arXiv:hep-lat/9912015 v5 7 Nov 2001

A Criterion for the Index Theorem on the Lattice with Ginsparg-Wilson Fermions

Pedro J. de A. Bicudo Departamento de Física and Centro de Física das Interacções Fundamentais, Instituto Superior Técnico, Av. Rovisco Pais, 1049-001 Lisboa, Portugal email: fbicudo@alfa.ist.utl.pt

Here we study how far the Index Theorem can be extrapolated from the continuum to finite lattices with finite topological charge densities. To examine how the Wilson action approximates the Index theorem, we specialize in the lattice version of the Schwinger model. We also verify that the Neuberger overlap action exactly complies with the Index theorem, and show that a new simple action is blind to the topology of the gauge configuration. We study how the solutions of the Ginsparg-Wilson Relation project the eigenvalues of the Wilson action to a circle in the complex Argand plane. Finally we propose a new criterion for solutions of the Ginsparg-Wilson Relation constructed with the Wilson action. We conclude that the Neuberger action is the simplest one that maximally complies with the Index Theorem, and that its best parameter in d=2 is m0 = 1.1 ± 0.1.

11.15.Ha

I. INTRODUCTION

One of the constraints that lead to the Nielsen- Ninomiya [1] no-go theorem, is the chiral invariance of the Dirac action D for massless fermions on the lattice. Under certain conditions [1] , the spectrum of fermions ψ would suffer from doubling, and the axial anomaly would cancel. This has been, from the onset, a recurrent problem of Lattice QCD [2]. In order to recover the axial anomaly, at least at the pertubative level, Ginsparg and Wilson [3] derived a relation, the Ginsparg-Wilson Relation (GWR) which explicitly breaks the standard chiral symmetry,

D γ_5 + γ_5 D = D γ_5 R D , (1)

where R is a matrix proportional to the lattice spacing a. Recently Lüsher [4] proved that chiral invariance of an action D which complies with the GWR can be recovered in an extended form, δψ = γ_5(I − 1 2 RD)ψ , δψ̄ = ψ̄(I − 1 2 DR)γ_5 . (2)

Thus a conjecture appeared in the literature suggesting that it may be possible to overcome the Nielsen-Ninomiya no-go theorem on the lattice and to fully simulate, without doubling, the chiral symmetry of QCD (see [5] for a recent review). This would include PCAC [6] and the axial anomaly [7]. In particular the Atiyah-Singer [8] Index Theorem would have a Hasenfratz-Laliena-Niedermayer [9] version on the lattice, n_− − n_+ = q , (3)

where n_{−(+)} is the number of zero modes of the Dirac action D with negative (positive) chirality, and q is the topological charge of the gauge field configuration. This conjecture is supported by the recent overlap solution of Neuberger [10], that solves the GWR and complies with the Index Theorem. This was checked [11,12] in dimension d = 2, and the continuum limit for the Index Theorem was also verified [13,14].

Nevertheless it turns out that the GWR is not sufficient to prove the Index Theorem on the lattice [4,15]. For instance the Zenkin [16–18] action complies with eq. (1) but not with eq. (3), see references [17,19] . Other conditions are necessary to enforce eq. (3), in particular Chiu and Zenkin [20] found a second criterion which implies that D must have at least one eigenvalue equal to 2 R . It has also been conjectured [5,21] that this is a scale problem, and that the best GWR solutions are the local ones. Only topological configurations that are larger than the range of the interactions in D would produce a number of zero modes n_− different from n_+ in agreement with eq. (3). Although the criterion (4) and the locality criterion are necessary conditions, it is not clear that a sufficient set of criteria has been found. Moreover the definition of topological charge on the lattice is not unique, and it is not conserved [22]. Thus the Index Theorem on the lattice remains an open problem.

In this paper we investigate in detail the eigenvalues of some lattice actions, with the aim to clarify how far the Index Theorem can be extrapolated from the continuum to finite lattices with finite topological charge densities. We also propose a new criterion for GWR solutions constructed with the Wilson action. In Section II we study in detail the effects of topological gauge configurations on the eigenvalues of the Wilson action for the discrete version of the Schwinger model. In Section III we study the eigenvalues of the simple and Neuberger GWR solutions. In Section IV we present our criterion. In Section V we conclude. Moreover we review properties of lattice actions in Appendix A, we review the root and pole structure of lattice actions in Appendix B, we review the Wilson action in appendix C, we build a new simple GWR solution in Appendix D , we review the Neuberger action in Appendix E, we study the free fermion limit of the Wilson, simple and Neuberger actions in Appendix F, and finally in Appendix G we address the topological Abelian charge in d = 2.

II. EIGENVALUES OF THE WILSON ACTION

Here we depart from the free case and study the eigenvalues of the Wilson action for topological gauge configurations . This continues reference [23]. The Wilson action^wD is the simplest and most used lattice action, see Appendix C. Our framework is the massless Wilson action with parameters a = r = 1, see eqs (C1), in a simple 2-dimensional U(1) gauge theory which is a discrete version of the Schwinger model, see Appendix G. In the continuum the Wilson action [24] exactly complies with the Index Theorem (3), but for finite lattices it does not. Our aim in this section is to extrapolate the topological charge from the continuum to the lattices of different size N ×N , and to study how the Wilson Action deviates from the Index theorem.

We encounter the problem that the topological charge and the topological density on the lattice are not uniquely defined. This problem is not present in the continuum, where the topological density and its derivatives are well defined. This implies that a lattice action close to the continuum limit is only allowed to have a topological charge density both small and nearly constant. However we are interested, both physically and mathematically, in extrapolating the Index Theorem to the case of finite lattices, with finite topological charge. And then we want to investigate how far the topological density can be increased without spoiling the index theorem. To remove the arbitrariness of choosing the gauge configuration, and to remain as close as possible to the continuum definitions, we momentarily specialize to very smooth gauge configurations. In particular we study the Wilson action in configurations with constant plaquette density, see Appendix G, which is equivalent to a constant topological charge density.

