arXiv:hep-ph/0006059 v3 26 Jul 2000

Anomaly Matching in Gauge Theories at Finite Matter Density

Stephen D.H. Hsu^∗ Department of Physics, University of Oregon, Eugene OR 97403-5203

Francesco Sannino^† Department of Physics, Yale University, New Haven, CT 06520

Myck Schwetz^‡ Department of Physics, Boston University, Boston, MA 02215, USA

June, 2000

Abstract

We investigate the application of ’t Hooft’s anomaly matching conditions to gauge theories at finite matter density. We show that the matching conditions constrain the low-energy quasiparticle spectrum associated with possible realizations of global symmetries.

∗hsu@duende.uoregon.edu †francesco.sannino@yale.edu ‡ms@bu.edu

1 Introduction

Quark matter at high density provides an interesting laboratory for the controlled study of non-perturbative physics [1]. Novel phenomena such as color superconductivity and colorflavor locking have been shown to result from physics near the quark Fermi surface. Rigorous results can be obtained in the limit of asymptotic density. Less, however, is known about what happens at intermediate densities, where the effective QCD coupling is still large. The intermediate density region is more likely to be realized in neutron star cores or laboratory experiments.

The ’t Hooft anomaly matching conditions [2] constrain the realizations of chiral symmetry in the low energy phase of a gauge theory. In this paper we investigate whether these conditions, orginally derived at zero density, can be used to constrain the behavior of matter at non-zero density. There are several obstacles to this generalization. A basic observation is that Lorentz symmetry, which is broken at non-zero matter density, plays an important role in the original derivation of these matching conditions [2, 3, 4], and in the physics of the anomaly. In gauge theories at zero density, unbroken global chiral symmetries imply the existence of massless spin-1/2 states. As elaborated in [3, 4, 5], these degrees of freedom are responsible for the IR singularities associated with the anomaly. It is not at all obvious that the same considerations apply to the quasiparticles comprising the low-energy spectrum at finite density. Yet, as noted by Sannino [6], the various phases of color superconductivity do indeed satisfy the anomaly matching conditions.

’t Hooft’s original argument for his anomaly matching conditions involves the use of “spectator” fermions to cancel any anomalies which result from the gauging of flavor symmetries. In the low energy limit of the theory, one is left only with the massless states (composite or elementary) and the spectator fermions. If this long-wavelength theory is to be consistent, the anomaly generated by the spectators must be cancelled by that of the other massless states. This argument can be repeated in the case of finite density, with gapless quasiparticles playing the role of massless fermions in the low-energy effective theory. However, due to the existence of a Fermi surface there is a large degeneracy of zero energy states. Naively, one might expect an enhancement of the anomaly prefactor by an amount proportional to the area of the Fermi surface, which scales like μ^2 (the square of the chemical potential). Clearly, we need to understand more precisely how quasiparticles contribute to the anomaly.

We will show that the anomaly matching conditions (AMCs) continue to apply at finite density, and constrain the possible quasiparticle spectrum [6]. In essence, the singularity structure of the three-current correlator implied by the anomaly must be reproduced by the effects of quasiparticles in the finite density theory, thereby constraining their flavor quantum numbers. Applying the Landau-Cutkowsky rules, we see that only quasiparticles satisfying special kinematic conditions contribute to the singularity – there is no degeneracy factor due to the Fermi surface.

We focus our attention on cold but dense matter theories while a discussion of the anomaly at finite temperature can be found in Ref. [7].

This letter is organized as follows. In section 2 we discuss the computation of the anomaly at finite density and show that it is unaffected by the presence of a chemical potential. Further, the anomaly continues to imply the existence of IR singularities, even at non-zero density. In section 3 we use the Landau-Cutkowsky rules to show that these singularities (in the absence of spontaneous symmetry breaking) require the existence of gapless quasiparticles in the low energy spectrum.

