arXiv:hep-ph/0001243 v2 21 Mar 2000

Baryon magnetic moments in the QCD string approach

B.O. Kerbikov, Yu.A.Simonov State Research Center Institute of Theoretical and Experimental Physics, Moscow, Russia

Abstract

Magnetic moments of baryons composed of light and strange quarks are computed for the first time through the only parameter of the model– string tension σ. For example, μ_p = m_p/cpσ, μ_Ω� = �μ_p(1 + 3 4 m^2s c^2σ �^{15}32 m^4s c^4σ^2 )

�1, where_{mp} is the proton mass,_{ms} is the strange

quark current mass, c = 0.957 – a constant which is caluculated in the paper. Resulting theoretical values differ from the experimental ones typically by about 10%.

1 Introduction

Recently in a stimulating analysis of the hyperon static properties [1] H.J.Lipkin displayed remarkably successful relations connecting strange and nonstrange baryon magnetic moments and the corresponding quark masses ν_u and ν_s (in order to avoid similar notations for masses and magnetic moments we denote current quark masses by m_k and dynamical, or constituent, quark masses by ν_k). To understand why these relations so well agree with the experiment and to get insight into the problems encountered in semileptonic decays of baryons [1] one needs a dynamical approach which would enable one to express constituent masses of quarks and baryon magnetic moments in terms of a single QCD scale parameter. It is a purpose of the present letter to express the magnetic moments of baryons and constituent masses of the corresponding quarks in terms of only one parameter – the string tension, and to demonstrate that our results are in line with the relations of Lipkin.

Theoretical investigation of baryon magnetic moments (BMM) has a long history [2]. In the constituent quark model (CQM) BMM are expressed through the values of constituent quark masses, which are input parameters [3] (see also [4] for discussion). Among other approaches to the problem mention should be made of different versions of the bag model [5], lattice calculations [6] and the QCD sum rules [7]. In the latter the BMM are connected to the values of chiral and gluonic condensates and to the quartic quark correlator. Although a lot of efforts has been undertaken along different lines, the theoretical predictions still differ from the experimental values (by 10-15% in the worst case [8]).

In all models however theoretical predictions are somewhat biased by the introduction of supplementary parameters in addition to the only one pertinent to QCD – the overall scale of the theory, which should be specified to make the QCD complete. In the final, ideal case this role is played by Λ_{QCD}; in our treatment, as well as in lattice QCD calculations, we take as this universal parameters the QCD string tension σ, fixed in nature by the meson and baryon Regge slopes.

The purpose of our letter is to calculate BMM through this single parameter, σ, in the simplest possible approximation within the nonperturbative QCD approach, developed in [9]-[14].

2 Relativistic 3q Green’s function and effective Hamiltonian

The starting point of the approach is the Feynman–Schwinger (world-line) representation of the 3q Green’s function [9], where the role of ”time” parameter along the path z^{(i)}_μ (s_i) of i-th quark is the Fock–Schwinger proper time s_i, i = 1, 2, 3. One has [9],[11]

G^{(3q)}(X, Y ) =

∫_3∏ i=1 ds_iDz^{(i)}_μ e�^K⟨W_3(X, Y )⟩ (1)

where X; Y = x^{(1)}, x^{(2)}, x^{(3)}; y^{(1)}, y^{(2)}, y^{(3)}, K = 3∑ i=1 (m^2_i s_i + 1 4 ∫ s_i 0 ( dz^{(i)}_μ dτ_i )_2

dτ_i). (2)

Here m_i is the current quark mass and the three-lobes Wilson loop is a product of three parallel transporters ⟨W_3(X, Y )⟩ = ⟨ 3∏ i=1 Φ^{(i)}_{aibi} (x^{(i)}, y^{(i)})⟩e_{a1a2a3} e_{b1b2b3} . (3)

The standard approximation in the QCD string approach is the minimal area law for (3), which will be used in what follows ⟨W_3⟩ = exp(−σ 3∑ i=1 S_i) (4)

where S_i is the minimal area of one loop.

