arXiv:hep-ph/0004096 10 Apr 2000

HIERARCHICAL MAJORANA SCALES IN THE SEESAW MODEL

GUO-HONG WU Institute of Theoretical Science, University of Oregon, Eugene, OR 97403, USA E-mail: wu@dirac.uoregon.edu

If the mixing angles in each of the seesaw sectors are all small, and the neutrino masses are hierarchical, we study the conditions for large neutrino mixing using triangular matrices. In particular, the implication of the neutrino oscillation data for the mass hierarchy in the heavy Majorana sector is examined, and the heavy Majorana scales are shown to depend sensitively on the solar mixing angle.

1 The Seesaw Mixing Matrix

The neutrino seesaw model^1, m_{eff} = −m_D M^{−1}m^T_D, involves both the Dirac and the Majorana mass matrices of which we have little information. In grand unified theories, the Dirac neutrino mass matrix is often related to the quark mass matrix. A similar analogy does not exist for the heavy Majorana neutrino mass matrix. Here we will try to understand the implications of current neutrino oscillation data^{2,3,4} for the heavy Majorana sector^5.

There are three components in the seesaw contributing to the effective neutrino mixings: left-handed (LH) rotations in the charged lepton sector (U_l), LH rotations in the Dirac neutrino sector (U_d), and right-handed (RH) mixings in the Dirac and heavy Majorana neutrino sectors. The effective neutrino mixing matrix is defined as ν_i = U ν_α, with i = e, μ, τ and α = 1, 2, 3 for the mass eigenstates. We can write U = U^†_l U_dU_{ss}, where the seesaw mixing matrix^6 U_{ss} is due to RH mixings in the Dirac and Majorana sectors:

U^†_{ss}m^{diag}_D V_RM^{−1}_{diag}V^T_R m^{diag}_D U^∗_{ss} = m^{diag}_{eff} . (1)

Large neutrino mixing can be due to any of the three components or a certain combination of them^{6,7,8,9,10,5}. Here we will assume U_l ≃ U_d ≃ 1 so that we may identify U with U_{ss} and investigate the restrictions on V_R and the heavy Majorana scales by present data. We will consider the limit of hierarchical neutrino masses in all sectors and small RH mixing angles in V_R. For numerical estimates, we neglect possible phases^7 in the mass matrices and take the Dirac neutrino masses to be the up type quark masses.

Eq. (1) has a quadratic dependence on both V_R and U_{ss}. The analysis can be greatly simplified by reducing Eq. (1) to a linear equation. This is done by writing^5 m_{eff} = N N^T , with N = m^{diag}_D V_RM^{− 12}_{diag}, and dealing with N instead. Denoting the mass eigenvalues of M by M_i = R^{−2}_i , the N matrix is to a good approximation of lower triangular form: N ≃ R_1m_1V_{11} 0 0 R_1m_2V_{21} R_2m_2V_{22} 0 R_1m_3V_{31} R_2m_3V_{32} R_3m_3V_{33} , (2) where m_i are the Dirac neutrino masses, and V_{ij} are the elements of the RH mixing V_R. N has a linear dependence on V_R and R_i and will be our center of focus. What do the neutrino data tell us about the N matrix?

2 General Solution

When we write m_{eff} = N N^T , N is defined up to an arbitrary RH rotation N ∼ N O_R. This ambiguity can be removed by putting N into lower triangular form^{5,11} through a properly chosen O_R.

If N = U_Ldiag(n_1, n_2, n_3)U_R, the effective neutrino masses are given by n^2_i and the mixing is U = U_L. Thus all the information about effective neutrinos is contained in N . Similarly, N is uniquely determined in its lower triangular form by the masses and mixing angles of the effective neutrinos. The properties of the heavy Majorana sector can then be read off by identifying this triangular N matrix with that of Eq. (2).

The atmospheric neutrino data^2 suggest that ν_μ-ν_τ oscillation is consistent with maximal mixing. Denoting the solar ν_e-ν_μ mixing angle by θ and ν_e-ν_τ mixing angle by ϵ, the mixing matrix can be written as U = R_{23}(π/4)R_{13}(ϵ)R_{12}(θ). The angle ϵ is small^4.

Depending on the size of ϵ, N can have three different patterns, with the largest elements located in the (a) (2,2), (3,2), (b) (i, j), i, j = 1, 2, (c) (2,1), (3,1) positions, respectively. However, only (a) does not involve fine-tuning in the N matrix. Type (a) can be obtained in the limit n_1/n_2 ≪ θ and ϵ ≪ m^{eff}_2 /m^{eff}_3 . The N matrix for (a) has a simple lower triangular form^5: N ≃ s_θn_2 0 0 1√ 2 c_θn_2^{1√}_2 n_3 0 −^{1√}_2 c_θn_2^{1√}_2 n_3 √ 2^{n1}_{s`} , (3) where c_θ = cos θ, and s_θ = sin θ.

Comparison between Eq. (2) and Eq. (3) gives the RH mixing angles:

V_{32} V_{22} = m_c m_t , V_{21} V_{11} = m_u √ 2 tan θm_c , V_{31} V_{11} = −m_u √ 2 tan θm_t

. (4)

All three RH angles are thus much smaller than one, consistent with our assumption from the start.

Identifying the diagonal elements of Eqs. (2) and (3) yields three additional relations: m^{eff}_3 = 2m^2_c /M_2, m^{eff}_2 = m^2_u/s^2_θM_1, and m^{eff}_1 = s^2_θm^2_t /2M_3. Note that the heaviest light neutrino is quadratically dependent on m_c rather than m_t. For hierarchical effective neutrino masses, m^{eff}_3 = √ Δm^2_{atm} and m^{eff}_2 = √ Δm^2_{solar}. The three heavy Majorana scales can then be obtained by reversing the above three relations:

M_2 ≃

2m^2_c √ Δm^2_{atm}

≃ 6 × 10^9GeV (5) and M_1 M_2 = m^2_um^{eff}_3 2m^2_c s^2_θm^{eff}_2 , M_2 M_3 = 4m^2_c m^{eff}_1 m^2_t s^2_θ m^{eff}_3

, (6)

where we have used m_c(M_2) ≈ 0.4 GeV, and Δm^2_{atm} ≈ 3 × 10^{−3} eV^{2 2}. Note that different from M_2, M_1 and M_3 depend on the solar mixing angle.

3 Hierarchical Majorana Scales

We now examine the hierarchy among the heavy Majorana scales for each of the solar solutions. It is clear from Eq. (6) that whereas M_1 may not be too far below the scale M_2, M_3 is always far above M_2 independent of the particular solar solution.

3.1 Small angle MSW Taking^3 sin^2 2θ_{solar} ≈ 5 × 10^{−3} and Δm^2_{solar} ≈ 5 × 10^{−6} eV^2, we get M_1 ≈ 7 × 10^8 GeV M_3 ≈ r · 4 × 10^{12} GeV (7) where r = m^{eff}_2 /m^{eff}_1 > 1.

3.2 Large angle MSW Using^3 sin^2 2θ_{solar} ≈ 0.8 and Δm^2_{solar} ≈ 3 × 10^{−5} eV^2, we have M_1 ≈ 1 × 10^6 GeV M_3 ≈ r · 4 × 10^{14} GeV . (8)

3.3 Vacuum oscillation Taking^3 θ_{solar} ≈ 45^∘ and Δm^2_{solar} ≈ 7 × 10^{−11} eV^2, we find

M_1 ≈ 5 × 10^8 GeV M_3 ≈ r · 4 × 10^{17} GeV . (9)

The scale M_3 being way above M_{GUT} makes the vacuum oscillation solution unlikely to be viable.

For all three solutions, we find a hierarchy among the heavy Majorana scales M_1 ≪ M_2 ≪ M_3, and the separation between scales depends sensitively on the specific solution to the solar neutrino problem. The same conclusion was reached in a different way^{10}.

In summary, though it is possible to get large neutrino mixing from hierarchical masses and small mixing angles in all of the seesaw components, a strong hierarchy of heavy Majorana scales seems to be necessary.

Acknowledgments

I would like to thank T.K. Kuo and S. Mansour for enjoyable collaboration.

References

1. M. Gell-Mann, P. Ramond and R. Slansky, in: Supergravity, P. van Nieuwenhuizen and D.Z. Freedman (eds.), North Holland Publ. Co., 1979; T. Yanagida, in Proceedings of Workshop on Unified Theory and Baryon number in the Universe, editors O. Sawada and A. Sugamoto (KEK 1979); R. N. Mohapatra and G. Senjanovic, Phys. Rev. Lett. 44, 912 (1980).

2. The Super-Kamiokande Collaboration, Phys. Rev. Lett. 82, 2644 (1999). 3. J. Bahcall, P. Krastev, and A. Y. Smirnov, Phys. Rev. D 58, 096016 (1998);

4. Chooz Collaboration, M. Apollonio et al., Phys. Lett. B 420, 397 (1998). 5. T.K. Kuo, G.-H. Wu, and S. Mansour, hep-ph/9912366. 6. A. Yu. Smirnov, Phys. Rev. D 48, 3264 (1993); Nucl. Phys. B 466, 25 (1996);

7. M. Tanimoto, Phys. Lett. B 345, 477 (1995); T.K. Kuo, G.-H. Wu, and S.-H. Chiu, hep-ph/0003066.

8. M. Bando, T. Kugo, and K. Yoshioka, Phys. Rev. Lett. 80, 3004 (1998).

M. Jezabek and Y. Sumino, Phys. Lett. B 440, 327 (1998); 9. G. Altarelli, F. Feruglio, and I. Masina, Phys. Lett. B 472, 382 (2000);

E. Kh. Akhmedov, G. C. Branco, and M. N. Rebelo, hep-ph/9911364. 10. D. Falcone, Phys. Rev. D 61, 097302 (2000).

11. T.K. Kuo, S.W. Mansour, and G.-H. Wu, Phys. Rev. D 60, 093004 (1999); Phys. Lett. B 467, 116 (1999).