First we study some general properties of the Wilson action. Because it is γ_5 Hermitean, the spectrum of its eigenvalues, here denoted λ, is symmetric with respect to the real axis of the Argand plot, see Appendix A. Moreover in d = 2 it turns out that in the case of even lattices, the spectrum of^wD − 2I in the Argand plot is also symmetric with respect to the imaginary axis. The transformation (λ−2) → −(λ−2)^∗ leaves the spectrum invariant (see for instance Fig. 1). So we will use even N × N lattices with N ≥ 4 from now on, for simplicity. We also remark that 0 < real(λ) < 4 for any non vanishing gauge configuration, thus^wD is invertible (except in the free quark case). In what concerns γ_5(^wD − 2I) we observe that its eigenvalues are exactly symmetric with respect to the origin, so we also find that tr [ γ_5 (^wD − 2I)^{−1} ] = 0.

We also find that the trace, tr[γ_5^wD] vanishes for any finite N , however the trace q_4 =tr [ γ_5^wD^{−1} ] /Z is non vanishing and has been proposed as a topological index [25], where Z is a constant normalizing factor.

We now study quantitatively the real eigenvalues and the topological properties of the Wilson action^wD. We are interested in eigenvalues λ ≃ 0 with chirality χ ≃ ±1, see Appendix A. The non vanishing chirality implies that the relevant eigenvalues are the real eigenvalues. The B_j term was introduced in the free action by Wilson to separate the four roots of the C_j, see Appendix C. This results in four real eigenvalues: one root at 0 , two degenerate eigenvalues equal to 2 and one eigenvalue equal to 4, see Appendix B . Here we find that quite a similar separation exists in the quadruplets of real eigenvalues that occur in gauge configurations with a finite topological charge (see Fig. 1). Moreover the chirality of these real eigenvalues approximately agree with the Index Theorem. More precisely we observe that, - The number of real eigenvalues is always a multiple of four, 4|q_3|. The integer q_3 = − sign(χ)|q_3| is a possible definition of the topological charge of the gauge configuration, where χ is the chirality of the smallest real eigenvalue.

- In the present case of a constant topological density, q_3 = q_1 if |ρ_1| is smaller than half of the maximum possible charge density. The integer topological charge q_1 and its topological density ρ_1 are defined in Appendix G. - The real eigenvalues and the corresponding chiralities are close to integers. The difference is proportional to a small number, ϵ = |q_3|/N^2. The 4|q_3| eigenvalues can be divided in the following 3 sets of eigenvectors, with eigenvalues,

λ = 0 + 3.0ϵ + o(ϵ^2) , χ = [−1 + o(ϵ^2)]sign(q_3), λ = 2 + o(ϵ^2) , χ = [1 − 2.0ϵ + o(ϵ^2)]sign(q_3), λ = 4 − 3.0ϵ + o(ϵ^2) , χ = [−1 + o(ϵ^2)]sign(q_3), (4)

which contain respectively |q_3|, 2|q_3| and |q_3| eigenvalues. - When |q_3| approaches the maximum value of the order of n^2/4, these 3 sets of eigenvalues spread out to 3 finite intervals, and eventually they overlap. It turns out that right before these intervals overlap, they just leave a gap at [1.0, 1.2] .

- In the continuum limit of N → ∞, and for very smooth topological objects, all the different ϵ → 0. So we find that in this limit of large N, and from the view point of zero modes, the Index Theorem is verified,

n_− − n_+ = q_3 . (5)

This result agrees with the proofs of Fujikawa [13] and Adams [14].

If we now leave the case of constant topological density, it occurs that |ρ_1| < 0.22 (we mean that the absolute value of the topological density ρ_1 is smaller than 0.22 in any plaquette of the lattice) is a sufficient condition to enforce that q_3 = q_1. We verified this crucial result with a large number of randomly generated gauge configurations, for all possible q_1. All the remaining properties, that we just detailed, of the eigenvalues of the Wilson action are also maintained when |ρ_1| < 0.22 . This suggests that it is possible to extrapolate the continuum limit to a significant and finite subinterval of the range −1/2 < ρ_1 < 1/2.

To understand how the complex eigenvalues transform in real ones, we arbitrarily interpolate between different constant charge densities with a continuous variation of the topological parameter Q ( see Appendix G ). It turns out that for some particular values of Q, two opposite pairs of complex eigenvalues (with 0 chirality) quite suddenly transform into two opposite pairs of real eigenvalues, and then these real eigenvalues continuously increase their chirality |χ| . This transition point is continuous, but at this precise value of Q the velocity of the eigenvalues in the Argand plot is infinite. At this point the topological number q_3 steps up (down). The opposite also happens, 4 real eigenvalues suddenly transform to complex eigenvalues at some other values of Q. The real eigenvalues of the Wilson action^wD are illustrated in Fig. 2, for the simple case of a 4×4 lattice. The chirality χ(λ) of these eigenvalues is shown in Fig. 3.

The different topological charges can also be computed as a function of the interpolating topological parameter Q ( see Appendix G ). The observed pattern is quite general, however a simple 4 × 4 lattice suffices to illustrate our results. In Fig. 4 (a) and in Fig. 4 (b) we respectively depict the integer charge q_3 and the non integer charge q_4, defined with the Wilson action, as a function of the topological parameter Q. These two charges can be compared, in Fig. 4 (c) and in Fig. 4 (d), with the integer charge q_1 and the non integer charge q_2 that are defined with the plaquette density P , see Appendix G. All these topological charges are odd functions of the topological parameter Q , with a period of N^2 = 16, so we just need to compare them on the parameter range 0 < Q < 8. It turns out that q_3 is quite close to q_1 only up to half of the maximum possible topological q_1. This verifies our empirical rule of |ρ_1| < 0.22. Nevertheless it is remarkable that q_3 is closer to q_1 than q_2, the other charge defined with the plaquette. In what concerns the topological charge q_4 defined with the trace [25], see Fig. 4 (b), it seems to be a worse topological index than the other q_i.

