arXiv:hep-ph/0003015 2 Mar 2000

ZU-TH November 1999

Radiative corrections of O(ff) for pion beta decay in the light-front quark model

Wolfgang Jaus

Institut für Theoretische Physik der Universität Zürich, Winterthurerstr. 190, CH-8057 Zürich Switzerland

Abstract

If the CKM matrix element V_{ud}, that can be derived from superallowed nuclear decays, neutron decay and pion beta decay, is used for a precision test of the unitarity of the CKM matrix, the combination of the present world data seems to indicate a small violation of the unitarity condition for the first row. While an accurate calculation of the radiative corrections of O(α) (RC) is crucial in order to determine the value of V_{ud} as precisely as possible, the theoretical analysis has been limited in the past by the rather crude estimate of the effect of the hadronic structure. Only the contribution due to the axial current depends on the hadronic environment. We develop a strategy to deal with the influence of the hadronic structure on the decay properties of the simplest hadron, the pion, and calculate the contribution of the axial vector current to the RC, using a light-front model for the pion. Its qq̄ bound state structure is well described by two parameters, constituent quark mass and confinement scale, that have been fixed by a comparison with the data. We take into consideration three different groups of two-loop diagrams, and derive their light-front representations. We discuss the associated zero-mode problem and show that the respective light-front amplitudes are free of spurious contributions. There is only a small model dependent uncertainty of the final result for the RC for pion beta decay.

1 Introduction

For three fermion generations, unitarity of the Cabibbo-Kobayashi-Maskawa (CKM) matrix requires the sum of the squared moduli of the first three elements to be equal to one:

V^2 ≡ |V_{ud}|^2 + |V_{us}|^2 + |V_{ub}|^2 = 1. (1.1)

A test of this property is of crucial importance since a violation of unitarity would be evidence for new physics, and the use of such a result to constrain possible extensions of the Standard Model would require a precise value of V^2 and its uncertainty.

The unitarity sum V^2 critically depends upon the precise value of the matrix element V_{ud} for the decays u → dēν and d → ueν̄. These quark level transitions give rise to superallowed Fermi beta decays, the decay of the free neutron n → peν̄ and pion beta decay π^+ → π^0ēν. In each case the measured rate can be used to determine the value of V_{ud}, after radiative corrections (RC) and the effect of the hadronic environment have been separated out.

A general formula for the RC of order α to the transition rates has been given by Sirlin [1]. The total decay rate 1/τ can be separated into the uncorrected expression, denoted by 1/τ_0, and an an overall factor as 1/τ = 1/τ_0 ( 1 + δ) δ = α 2π [ g(E_0) + 3ℓn M_Z M_p + A_g ]

+ α 2π [ 3(Q_u + Q_d)ℓn M_Z M_A + 2C ] , (1.2)

where Q_u and Q_d are the quark charges of u and d quarks. The Sirlin function g(E, E_0) has been defined in [2] as a function of the electron or positron energy E and represents the RC to the electron or positron spectrum in allowed beta decay. In the total decay rate 1/τ it is replaced by the averaged value g(E_0); E_0 is the end-point energy of the spectrum.

The correction terms of O(α) consist of three distinct parts. The first two terms g(E_0) + 3ℓn(M_Z /M_p) represent the contribution of the vector current and are independent of hadron dynamics. The Z boson mass M_Z is a consequence of shortdistance effects while the proton mass M_p cancels in the sum of the two terms. The third term A_g is a small asymptotic QCD correction term; A_g = −0.34 [1, 3]. Finally there is a contribution ℓn(M_Z /M_A) + 2C induced by the axial vector current, where the logarithm is again the result of short-distance effects, with M_A acting as an effective low-energy cutoff (presumably roughly equal to the a_1 meson mass), and 2C stands for the remaining low-energy part.

The value of M_A is uncertain; Marciano and Sirlin [3] suggested a range 400MeV ≤ M_A ≤ 1600MeV , while Sirlin [4] proposed an even wider range

M_{a1}/2 ≤ M_A ≤ 2M_{a1}, (1.3) with the central value at the a_1 meson mass M_{a1} = 1.26GeV . The quantity 2C is model dependent and has been calculated in the Born approximation in Refs. [3, 5] using nucleon electromagnetic and axial form factors. For pion beta decay C = 0 in the Born approximation since the axial vector current does not couple to a pseudoscalar meson. The resulting values for C are C = C_{Born} = { 0.885 (superallowed and neutron decays) 0 (pion beta decay).

(1.4)

For superallowed beta decays there are additional nuclear structure dependent contributions to C which have been proposed and discussed in Ref. [6].

The uncorrected decay rate 1/τ_0, defined by Eq.(1.2), still incorporates Coulomb corrections and Z-dependent radiative corrections of O(Zα^2) and O(Z^2α^3) for superallowed nuclear decays, and depends on hadronic form factors, which encode the effect of the quark structure of the decaying hadron.

Recently the current status of V_{ud} has been reviewed by Towner and Hardy [7], based upon the current world data for the three decay modes indicated above. To date, nine superallowed 0^+ → 0^+ transitions have been measured to ±0.1% precision or better, and the result for V_{ud} obtained from the average ft value is

|V_{ud}| = 0.9740 ± 0.0005. (1.5)

From this value of V_{ud} the unitarity sum, Eq.(1.1), becomes

V^2 = 0.9968 ± 0.0014, (1.6)

where the PDG 98 [8] recommendations for V_{us} and V_{ub} have been used in Ref.[7]. The value for the CKM matrix element V_{us} determined from an analysis of kaon and hyperon decays is |V_{us}| = 0.2196 ± 0.0023, while the value for V_{ub} is |V_{ub}| = 0.0032±0.0008 and does not affect the unitarity sum at its present level of accuracy.

According to the analysis of Towner and Hardy, the error bar associated with the value of V_{ud} is caused mainly by the uncertainty in the RC (±0.0004) due to the prescription (1.3) for the effective low-energy cutoff and the uncertainty in the nuclear isospin symmetry-breaking correction (±0.0003), while the average experimental uncertainty is quite small (±0.0001).

The problems associated with a precise treatment of nuclear structure effects can be avoided if the beta decay of free hadrons is considered instead. A survey of world data on neutron decay observables has been presented in Ref. [7] and it has been noted that the derivation of the value of V_{ud} from n decay is limited largely by the uncertainty in the overall average value of λ = g_A/g_V . However, there is a new result for the beta asymmetry obtained by the PERKEO II collaboration [9] which leads to the value |λ| = 1.2735 ± 0.0021. This single value, combined with the world average for the neutron lifetime, leads to the following value for V_{ud} [7]:

|V_{ud}| = 0.9714 ± 0.0015. (1.7)

The unitarity sum is then V^2 = 0.9919 ± 0.0030. (1.8)

The error given in (1.7) is three times larger than the error in (1.5) and is dominated by the uncertainty in the measurement of the beta asymmetry but, as in the analysis of the superallowed decays, still contains the contribution of the uncertainty in the RC. The results for V_{ud} and the unitarity sum V^2 given in Eqs.(1.5)-(1.8) are consistent with each other and seem to indicate a substantial violation of the unitarity condition (1.1) for three generations. Moreover, they support the conclusion reached in Ref. [7], that the treatment of the effect of the nuclear environment in superallowed nuclear decays is reliable, with only a small error, and that there is no evidence that the unitarity problem can be solved by improvements in the calculation of nuclear structure effects.

In order to obtain more information on the unitarity problem accurate measurements of the pion beta decay observables would be of great importance. Like the superallowed nuclear decays pion beta decay is a pure vector transition and the matrix element of the axial vector current, which complicates the analysis of neutron decay, does not contribute to the lowest order amplitude. In higher orders both the vector and the axial vector parts of the weak current contribute. The expression for the radiative corrections of O(α) is given in Eq.(1.2). Moreover, since the decaying pion is free, the nuclear structure dependent corrections that complicate nuclear beta decay are absent. Based on the lifetime [8]

τ_{exp} = (2.6033 ± 0.0005) × 10^{−8}s (1.9)

and the branching ratio [10]

BR = (1.025 ± 0.034) × 10^{−5}, (1.10)

the value of V_{ud} was determined in Ref. [7] to be

|V_{ud}| = 0.9670 ± 0.0161 (1.11)

and the unitarity sum

V^2 = 0.9833 ± 0.0311. (1.12)

The price to pay for the advantage of a simple theoretical analysis of pion beta decay is a large error in V_{ud} due to the considerable experimental difficulty in measuring the π branching ratio with a precision comparable to the one obtained in superallowed beta decays. However, there is a proposal for an experiment at PSI [11] with the aim of making a precise determination of the pion beta decay rate. In the first phase of the experiment it is intended to measure the branching ratio with an accuracy of 0.5%. The proposed experimental method was designed to finally achieve an overall level of uncertainty in the range of 0.2 − 0.3%.