2 Anomaly at Finite Density

In this section we show that the anomaly is unaffected by the presence of a chemical potential, as are the implications for singularities of the three current correlator. Heuristically, density effects are IR in nature whereas the anomaly can be computed from the UV behavior of the theory. Points (A) and (B) below follow simply from this observation, although (C) does not.

A. The standard derivation of the anomaly from the point of view of UV divergencies involves the careful treatment of the variation of the fermionic partition function [8] Z = ∫ dM(ψ, ψ̄) exp [ i ∫ d^4x ψ̄ ( i D/ ) ψ ] , (1)

under the infinitesimal change of variables ψ −→ (1 + iα(x)γ^5) ψ , ψ̄ −→ ψ̄ (1 + iα(x)γ^5) . (2)

Although the action in the exponent of the integrand is invariant under (2), the fermionic measure dM is not: dM → J^{−2} dM. The Jacobian determinant J is evaluated using gauge invariant regularization in the basis of the eigenstates of Dirac operator D/, i.e. ψ(x) = ∑ n a_nϕ_n(x) , ψ̄(x) = ∑ n ã_nϕ̃_n(x) and dM = Πda_mdã_m.

Note, that if the chemical potential is not zero, one may still define the measure in the basis of the eigenstates of Dirac operator with zero chemical potential. All further considerations follow the same path and produce the familiar result J = exp [ − i ∫ d^4x α(x) ( e^2 32π^2 ϵ^{μνρσ} F_{μν} F_{ρσ}(x) ) ] (3) This implies that the anomaly equation for the axial current will take the same form at non-zero fermion density: ∂_μj^μ_5 = − e^2 32π^2 ϵ^{μνρσ} F_{μν} F_{ρσ} (4) B. It is known that the anomalies arise via quantum corrections, (i.e. renormalization).

In particular axial anomalies are associated, in a diagrammatic language, with triangular diagrams.

The three point function in electrodynamics is: (the generalization to non-Abelian theories is straightforward)

T_{μνλ} (k_1, k_2, q) = i ∫ d^4x_1 d^4x_2 ⟨0|T (V_μ(x_1)V_ν (x_2)A_λ(0)) | 0⟩ e^{ik1·x1+ik2·x2} , (5)

with q = k_1 + k_2 and V and A vector and axial currents respectively. Since the anomaly is independent of a fermion mass, we set it to be zero. The classical axial Ward identity q^λT_{μνλ} = 0 is modified according to (for a more detailed discussion see [9] before and after formulae (6.31-32)):

q^λT_{μνλ} = Δ^{(1)}_{μν} + Δ^{(2)}_{μν} , (6) with Δ^{(1)}_{μν} = ∫ d^4p (2π)^4 Tr [ i p/ γ_5γ_ν i p/ − k/_1 γ_μ − i p/ − k/_2 γ_5γ_ν i p/ − q/ γ_μ ] , (7)

and Δ^{(2)}_{μν} is obtained by interchanging μ → ν as well as k_1 → k_2. Note that if we could shift the integration variable p to p + k_2 in the second term of (7) the Δ^{(1)}_{μν} term would vanish identically. Since the integrals are linearly divergent, it can be shown that (at zero density) a translation of the integration variable produces extra finite terms ruining the classical Ward identity.

It is natural to ask what happens to the triangle anomaly at finite matter density. In principle, the contributions from triangle diagrams could depend on the chemical potential μ: Δ^{(i)}_{μν} (μ).