III. EIGENVALUES OF THE NEUBERGER AND SIMPLE GWR SOLUTIONS

Although the Wilson action approximately complies with the Index Theorem, the Wilson action^wD in a finite lattice has no zero mode, the smallest real eigenvalue is of the order of ϵ > 0 (except in the free quark case). Here we study the real eigenvalues of GWR solutions, which are built with the Wilson action [26]. Our aim in this section is to understand if a GWR solution has zero modes, and if it complies with the Index Theorem. We test the topological properties of the different actions^sD and^nD see Appendices D and E, again in the 2-dimensional U(1) gauge theory which is a discrete version of the Schwinger model. In the case of the simple action, all the real Wilson eigenvalues are projected close to 2/R, and we have no zero modes. It turns out in this simulation that only the Neuberger action, for a limited range of parameters, verifies exactly the Index Theorem, and that our simple action is exactly blind to the topological Index.

First we study tr {γ_5D} which, in the case where D is a GWR solution, is directly related to the Index Theorem [4,9],

n_− − n_+ = R 2 tr {γ_5D} . (6) When we apply this to the simple action (see Appendix D), we find that tr {γ_5^{s1}D} = tr {_w D γ_5^wD^{−1} } (7) and this vanishes because tr{γ_5} = 0. The same happens for the other simple action^{s2}D. Thus we conclude that these simple actions^sD are blind to the topology of the gauge fields. It is also interesting to remark that we observed that the simple action^{s2}D projects all real eigenvalues of the Wilson action upon a small neighborhood of the point 2/R, and that in the particular case of constant topological density some of these eigenvalues are exactly projected upon this point 2/R.

In the case of the Neuberger action (see Appendix E) we find that, tr {γ_5^nD} = 1 R ∑ i sign(λ_i) , (8) where the λ_i are the eigenvalues of the Hermitean operator γ_5X. Let us study this trace as a function of the continuous and real parameter m_0. Whenever γ_5X has a simple root λ_i = 0, the trace tr {γ_5^nD} has a step. Because γ_5X is invertible, we conclude that it shares the roots with the action X =^w D − m_0 I. Finding these roots is equivalent to finding the real eigenvalues of the Wilson action. The solution is m_0 = λ, where λ is any real eigenvalue of the Wilson action, and the corresponding eigenvector of γ_5X is also the eigenvector v of the Wilson action. In Section II we showed that the Wilson action has 4|q_3| real eigenvalues and that they all have a non vanishing chirality χ. When we apply γ_5X to one of the real eigenvalues v with eigenvector λ,

γ_5 X v ≃ χ(λ − m_0)v , (9)

thus the trace (8) will have a step of −2 sign(χ) at the point m_0 = λ (except in the case where the root is not a simple one). If we now start from the limit m_0 = −∞, the action is trivial^nD = −I, and the trace (8) is vanishing. When we continuously increase m_0, the only roots that we find are precisely located at the real eigenvalues of^wD. There, and only there, the trace (8) has a step of −2 sign(χ). This implies that when ϵ < m_0 < 2 − ϵ^′, the continuous parameter m_0 has passed by the first |q_3| real roots of X, all having chiralities with the same sign sign(χ), thus the accumulated jump equals −2sign(χ)|q_3| = 2|q_3|. We finally conclude that when ϵ < m_0 < 2 − ϵ^′,

R 2 tr {γ_5D} = q_3 , (10)

thus the Neuberger action complies with the Index Theorem. If m_0 continues to increase beyond 2 − ϵ^′, then the absolute value of trace (8) decreases step by step because we go through other real eigenvalues of^wD. The trace (8) then changes sign exactly when it reaches the plateau 2 + ϵ^′ < m_0 < 4 − ϵ, and eventually it vanishes when m_0 > 4−ϵ. We checked numerically that this exact proof is correct. For an example see Fig. 5

Our study of the^{s2}D and the^nD actions can be synthetised in a projection perspective. It turns out that these GWR solutions project the real eigenvalues of the Wilson action either upon a small neighborhood of the point 0 or upon a small neighborhood of the point 2/R. Moreover, when an eigenvalue remains real, its chirality is projected on sign(χ) = ±1. In the case where the topological density |ρ_1| < 0.22, the^{s2}D and^nD GWR solutions comply exactly with the Index Theorem when only the relevant real eigenvalues of the Wilson action are projected to 0, whereas they fail in the other cases.

IV. CRITERION

Our aim is to understand how the index theorem extrapolates from the continuum limit to finite lattices with finite topological charge densities. We specialize in γ_5 Hermitean lattice actions constructed with the Wilson action. In d=2, and providing that the topological density |ρ_1| < 0.22, we show that the Wilson action^wD has the correct number of small real eigenvalues to comply with the index theorem. The problem is that these eigenvalues are not exactly vanishing and that their chirality is not exactly ±1. The deviations to the index theorem are of order ϵ = |q_1|/N^2, where q_1 is the integer topological charge. We also prove, in the case of the simple action and of the Neuberger action, that the GWR solutions either project these approximate zero modes of^wD on the origin, with correct chirality, or send them close to the remote other end 2/R of the unitary circle.

Our new criterion for GWR solutions complying with the index theorem ( and γ_5 Hermitean, constructed with the Wilson action, free from doubling ) relies in the function f(λ). This function f(λ) is straightforwardly defined when we replace^wD and^wD^† by a real number λ in the expression for^{gwr}D. We map^{gwr}D → f(λ). The f(λ) is a trivial case of a GWR solution. Moreover the γ_5 hermiticity implies that f(λ) is real. We thus conclude that f(λ) = 0 or f(λ) = 2/R.

In the free case^wD and^wD^† commute, and have the correct real eigenvalues at 0, while the doubles correspond to the eigenvalues 2 or 4. We remark that the doubles correspond to pathological eigenvectors, with alternating signs in neighboring lattice sites. We conclude that, unless the fermion fields are redefined, a correct

GWR solution must produce f(0) = 0, f(2) = 2/R and f(4) = 2/R.

Studying small topological densities ρ_1 with finite q_1, we can further show that f([0, 3.0ϵ]) = 0, f(2) = 2/R, f([4 − 3.0ϵ, 4]) = 2/R. In the case of small topological densities,^wD and^wD^† have the same eigenvalues, but they do not exactly have the same eigenvectors. Nevertheless the relevant small real eigenvalues λ of the Wilson action, have a chirality χ = [−1 + o(ϵ^2)]sign(q_3) and this implies that the difference between the^wD eigenvector v and the^wD^† eigenvector γ_5v is very small, of order ϵ^2. This shows that^{gwr}D v = f(λ)v + o(ϵ^2), the correct eigenvector v^′ of^{gwr}D is quite close to v (and to γ_5v ). If^{gwr}D complies with the index theorem, we can assume that this eigenvector v^′ is a zero mode, because v is already quite close to the correct fermionic zero mode. Therefore f(λ) ≃ 0. Moreover we can only have f(λ) = 0 or 2/R. This implies that f(λ) = 0. Because λ = 0 + 3.0ϵ + o(ϵ^2) we find that f projects the interval [0, 3.0ϵ] on the origin 0 . Inversely, if f(λ) = 0 , gwrD has |q_1| eigenvectors close to f(λ) = 0. Moreover they all have similar chirality χ = [−1 + o(ϵ^2)]sign(q_3). Even if these eigenvectors mix, which is natural because they are very close, their chirality will remain close to sign(q_3), and finite. Therefore these |q_1| eigenvalues are real, vanishing, with the correct chirality, and in the right number to comply with the index theorem . Similarly we can show that f projects on 2/R both a small neighborhood of the point 2 and the interval [4 − 3.0ϵ, 4]. If we assume that the complex eigenvalues of the Wilson action are irrelevant to the index because they have vanishing chirality, we conclude that the condition f([0, 3.0ϵ]) = 0, f(2) = 2/R, f([4 − 3.0ϵ, 4]) = 2/R is both a necessary and a sufficient condition for any γ_5 Hermitean GWR solution, constructed with the Wilson action, and free from doubling, to comply with the index theorem in the case of small topological density.

In the case of a finite topological charge density the three sectors of real eigenvectors of the Wilson that include 0, 2 and 4 spread out. Analytically it is hard to find how far the exact criterion that we just derived for small ϵ can be extended to finite ϵ. Nevertheless our numerical study of the Wilson action shows that up to moderate densities |ρ_1| < 0.22, the sectors including 0, 2 and 4 remain separated. For instance the sector of 0, with chiralities χ ≃ − sign(q_1), and the sector of 2, with chiralities χ ≃ + sign(q_1), are separated by a gap located at λ_0 = 1.1 ± 0.1 . It is thus quite plausible that a correct GWR solution should project the smaller |q_3| real eigenvalues λ of^wD on 0, and that the remaining 3|q_3| real eigenvalues should be projected onto the other end of the circle, close to 2/R. We may now determine which is the function f(λ) that maximally complies with the index theorem, up to the highest possible topological density 0.22 . This f(λ) is a step function that jumps precisely at the gap λ_0 = 1.1 ± 0.1.

Finally when the density is large, |ρ_1| > 0.22 or more at one or many plaquettes of the lattice, the index theorem is spoiled. This is natural on the lattice, because for large densities the different definitions of topological charge density diverge and the topological charge is not conserved. In what concerns the three sectors of real eigenvectors of the Wilson action, that include respectively 0, 2 and 4, they swell so much that they start to overlap. The real eigenvalues either mix and transform into complex eigenvalues (with vanishing chirality), or they carry their chirality to the wrong sector. We remark that this is not a physical problem, providing the gauge configurations with large plaquette densities are suppressed by the gauge part of the action.

We now present our criterion, which is very simple to use. “ A γ_5 Hermitean GWR solution^{gwr}D with constant R and constructed with the Wilson^wD action complies maximally with the index theorem if and only if^{gwr}D →^2_R θ(λ − λ_0) when we replace^wD ,^wD^† → λ , where λ is a real number, 0 ≤ λ ≤ 4 and λ_0 belongs to a well determined and narrow subinterval of ]0, 2[ ”. Our criterion also applies to GWR solutions constructed with any other action^oD (other than the Wilson action), that approximately complies with the index theorem and that is γ_5 hermitian,^oD^† = γ_5^oD γ_5.

V. CONCLUSION

This paper is devoted to clarify how far the Index Theorem can be extrapolated from the continuum to finite lattices with finite topological charge densities.

The Wilson action^wD is examined, and we find that it approximately complies with the Index Theorem. We find that ρ_1 is the best lattice definitions of the topological charge density. It turns out that, in d = 2 the Index Theorem may endure topological charge densities up to |ρ_1| = 0.22. We also study the GWR solution of Neuberger which exactly complies with the Index Theorem, and a simple GWR solution which does not. Finally we produce a criterion for GWR solutions, constructed with the Wilson action, that comply with the Index Theorem.

Our criterion can be applied to the Neuberger GWR solution defined with R^nD = I + (^wD − m_0)/ √ (^wD − m_0)^† (^wD − m_0). With the λ substitution we find that^nD →^2_R θ(λ − m_0). This complies with our criterion when m_0 = λ_0, and it is quite evident that this is the simplest action which complies with it. The criterion shows that the Neuberger overlap action is the simplest GWR solution constructed with the Wilson action that maximally complies with the Index Theorem.

Moreover, in the Schwinger model and using the dimensionless units of a = r = 1, we find that 1.0 < λ_0 < 1.2. This increases the precision of the observation of Chandrasekharan [12], stating that the Neuberger action only complies with the Index Theorem if 0 < m_0 < 2, (0 < m_0 < 2 can also be derived from the root and pole structure of the free Neuberger action). The choice of m_0 completely fixes the GWR parameter R because the free continuum limit of the lattice implies that m_0 = a/R. So the best choice seems to be R ≃ 0.9a.

Our criterion can also be applied to the simple^{s2}D solution of the GWR. So far the^sD are the simplest solution of the Ginsparg Wilson relation with the correct free root and pole structure. Although its difference to the Neuberger^nD action is subtle in the free limit, outside the free limit the simple action^{s2}D has no zero modes. This insensitivity to the topology of the gauge fields is trivial to understand with our criterion, substituting λ we get s2D → 2/R (except for λ = 0 which corresponds to the free limit).