The next step is basic for our approach, and it allows finally to calculate the quark constituent masses ν_i in terms of the quark current masses m_i, defined at the scale of 1GeV .

In this step one connects proper and real times (in the baryon c.m. system) ds_i = dt 2ν_i(t) (5) where t = z^{(i)}_4 (s_i), 0 ≤ t ≤ T, is a common c.m. time on the hypersurface t = const. The new entity, ν_i(t) as will be seen, plays the role of the quark constituent mass and will be calculated through σ(and α_s when perturbative exchanges are taken into account).

Considering the exponent in (3) as an action one can define the Hamiltonian and go over to the representation [10],[13]

G^{(3q)} =

∫_3∏ i=1 Dν_i(t)D^3z^{(i)}(t)e�^A (6)

with A = 3∑ i=1 ∫ T 0 dt ( m^2_i 2ν_i + ν_i 2 + (ż^{(i)}(t))^2 2ν_i ) + σS_i (7)

The final step in the approach [11], [12] [13] is the derivation of the c.m. Hamiltonian containing ν_i as parameters to be found from the condition of the Hamiltonian minimum. It has the following form H = 3∑ k=1 ( m^2_k 2ν_k + ν_k 2 ) + 1 2m ( − ∂^2 ∂ξ^2 − ∂^2 ∂η^2 ) + σ 3∑ k=1 |r^{(k)}|. (8)

Here ξ, η are Jacobi coordinates defined as in [12], and r^{(k)} is the distance from the k-th quark to the string-junction position which we take below for simplicity coinciding with the c.m.point. In addition (8) contains an arbitrary mass parameter m introduced to ensure correct dimensions, this parameter drops out from final expressions. Leaving technical details to the Appendixes, we now treat the Hamiltonian (8) using the hyperspherical formalism [15].

3 Evaluation of quarks constituent masses

Considering three quarks with equal masses and introducing the hyperradius ρ^2 = ξ^2 + η^2, one has in the approximation of the lowest hyperspherical harmonic (which is known [16] to yield accuracy of the eigenvalue E_n around one percent) d^2χ(ρ) dρ^2 + 2ν{E_n − W (ρ)}χ(ρ) = 0, (9)

W (ρ) = bρ + d 2νρ^2 , b = σ √ 2 3 32 5π , d = 15/4. (10)

The baryon mass M_n(ν) is equal to (for equal quark masses)

M_n(ν) =

3m^2 2ν + 3 2 ν + E_n(ν). (11)

The crucial point is now the calculation of ν, which is to be found from the minimum of M_n(ν), as it is prescribed in the QCD string approach [9]-[14].

At this point it is important to stress that we have changed from ν(t) depending on t on the trajectory in the path integral (6) to the operator ν to be found from momenta and coordinates in (8) as in [13] and finally to the constant ν to be found from the minimum of the mass M, as it was suggested in [10],[11], [14]. The accuracy of this replacement was tested recently in [17] to be around 5% or better for lowest levels.

The equations defining the stationary points of M_n as function of ν for equal masses is ∂M_n ∂ν | | |ν_=ν_{(0)} = 0 (12)

The generalization for baryon made of three quarks with different masses is straightforward. The perturbative gluon exchanges and spin–dependent terms can be selfconsistently included in the above picture [14]. Including the Coulomb term and passing to dimensionless quantities x, ε_n and λ defined as x = (2νb)^{1/3}ρ, ε_n = 2νE_n (2νb)^{2/3} , λ = α_s 8 3 ( 10 √ 3ν^2 π^2σ

)_1/_3

, (13)

where α_s is the strong coupling constant, one arrives at the following reduced equation { − d^2 dx^2 + x + d x^2 − λ x − ε_n(λ) } χ(x) = 0. (14)

It is now a simple task to find eigenvalues ε_n(λ) of (14) either numerically, or analytically (see below). Then (12) would yield the following equation defining the quark dynamical mass ν ε_n(λ) ( σ ν^2

)_2/_3 { 1 + 2λ ε_n(λ) | | | | | dε_n dλ | | | | | } + 9 16 ( 75π^2 2 )_1/_3 (

m^2 ν^2 − 1 ) = 0. (15)

It turns out that numerical solution of (14) may be reproduced analytically with the accuracy of (1-2)% provided one replaces the potential W (x) = x + d/x^2 − λ/x in (14) by oscillator potential near the stationary point W 0(x_0) = 0 – see the Appendix A. Equation (15) applied to the nucleon (m = 0) yields the dynamical mass ν_u of the light quark, and applied to Ω�(m = m_s) gives the strange quark mass ν_s. Before presenting these solutions we remind about spin-spin forces responsible e.g. for N − Δ splitting. Contrary to what might be naively expected the inclusion of spin-spin interaction considerably simplifies the problem due to remarkable cancellation of Coulomb and spin-spin contributions into the dynamical (constituent) quark mass – see the Appendix A. Therefore these terms should be kept only if one wishes to calculate the BMM with the accuracy much higher than 10% in which case one should also take into account pion corrections, higher hyperspherical harmonics, etc. which is out of the scope of the present paper.

Thus in order to determine the quark masses and eventually the baryon magnetic moments one needs only two parameters: the string tension σ and the strange quark current mass m_s (u, d current quark masses are set to zero). Present calculations were performed for

σ = 0.15GeV^2, m_s = 0.245GeV. (16)

The string tension value (16) which is smaller than in the meson case is in line with baryon calculations by Capstick and Isgur [18]. A similar smaller value of σ is implied by recent lattice calculations by Bali [19]. Since the value of the above parameters are allowed to vary within certain limits [14],[19],[20] one can in principle formulate the inverse problem, namely express the BMM in line with the present work and then fit their experimental values to determine the optimal choice of σ and m_s.

Consider first the case of a nucleon made of three quarks with zero current masses and equal dynamical masses ν_u. Keeping in mind cancellation of the Coulomb and spin-spin terms and thus setting in (14) and (15) λ = 0 and making use of the oscillator approximation described in the Appendix A, one finds from (15)

ν_u = 2 √ 2σ π [ 2 3 · 5^{1/3} ( 1 + 2 3 √ 5 )]_3/_4 ≡ c √ σ ≃ 0.957 √ σ = 0.37GeV. (17) This result agrees with the exact solution of (14) at λ = 0 with the accuracy better than 1%. Similar procedure applied to Ω� baryon yields the strange quark dynamical mass ν_s. From (15) and (17) one gets ν_s ≃ c √ σ ( 1 + 3 4 m^2_s c^2σ − 15 32 m^4_s c^4σ^2 ) = 0.46GeV (18)

for m_s = 0.245GeV , and where the constant c is defined in (17). Now we turn to baryon magnetic moments.

4 Baryon magnetic moments

The form (1) for G^{(3q)} does not take into account spins of quarks. When those are inserted, a new additive term appears in the exponent of (6), proportional to the external magnetic field B, namely A acquires the following term [21], [22] δA = 3∑ k=1 ∫ s_k 0 dτ_ke_kœ^{(k)}B = 3∑ k=1 ∫ T 0 e_kœ^{(k)}B 2ν_k dt, (19) where e_k is the electric charge of the quark, œ^{(k)} is the corresponding spin operator, and the definition (5) of the constituent mass was used.

Introducing the z-component of the magnetic moment operator

μ_z = 3∑ k=1 e_kσ^{(k)}_z 2ν_k , (20) one can write the BMM as matrix elements

μ_B ≡ ⟨Ψ_B|μ_z|Ψ_B⟩ (21)

where Ψ_B is the eigenfunction of (8), and ν_k is taken at the stationary point, given by (12).

For the baryon wave function we shall take here the simplest approximation, namely Ψ_B = Ψ^{symm}(r)ψ^{symm}(σ, f)ψ^a(color), (22) where ψ(σ, f) is the spin-flavour part of the wave function. The form (22) neglects the nonsymmetric components in the coordinate ψ(r) and spin-flavour parts of wave function, which appear in the higher approximation of the hyperspherical formalism [15], and for lowest states contribute only few percent to the normalization [15]. The spin-flavour functions for different baryons were known for a long time [3], and are briefly outlined in the Appendix B. Using these functions it is a simple task to calculate the matrix element (21), e.g. the proton and neutron magnetic moments are given by

μ_p = m_p ν_u = 1 2 √ π 2σ [ 2 3 · 5^{1/3} ( 1 + 2 3 √ 5 )]�3/4 ≃ 2.54μ_N , μ_n = − 2 3 μ_p ≃ −1.69μ_N . (23) Magnetic moments of other baryons as well as new relations between them are obtained from (15), (17) and (18).

In particular one has

μ_Ω� ≃ −μ_p(1 + 3 4 m^2_s c^2σ − 15 32 m^4_s c^4σ^2

)�^1 = −2.04μ_N , (24)

μ_Σ+ (4c^2σ + m^2_s) = −2μ_Ξ0 (3c^2σ + 2m^2_s), (25) where terms of the order m^4_s/c^4σ^2 were omitted in deriving the last relation.

Results on the BMM are summarized in Table 1. As these results differ from the experimental values typically by only about 10% and are subjected to plentiful corrections (meson exchanges, higher harmonics, etc.), one may conclude that the outlined QCD approach is successful even in its simplest form.

It is important to realize that the QCD string model used above is a fully relativistic string model for light current masses, and the ”nonrelativistic” appearence of the Hamiltonian (1) is a consequence of the rigorous eibein formalism [23] which was introduced in the most general form in [24].

The approach enables to investigate other electromagnetic properties of baryons: transition magnetic moments, polarizabilities [26], etc.

The authors are grateful to Yu.S.Kalashnikova for numerous enlighting discussions and suggestions and to A.M.Badalian and N.O.Agasian for useful remarks.

The financial support of the grants RFFI 97-02-16406 and RFFI 96-15- 96740 are gratefully acknowledged, Yu.S. was partially supported by the RFFI grant 97-0217491.

Table 1. Magnetic moments of baryons (in nuclear magnetons) computed using Eqs.(12),(20),(21) in comparison with experimental data from PDG [25]

Baryon p n Λ Σ� Σ^0 Σ^+ Ξ� Ξ^0 Ω� Present work 2.54 -1.69 -0.69 -0.90 0.80 2.48 -0.63 -1.49 -2.04 Experiment 2.79 -1.91 -0.61 -1.16 2.46 -0.65 -1.25 -2.02

References

[1] H.J.Lipkin, Theoretical Analysis of Static Hyperon Data for HY- PERON99, hep-ph/9911261

[2] S.Coleman and S.L.Glashow, Phys. Rev. Lett. 6 (1961) 1423;

A.D.Dolgov, L.B.Okun, I.Ya.Pomeranchuk and V.V.Soloviev, Yad. Fiz. 1 (1965) 730;

H.J.Lipkin, Phys. Rep. C8 (1973) 174

[3] N.Isgur and G.Karl, Phys. Lett. B72 (1977) 109;

L.A.Copley, N.Isgur and G.Karl, Phys. Rev. D18 (1978) 4187; L.A.Copley, N.Isgur and G.Karl, Phys. Rev. D20 (1979) 768; N.Isgur and G.Karl, Phys. Rev. D21 (1980) 3175; J.M.Richard and P.Taxil, Phys. Lett. B128 (1983) 453; L.Ya.Glozman and D.O.Riska, Phys. Rep. 268 (1996) 263

[4] L.Brekke and J.Rosner, Comm. Nucl. Part. Phys. 18 (1988) 83

[5] A.Chodos, R.L.Jaffe, K.Johnson and C.B.Thorn, Phys. Rev. D10 (1974) 2599;

G.Brown, M.Rho, and V.Vento, Phys. Lett. B97 (1980) 423; I.Hulthage, F.Myhrer and Z.Xu, Nucl. Phys. A364 (1981) 322; S.Theberge and A.W.Thomas, Phys. Rev. D25 (1982) 284; N.Barik and B.K.Dash, Phys. Rev. D34 (1986) 2803; M.I.Krivoruchenko, B.V.Martemyanov and M.G.Schepkin, Phys. Rev. D41 (1990) 997

[6] D.B.Leinweber, R.M.Woloshyn and T.Draper, Phys. Rev. D43 (1991) 1659

[7] B.L.Ioffe and A.V.Smilga, Phys. Lett. B133 (1983) 436 [8] K.B. Luk, Nucl. Phys. A547 (1992) 291 [9] Yu.A.Simonov, Nucl. Phys. B307 (1988) 512 [10] Yu.A.Simonov, Phys. Lett. B226 (1989) 151 [11] Yu.A.Simonov, Phys. Lett. B228 (1989) 413 [12] M.Fabre de la Ripelle and Yu.A.Simonov, Ann. Phys. (N.Y.) 212 (1991) 235 [13] A.Yu.Dubin, A.B.Kaidalov and Yu.A.Simonov, Phys. Lett. B323 (1994) 41 [14] Yu.A.Simonov, QCD and Topics in Hadron Physics, Lectures at the Int.

School of Physics, Lisbon, 1999, hep-ph/9911237 [15] Yu.A.Simonov, Yad. Fiz. 3 (1966) 630;

A.M.Badalian, Yu.A.Simonov, Yad. Fiz. 3 (1966) 1032; F.Calogero, Yu. A.Simonov Phys. Rev. 183 (1968) 869 [16] A.M.Badalian and D.I.Kitoroage, Yad. Fiz. 47 (1988) 1343;

B.O.Kerbikov, M.I.Polikarpov and L.V.Shevchenko, Nucl. Phys. B331 (1990) 19;

J.-M.Richard et al., Phys. Lett B95 (1980) 299; J.Kuti, Exotica and the Confining Flux, hep-lat/9811021 [17] V.L.Morgunov, A.V.Nefediev and Yu.A.Simonov, Phys. Lett. B459 (1999) 653 [18] S.Capstick and N.Isgur, Phys. Rev. D34 (1986) 2809 [19] G.Bali, QCD forces and heavy quark bound states, hep-ph/0001312, January 2000.

[20] H.Leutwyler, The masses of the light quarks, CERN-TH/96-25 [21] Yu.A.Simonov, Nucl. Phys. B324 (1989) 67;

A.M.Badalian, Yu.A.Simonov, Phys. At. Nucl. 59 (1996) 2164 [22] H.G.Dosch and Yu.A.Simonov, Yad. Fiz. 57 (1994) 152

[23] L.Brink, P.Di Vecchia, P.Howe, Nucl. Phys. B118 (1977) 76;

A.M.Polyakov, Gauge fields and strings, Harwood Academic, 1987; A.Yu.Dubin, JETP Lett. 56 (1992) 545

[24] Yu.S.Kalashnikova, A.V,Nefediev, Phys. At. Nucl. 60 (1997) 1389; 61 (1998) 785

[25] PDG group, Review of particle Physics, The European Physical Journal C3 (1998)

[26] S.I.Kruglov, Electromagnetic polarizabilities of nucleons in QCD string theory, hep-ph/9910514.

Appendix A Eigenvalue equation for baryons

The eigenvalue equation for baryons in hyperspherical basis [15] in its standard form is given by (9) and reduced form with Coulomb term included by (14). Though (14) can be easily solved numerically, it is instructive to present the analytical solution resorting to the oscillator approximation near the stationary point W 0(x_0) = 0. This approximation is known to yield the accuracy of 1-2% [16]. It will be demonstrated below that the Coulomb term which tends to increase the quark dynamical mass almost exactly cancel with the spin-spin interaction term. Therefore one can consider (21) at λ = 0. Then the ground state energy is equal to W (x_0) plus the first quantum correction ω/2, where ω^2 = 2W 00(x_0).

This yields ε(0) = 3 2 ( 15 2 )^{1/3}(1 + 2 3 √ 5 ). (A.1)

Substitution of this result into (13) and (11)-(12) leads to the expression (17) for the light quark current mass ν_u.

Next we demonstrate the cancellation of the Coulomb and spin-spin contributions into the quark mass. Again this conclusion results directly from numerical calculations but it is always preferable to present transparent estimates. The derivative dE_n/dν (see (11), (12), (13)) may be written as dE_n dν = ε(λ) ∂ ∂ν (2νb)^{2/3} 2ν − (2νb)^{2/3} 2ν ∂λ ∂ν | | | | | dε dλ | | | | | , (A.2)

where the (-) sign stems from the fact that dε/dλ < 0. Expanding ε(λ) in Taylor series in λ and keeping only linear term (the small parameter is λ/ε(0) ≃ 1/4) one gets dE_n dν ≃ − (2νb)^{2/3} 6ν^2 ε(0) { 1 + λ ε(0) | | | | dε dλ | | | | } . (A.3)

The value of ε(0) is given by (A.1), the estimate of dε/dλ in the small λ regime is strightforward, then recalling that according to (13) λ ∝ (ν^2/σ)^{1/3} and solving the simple equations one obtains that due to Coulomb interaction ν_u increases by ≃ 0.03GeV . This is confirmed by numerical solution of (14).

The spin-spin interaction in baryon results in the shift of E_n equal to δE_n = 16 9 α_s ∑ i>j s_is_j ν_iν_j δ(r_{ij}). (A.4)

For proton the summation over (i, j) yields a factor −4/3, all three delta– functions smeared over infinitesimal regious [16] are equal to each other and scale with ν as ν^{3/2}_u · δ, where the constant δ for nucleon has been with high accuracy computed by Green’s function Monte Carlo method in [16]. As a result spin-spin interaction leads to a contribution into dE_n/dν proportional to ν�^{3/2}. This in turn results in the decrease of the quark dynamical mass ν_u by 0.035 GeV, i.e. the contributions from the Coulomb and spin-spin interaction into the quark mass almost exactly cancel each other. Thus we are led to a value ν_u = 0.37GeV given by (17).

Appendix B Spin-flavour wave functions and BMM in impulse Approximation.

As stated in the main text we have restricted the basis by considering only totally symmetric component of the baryon wave function in the coordinate space (see [3] for the discussion of corrections to this approximation). Therefore the spin-flavour part of the wave function has to be symmetric too. Then the calculation of the BMM in ”impulse” (additive) approximation proceeds along the well trotted path [3]. For example, the nucleon spin-flavour symmetric wave function entering into (22) is a combination ψ^{symm}(σ, f) = (φ00(σ)χ00(f)+φ0(σ)χ0(f))/ √ 2, where prime and double prime denote mixed symmetry functions symmetric and antisymmetric with respect to the 1 → 2 permutation. The Σ� spin-flavor wave function is obtained from that of neutron one by substitution of the u-quark by s-one and so on for other baryons. Due to the antisymmetry of the complete wave function (22) the calculation of the matrix element (21) reduces to the averaging of the operator (δ_{3u}/ν_u + δ_{3s}/ν_s) or (δ_{3d}/ν_u + δ_{3s}/ν_s). In this way one arrives at the well-known relations μ_n μ_p = − 2 3 , μ_Λ μ_p = − ν_u 3ν_s , μ_Σ+ μ_p = 8 9 + ν_u 9ν_s , μ_Σ� μ_p = − 4 9 + ν_u 9ν_s , μ_Σ0 μ_p = 2 9 + ν_u 9ν_s , μ_Ξ� μ_p = 1 9 − 4 9 ν_u ν_s , μ_Ξ0 μ_p = − 2 9 − 4 9 ν_u ν_s (B.1)

Various corrections to impulse approximation have been discussed in the literature [3],[4].