We compute the difference Δ^{(i)}_{μν} (μ) − Δ^{(i)}_{μν} (0) parameterizing a possible deviation in the anomaly calculations. We explicitly evaluate the finite density effects for the i = 1 case (the effects for the i = 2 are identical):

δΔ^{(1)}_{μν} (μ) = ∫ d^4p (2π)^4 Tr [ i p/ − μγ_0 γ_5γ_ν i p/ − k/_1 − μγ_0 γ_μ − i p/ γ_5γ_ν i p/ − k/_1 γ_μ− ( i p/ − k/_2 − μγ_0 γ_5γ_ν i p/ − q/ − μγ_0 γ_μ − i p/ − k/_2 γ_5γ_ν i p/ − q/ γ_μ )] . (8)

By applying a momentum shift (p to p − u), with the shift vector u^τ = (μ, 0, 0, 0), we expect a possible non null contribution to be encoded in the following integral (see [9]):

δΔ^{(1)}_{μν} (μ) = u^τ ∫ d^4p (2π)^4 ∂ ∂p^τ f(p, k_1, k_2) , (9) and f(p, k_1, k_2) = −i 4ϵ_{ρσμν} [ p^ρ (p − k_1)^σ p^2 (p − k_1)^2 − (p − k_2)^ρ (p − q)^σ (p − k_2)^2 (p − q)^2 ] . (10)

Applying Gauss’s theorem for the case of four-dimensional Minkowski space, we have:

δΔ^{(1)}_{μν} (μ) = u^τ ∫ d^4p (2π)^4 ∂ ∂p^τ f(p, k_1, k_2) = u^τ 2iπ^2 (2π)^4 lim_{p→∞} p^2p_τ f(p, k_1, k_2) = μ^τ 2π^2 ϵ_{ρσμν} lim_{p→∞} p_τ ( − p^ρk^σ_1 p^2 + p^ρq^σ + p^σ k^ρ_2

p^2 ) (11) = ϵ_{ρσμν} 8π^2 ( u^ρk^σ_2 + u^σk^ρ_2 ) = 0 ,

and, in the last step, we used lim_{p→∞} p^τ p^ρ p^2 = g^{τ ρ} 4 . Thus, for any finite density we have no extra contribution to the axial anomaly with the respect to the zero density one.

Adler and Bardeen [10] showed, at zero density, that the axial anomaly coefficient is one loop exact. We expect this theorem to hold at finite density, although we will not attempt to provide a proof. Heurisitcally we can say that the introduction of a density term does not affect the superficial degree of divergence of the higher-order triangle diagrams with respect to the zero density case. Since the latter have a lower degree of divergence with the respect to the simple triangle diagram we have no momentum-routing ambiguity and hence vanishing contribution to the anomaly.

C. At zero density the anomaly implies an IR singularity in the three-point function (5) involving vector and axial currents [3].

Now the form of T_{μνλ} is strongly restricted by Lorentz, Bose and permutation symmetries:

T_{σρμ} (k_1, k_2, q) = + F_1 (k^τ_1 − k^τ_2 ) ϵ_{τ σρμ} + F_2 [ k_{1σ}k^α_1 k^β_2 ϵ_{αβρμ} − k_{2ρ}k^α_1 k^β_2 ϵ_{αβσμ} ] + F_3 [ k_{2σ}k^α_1 k^β_2 ϵ_{αβρμ} − k_{1ρ}k^α_1 k^β_2 ϵ_{αβσμ} ] + . . . . (12)

In general (12) may contain tensor-like structures (denoted here by . . .) which unlike pseudotensorial ones do not contribute to the anomaly.