Moreover our criterion can be applied to show that the Chiu-Zenkin criterion and the locality conjecture are not sufficient conditions to force an action to comply with the Index Theorem, although they certainly constitute necessary conditions. For instance the simple action, in the very particular case of constant topological density, has eigenvalues at 2/R, however it has no zero modes. For instance the Neuberger action, in the parameter range 0 < m_0 < 3.0/N^2, is local in the free limit, however it has no zero modes outside the free limit.

Finally we outline possible continuations of this study. With a topologically blind action ( either with the simple action, or with the Neuberger action with a small m_0 ) and two flavors, it would be interesting to find out if the pseudoscalar [23,6] quadruplet π, η, is degenerate. We are also researching the analytical extension of the proof of our criterion to finite topological densities 0 << |ρ_1| < 0.22. Moreover the repetition of the present study in four dimensions would be physically relevant.

I acknowledge Misha Polikarpov for explaining computing techniques and topology on the lattice. I am also grateful to Herbert Neuberger for explaining the locality conjecture and for pointing to a numerical error. I thank Dimitri Diakonov, Isabel Salavessa and Emilio Ribeiro for discussions on the topological index.

APPENDIX A: SOME PROPERTIES OF LATTICE ACTIONS

A plausible property of lattice actions is γ_5 hermiticity. For instance the Wilson action is γ_5 Hermitean. When an action verifies D^† = γ_5Dγ_5, we can show that D and D^† have the same eigenvalues λ, D v = λ v ⇔ D^† γ_5 v = λ γ_5 v , (A1)

and that the eigenvalues of D and D^† are mapped by γ_5. When we conjugate eq (A1), we find that for every right eigenvalue there is a left eigenvalue λ^∗ with eigenvector v^† γ_5, and so the conjugate transformation λ → λ^∗ leaves the spectrum invariant. The spectrum of eigenvalues λ is symmetric with respect to the real axis of the Argand plot.

We proceed to define chirality in the lattice. Eq. (A1) can be used to show that the γ_5 is involved in a extended orthogonality condition,

(λ^∗_2 − λ_1) v^†_2 γ_5 v_1 = 0 . (A2)

A possible definition for the chirality of an eigenvector v is, χ = v^† γ_5 v v^† v , (A3)

and eq. (A2) shows that the complex eigenvalues have a vanishing chirality, χ = 0. Only the real eigenvalues may have a non vanishing chirality.

We now specialize in GWR solutions. The GWR implies that if v is a zero mode of the GWR action D v = 0, then D γ_5 v = 0. Thus we can use 1 − γ_5 and 1 + γ_5 to decompose the Kernel in a set of left vectors and a set of right vectors. This shows that the zero modes have a chirality χ = ±1. Moreover we can verify that if D is a GWR action, then −D + 2/R also complies with the GWR. Thus the eigenvalues 2/R of D also have a chirality χ = ±1.

It is also convenient to define an intermediate matrix, V = RD − I ⇔ D = 1 R (I + V ) (A4)

because the GWR is equivalent to V^{−1} = γ_5V γ_5. In the case that V is γ_5 Hermitean, we also obtain that V^{−1} = V^† and, this shows that the eigenvectors of V belong to the unitary circle of the complex Argand plane. The eigenvalues of D are in a circle with center 1/R + 0 i and radius 1/R. We will be interested in the −1 eigenvalues of V which correspond to zero modes of D.

Moreover the crucial property for the Index Theorem has been show, R 2 tr{γ_5D} = n_− − n_+ , (A5)

both with analytical [4] and algebraic [13] methods.

APPENDIX B: ROOTS, DOUBLES AND POLES

The GWR has a linear version,

D^{−1}γ_5 + γ_5D^{−1} = Rγ_5 . (B1)

For simplicity in this paper we will study the case of a constant R, except for the Wilson action that will be studied in Appendix C. A solution of this equation (B1) is the sum of a homogeneous solution plus the particular one. A simple particular solution is D^{−1}_p = R/2. Any chiral invariant matrix D^{−1}_c is a solution of the homogeneous equation. The solution to the GWR is then, D = D_c I +^R_2 D_c

. (B2)

From eq. (B2) we find that any root of D_c will be a root of D and that any pole of D_c will correspond to D =^2_R . The roots and poles of D_c are constrained by physics. Firstly D_c should lead to the correct continuum limit for small momentum k. In particular the Fourier transform of the action for free massless quarks tends to, D(k) ≃ 1 a ∑ j γ_j k_j (B3)

and D has a root for vanishing k. Secondly, according to the Chiu-Zenkin criterion [20] , we should have points where D =^2_R , which implies that D_c has a pole there. Thirdly, the total number of roots and poles of a chiral invariant action in a periodic or anti periodic lattice is expected to be even (when double roots count as two roots). For instance the naive massless Dirac action in d dimensions has 2^d roots, at all possible combinations of k_j = 0 and k_j = π. This is the source of the doubler problem, see appendix C, because only the root at vanishing k is physical. A possible strategy to solve the doubler problem consists in replacing the other roots (the doubles) by poles in D_c, see Appendix D.

We now find operators with roots. Trigonometric functions can be generated on the Brillouin zone with finite differences. It is convenient do define, I_{nn}′ = δ_{n,n}′ C_{j nn′} = U (n)_j δ_{n+ĵ,n}′ − U (n^′)^†_jδ_{n,n}′_{+ĵ} 2 , B_{j nn′} = 2δ_{n,n}′ − U (n)_j δ_{n+ĵ,n}′ − U (n^′)^†_jδ_{n,n}′_{+ĵ} 4 , F_j = I − B_j G_j = 4B_j .F_j = 4F_j.B_j , (B4)

where these matrices are Hermitean, except for C_j which is anti Hermitean. In the limit of free fermions, which corresponds to U_j = 1, all these operators commute. In this case the Fourier transform of the above matrices depend on a single momentum,

I(k) = 1 , C_j(k) = i sin k_j ,

B_j (k) = sin^2 k_j 2 , F_j(k) = cos^2 k_j 2 , G_j(k) = sin^2 k_j , (B5)

and we find that, for instance in one dimensional momentum space, these Fourier transforms have respectively no roots, a root at 0 and another at π, a double root at 0, a double root at π, and two double roots respectively at 0 and at π. These local interactions which always have an even number of roots (double roots count as two roots) agree with the Nielsen-Ninomiya rule. The poles in D_c can be obtained with the inverse of these matrices.

APPENDIX C: THE WILSON ACTION

The Wilson [2] action is the simplest and most used action in lattice field theory. It also provides a good example to observe roots and doubles, wD = 1 a ∑ j γ_j C_j + 2r a ∑ j B_j , (C1)

where C_j and B_j are defined in eq. (B5) and where r is a parameter of the order of 1. The vector γ_j term of eq. (C1) is the naive massless Dirac action on the lattice, where the derivative C_j is computed by means of finite differences. Both in d dimensions and in the free case, it has 2^d roots at all possible combinations of k_j = 0 and k_j = π , see eq. (B5). This is the source of the doubler problem because only the root at vanishing k is physical. Wilson [2] included the scalar B_j term in eq. (C1) to remove the unwanted doubles.

However this scalar term B_j is not chiral invariant. Chiral invariance can be implemented with the Lüscher transformation. However the^wR of the GWR is not constant in this case, and the RD operator can at most [27] be exponentially local. From the GWR relation, see eq. (1) we get, [27] proof on the non locality, of GWR solutions wD^wR = I +^wD 1 wD^† , (C2)

where the Wilson action^wD^† is invertible, see Section II. In this case the nontrivial operator of the Lüscher transformation is the simple GWR solution that we study in this paper, see eq.(D3) in Appendix D. The generator of the Lüscher Transformation is then,

γ_5 ( I − 1 2 wR^wD ) = 1 2 ( γ_5 +^w D^{−1}γ^w_5 D ) , (C3)

where the operator^wD^{−1}γ^w_5 D is essentially a rotated γ_5.

APPENDIX D: A SIMPLE GWR SOLUTION

Here we construct the simplest possible solution of the GWR with the correct root and pole structure in the free limit. This simple action will be compared in the paper with the Wilson and Neuberger actions. The starting point of this new action will be the D_c, and for simplicity this will consist of a numerator which is the naive massless Dirac action, ∑ j γ_j C_j/a, and a denominator which is a Dirac scalar constituted by matrices of eq. (B4) . We use the denominator to provide double poles at the precise location of the extra roots of the numerator. There are several possible choices, nevertheless a possible chiral invariant^sD_c with the desired poles is, sD_c = 1 a ∑ j γ_j C_j ∑ j 4B_j ∑ j G_j , (D1) where for the moment the ordering of the matrices is not settled yet. This solution can be further simplified, using G_j = −C^2_j and eq. (A4), sD_c = − 1 a 1 ∑ j γ_j C_j ∑ j 4B_j ,

sV = 2R ∑ j B_j + a ∑ j γ_j C_j 2R ∑ j B_j − a ∑ j γ_j C_j . (D2)

Finally we have to fix the ordering of the matrices, because different orderings may correspond to different actions. There are two interesting choices, that share the same free limit, are constructed with the massless Wilson action with parameter r = R/a, and comply with the GWR. The two simple solutions are, s1V =^wD 1 wD^† ,

s2V = 2 + {_w D −^w D^† , (_w D +^w D^† )_{−1}} 2 − {_w D −^w D^† , (^wD +^w D^†)^{−1}

} . (D3)

s1V is presently the simplest solution of the Ginsparg- Wilson Relation. It is also relevant for the Lüscher chiral transformation for the Wilson action, see Appendix C. However^{s1}V is not γ_5 Hermitean, for this reason we also define^{s2}V which is γ_5 Hermitean. It turns out however that the corresponding^sD are topologically trivial (see Section III) so these constitute new examples of a GWR solutions that do not comply with the Index Theorem.

APPENDIX E: THE NEUBERGER ACTION

The Neuberger overlap action recently boosted the interest in the GWR. The action^nD is defined [10] with eq. (A4) and with the matrix, nV = X 1 √ X^†X , (E1)

where X is the Wilson [2] action with a negative mass term, or a massless Wilson action with an identity term subtracted, X =^w D − m_0 a I . (E2)

This X is γ_5 is hermitian and, this implies that,

γ_5^nV γ_5 =^nV^† . (E3)

With eq. (E1), we can also check that,

nV^† = 1 √ X^†X X^† =^nV^{−1} . (E4)

Eqs. (E3,E4) show that^nD complies with the GWR.

Because X^†X is the square of the hermitian matrix γ_5X, the Neuberger action is well defined, except when X^†X has a vanishing eigenvalue. Different methods can be used to evaluate the Neuberger action. A possible method consists in using the eigenvectors of the hermitian γ_5X,

γ_5 X v_i = λ_i v_i nV = γ_5 ∑ i v_i λ_i |λ_i| v^†_i . (E5)

Inverting eqs. (A4) and (B2), we can derive the homogeneous D_c from V corresponding to the Neuberger action, and we get, nD_c = 2 R (√ X^†X + X ) 1 √ X^†X − X . (E6)

We now examine the Neuberger action in the case of free fermions. Then X commutes with X^† and we get a simple result, nD_c = 2 R X−X^† 2 −^{X+X†}_2 + √ X^†X , (E7) X − X^† 2 (k)= ∑ j γ_j i a sin k_j , X + X^† 2 (k)= 2r a ∑ j sin^2 k_j 2 − m_0 a , √ X^†X(k)= 1 a √∑ j sin^2 k_j + ( 2r ∑ j sin^2 k_j 2 − m_0 )_2 .

A necessary condition for finding either a root in the numerator or a pole in the denominator of free^nD_c is ∑ j C_j(k)^2 = 0 and this happens when k_j = 0 or k_j = π.

When m_0 − 2r ∑ j B_j (k) is positive we have a root, and when it is negative we have a pole. Thus the condition to have a single root, at the origin, is 2r > m_0 > 0. In this case^nD_c(k) has 2^d −1 poles, with the same momenta of the doubles of the naive Dirac action on the lattice. Moreover, if we impose the correct continuum limit of eq. (B3), we get a second condition, m_0 = a/R.

APPENDIX F: THE LOCALITY OF FREE ACTIONS IN 2 DIMENSIONS

Here we compare the action of Wilson, the action of Neuberger and the simple action in the free case. This free case is topologically trivial, and it is solved with Fourier transforms, see eq. (B5), which allow an analytic study of the roots, poles and the locality of the different free actions. For the different free actions, we get the Fourier transforms, wD(k) = ∑ j 1 a i γ_j sin k_j + 2 a sin^2 k_j 2 , (F1)

sD(k) = 1 a ∑ j i γ_j sin k_j +^{2r}_a ∑ j sin^{2 kj}_2 ∑ j sin^2 k_j 4 ∑ j sin^{2 kj}_2 + (_r a )_2 ∑ j sin^{2 kj}_2

, (F2)

nD(k) = 1 R ∑ j i γ_j sin k_j + 2r ∑ j sin^{2 kj}_2 − m_0 √ ∑ j sin^2 k_j + ( 2r ∑ j sin^{2 kj}_2 − m_0

)_2 + 1 R (F3)

Only local actions which are local in the free limit satisfy the Lüscher universality [21] that ensures the unique and correct continuum limit. Moreover, it has been conjectured by Niedermayer [5] that the topological properties of the different solutions of the GWR are dictated by the locality of the action. We now Fourier transform back to the position space the different free actions ~D(k). In a very large 400 × 400 lattice we compute |D|,

|D|_{n,n}′ = |D_0 + i ∑ j γ_j D_j |_{n,n}′ = d ∑ j=0 | | |Dj_{n,n}′ | | |^2 (F4)

and we draw it in Fig. 6 in a logarithmic plot as a function of |n − n^′|.

We find that the Neuberger action^nD is local, in the sense that the interaction decreases exponentially. The simple action^sD is only weakly local (in the free case^{s1}D =^{s2} D) because it decreases with a power law α |n − n^′|^5. This is a subtle difference because up to 15 lattice spacings, the simple action decreases as fast as the Neuberger action. If we define the mean range of the action i < r >= ∑ n,n^′ |n − n^′| |^iD|_{n,n}′ / ∑ n,n^′ |^iD|_{n,n}′ , (F5)

we get for the different actions,

w < r >= 1.7546^n < r >= 1.9741 s < r >= 1.9679 (F6)

and in d = 2 this average is well defined. The results for the Neuberger action and for the simple action are again very similar for d = 2. However for d = 4 we no longer expect the weakly local free simple action to be close to the exponentially local free Neuberger action.

APPENDIX G: TOPOLOGICAL CONFIGURATIONS IN D=2

The d = 2 case is very convenient for the simple study of discrete topology. The Euclidean Dirac matrices γ_{1→5} of d = 4 are now replaced by the Pauli matrices σ_{1→3}. The d = 2 charge density is similar to the rotational of the vector potential, ρ(x) = F_{12}(x) , (G1)

it is similar to a magnetic field. On the lattice this magnetic field density is extracted from the plaquette,

P (n) = U (n)_1U (n + ^1)_2U (n + ^2)^∗_1U (n)^∗_2 (G2)

and a possible definition of topological charge density is,

ρ_1(n) = 1 2π arg P (n) , (G3)

where −1/2 < ρ_1(n) < 1/2. This definition of the topological density is not unique, the necessary condition is that it must reproduce the correct continuum limit. For instance another possible definition of topological density is ρ_2(n) =^1_{2π} ImP (n). The definition (G3) of the topological charge is interesting because it is quantized. It is clear that the total topological charge of the lattice, which is defined with,

q_i = ∑ n ρ_i(n) , (G4)

is an integer in the case of ρ_1 but not in the case of ρ_2. The charge q_1 is the sum of the decimal part of a set of numbers, and these numbers have a vanishing sum, therefore q_1 is an integer. This is similar to d = 2 compact QED, where the magnetic monopoles arise naturally on the lattice. Here the topological charge is equivalent to a magnetic flux through the toroidal d = 2 lattice.

We now construct non-trivial gauge configurations. In this work we are particularly interested in extrapolating continuum properties to finite lattices. The locality conjecture predicts that the Index Theorem has greater chances to hold in the case of smooth gauge configurations. Moreover we would like to remove any arbitrariness from this study. So we specialize to gauge configurations with uniform topological charge density. These configurations are unique, except for gauge transformations. In the N ×N lattice a simple configuration is built with the prescription [11] of Chiu,

U_j (n) = exp [iA_j (n)] ,

A_1(n_1, n_2) = −2π Q n_2 − 1 N^2 , A_2(n_1, N ) = 2π Q n_1 − 1 N , (G5)

where the undefined A_j (n) are zero. With this definition (G5) and in the particular case of integer Q, the topological density is constant. If −N^2/2 < Q < N^2/2 we find that ρ_1 = Q/N^2 and that the topological charge is q_1 = Q.

The case where Q is an arbitrary topological parameter can be used when we are interested in an arbitrary interpolation between the cases of uniform density. Then the density is uniform, except at the single point (N,N).

The gauge configuration (G5) is periodic in Q, with a period of N^2. In the relevant range −N^2/2 < Q < N^2/2 we find that the topological charge q_1 of eq. (G3) is a step-like function of Q,

q_1 = int ( Q N^2 − 1 N^2 + 1 2 ) . (G6)

In Fig. 4 (c) we depict this topological charge q_1 as a function of the topological parameter Q, and in Fig. 4 (d) we show the other non integer definition q_2 of the topological charge.

[1] H. Nielsen and M. Ninomiya, Nuc. Phys. B 185, 20 (1981); Nuc. Phys. B193, 173 (1981).

[2] K.G. Wilson, Phys. Rev. D10 2445 (1974); Quarks and Strings on a Lattice, in New Phenomena in Subnuclear Physics, Erice lectures, July 11-31, 1975, ed. A. Zichichi (plenum, New York, 1977).

[3] P.H. Ginsparg and K.G. Wilson, Phys. Rev. D25, 2649 (1982).

[4] M. Lüscher, Nucl. Phys. B538, 515 (1999) heplat/9808021; M. Lüscher, Phys. Lett. B428, 342 (1998) hep-lat/9802011.

[5] F. Niedermayer, Nucl. Phys. Proc. Suppl. 73, 105 (1999) hep-lat/9810026.

[6] S. Chandrasekharan, Phys. Rev. D60, 074503 (1999) hep-lat/9805015.

[7] J. Zinn-Justin, The Regularization Problem and Anomalies in Quantum Field Theory , in Topology of Strongly Correlated Systems, XVIII Lisbon Autumn School, October 08-13, 2000, ed. P. Bicudo, J. Ribeiro, P. Sacramento, J. Seixas, V. Vieira (World Scientific, Singapore, 2001) ; H. Neuberger, Regulated Chiral Gauge Theory , ibid.

[8] M.F. Atiyah and I.M. Singer, Annals Math. 87, 485 (1968); 87, 546 (1968); M.F. Atiyah and G.B. Segal, Annals Math. 87, 531 (1968); Geometry, Topology and Physics, M. Nakahara, Graduate Student Series in Physics, (Institute of Physics Publishing, Bristol and Philadelphia, 1990).

[9] P. Hasenfratz, V. Laliena and F. Niedermayer, Phys.

Lett. B427, 125 (1998) hep-lat/9801021.

[10] H. Neuberger, Phys. Lett. B417, 141 (1998), heplat/9707022; Phys. Lett. B427, 353 (1998), heplat/9801031.

[11] T. Chiu, Phys. Rev. D58, 074511 (1998) heplat/9804016.

[12] S. Chandrasekharan, Phys. Rev. D59, 094502 (1999) [hep-lat/9810007].

[13] K. Fujikawa, Phys. Rev. D60, 074505 (1999) heplat/9904007; Nucl. Phys. B546, 480 (1999) hepth/9811235.

[14] D. H. Adams, hep-lat/9812003. [15] T. Chiu, hep-lat/9909012.

[16] S.V. Zenkin, Bull. Lebedev Phys. Inst. (1988) NO.910;

S.V. Zenkin, Mod. Phys. Lett. A6, 151 (1991);

[17] T. Chiu, C. Wang and S.V. Zenkin, Phys. Lett. B438, 321 (1998) hep-lat/9806031;

[18] P. Bicudo, Phys. Lett. B478, 379 (2000) [heplat/9909157].

[19] T. Chiu, private communication;

[20] T. Chiu and S.V. Zenkin, Phys. Rev. D59, 074501 (1999) hep-lat/9806019.

[21] P. Hernandez, K. Jansen and M. Luscher, Nucl. Phys.

B552, 363 (1999) [hep-lat/9808010].

[22] G. ’t Hooft, Phys. Lett. B 349, 491 (1995) [hepth/9411228].

[23] F. Farchioni, I. Hip and C. B. Lang, Phys. Lett. B 443, 214 (1998) [hep-lat/9809016].

[24] P. Hernández, Nucl. Phys. B536, 345 (1998) [heplat/9801035].

[25] J. Smit, J. Vink, Nucl. Phys. B286, 485 (1987); B. Allés, et al., Phys. Rev. D58, 071503 (1998).

[26] There are other GWR solutions that comply with the Index Theorem. See for instance the fixed point Dirac operator in W. Bietenholz, U.-J. Wiese, Nucl. Phys. B464, 319 (1996). For a recent study of new GWR solutions see C. Gattringer and I. Hip, Phys. Lett. B480, 112 (2000) [hep-lat/0002002].

[27] I. Horvath, Phys. Rev. D60, 034510 (1999) [heplat/9901014].

Im(λ)

Re(λ)

FIG. 1. On a 4 × 4 lattice with parameters a = r = 1 and in the case of a gauge configuration with topological charge q1 = 1 and with constant topological density, we show the Argand plot of the eigenvalues of the Wilson action^w D. The Wilson action successfully separates the doubling of the spectrum, not only in the free case, but also in topologically nontrivial cases λ

Q FIG. 2. On a 4 × 4 lattice with parameters a = r = 1 we plot the real eigenvalues λ of the Wilson action as a function of the arbitrary charge parameter Q of eq. (G5). The step in Q is .005 . When the topological charge density |ρ1| < 0.22, the number of small real eigenvalues is exactly equal to the absolute value of the topological charge q1 .

χ

Q FIG. 3. On a 4 × 4 lattice with parameters a = r = 1 we plot the chirality χ(λ) of the real eigenvalues λ of the Wilson action as a function of the arbitrary charge parameter Q of eq. (G5). The step in Q is .005 . When the topological charge density |ρ1| < 0.22, the sign(χ) corresponding to the |q1| small real eigenvalues is exactly opposite to sign(q1 ).

(a)

(b) q

(c)

(d)

Q FIG. 4. On a 4 × 4 lattice with parameters a = r = 1 we plot in (a) the integer topological charge q3 defined with the eigenvalues of the Wilson action, we plot in (b) the continuous topological charge q4 = tr[γ5/^w D]/Z normalized to 1 when Q = 1 , we plot in (c) the integer topological charge q1 defined with the density arg(P ) , and we plot in (d) the continuous topological charge q2 defined with the density Im(P ), as a function of the arbitrary charge parameter Q of eq. (G5). When the topological charge density |ρ1| < 0.22, q3 is exactly identical to q1.

q_5

m_0

FIG. 5. On a 6 × 6 lattice with parameters a = r = R = 1 and in the case of an arbitrary gauge configuration with topological charge q1 = q3 = 5 non uniformly distributed, we show the topological charge q5 = tr{γ5^n D}/2 as a function of the Neuberger parameter m0, see eq. (E2). The q5 steps up (down) whenever m0 exactly equals one of the real eigenvalues of the Wilson action with negative (positive) chirality.

(a) ln(|D|_{n−n}′ )

|n − n^′|

(b) ln(|D|_{n−n}′ )

|n − n^′|

FIG. 6. On a 400 × 400 lattice with parameters a = r = 1 and in the case of free fermions we show ln(|D|_{n−n}′ ) as a function of |n − n^′ |. We depict the cases of, (a) Neuberger and (b) our simple action. These two cases decrease equally fast up to the first 15 lattice spacings.