The decay rate for pion beta decay including the RC of order α is given by Eq. (1.2), where an approximate expression for the uncorrected decay rate has been derived long ago by Källén [12]:

1/τ_0 =

G^2_F |V_{ud}|^2 30π^3 ( 1 − Δ 2M_+ ) Δ^5f(ϵ, Δ), (1.13) f(ϵ, Δ) = √ 1 − ϵ [ 1 − 9ϵ 2 − 4ϵ^2 + 15 2 ϵ^2ℓn ( 1 + √ 1 − ϵ √ ϵ ) − 3 7 Δ^2 (M_+ + M_0)^2 ] , (1.14)

with ϵ = m^2_e/Δ^2 and Δ = M_+ −M_0, where M_+ and M_0 are the masses of π^+ and π^0; G_F is the Fermi coupling constant. Equation (1.14) includes the leading correction in an expansion in powers of Δ^2/(M_+ + M_0)^2 [1]. The effect of the quark structure has been neglected entirely, and in Sect.2 we shall study the error made by this approximation. In particular, we shall investigate the effect of isospin violation due to the quark mass difference m_d − m_u, in order to make sure that isospin breaking effects do not produce unexpectedly large contributions.

For a precision test of the unitarity of the CKM matrix, i.e. of the Standard Model, an accurate calculation of the RC, in particular a reliable determination of the effect of the hadronic structure, is crucial. The terms in the electromagnetic radiative corrections of O(α) that are generated by the vector current (the first two terms in (1.2)) are firmly founded on a current algebra formulation and the details of the underlying quark structure are of only minor importance. We shall not further consider that part of the RC of O(α) which is induced by the vector current. While the short-distance contribution of the axial vector current is well established too, its role at low energies strongly depends upon the detailed quark structure of the decaying hadron and its influence on the decay properties has been estimated only very roughly in terms of an effective low-energy cutoff M_A and the quantity C. We do not know of any published work that attempts to obtain the contribution of the axial vector current using a model of hadronic structure. However, it is evident that a reliable interpretation of the experimental data and a conclusive analysis of the unitarity problem necessarily requires a more refined treatment of the effect of the quark structure in order to substantially reduce the theoretical uncertainties and to firmly establish the size of the hadronic corrections.

In this paper we shall calculate the axial vector contribution to the RC in the case of pion beta decay in the framework of the light-front quark model (LFQM), which is a relativistic constituent quark model based on the light-front formalism [13]. The LFQM provides a conceptually simple, phenomenological method for the determination of hadronic form factors and coupling constants, and has become a much used tool for investigating various electroweak properties of light and heavy mesons (see e.g. [14, 15] and references therein). In Ref.[16] we have presented a covariant extension of the LFQM which permits the calculation of all the form factors that are necessary to represent the Lorentz structure of a hadronic matrix element. In this approach a meson is composed of valence quarks with constituent quark masses and the structure of the bound qq̄ meson state is approximated by a covariant model vertex function, which depends on a parameter 1/β which essentially determines the confinement scale, i.e. the size of the composite meson. Form factors are given in the one-loop approximation as light-front momentum integrals. As an example, it was shown in Ref. [16] that a prediction of the electromagnetic form factor of the pion for small values of the momentum transfer can be made that is in good agreement with the data.

The simple structure of the qq̄ bound state should allow definite conclusions about the relative importance of the hadronic environment in a calculation of the RC. Radiative corrections of order α to the form factors that describe pion beta decay arise from the virtual exchange of Z, γ or W and are represented by twoloop diagrams. We shall extend the approach of Ref.[16] and derive unique LFQM expressions (that are free of spurious contributions) for the two-loop diagrams associated with the axial vector current, and derive in this way the effect of the hadronic structure on the O(α) corrections for pion beta decay. This determination of the effect of the hadronic environment by means of a two-loop calculation should be just as reliable as the one-loop calculation of the electromagnetic form factor of the pion.

We shall show in this work that the uncertainty of the hadronic corrections due to the particular quark structure of the pion is small for pion beta decay. This result is in contrast to the situation for superallowed nuclear decays and neutron decay where the large value of C, Eq.(1.4), signals a much greater importance of the detailed quark structure with all its model dependent uncertainty. We shall analyze superallowed nuclear decays and neutron decay in a future work in a similar manner as for pion beta decay. But even without knowing the result of such an investigation it is clear that pion beta decay, once precise data are available, will always have a unique position due to the simple quark structure of the pion which generates hadronic corrections with very small uncertainties.

In Sect.2 we present the general formalism for pion beta decay without radiative corrections, which is analyzed in terms of two form factors that describe the quark structure of the pion. We investigate the effect on the decay rate of both the isospin violation due to the quark mass difference and the momentum transfer dependence of the form factors. In Sect.3 the detailed calculation of the RC due to the axial vector current is presented. We consider three different groups of two-loop diagrams, and derive their light-front representations. We discuss the associated zero-mode problem in the Appendix and show that the respective light-front amplitudes are unique, i.e. free of spurious contributions. We approximate higher order gluon exchange effects by means of ρ exchange diagrams, which are shown to be of only minor importance if appropriate off-shell form factors are used. Sect.4 contains our result for the RC for pion beta decay.

2 General formalism for pion beta decay without radiative corrections

The amplitude without radiative corrections for the decay π^+ → π^0ēν is given by T_1 = G_F √ 2 V_{ud}⟨ π^0(P^{′′})|d̄γ_μ(1 − γ_5)u|π^+(P^′) ⟩L^μ (2.1)

where the matrix element of the leptonic current is

L_μ = ū_ν (k_ν )γ_μ(1 − γ_5)v_e(l) (2.2) and k_ν , l are the 4-momenta of the neutrino and the positron respectively. We represent the hadronic matrix element for pion beta decay in terms of appropriate form factors

⟨ π^0(P^{′′})|d̄γ_μu|π^+(P^′) ⟩ = √ 2 { (P^′ + P^{′′})_μF_1(q^2) + q_μF_2(q^2) } (2.3)

⟨ π^0(P^{′′})|d̄γ_μγ_5u|π^+(P^′) ⟩ = 0 (2.4) where q = P^′ − P^{′′} is the 4-momentum transfer which varies within the range m^2_e ≤ q^2 ≤ (M_+ − M_0)^2.

It is convenient to analyze semileptonic decays of pseudoscalar mesons in terms of the form factors F_1(q^2) and F_0(q^2), where the scalar form factor F_0(q^2) is defined by F_0(q^2) = F_1(q^2) + q^2 M^2_+ − M^2_0

F_2(q^2). (2.5)

The differential partial width in terms of these form factors is then

dΓ_0(π^+ → π^0ēν) dq^2 = G^2_F |V_{ud}|^2M^3_+ 32π^3 ρ(q^2) (2.6)

and the density ρ(q^2) consists of spin 0 and spin 1 contributions as follows

ρ(q^2) = ρ_0(q^2) + ρ_1(q^2) (2.7)

ρ_0(q^2) = m^2_e q^2 ( F_0(q^2)

)_2( 1 − m^2_e q^2

)_2( 1 − M^2_0 M^2_+ )_2 pπ M_+

(2.8)

ρ_1(q^2) = 8 3 ( F_1(q^2)

)_2( 1 − m^2_e q^2

)_2( 1 + m^2_e 2q^2 )( p_π M_+

)_3

(2.9)

where p_π is the recoil momentum of the π^0 in the π^+ rest frame:

p^2_π = 1 4M^2_+ { (M^2_+ − M^2_0 )^2 + q^4 − 2q^2(M^2_+ + M^2_0 ) } . (2.10)

If the quark structure of the pion is neglected, i.e. in the limit F_1(q^2) = F_0(q^2) = 1 and for the approximation p^2_π ≃ (M_+ + M_0)^2(Δ^2 − q^2)/4M^2_+, the integrated partial width leads to the approximate expression for the total decay rate 1/τ_0, Eq.(1.13).

In this Section we shall briefly discuss the exact integrated partial width (2.6) based upon the formulas for the form factors F_1(q^2) and F_2(q^2), which we have derived in the framework of the quark model in Ref. [16].

P^′ P^{′′}

−ℓ kν

(a) (b)

Figure 1: The one-loop contributions to pion beta decay.

The hadronic matrix element (2.3) is given in the one-loop approximation, corresponding to the diagrams of Fig.1, as a light-front momentum integral, denoted by A_μ. The 4-momentum of a meson of mass M^′ in terms of light-front components is P^′ = (P^{′−}, P^{′+}, P^′_⊥), where the transverse vector is P^′_⊥ = (P^{′1}, P^{′2}). Its constituent quarks have masses m^′_1, m_2 and 4-momenta p^′_1, p_2, respectively, and the total 4-momentum of the meson state is given by p^′_1 + p_2 = P^′, i.e. the quarks are in general off the mass-shell. The appropriate variables for the internal motion of the constituents, (x, p^′_⊥), are defined by

p^{′+}_1 = xP^{′+} , p^+_2 = (1 − x)P^{′+} p^′_{1⊥} = xP^′_⊥ + p^′_⊥ , p_{2⊥} = (1 − x)P^′_⊥ − p^′_⊥

and the kinematic invariant mass is

M^{′2}_0 = p^{′2}_⊥ + m^{′2}_1 x + p^{′2}_⊥ + m^2 1 − x . (2.11)

For the transition between an initial π^+ = ud̄ with 4-momentum P^′, mass M^′, and internal variables and masses of its constituent quarks (x, p^′_⊥, m^′_1, m_2) and a final π^0 = (dd̄ − uū)/ √ 2 with 4-momentum P^{′′}, mass M^{′′}, and the corresponding internal quantities (x, p^{′′}_⊥, m^{′′}_1, m_2), the momentum integral A_μ, in a Lorentz frame with q^+ = 0, consists of two parts that describe the u → d transition of Fig.1a and the d̄ → ū transition of Fig.1b, and is given by

A_μ = 1 √ 2 ( H_μ(m_u, m_d, m_d) + H_μ(m_d, m_u, m_u) ) (2.12)

where H_μ(m^′_1, m^{′′}_1, m_2) = N_c 16π^3

∫_1 0 dx ∫ d^2p^′_⊥ h^′_0h^{′′}_0 (1 − x)N^′_1N^{′′}_1

S_μ (2.13)

with S_μ = tr [γ_5( ̸p^{′′}_1 + m^{′′}_1)γ_μ( ̸p^′_1 + m^′_1)γ_5(− ̸p_2 + m_2)] , (2.14) where N_c is the number of colors, i. e. N_c = 3. The light-front momentum integral H_μ, Eq.(2.13), is computed at the pole of the spectator quark: N_2 ≡ p^2 − m^2 = 0. (2.15) In our formalism [16] four-momentum is conserved and the 4-vectors appearing in the trace (2.14) are then given by

p_2 = ( m^2_⊥ p^+_2

, p^+_2 , p_{2⊥})

p^′_1 = P^′ − p_2 (2.16) p^{′′}_1 = p^′_1 − q, where m^2_⊥ = m^2 + p^{′2}_⊥. It follows from Eq.(2.16) that N^′_1 ≡ p^{′2}_1 − m^{′2}_1 = x(M^{′2} − M^{′2}_0 ) N^{′′}_1 ≡ p^{′′2}_1 − m^{′′2}_1 = x(M^{′′2} − M^{′′2}_0 ) (2.17)

M^{′′2}_0 = p^{′′2}_⊥ + (1 − x)m^{′′2}_1 + xm^2 x(1 − x) , and p^{′′}_⊥ = p^′_⊥ − (1 − x)q_⊥. In our phenomenological approach we have chosen a pseudoscalar vertex operator for the qq̄ pair bound in a S-state state, with the matrix structure of γ_5 and vertex functions h^′_0 and h^{′′}_0, where [16]

h^′_0 = h^′_0(M^′_0) = [ M^{′4}_0 − (m^{′2}_1 − m^2)^2 4M^{′3}_0

]_1/_2

M^{′2} − M^{′2}_0 [M^{′2}_0 − (m^′_1 − m_2)^2]^{1/2} ϕ(M^{′2}_0 ) (2.18)

for the qq̄ bound state of mass M^′, and a similar equation for h^{′′}_0. The orbital wave function is assumed to be a simple function of the kinematic invariant mass as ϕ(M^{′2}_0 ) = N^′exp(−M^{′2}_0 /8β^{′2}), (2.19) where N^′ is the normalization constant and the parameter 1/β^′ determines the confinement scale. The normalization condition is obtained for M^′ = M^{′′}, β^′ = β^{′′} = β, m^′_1 = m^{′′}_1 = m_2 = m and q^2 = 0, either as a relation for H_μ(m, m, m): H_μ(m, m, m) = (P^′ + P^{′′})_μ, (2.20) or as a relation for the orbital wave function: N_c 16π^3

∫_1 0 dx ∫ d^2p^′_⊥

M^′_0 2x(1 − x) |ϕ(M^{′2}_0 )|^2 = 1, (2.21)

which for the equal mass case is given explicitly by

ϕ(M^{′2}_0 ) = π^{−3/4}β^{−3/2} (8π^3 3 )_1/_2 exp ( − (M^{′2}_0 − 4m^2)/8β^2 ) . (2.22)

While the form factor F_1(q^2) in the one-loop approximation can be derived directly from the plus component of the momentum integral A_μ (2.12), the calculation of the form factor F_2(q^2) requires an appropriate account of the effect of zero-modes, as we have shown in [16]. We shall not write down the formulas for the form factors, they can be found in Ref.[16], but quote the results of the numerical calculation. In the limit of exact isospin symmetry the quark masses and the pion masses are equal, i.e. m_u = m_d = m and M_+ = M_0 = M_π, and the form factors can be predicted: F_1(q^2) = F_π(q^2), where F_π is the charge form factor of the pion with F_π(0) = 1, and F_2(q^2) = 0. In our model the effect of isospin symmetry breaking is generated by a finite quark mass difference Δm = m_d − m_u, while the parameters for the wave functions of π^+ and π^0 are kept equal: β_+ = β_0 = β_π. We use the parameters which we have found to reproduce the properties of pions in very good agreement with the data in Ref.[16]:

m = (m_u + m_d)/2 = 260 MeV

β_π = 308.8 MeV. (2.23)

For the calculations of this Section we assumed a mass difference m_d −m_u = 4 MeV .

The momentum transfer in pion beta decay is small and the form factors can be approximated by monopole forms

F_i(q^2) =

F_1(0) 1 − q^2/Λ^2_i

, i = 0, 1. (2.24)

The explicit calculation gives Λ_1 = 719 MeV (the corresponding quantity for the charge form factor of the pion is Λ_π = 720 MeV ), while

F_1(0) ≈ 1 −

Δm^2 (902 MeV )^2

= 1 − 2.0 × 10^{−5}, (2.25)

from which it is seen that the effect of symmetry breaking on F_1(0) is of second order, in accordance with the Ademollo-Gatto theorem [17]. In contrast, F_2(0) is of first order in the pion mass difference M_+ − M_0 and takes the value

F_2(0) = −1.44 × 10^{−3}, (2.26)

which leads to the monopole approximation (2.21) for F_0(q^2) with Λ_0 = 1.123 GeV .

The width Γ_0 can be obtained from Eq.(2.6) by a numerical integration over q^2 with the result Γ_0(π^+ → π^0ēν) = 1/τ_0(1 − 1.2 × 10^{−5}), (2.27)

where 1/τ_0 is the approximate expression given by Eqs.(1.13) and (1.14). The correction is essentially due to the quark structure of the pion. Obviously, the effect of the symmetry breaking, Eq.(2.25), is largely compensated by the effect of the q^2- dependence of the form factors, and the sum of all structure dependent contributions to the transition probabilities, Eq.(2.26), is indeed very small, and can be safely neglected. We shall continue to analyze pion beta decay in the isospin symmetry limit m_u = m_d = m, with m given by (2.23).

3 The radiative corrections of O(ff) from the axial vector current

The axial vector current essentially contributes to pion beta decay in O(α) only in the two-loop processes which are represented by the vertex correction diagrams of Fig.2 and the exchange diagrams of Fig.3. The amplitude corresponding to the photon-exchange diagrams of Fig.2, involving the axial vector current, is given by

T^{(γ)}_2 = G_F √ 2 V_{ud} α 4π^3 ∫ d^4k A_{μλ} L^{μλ} (k^2 + iε)(k^2 − 2lk + iε)

M^2_W M^2_W − (q − k)^2 + iε

. (3.1)

The leptonic tensor is

L_{μλ} = ū_ν (k_ν )γ_μ(1 − γ_5)(− ̸l+ ̸k + m_e)γ_λv_e(l) = −2l_λL_μ + k_λL_μ + k_μL_λ − g_{μλ}kL + iε_{μλαβ}k^αL^β (3.2)

and the leptonic current L_μ has been defined in Eq.(2.2). The hadronic tensor A_{μλ} contains only the axial vector part of the weak current. Current algebra methods have been used in Ref.[18] to derive its asymptotic behavior, which leads to the following expression for A_{μλ}: A_{μλ} = −(Q_u + Q_d) iε_{μλαβ}k^α ⟨ π^0(P^{′′})|d̄γ^βu|π^+(P^′) ⟩ i k^2 − M^2_A + O ( 1 k^2 ) , (3.3)

where an arbitrary hadronic mass M_A is introduced to avoid a spurious infrared divergence in Eq.(3.1). The low-energy part of A_{μλ} depends on the quark structure of the pion and is unknown.

If the result (3.3) is inserted into Eq.(3.1) for T^{(γ)}_2 and added to the corresponding Z-exchange contribution T^{(Z)}_2 of Fig.2, one obtains the correction terms of O(α) in Eq.(1.2) that are induced by the axial vector current, where the unknown low-energy contribution is parametrized in terms of the constant M_A.

It is the main purpose of this work to evaluate those contributions of the vertex correction and exchange diagrams that come from the axial vector current, in the

P^′ P^{′′} γ, Z W −ℓ kν

(a) γ, Z W

(b)

W Z

(c)

W Z

(d)

Figure 2: Vertex corrections for pion beta decay.

light-front quark model of Ref.[16]. The model calculation coincides with the result of Eq.(3.3) in the asymptotic limit and completes the current algebra approach by filling in the details that depend upon the quark structure of the pion.

In addition we shall estimate the contribution of higher order gluon exchange by means of the ρ exchange diagrams of Fig.4

3.1 The vertex corrections of Fig.2

We shall calculate the contribution of the vertex correction diagrams of Fig.2 by treating separately the vertex correction for an off-shell quark. In the limit l = k_ν = q = 0 the matrix element for the exchange of a photon, that consists of a part that describes the u → d transitions of Figs.2a,b and an analogous part for the d̄ → ū transitions, is given by

T^{(γ)}_2 = G_F V_{ud} N_c 16π^3

∫_1 0 dx ∫ d^2p^′_⊥ h^{′2}_0 (1 − x)N^{′2}_1 α 4π [ Q_uΠ^{(a)} + Q_dΠ^{(b)} ] (3.4)

and the contribution of the vertex correction is

Π^{(a)} = i π^2 ∫ d^4k S^{(a)}_{μλ} L^{μλ} (k^2 + iε)^2(k^2 − 2p^′_1k + N^′_1 + iε)

M^2_W M^2_W − k^2 + iε

, (3.5)

Π^{(b)} = i π^2 ∫ d^4k S^{(b)}_{μλ} L^{μλ} (k^2 + iε)^2(k^2 + 2p^{′′}_1 k + N^{′′}_1 + iε)

M^2_W M^2_W − k^2 + iε

, (3.6)

with

S^{(a)}_{μλ} = tr [γ_5( ̸p^{′′}_1 + m^{′′}_1)(−γ_μγ_5)( ̸p^′_1− ̸k + m)γ_λ( ̸p^′_1 + m^′_1)γ_5(− ̸p_2 + m_2)] , S^{(b)}_{μλ} = tr [γ_5( ̸p^{′′}_1 + m^{′′}_1)γ_λ( ̸p^{′′}_1+ ̸k + m)(−γ_μγ_5)( ̸p^′_1 + m^′_1)γ_5(− ̸p_2 + m_2)] ,

where p^{′′}_1 = p^′_1 and N^{′′}_1 = N^′_1, since q = 0. The evaluation of the traces gives the result S^{(a)}_{μλ} = −iε_{μλαβ} ( 4N^′_1p^{′α}_1 p^β_2 + k^αS^β ) , S^{(b)}_{μλ} = −iε_{μλαβ} ( − 4N^′_1p^{′α}_1 p^β_2 + k^αS^β ) , where S^β has been defined in Eq.(2.14). Only the term iε_{μλαβ}k^αL^β of the leptonic tensor L_{μλ}, Eq.(3.2), contributes to the momentum integrals Π^{(a)} and Π^{(b)}, which can be written as

Π^{(a)} = 2 iπ^2 ∫ d^4k k^2 · LS − kS · kL + 4N^′_1(p^′_1k · P^′L − p^′_1L · kP^′) (k^2 + iε)^2(k^2 − 2p^′_1k + N^′_1 + iε)

M^2_W M^2_W − k^2 + iε , (3.7)

Π^{(b)} = 2 iπ^2 ∫ d^4k k^2 · LS − kS · kL − 4N^′_1(p^′_1k · P^′L − p^′_1L · kP^′) (k^2 + iε)^2(k^2 + 2p^{′′}_1 k + N^{′′}_1 + iε)

M^2_W M^2_W − k^2 + iε , (3.8) where we have used that p_2 = P^′ − p^′_1. The momentum integrals of Eq.(3.6) can be calculated in terms of the usual space-time components by the standard Feynman parameter method. Using the detailed results that have been collected in Appendix A we find

Π^{(a)} = Π^{(b)} ≡ Π = 2 { (3b_1 + b_2 p^{′2}_1 )LS − b_2 p^′_1S · p^′_1L −4a_1 N^′_1(p^{′2}_1 · P^′L − p^′_1L · p^′_1P^′) } , (3.9)

where a_1, b_1 and b_2 are functions of p^{′2}_1 and are given by Eqs.(A3)-(A5).

The matrix element T^{(γ)}_2 for the exchange of a photon has been expressed in terms of the light-front momentum integral (3.4) which is to be computed at the pole of the spectator quark. However, it is well known (see e.g. Ref.[16] and references therein) that this straightforward light-front representation of a hadronic matrix element is in general incomplete and contains spurious contributions that violate Lorentz covariance. These difficulties are a consequence of the fact that the effect of the associated zero-modes is not included. (Examples of zero-mode contributions can be found in Appendix B, Eq.(B5), and in Ref.[16]. A more general discussion in the context of light-front quantization is given in Ref.[19].) This is the zeromode problem which in the present case can be circumvented by the decomposition of the matrix element T^{(γ)}_2 into a covariant (physical) part, that is not associated with a zero-mode, and a spurious part that is cancelled by the appropriate zeromode contribution. We are only interested in the physical part of T^{(γ)}_2 that can be identified by choosing a special representation of the 4-vector L:

L = (L^−, 0, 0_⊥). (3.10)

The method which we have developed in Ref.[16] can be used to show that the resulting expression for T^{(γ)}_2 is unique, i.e. the contribution of the associated zeromode vanishes exactly.

We thus conclude that the condition (3.10) guarantees that all spurious contributions are eliminated and the momentum integral (3.4), calculated at the pole of the spectator quark, uniquely defines the complete light-front representation of the matrix element T^{(γ)}_2 . In order to express the quantity Π, Eq.(3.9), in terms of light-front variables, we compute the following scalar products, using Eqs.(2.15)-(2.17), p^′_1L = x P^′L, LS = 4xM^{′2}_0 P^′L,

p^′_1P^′ = 1 2 (M^2_π + N^′_1), (3.11)

p^′_1S = 2(p^{′2}_1 M^2_π + m^2M^2_π − N^{′2}_1 ).

In this manner one finds Π as a function of p^{′2}_1 = m^2 + N^′_1 = m^2 + x(M^2_π − M^{′2}_0 ):

Π = 8P^′L { 3b_1xM^{′2}_0 − (a_1 + b_2)N^′_1 [ p^{′2}_1 − x 2 (N^′_1 + M^2_π ) ]} . (3.12)

Inserting (3.12) into Eq.(3.4) we can express the matrix element T^{(γ)}_2 in terms of T_1, Eq.(2.1), as

T^{(γ)}_2 = 1 2 T_1 δ^{(2γ)}_{axial}, δ^{(2γ)}_{axial} = α 2π (Q_u + Q_d) N_c 16π^3

∫_1 0 dx ∫ d^2p^′_⊥ h^{′2}_0 (1 − x)N^{′2}_1 { 6b_1xM^{′2}_0

− 2(a_1 + b_2)N^′_1 ( p^{′2}_1 − x 2 (N^′_1 + M^2_π ) )} . (3.13)

In arriving at Eq.(3.13) we have finally established the LFQM expression for the matrix element T^{(γ)}_2 .

In order to complement the above remarks regarding the zero-mode problem, we note that the 3-dimensional light-front momentum integral (3.13) with pointlike πqq̄ vertices (i.e. for h_0 = const.), and the covariant 4-dimensional momentum integral that represents the photon-exchange Feynman diagrams of Fig.2 (with the same pointlike πqq̄ vertices) are equal, which is another proof that there are no zero-mode contributions. We can reverse this argument and conclude that the transition from the covariant Feynman perturbation theory to the LFQM proceeds in two steps: In the first step the manifestly covariant 4-dimensional momentum integral, that corresponds to a given Feynman diagram, is represented exactly in terms of a 3-dimensional light-front momentum integral. In the second step appropriate phenomenological πqq̄ vertex functions are introduced into the light-front representation.

For the amplitude of the Z-exchange diagrams of Fig.2, that can be derived by an analogous analysis, one finds, that the quark structure contributes to the amplitude only to order m^2/M^2_W and m^2/M^2_Z ; this is a small effect which can be safely neglected. Therefore, the published result, that is due originally to Sirlin [1], remains essentially unchanged and is

T^{(Z)}_2 = 1 2 T_1 δ^{(2Z)}_{axial} δ^{(2Z)}_{axial} = α 2π (Q_u + Q_d) ( 3ℓn M_Z M_W + O ( m^2 M^2_W , m^2 M^2_Z )) , (3.14)

where the Minimal Standard Model relation M_W = M_Z cosΘ_W (Θ_W is the weak angle) has been used (see e.g. Ref.[8]).

In the calculation of the vertex-loop integrals the value of the mass of the internal quark line is important only in the low photon momentum range, where the quark mass is essentially equal to the constituent mass. Therefore, for the numerical computation of Eq.(3.13), we take the values (2.22) for the parameters m and β_π, and obtain the result δ^{(2γ)}_{axial} = α 2π (Q_u + Q_d) ( 3ℓn M_W m + 9 4 + Δ + O ( m^2 M^2_W )) , Δ = −4.498, (3.15)

where we have used the normalization condition (2.21).

The combined correction is δ^{(2)}_{axial} = δ^{(2γ)}_{axial} + δ^{(2Z)}_{axial} = α 2π ( 3(Q_u + Q_d)ℓn M_Z m + 3 4 + Δ 3 ) . (3.16)

3.2 The exchange corrections of Fig.3

The exchange diagrams of Fig.3 are different from the diagrams of Figs.1 and 2 in that both quark lines are involved in the decay process, and there is no well defined spectator quark line. In order to establish the LFQM expression for the amplitude T_3 that corresponds to the exchange diagrams of Fig.3 we shall use the analysis of the covariant two-loop diagram with pointlike πqq̄ vertices ( a Feynman diagram) presented in Appendix B, as a guide.

P^′ P^{′′} p^′_1 p^{′′}_1

−p^′_2 −p^{′′}_2

−ℓ k_ν

(a) (b)

Figure 3: Exchange corrections for pion beta decay.

Just as in the case of the one-loop momentum integrals we can calculate the two-loop 4-momentum integrals, expressed in terms of light-front variables, by performing the integrals over the minus components of the loop momenta by contour methods, whereby the momentum integrals are given as residues of the respective quark poles. We have emphasized in the previous Subsection that this straightforward procedure leads in general to an incomplete result since it misses the contribution of the zero-modes, and without including this effect the contour method not only violates Lorentz covariance, but is an uncertain approximation of the 4- momentum integrals. The zero-mode problem can be circumvented only if the special representation (3.10) is used. In Appendix B we prove that the contribution of the zero modes vanishes exactly for the resulting amplitude T_3. Therefore, the contour method already leads to the complete result for the momentum integrals, which are given as residues of the respective quark poles, and uniquely defines their light-front representation.

We shall calculate the amplitude T_3 in the limit l = k_ν = 0, q = l + k_ν = 0 and P^′ = P^{′′}, with P^{′2} = M^2_π . Only the contribution of the axial vector current will be considered. It consists of two parts, which depend upon the sign of the plus component of the photon momentum k = p^{′′}_1 − p^′_1 = p^′_2 − p^{′′}_2. For k^+ > 0 the residue is determined by the poles of the quarks with momenta p^′_1 and p^{′′}_2 . The remaining momenta are determined by 4-momentum conservation, i.e. p^′_2 = P^′ − p^′_1 and p^{′′}_1 = P^′ − p^{′′}_2. These conditions lead to the relations:

k^+ > 0 : p^{′2}_1 − m^2 = 0 , p^{′′2}_2 − m^2 = 0, p^{′2}_2 − m^2 = (1 − x^′)(M^2_π − M^{′2}_0 ) , p^{′′2}_1 − m^2 = x^{′′}(M^2_π − M^{′′2}_0 ), k^2 = k^2_> = κ { M^2_π − (1 − x^′)M^{′2}_0 − x^{′′}M^{′′2}_0 } − k^2_⊥, (3.17) where κ = k^+/P^{′+} = x^{′′} − x^′ and 0 ≤ κ ≤ 1 − x^′.

For k^+ < 0 the residue is determined by the poles of the quarks with momenta p^′_2 and p^{′′}_1 . These conditions lead to the relations: k^+ < 0 : p^{′2}_2 − m^2 = 0 , p^{′′2}_1 − m^2 = 0, p^{′2}_1 − m^2 = x^′(M^2_π − M^{′2}_0 ) , p^{′′2}_1 − m^2 = (1 − x^{′′})(M^2_π − M^{′′2}_0 ), k^2 = k^2_< = κ { − M^2_π + x^′M^{′2}_0 + (1 − x^{′′})M^{′′2}_0 } − k^2_⊥, (3.18) and κ varies within the range −x^′ ≤ κ ≤ 0. The resulting amplitude T_3 is then given by T_3 = G V_{ud} αN_c 128π^5

∫_1 0 dx^′ ∫ d^2p^′_⊥

∫_1 0 dx^{′′} ∫ d^2p^{′′}_⊥ h^′_0 h^{′′}_0 x^′(1 − x^′)x^{′′}(1 − x^{′′})(M^2_π − M^{′2}_0 )(M^2_π − M^{′′2}_0 ) × ( Θ(x^{′′} − x^′) k^4_> + Θ(x^′ − x^{′′})

k^4_< )( Q_dS^{(a)}_{μλ} − Q_uS^{(b)}_{μλ} ) L^{μλ}. (3.19) The hadronic tensors associated with the diagrams of Fig.3a,b are

S^{(a)}_{μλ} = tr [γ_5( ̸p^{′′}_1 + m)(−γ_μγ_5)( ̸p^′_1 + m)γ_5(− ̸p^′_2 + m)γ_λ(− ̸p^{′′}_2 + m)] , S^{(b)}_{μλ} = tr [γ_5( ̸p^{′′}_2 + m)γ_λ( ̸p^′_2 + m)γ_5(− ̸p^′_1 + m)(−γ_μγ_5)(− ̸p^{′′}_1 + m)] , (3.20) = −S^{(a)}_{μλ} . The leptonic tensor L_{μλ} has been defined in (3.2). The product of the hadronic and leptonic tensors consists of two parts S^{(a)}_{μλ} L^{μλ} = iε^{μλαβ}k_αL_βS^{(a)}_{μλ} + pseudoscalar, (3.21) where the pseudoscalar terms do not contribute to the amplitude T_3 and will be ignored in the following presentation. The scalar terms are given by S^{(a)}_{μλ} L^{μλ} = 8 (p^{′′}_1 p^{′′}_2 + m^2) ( p^′_1k · P^′L − p^′_1L · P^′k )

−8 (p^′_1p^′_2 + m^2) ( p^{′′}_1 k · P^′L − p^{′′}_1 L · P^′k ) . (3.22) Using the special representation (3.10) we find that S^{(a)}_{μλ} L^{μλ} = 8 P^′L (p^{′′}_1 p^{′′}_2 + m^2) ( p^′_1k − x^′P^′k )

−8 P^′L (p^′_1p^′_2 + m^2) ( p^{′′}_1k − x^{′′}P^′k ) . (3.23)

This equation can be written such that its value at the various quark poles becomes obvious:

S^{(a)}_{μλ} L^{μλ} = 2 P^′L ( M^2_π − (p^{′′2}_1 − m^2) − (p^{′′2}_2 − m^2) )( (1 − x^′)(p^{′′2}_1 − m^2) −(1 − x^′)(p^{′2}_1 − m^2) + x^′(p^{′′2}_2 − m^2) − x^′(p^{′2}_2 − m^2) − k^2 ) +2 P^′L ( M^2_π − (p^{′2}_1 − m^2) − (p^{′2}_2 − m^2) )( (1 − x^{′′})(p^{′2}_1 − m^2) −(1 − x^{′′})(p^{′′2}_1 − m^2) + x^{′′}(p^{′2}_2 − m^2) − x^{′′}(p^{′′2}_2 − m^2) − k^2 ) . (3.24)

The contribution of S^{(a)}_{μλ} L^{μλ} to the integrand of (3.20) for k^+ > 0 is, according to the conditions (3.18), given by k^+ > 0 : S^{(a)}_{μλ} L^{μλ} = 2 P^′L · R(x^′, x^{′′}), (3.25) where R(x^′, x^{′′}) = ( (1 − x^{′′})M^2_π + x^{′′}M^{′′2}_0 )( x^{′′}(1 − x^′)(M^2_π − M^{′′2}_0 ) − x^′(1 − x^′)(M^2_π − M^{′2}_0 ) − k^2_> ) + ( x^′M^2_π + (1 − x^′)M^{′2}_0 )( x^{′′}(1 − x^′)(M^2_π − M^{′2}_0 ) − x^{′′}(1 − x^{′′})(M^2_π − M^{′′2}_0 ) − k^2_> ) . (3.26) For k^+ < 0 we use the conditions (3.19) to find k^+ < 0 : S^{(a)}_{μλ} L^{μλ} = 2 P^′L · R(1 − x^′, 1 − x^{′′}). (3.27) The computation of the amplitude T_3 can be simplified by the observation that the integrals for k^+ > 0 and k^+ < 0 are equal, which can be shown by substituting x^′ for 1 − x^′ and x^{′′} for 1 − x^{′′}.

Inserting Eq.(3.26) into Eq.(3.20) we find for the LFQM expression for the matrix element T_3 T_3 = 1 2 T_1 δ^{(3)}_{axial} (3.28) where

δ^{(3)}_{axial} = (Q_u + Q_d) αN_c 16π^5

∫_1 0 dx^′ ∫ d^2p^′_⊥

∫_1 x0 dx^{′′} ∫ d^2p^{′′}_⊥ h^′_0 h^{′′}_0 R(x^′, x^{′′}) x^′(1 − x^′)x^{′′}(1 − x^{′′})(M^2_π − M^{′2}_0 )(M^2_π − M^{′′2}_0 )k^4_>

. (3.29)

For the numerical calculation of δ^{(3)}_{axial} we take again the values (2.22) for the parameters m and β_π and find the correction δ^{(3)}_{axial} = α 2π 0.256. (3.30)

3.3 The æ exchange corrections of Fig.4

Besides the diagrams of Figs.2 and 3 there is also the sum of all irreducible higher order gluon exchange diagrams. The effect of this contribution can be approximated by means of diagrams of the type drawn in Fig.4, where appropriate meson states are exchanged between the weak axial vector and the electromagnetic vertices. The Born approximation (exchange of a pion), which in general is expected to give the dominant contribution, vanishes, since the pion does not couple to the axial vector current. We shall consider only the lowest mass exchange process, i.e. the ρ exchange diagrams of Fig.4, and calculate the corresponding amplitude first for on-shell vertex structures, which are defined by the appropriate matrix elements.

π^+ π^0 ρ^0

(a) π^+ π^0 ρ^+

(b)

Figure 4: ρ exchange corrections for pion beta decay.

The matrix element of the electromagnetic current for the transition ρ^0 → π^0 is j_λ = Q_uūγ_λu + Q_dd̄γ_λd ⟨P^′|j_λ|P^{′′}; 1J_3⟩ = ϵ^ν Γ^{(γ)}_{λν} = ϵ^ν (Q_u + Q_d)g(k^2)iε_{λναβ}P^αk^β. (3.31)

The matrix element of the axial vector current for the transition π^+ → ρ^0 is ⟨P^{′′}; 1J_3| − d̄γ_μγ_5u|P^′⟩ = √ 2 ϵ^{∗ν}Γ^{(A)}_{λν} = √ 2 ϵ^{∗ν} { − f(k^2)g_{μν} − a_+(k^2)P_μP_ν + a_−(k^2)k_μP_ν } , (3.32)

where ϵ = ϵ(J_3) is the polarization vector of the ρ, P = P^′ + P^{′′}, and k = P^{′′} − P^′.

The amplitude that corresponds to the diagram of Fig.4a is then given in the limit l = k_ν = 0 by

T_{4a} = −G V_{ud}(Q_u + Q_d) ie^2 (2π)^4 ∫ d^4k

Γ^{(γ)}_{λν} g^{νρ}Γ^{(A)}_{μρ} L^{μλ} (k^2 + iε)^2((P^′ + k)^2 − M^2_ρ + iε)

, (3.33) where we have used the bare ρ propagator

D_{μν} (P ) = ( g_{μν} − P_μP_ν P^2 ) Δ_0(P ),

Δ^{−1}_0 (P ) = P^2 − M^2_ρ + iε, (3.34)

and the leptonic tensor L_{μλ} is given by Eq.(3.2) and P^{′2} = M^2_π . Using the hadronic tensors as defined by (3.31) and (3.32) gives the result

T_{4a} = −G V_{ud}(Q_u + Q_d) ie^2 (2π)^4 ∫ d^4k g(k^2)f(k^2) 4(P^′k · kL − k^2 · P^′L) (k^2 + iε)^2((P^′ + k)^2 − M^2_ρ + iε) . (3.35) In the isospin symmetry limit the amplitudes corresponding to the diagrams of Fig.4a and 4b are equal, and the total contribution is given by

T_4 = T_{4a} + T_{4b} = 2 T_{4a}.

The amplitude T_4 depends only on the form factors g(k^2) and f(k^2), which we have determined in the framework of the light-front formalism in Ref.[16]. The results of [16] can be written as

g(k^2; P^{′2}, P^{′′2}) = − N_c 8π^3

∫_1 0 dx ∫ d^2p^′_⊥ h_π(M^′_0)h_ρ(M^{′′}_0 ) (1 − x)x^2(P^{′2} − M^{′2}_0 )(P^{′′2} − M^{′′2}_0 ) × { m + 2 M^{′′}_0 + 2m [ p^{′2}_⊥ +

(p^′_⊥k_⊥)^2

k^2 ]} , (3.36)

f(k^2; P^{′2}, P^{′′2}) = N_c 8π^3

∫_1 0 dx ∫ d^2p^′_⊥ h_π(M^′_0)h_ρ(M^{′′}_0 ) (1 − x)x^2(P^{′2} − M^{′2}_0 )(P^{′′2} − M^{′′2}_0 ) × { − 2xmM^{′2}_0 − 2xmP^{′2} − mkP + mk^2 + 2m(k^2 − kP ) p^′_⊥ k_⊥ k^2 −2 p^{′2}_⊥ +^{(p}

0?_k?_)2 k2 M^{′′}_0 + 2m [ 2xP^{′2} + 2xM^{′2}_0 − k^2 + kP − 2(k^2 − kP ) p^′_⊥ k_⊥ k^2 ]} , (3.37)

where p^{′′}_⊥ = p^′_⊥ − (1 − x)k_⊥, k^2_⊥ = −k^2 and kP = P^{′′2} − P^{′2}. We have designated the πqq̄ vertex function h^′_0 by h_π(M^′_0) and the ρqq̄ vertex function h^{′′}_0 by h_ρ(M^{′′}_0 ); they are given by Eq.(2.18) in terms of the π mass M_π and ρ mass M_ρ, respectively. The on-shell form factors are given by

g(k^2) = g(k^2; M^2_π , M^2_ρ ) , f(k^2) = f(k^2; M^2_π , M^2_ρ ). (3.38)

For the evaluation of the 4-momentum integral (3.35) it is convenient to approximate the form factors by monopole forms:

g(k^2) = g(0) 1 − k^2/Λ^2_g

, f(k^2) = f(0) 1 − k^2/Λ^2_f

, (3.39) where the pole masses Λ_g and Λ_f are determined by the derivatives of the form factors at k^2 = 0. For the numerical calculation we take the values (2.22) for the parameters m and β_π, and β_ρ = 0.26 GeV [16], and obtain the results

g(0) = −1.21 GeV^{−1} , Λ_g = 0.664 GeV, f(0) = −0.85 GeV , Λ_f = 1.72 GeV. (3.40)

The 4-momentum integral (3.35) can now be calculated by the standard Feynman parameter method, with the result

T_4 = 1 2 T_1 δ^{(4)}_{axial}, δ^{(4)}_{axial} = α 2π (−0.69) = −8.0 × 10^{−4} (on-shell). (3.41)

Sirlin has estimated the contribution of the diagrams of Fig.4 on the basis of vector dominance and Weinberg sum rule arguments in Ref.[1] and found the correction to the decay rate ’to be a few times 10^{−4}’, in accordance with (3.41).

However, the intermediate ρ in the diagrams of Fig.4 is off-shell, and for a rigorous evaluation of the corresponding amplitude the off-shell structure of the hadronic vertices must be accounted for. Moreover, a consistent treatment requires the calculation of the ρ self-energy operator in the same qq̄-loop approximation that has been used for the calculation of the hadronic form factors. The corresponding renormalized ρ propagator is obtained from (3.34) by the modification

Δ^{−1}_0 (P ) → Δ^{−1}(P ) = (P^2 − M^2_ρ + iε) F_ρ(0; M^2_ρ , P^2),

where F_ρ(k^2; M^2_ρ , P^2) is the half-off-shell charge form factor of the ρ, with the normalization condition F_ρ(0; M^2_ρ , M^2_ρ ) = 1. An analogous result has been derived for the renormalized pion propagator in Ref.[20]. For k^2 = 0 the charge form factors of π and ρ are given in the one-loop approximation by the same analytical expression (with appropriate π and ρ parameters) which has been derived in Ref.[16] to be

F_ρ(0; M^2_ρ , P^2) = N_c 8π^3

∫_1 0 dx ∫ d^2p^′_⊥ ( h_ρ(M^′_0)

)_2

(1 − x)x^2(M^2_ρ − M^{′2}_0 )(P^2 − M^{′2}_0 ) xM^{′2}_0 .

(3.42)

In order to estimate the importance of this structure effect we have used the lightfront formulas (3.36) and (3.37) to continue the form factors g(k^2) and f(k^2) to their off-shell forms g(k^2; M^2_π , (P^′ + k)^2) and f(k^2; M^2_π , (P^′ + k)^2), with P^{′2} = M^2_π . For an order of magnitude estimate it is sufficient to compare the values of the different form factors at k = 0. We find

g(0; M^2_π , M^2_π ) = 0.125 GeV^{−1}, f(0; M^2_π , M^2_π ) = −0.028 GeV, F_ρ(0; M^2_ρ , M^2_π ) = −0.070,

and consequently

g(0; M^2_π , M^2_π )f(0; M^2_π , M^2_π )/ ( g(0)f(0)F_ρ(0; M^2_ρ , M^2_π ) ) = 0.048. (3.43)

Therefore, without going into any further computational details one can conclude that the resulting correction is reduced by at least the factor (3.43), i.e. δ^{(4)}_{axial} = O ( 10^{−5} ) (off-shell). (3.44)

Evidently the correction due the ρ exchange diagrams of Fig.4 are very small, and can be safely neglected.

4 Concluding remarks

We have developed in this work a strategy to deal with the effect of the hadronic structure on the corrections to pion beta decay in O(α) due to the axial vector current. It is based on the light-front quark model for the pion, whose qq̄ bound state structure is well described by two adjustable parameters, constituent quark mass and confinement scale, that have been shown in Refs.[14], [16] to describe a large body of data. In most applications of the light-front quark model the effect of the hadronic structure could be well approximated by one-loop diagrams. However, the axial vector O(α) corrections to the beta decay of a qq̄ bound state requires the calculation of two-loop diagrams, and we have considered three different types which are represented by the graphs of Figs.2, 3 and 4. The corresponding amplitudes can be expressed in terms of light-front momentum integrals, which we have shown to be unique, i.e. there are no associated zero-mode contributions.

The results of the quark model calculation for the corrections of O(α) due to the axial vector current are given by Eqs.(3.16), (3.30) and (3.44), which can be rewritten in the form of the standard representation (1.2) in terms of the quantities M_A and C: δ^{(2)}_{axial} + δ^{(3)}_{axial} = α 2π 3(Q_u + Q_d)ℓn M_Z M_A , M_A = 425.68 ± 8 MeV, (4.1) and δ^{(4)}_{axial} = α 2π 3(Q_u + Q_d) 2C, C = O ( 10^{−2} ) . (4.2)

Comparison with (1.3) shows that the value (4.1) for the effective mass M_A is clearly different from the a_1 meson mass, but close to the confinement scale of the qq̄ pion, and is even below the guessed range (1.3). The error bar associated with M_A in Eq.(4.1) is due to the small uncertainties of the constituent quark mass m = 260 ± 5 MeV [14] and the Z mass M_Z = 91.188 ± 0.007 GeV [8]. The value of C, i.e. the correction due to the ρ exchange diagrams of Fig.4 is so small that it can be neglected. The same is true of the effect of the form factors of the pion which we have discussed in Sect.2.

Thus our model calculation of the axial vector contribution to the radiative corrections of O(α) not only gives a definite value for M_A, Eq.(4.1), which leads to larger corrections, but also removes the large uncertainty in the RC due to the assumed range (1.3). Using the average value of Ref.[8] Δ = M_+ − M_0 = 4.5936 ± 0.0005 MeV, which gives the end-point energy E_0 = (M_+ + M_0)Δ/2M_+ = 4.5180 ± 0.0005 MeV, we find (α/2π)g(E_0) = 1.0515 × 10^{−2} and obtain from Eqs.(1.2) and (4.1) the value of the RC to pion beta decay

δ = (3.230 ± 0.002) × 10^{−2}, (4.3)

where the error comes from the uncertainty of M_A, Eq.(4.1). We emphasize that the error on the RC is of the same order as the neglected corrections (2.27), due to the weak form factors of the pion, and δ^{(4)}_{axial}, Eq.(3.44).

We shall investigate the effect of the detailed structure of the three quark bound state on the properties of superallowed nuclear decays and neutron decay in a future work, in a similar manner as for the pion. If we tentatively assume that the effective mass M_A associated with a qqq nucleon will be found approximately equal to the result given by Eq.(4.1), it is easy to show that the unitarity sum derived from nuclear decays becomes V^2 = 0.9956 ± 0.0011, i.e. the violation of unitarity seems to be much more pronounced than indicated by Eq.(1.6).

However, a definite judgement of the unitarity problem will be possible only if the complete results of both the detailed structure calculation for qqq nucleons and the precision measurement of pion beta decay will be available.

Acknowledgements

I would like to thank G. Rasche and W. S. Woolcock for helpful discussions, and A. Gashi for technical assistance.

A Appendix: The momentum integrals for Sect.3.1

The momentum integrals encountered in the calculation of the vertex correction diagrams of Fig.2 can be evaluated by the standard Feynman parameter method. Convenient formulas for the on-shell case can be found e.g. in Ref.[21]. In Sect.3.1 the vertex correction is calculated for off-shell quarks in terms of the function Π, and the relevant integrals are given below: 1 iπ^2 ∫ d^4k k_μ (k^2 + iε)^2(k^2 ± 2p^′_1k + N^′_1 + iε)

M^2_W M^2_W − k^2 + iε

= ±p^′_{1μ}a_1, (A.1)

1 iπ^2 ∫ d^4k k_μk_ν (k^2 + iε)^2(k^2 ± 2p^′_1k + N^′_1 + iε)

M^2_W M^2_W − k^2 + iε

= g_{μν} b_1 +p^′_{1μ}p^′_{1ν} b_2, (A.2) where

a_1 = − 1 p^{′2}_1 − m^2 p^{′4}_1 ℓn m^2 − p^{′2}_1

m^2 + O ( 1 M^2_W ) , (A.3)

b_1 = 1 4 ℓn M^2_W m^2 + 3 8 + m^2 − p^{′2}_1 4p^{′2}_1 + m^4 − p^{′4}_1

4p^{′4}_1 ℓn m^2 − p^{′2}_1 m^2 + O ( m^2 M^2_W ) , (A.4)

b_2 = − 1 2p^{′2}_1 − m^2 − p^{′2}_1 p^{′4}_1 − m^2 m^2 − p^{′2}_1 p^{′6}_1 ℓn m^2 − p^{′2}_1 m^2 + O ( 1 M^2_W ) . (A.5)

B Appendix: The two-loop diagram and its zeromode contribution

We shall analyze in this Appendix the two-loop diagrams of Fig.3 for the special case of pointlike πqq̄ vertex functions. From the corresponding covariant amplitude, which is given by the Feynman rules, we shall derive the light-front amplitude by integrating over the minus components of the momentum variables. For the purpose of this calculation we put the πqq̄ coupling constant equal to 1. In the conventional space-time formalism the covariant amplitude in the limit l = k_ν = 0 is given by

T^{F eynman} 3 = 1 2 G V_{ud} i^2e^2N_c (2π)^8 ∫ d^4p^′_1 ∫ d^4p^{′′}_1 ( Q_dS^{(a)}_{μλ} − Q_uS^{(b)}_{μλ} ) L^{μλ} D^′_1D^′_2D^{′′}_1 D^{′′}_2 (k^2 + iε)^2 × M^2_W M^2_W − k^2 + iε

, (B.1)

where D^′_n = p^{′2}_n −m^2 +iε, D^{′′}_n = p^{′′2}_n −m^2 +iε for n = 1, 2, and p^′_1 +p^′_2 = p^{′′}_1 +p^{′′}_2 = P^′ with P^{′2} = M^2_π . The photon has momentum k = p^{′′}_1 − p^′_1 = p^′_2 − p^{′′}_2. The leptonic tensor L_{μλ} has been defined in (3.2), and the hadronic tensors S^{(a)}_{μλ} and S^{(b)}_{μλ} in (3.20).

If the momenta are decomposed into their light-front components we have

d^4p^′_1 = 1 2 P^{′+}dp^{′−}_1 dx^′d^2p^′_⊥ , d^4p^{′′}_1 = 1 2 P^{′+}dp^{′′−}_1 dx^{′′}d^2p^{′′}_⊥. We are only interested in the integration with respect to p^{′−}_1 and p^{′′−}_1 , and use the same technique as in Ref.[16], which is based upon the integral representation i p^2 − m^2 + iϵ = ∫_∞ 0 dα e^{iα(p2−m2+iϵ)}. (B.2) A similar procedure has been used in Refs.[22] to investigate the relation between the standard covariant quantum field theory and light-front field theory.

There are three basic integrals that contribute to the amplitude (B1); these are ( i 2π )_2 ∫ dp^{′−}_1 ∫ dp^{′′−}_1 1 D^′_1D^′_2D^{′′}_1 D^{′′}_2 (k^2 + iε)^2

M^2_W M^2_W − k^2 + iε =

1 M^2_π x^′(1 − x^′)x^{′′}(1 − x^{′′})(M^2_π − M^{′2}_0 )(M^2_π − M^{′′2}_0 ) × { Θ(x^{′′} − x^′) k^4_>

M^2_W M^2_W − k^2_> + Θ(x^′ − x^{′′})

k^4_<

M^2_W M^2_W − k^2_< } , (B.3) ( i 2π )_2 ∫ dp^{′−}_1 ∫ dp^{′′−}_1 p^{′−}_1 D^′_1D^′_2D^{′′}_1 D^{′′}_2 (k^2 + iε)^2

M^2_W M^2_W − k^2 + iε = 1 M^3_π x^′(1 − x^′)x^{′′}(1 − x^{′′})(M^2_π − M^{′2}_0 )(M^2_π − M^{′′2}_0 ) × { (M^2_π − x^′M^{′2}_0 )Θ(x^{′′} − x^′) k^4_>

M^2_W M^2_W − k^2_> + (1 − x^′)M^{′2}_0 Θ(x^′ − x^{′′}) k^4_<

M^2_W M^2_W − k^2_< } , (B.4)

where k^2_> and k^2_< have been defined in (3.17) and (3.18), and we have used that P^{′+} = M_π. The result for the first two integrals (B3) and (B4) coincides with the result obtained by the contour method, i.e. in both cases one finds the residues of the respective quark poles, and zero-modes do not contribute.

The third integral we represent as ( i 2π )_2 ∫ dp^{′−}_1 ∫ dp^{′′−}_1 p^{′−}_1 p^{′′−}_1 D^′_1D^′_2D^{′′}_1 D^{′′}_2 (k^2 + iε)^2

M^2_W M^2_W − k^2 + iε = 1 M^4_π { P_1Θ(x^{′′} − x^′) + P_2Θ(x^′ − x^{′′}) + R_1δ(x^′)δ(x^{′′}) + R_2δ(1 − x^′)δ(1 − x^{′′}) } . (B.5)

The form of the residue terms is obvious

P_1 =

(M^2_π − x^′M^{′2}_0 )(1 − x^{′′})M^{′′2}_0 x^′(1 − x^′)x^{′′}(1 − x^{′′})(M^2_π − M^{′2}_0 )(M^2_π − M^{′′2}_0 ) k^4_> , P_2 =

(1 − x^′)M^{′2}_0 (M^2_π − x^{′′}M^{′′2}_0 ) x^′(1 − x^′)x^{′′}(1 − x^{′′})(M^2_π − M^{′2}_0 )(M^2_π − M^{′′2}_0 ) k^4_<

. (B.6)

The functions R_n = R_n(p^′_⊥, p^{′′}_⊥) for n = 1, 2, which determine the zero-mode contribution, are independent of M_π, but their detailed form cannot be derived by the method used above. For example, R_1 is found to be the ratio of two functions, each of which becomes zero for x^′ = x^{′′} = 0. However, there is an alternative way to determine R_1 and R_2. It uses the limiting behavior of the integral lim Mß→0 ∫ d^4p^′_1 ∫ d^4p^{′′}_1 p^′_1P^′ · p^{′′}_1P^′ D^′_1D^′_2D^{′′}_1 D^{′′}_2 (k^2 + iε)^2

M^2_W M^2_W − k^2 + iε

= O(M^2_π ), (B.7)

which is implied by Lorentz covariance.

If we define

P^{(0)}_1 = lim_{Mß→0} P_1 = 1 (1 − x^′)x^{′′}k^4_> , P^{(0)}_2 = lim_{Mß→0} P_2 = 1 x^′(1 − x^{′′})k^4_<

, (B.8) and integrate (B5) with respect to x^′ and x^{′′}, then, according to (B8) the contribution of O(M^{−4}_π ) must vanish exactly, which gives the conditions

∫_1 0 dx^′ ∫_1 x0 dx^{′′} P (0) 1 + R_1 = 0,

∫_1 0 dx^′ ∫ x0 0 dx^{′′} P^{(0)}_2 + R_2 = 0. (B.9)

From the Eqs.(B9) for R_1 and R_2 it can be seen that R_1 = R_2, by substituting x^′ for 1 − x^′ and x^{′′} for 1 − x^{′′}.

This derivation of the zero-mode contribution shows clearly that a residue term which is derived by the contour method, may contain a spurious part that is not consistent with the requirement of Lorentz covariance. It is the zero-mode contribution that cancels this unphysical part of the residue term. This is an example of the deep connection between the zero-mode and the Lorentz invariance of the light-front formalism.

Next, we shall decompose the product of leptonic and hadronic tensors in the integrand of (B1) into products of light-front components. We use that S^{(b)}_{μλ} = −S^{(a)}_{μλ} , Eq.(3.20), and the result (3.23), and find

S^{(a)}_{μλ} L^{μλ} = 2 P^′L { − 2p^{′−}_1 p^{′′−}_1 (k^+)^2

+ p^{′−}_1 [ k^+(2m^{′′2}_⊥ + x^{′′}M^2_π ) − (1 − 2x^′)M_π(2p^{′′}_⊥k_⊥ + x^{′′}M_πk^+) ] − p^{′′−}_1 [ k^+(2m^{′2}_⊥ + x^′M^2_π ) − (1 − 2x^{′′})M_π(2p^′_⊥k_⊥ + x^′M_πk^+) ] + ... } , (B.10)

where we have omitted all those terms that are independent of p^{′−}_1 and p^{′′−}_1 .

If the decomposition (B10) and the basic integrals (B3)-(B5) are used to perform the integration of (B1) with respect to p^{′−}_1 and p^{′′−}_1 , it is obvious that the zero-mode contribution of Eq.(B5) vanishes, since the term that contains the product p^{′−}_1 p^{′′−}_1 is multiplied with k^+. The result for the momentum integral (B1) is given by the residues of the respective quark poles, and zero-modes do not contribute: T^{F eynman} 3 = G V_{ud} P^′L (Q_u + Q_d) αN_c 16π^5

∫_1 0 dx^′ ∫ d^2p^′_⊥

∫_1 x0 dx^{′′} ∫ d^2p^{′′}_⊥ R(x^′, x^{′′}) x^′(1 − x^′)x^{′′}(1 − x^{′′})(M^2_π − M^{′2}_0 )(M^2_π − M^{′′2}_0 ) k^4_> × M^2_W M^2_W − k^2_> + iε

, (B.11)

where we have used that the integrals for k^+ > 0 and k^+ < 0 are equal, and the function R(x^′, x^{′′}) has been defined in Eq.(3.26).

We have proven that the covariant Feynman integral (B1) and the light-front integral (B11) are equal. Since the intgrals are finite, this result can be verified by numerical calculation. At this stage we depart from the covariant (Feynman) perturbation theory and introduce phenomenological vertex functions, Eq.(2.18), into the two-loop light-front integrals. This step gives the light-front quark model expressions, Eqs.(3.28) and (3.29), for the amplitude T_3, corresponding to the diagrams of Fig.3, in terms of a simple convolution of light-front vertex functions.

References

[1] A. Sirlin, Rev. Mod. Phys. 50, 573 (1978). [2] A. Sirlin, Phys. Rev. 164, 1767 (1967).

[3] W. J. Marciano, and A. Sirlin, Phys. Rev. Lett. 56, 22 (1986). [4] A. Sirlin, in Precision Tests of the Standard Electroweak Model, ed. P. Langacker (World Scientific, Singapore, 1994).

[5] I. S. Towner, Nucl. Phys. A540, 478 (1992). [6] W. Jaus, and G. Rasche, Phys. Rev. D41, 166 (1990). [7] I. S. Towner, and J. C. Hardy, nucl-ph/9809087 [8] Particle Data Group, Eur. Phys. J. C3, 1 (1998).

[9] J. Reich et al., V Int. Seminar on Interactions of Neutrons with Nuclei, Dubna 1997; H. Abele et al., Phys. Lett. B407, 212 (1997).

[10] W. K. McFarlane et al., Phys. Rev. D32, 547 (1985).

[11] PIBETA Collaboration, D. Počanić et al., PSI Proposal R-89.01.0, Proposal for Experiment, Paul Scherrer Institute, 1992.

[12] G.Källén, Elementary Particle Physics (Addison-Wesley, Reading, Mass. 1964). [13] M.V.Terent’ev, Yad. Fiz. 24, 207 (1976) [Sov. J. Nucl. Phys. 24, 106 (1976)];

V.J.Berestetsky, and M.V.Terent’ev, ibid. 24, 1044 (1976) [24, 547 (1976)]; ibid. 25, 653 (1977) [25, 347 (1977)].

[14] W. Jaus, Phys. Rev. D44, 2851 (1991).

[15] H. M. Choi, and C. R. Ji, Phys. Rev. D56, 6010 (1997); Nucl. Phys. A618, 291 (1997).

[16] W. Jaus, Phys. Rev. D60, 054026 (1999).

[17] M. Ademollo, and R. Gatto, Phys. Rev. Lett. 13, 264 (1964).

[18] E. S. Abers, D. A. Dicus, R. E. Norton, and H. E. Quinn, Phys. Rev. 167, 1462 (1968).

[19] K. Yamawaki, hep-th/9802037.

[20] See Appendix A of T. E. Rudy, H. W. Fearing, and S.Scherer, Phys. Rev. C50, 447 (1994).

[21] Y. Yokoo, S. Suzuki, and M. Morita, Progr. Theor. Phys. 50, 1894 (1973).

[22] S. J. Chang, and S. K. Ma, Phys. Rev. 180, 1506 (1969);

J. B. Kogut, and D. E. Soper, Phys. Rev. D1, 2901 (1970); N. E. Ligterink, and B. L. G. Bakker, Phys. Rev. D52, 5954 (1995); N. C. J. Schoonderwoerd, B. L. G. Bakker, and V. A. Karmanov, Phys. Rev. C58, 3093 (1998).