At non-zero matter density T_{μνλ} contains more terms, due to the presence of a constant Lorentz four-vector u = (μ,⃗0). These terms will, however, be still restricted by the rotational SO(3), Bose and permutation symmetries. It is convenient to introduce the 4-vector η with u = μη. Due to the presence of a new independent 4-vector η the F functions, are general functions, i.e. F = F (k_1 ·η, k_2 ·η, μ, k^2_1, k^2 ). Following Ref. [7] the most general decomposition in terms of invariant amplitudes is: T_{σρμ} (k_1, k_2, q) = +F_1 (k^τ_1 − k^τ_2 ) ϵ_{τ σρμ} + F_2 [ k_{1σ}k^α_1 k^β_2 ϵ_{αβρμ} − k_{2ρ}k^α_1 k^β_2 ϵ_{αβσμ} ] + F_3 [ k_{2σ} k^α_1 k^β_2 ϵ_{αβρμ} − k_{1ρ}k^α_1 k^β_2 ϵ_{αβσμ} ] + F_4 [ η_σk^α_1 k^β_2 ϵ_{αβρμ} − η_ρk^α_1 k^β_2 ϵ_{αβσμ} ] + F_5 [ k_{1σ} k^α_1 η^β ϵ_{αβρμ} + k_{2ρ}k^α_2 η^βϵ_{αβσμ} ] + F_6 [ k_{2σ}k^α_1 η^βϵ_{αβρμ} + k_{1ρ}k^α_2 η^βϵ_{αβσμ} ] + F_7 [ η_σ k^α_1 η^β ϵ_{αβρμ} + η_ρk^α_2 η^β ϵ_{αβσμ} ] + F_8 [ k_{1ρ}k^α_1 η^βϵ_{αβσμ} + k_{2σ}k^α_2 η^β ϵ_{αβρμ} ] + F_9 [ k_{2ρ}k^α_1 η^βϵ_{αβσμ} + k_{1σ}k^α_2 η^β ϵ_{αβρμ} ] + F_{10} [ η_ρk^α_1 η^β ϵ_{αβσμ} + η_σ k^α_2 η^βϵ_{αβρμ} ] + [F_{11} (k_{1ρ}k_{1σ} − k_{2ρ}k_{2σ} ) + F_{12} (k_{1ρ}η_σ − η_ρk_{2σ})

+F_{13} (k_{2ρ}η_σ − η_ρk_{1σ})] k^α_1 k^β_2 η^γ ϵ_{αβγμ} . (13) One can explicitly verify that the previous amplitude is even under the simultaneous exchange of ρ → σ and k_1 → k_2. In the previous expression we dropped the flavor structure of the three point function since it is not relevant for our discussion.

In what follows we fix the kinematics such that k^2_1 = k^2 = k^2 with k_1 · η = k_2 · η = k_0. Further constraints arise when imposing the anomaly equation along with the conservation of the vector currents (i.e. in formulae): q^μT_{σρμ} (k_1, k_2, q) = i 2π^2 k^α_1 k^β_2 ϵ_{αβσρ} , (14) k^σ_1 T_{σρμ} (k_1, k_2, q) = k^ρ_2 T_{σρμ} (k_1, k_2, q) = 0 . (15)

After imposing these constraints and conveniently dotting the final results in the vectors η, k_1 and k_2 (see Ref. [7]) we have the following relations: 2F_1 + (F_5 + F_6 − F_8 − F_9) k_0 + (F_7 − F_{10}) = − i 2π^2 , (F_5 − F_9) k^2 + (F_6 − F_8) k_1 · k_2 + (F_7 − F_{10}) k_0 = 0 , (F_5 − F_9) k_1 · k_2 + (F_6 − F_8) k^2 + (F_7 − F_{10}) k_0 = 0 . (16) The latter equations are due to the anomaly condition in Eq. (15). The vector current conservation, on the other side, leads to: F_1 + F_3k_1 · k_2 + F_2k^2 + F_4k_0 = 0 , F_6k_1 · k_2 + F_5k^2 + F_7k_0 = 0 , F_8k_1 · k_2 + F_9k^2 + F_{10}k_0 = 0 . (17)

Combining the previous relations we have the following anomaly constraint:

2F_3k_1 · k_2 + 2k^2F_2 + 2k_0F_4 − 1 2 ⃗q · ⃗q k_0 F̂ = i 2π^2

, (18)

with F̂ = F_5 − F_9 = F_6 − F_8.

In the absence of Lorentz breaking (i.e. zero density) F_4 = F̂ = 0 and a singularty in q^2 = (k_1 + k_2)^2 → 0 arises when considering the limit k^2_1 = k^2 = k^2 = 0:

lim_{k2→0} F_3 = i 2π^2q^2

. (19)

This pole is interpreted as due to the pion when chiral symmetry is spontaneously broken.

What happens at finite density ? Following Ref. [7] let us define the following null vectors k_1 = k_0(1, 0, 0, 1) and k_2 = k_0(1, sin θ, 0, cos θ). In these variables we have:

F_3 = i 4π^2k^2_0 (1 − cos θ) − F_4 k_0 (1 − cos θ) + F̂ (1 + cos θ) (1 − cos θ)

. (20)

Let cos θ ≠ 1, and consider the double limit k_0 → 0 and q^2 → 0. We deduce (q^2 = 2k^2_0 (1 − cos θ)): lim k2→0;q0→0 F_3 = i 2π^2q^2

. (21)

The form of this singularity is the same as the zero density singularity, as long as we consider the k_0 → 0 limit. We again interpret this singularity as due to massless excitations. In the case of unbroken chiral symmetry it implies the existence of gapless excitations with the charges necessary to match the zero density anomaly.

It is important to note that this singularity does not imply that the anomalous decay π → 2γ is unaffected by finite density effects (see [7]). In medium, the gauge boson acquires a plasma mass, and hence the physical decay takes place at non-zero energy. At such kinematic points we cannot isolate the singularity cleanly, and density effects are possible.

In order to better clarify how the infrared singularities emerge at finite density, we investigate the singularity properties of quasiparticle scattering in the following section.

3 Quasiparticles and Singularities

Since the anomaly equation (4) is unmodified by finite density effects, we can apply ’t Hooft’s spectator fermion construction to conclude that quasiparticles must generate the same anomalies as the fundamental fermions. In this section we examine in more detail how this occurs. We are particularly interested in why the Fermi surface degeneracy does not alter the result, and why massive excitations do not contribute to the anomaly.

As discussed above, the anomaly at finite density still implies a 1/Q^2 pole in the function F_1(Q^2). We can use the Landau-Cutkowsky rules [11], to identify the intermediate states which are capable of providing this singularity. We first prove that the singularity structure is not modified by matter density effects. Then we investigate the kinematics associated with the singularity to gain a better understanding of why this is the case.

Using the Landau-Cutkowsky rules [11], the discontinuity in the triangle graph is given by: Disc T_{μνλ} ∝ ∫ dp_0 d^3p (2π)

(p + k_1 − u)_ρ (p + k_1 + k_2 − u)_σ (p − u)_τ Θ ( p^0 − μ ) δ [ (p − u)^2 ]

Θ ( p^0 + k^0_1 − μ ) δ [ (p + k_1 − u)^2 ] Θ ( p^0 + k^0_1 + k^0_2 − μ ) δ [ (p + k_1 + k_2 − u)^2 ] , (22)

times the trace factor Tr [ γ_5γ^μγ^ργ^ν γ^σγ^λγ^τ ] . Here we used the result [11] that the leading singularity in the physical region is given by the graph(s) in which each internal particle is onshell and propagates forward in time. In other words, we replaced each internal propagator by 2πiΘ(l_0 − μ)δ [ (l_0 − μ)^2 − ⃗l^2 ] , where l is the particle momentum.

We can now perform the integral in p_0 by using the first δ function, which requires that p_0 − μ = |⃗p|. We obtain Disc T_{μνλ} ∝ ∫ d^3p 2|⃗p|(2π) (p̃ + k_1)_ρ (p̃ + k_1 + k_2)_σ (p̃)_τ Θ ( |⃗p| + k^0_1 ) δ [ (p̃ + k_1)^2 ] Θ ( |⃗p| + k^0_1 + k^0_2 ) δ [ (p̃ + k_1 + k_2)^2 ] , (23)

with the 4-momentum p̃ = (|⃗p|, ⃗p). This integral no longer has any explicit dependence on the finite density term μ, and is identical to the integral obtained in the zero density case. We see that p_0 − μ in the finite density case merely plays the role of the energy p_0 in the zero density case. Hence the singularity structure is unchanged at finite density.

Finally, we would like to understand why the Fermi surface degeneracy does not affect the anomaly calculation. To this end, let us examine the on-shell kinematic conditions satisfied by the quasiparticles in (22). Suppose we regard the triangle graph as a spacetime process, with the k_1 vertex earliest in time. Let the incoming gauge boson momentum k_1 be null. In order that the quasiparticles with momenta p and p + k_1 both be on-shell, ⃗p and ⃗k_1 must be parallel. Thus, a particular point on the Fermi surface is selected by ⃗k_1: the rest of the surface cannot contribute to the singularity (see figure 1). (One of the particles emerging from the k_1 vertex is actually a quasihole on the opposite side of the Fermi surface from the quasiparticle. Which is which depends on whether ⃗k_1 and ⃗p are aligned or anti-aligned.) Finally, we note that if we take the energy of the gauge boson k^0_1 → 0, we will not be able to produce quasiparticles whose energy spectrum has a gap: only gapless quasiparticles can reproduce the anomaly in the entire physical region.

Figure 1: The particle-hole pair contributing to the anomaly singularity is determined by the external momentum k_1.

4 Discussion

As shown, ’t Hooft’s anomaly matching conditions are as valid at non-zero matter density as at zero density. They provide a non-trivial check on recent results on QCD at asymptotic density. Morever, they apply even at strong coupling, where dynamical calculations cannot be reliably performed.

Acknowledgements

The authors would like to thank Robert Pisarski, Krishna Rajagopal and Thomas Schäfer for useful discussions and comments. S.H. and M.S. thank the Institute for Nuclear Theory at the University of Washington, where this work was begun, for its hospitality. F.S. would also like to thank J. Schechter and Z. Duan for helpful discussions. This work was supported in part under DOE contracts DE-FG02-91ER40676, DE-FG-02-92ER-40704 and DE-FG06- 85ER40224.

References

[1] M. Alford, K. Rajagopal and F. Wilczek, Phys. Lett. B422, 247 (1998). R. Rapp, T. Schäfer, E. V. Shuryak and M. Velkovsky, Phys. Rev. Lett. 81, 53 (1998). M. Alford, K. Rajagopal and F. Wilczek, Nucl. Phys. B537, 443 (1999). For recent reviews see: M. Alford, hep-ph/0003185; S. Hsu, hep-ph/0003140; D. H. Rischke and R. D. Pisarski, nucl-th/0004016. T. Schäfer and F. Wilczek, Phys. Rev. Lett. 82 , 3956 (1999). D. T. Son, Phys. Rev. D59, 094019 (1999). S. C. Frautschi, Asymptotic freedom and color superconductivity in dense quark matter, in: Proceedings of the Workshop on Hadronic Matter at Extreme Energy Density, N. Cabibbo, Editor, Erice, Italy (1978). F. Barrois, Nucl. Phys. B129, 390 (1977). D. Bailin and A. Love, Phys. Rept. 107, 325 (1984). T. Schäfer and F. Wilczek, Phys. Lett. B450, 325 (1999). N. Evans, S. Hsu and M. Schwetz, Nucl. Phys. B551, 275 (1999); Phys. Lett. B449, 281 (1999). T. Schäfer and F. Wilczek, Phys. Rev. D60, 074014 (1999). M. Alford, J. Berges and K. Rajagopal, Nucl. Phys. B558, 219 (1999). N. Evans, J. Hormuzdiar, S. Hsu and M. Scwhetz, hepph/9910313. R. D. Pisarski and D. H. Rischke, Phys. Rev. Lett. 83, 37 (1999). T. Schäfer and F. Wilczek, Phys. Rev. D60, 114033 (1999). R. D. Pisarski and D. H. Rischke, Phys. Rev. D61, 051501 (2000). D. K. Hong, V. A. Miransky, I. A. Shovkovy and L. C. R. Wiejewardhana, Phys. Rev. D61, 056001 (2000). W. E. