2 + m^2_0] [ ^ (q + k)^2 + m^2_0

], (45)

and ^q^2 ≡ ∑ μ ^q^2_μ ≡ 4 ∑ μ sin^2(q_μ/2). The parameter m^2_0 is related to β by β = ∫_π −π d^2q (2π)^2 1 ^q^2 + m^2_0 = 1 2π(1 + m^2_0/4) K ( 1 1 + m^2_0/4 ) (46)

(K is the standard elliptic function), and to the second-moment correlation length associated with G_P (x) by

ξ^2 = 1 2 ~G^L_P (0)

∂^2 ∂k^2_1

~G^L_P (k)|_{k=0} = −Δ_{(α)}(0) 1 2 ∂^2 ∂k^2_1

Δ^{−1}_{(α)}(k)|_{k=0}, (47)

Δ^{−1}_{(α)}(k) = ∫_π −π d^2q (2π)^2 1 [^q^2 + m^2_0] [ ^ (q + k)^2 + m^2_0 ].

G^L_q (x) can be evaluated by Fourier transforming ~G^L_q (k). The lattice topological susceptibility is obtained by summing G^L_q (x) over the lattice sites, χ^L_q ≡ ∑ x G^L_q (x) = ~G^L_q (0). (48)

An analysis of the above large-N expressions leads to the following main results. (i) The continuum limit of ξ^2 ~G^L(k) at kξ fixed is B(kξ), cf. Eq. (17). Indeed at large ξ

ξ^2G^L_q (k) = B(kξ) + O(ξ^{−2}). (49)

This may be seen by performing an asymptotic expansion of ~G^L_q (k) (at fixed kξ) in powers of ξ^{−2}, following the procedure outlined in Ref. [40].

(ii) G^L_q (x) is negative everywhere for x ≠ 0, consistently with reflection positivity. (iii) At fixed physical distance r = x/ξ > 0 the continuum limit exists and it is given by C(r), in agreement with Eq. (43). Notice that the convergence is not uniform in r. Moreover, from Eq. (49) it follows that

ξ^{2(1−j)}χ^L_{q,j} = χ_{q,j} + O(ξ^{−2}) (50)

where χ^L_{q,j} are the lattice moments of G^L_q (x) and χ_{q,j} are the moments of C(r).

(iv) G^L_q (0) compensates the negative sum ∑ x≠0 G L q (x) and makes χ_q positive. Moreover, at large ξ, where ξ ∼ exp(2πβ),

G^L_q (0) ∼ 1 (ln ξ)^2 ∼ 1 β^2

, (51)

giving rise to a positive contact term in the continuum limit.

In the Table we report some results for G^L_q (0), and the scaling quantities C^L(x) (for some values of x) and ξ^2χ^L_q .

Among the lattice techniques used to determine χ_q in Monte Carlo simulations, there are also non-local estimators (see e.g. cooling). Since χ_q =^1_V ⟨Q^2⟩, where Q is the total topological charge (Q = ∑ x q_x) and Q is stable (approximately on the lattice) under local changes, in the cooling procedures one changes appropriately the configuration to read Q and therefore to determine χ_q. But of course this procedure does not leave the two-point correlation function invariant: only its zero-mode should be left intact.

In conclusion we have seen that the continuum limit of the correlation function G^L_q (x) is regular at fixed physical distance and it is given by G_q (x). Also its moments χ_{q,j} have a regular continuum limit. On the other hand, a singular behavior is found at x = 0 consistently with reflection positivity and positivity of χ_q. These features should also characterize the Euclidean correlation function of the topological charge density in the continuum limit of lattice QCD.

ACKNOWLEDGMENTS

I gratefully acknowledge useful discussions with Mihail Mintchev, Haralambos Panagopoulos, Andrea Pelissetto and Paolo Rossi.

REFERENCES

[1] E. Witten, Nucl. Phys. B 156 (1979) 269. [2] E. Meggiolaro, Phys. Rev. D 58 (1998) 085002. [3] E. Witten, Phys. Rev. Lett. 81 (1998) 2862. [4] G. Veneziano, Nucl. Phys. B 159 (1979) 213.

[5] P. Di Vecchia, K. Fabricius, G.C. Rossi and G. Veneziano, Nucl. Phys. B 192 (1981) 392.

[6] M. Lüscher, Comm. Math. Phys. 85 (1982) 29. [7] M. Teper, Phys. Lett. B 171 (1986) 81, 86; B 202 (1988) 553.

[8] M. Göckeler, A. S. Kronfeld, M. L. Laursen, G. Schierholz and U. J. Wiese, Nucl. Phys.

B 292 (1987) 330.

[9] J. Smit and J. C. Vink, Nucl. Phys. B 286 (1987) 485.

[10] M. Campostrini, A. Di Giacomo and H. Panagopoulos, Phys. Lett. B 212 (1988) 206. [11] B. Allés, M. Campostrini, A. Di Giacomo, Y. Gündüc. and E. Vicari, Phys. Rev. D 48 (1993) 2284.

[12] T. DeGrand, A. Hasenfratz and D. Zhu, Nucl. Phys. B 478 (1996) 349. [13] B. Allés, M. D’Elia and A. Di Giacomo, Nucl. Phys. B 494 (1997) 281. [14] P. De Forcrand, M. García Pérez and I. O. Stamatescu, Nucl. Phys. B 499 (1997) 409. [15] R. Narayanan and P. Vranas, Nucl. Phys. B 506 (1997) 373. [16] M. Teper, Phys. Lett. B 397 (1997) 223.

[17] K. Osterwalder and R. Schrader, Comm. Math. Phys. 31 (1973) 83; Comm. Math. Phys.

42 (1975) 281.

[18] E. Seiler and I. O. Stamatescu, preprint MPI-PAE/PTh 10/87 (1987), unpublished. [19] B. Allés, M. D’Elia, A. Di Giacomo and R. Kirchner, Phys. Rev. D 58 (1998) 071503. [20] A. D’Adda, P. Di Vecchia and M. Lüscher, Nucl. Phys. B 146 (1978) 63 (1978); B 152 (1979) 125.

[21] E. Witten, Nucl. Phys. B 149 (1979) 285.

[22] K. Osterwalder and E. Seiler, Ann. of Phys. 110 (1978) 440.

[23] I. Montvay and G. Münster, “Quantum Fields on a Lattice”, Cambridge University Press (1994).

[24] P. Menotti and A. Pelissetto, Comm. Math. Phys. 113 (1987) 369. [25] M. Campostrini and P. Rossi, Phys. Rev. D 45 (1992) 618. [26] M. Lüscher, Phys. Lett. B 78 (1978) 465.

[27] M. Campostrini and P. Rossi, Phys. Lett. B 272 (1991) 305. [28] G.M. Shore and G. Veneziano, Nucl. Phys. B 381 (1992) 23.

[29] B. Allés, A. Di Giacomo, H. Panagopoulos and E. Vicari, Phys. Lett. B 350 (1995) 70. [30] A. Di Giacomo and E. Vicari, Phys. Lett. B 275 (1992) 429. [31] B. Berg and M. Lüscher, Nucl. Phys. B 190 (1981) 412. [32] M. Lüscher, Nucl. Phys. B 200 (1982) 61.

[33] D. J. R. Pugh and M. Teper, Phys. Lett. B 218 (1989) 326.

[34] M. Göckeler, A. S. Kronfeld, M. L. Laursen, G. Schierholz and U. J. Wiese, Phys. Lett.

B 233 (1989) 192.

[35] L. Rastelli, P. Rossi and E. Vicari, Nucl. Phys. B 489 (1997) 453. [36] E. Rabinovici and S. Samuel, Phys. Lett. B 101 (1981) 412.

[37] P. Di Vecchia, A. Holtkamp, R. Musto, F. Nicodemi and R. Pettorino, Nucl. Phys. B 190 (1981) 719.

[38] P. Di Vecchia, R. Musto, F. Nicodemi, R. Pettorino and P. Rossi, Nucl. Phys. B 235 (1984) 478.

[39] P. Rossi and E. Vicari, Phys. Rev. D 48 (1993) 3869. [40] M. Campostrini and P. Rossi, Riv. Nuovo Cimento 16, n.6 (1993) 1.

TABLES

TABLE I. The large-N limit of NG^L_q (0), C^L(x, 0) ≡ ξ^4NG^L_q (xξ, 0) and ξ^2Nχ^L_q for ξ = 1, 2, 4, 8, 16, ∞ (corresponding to β = 0.41829..., 0.52868..., 0.63901..., 0.74933..., 0.85965..., ∞ respectively). For ξ = ∞ the continuum results are recovered.

ξ NG^L_q (0) C^L(1/4, 0) C^L(1/2, 0) C^L(1, 0) C^L(2, 0) ξ^2Nχ^L_q 1 0.5371 −0.07888 −0.001376 0.199791 2 0.2751 −0.8148 −0.01634 −0.001257 0.171593 4 0.1759 −9.314 −0.1713 −0.01615 −0.001160 0.162993 8 0.1277 −1.790 −0.1728 −0.01547 −0.001136 0.160316 16 0.09995 −1.808 −0.1662 −0.01535 −0.001131 0.159498 ∞ −1.718 −0.1651 −0.01532 −0.001129 0.159155

FIGURES FIG. 1. Plot of ln [−C(x)] versus r ≡ |x|.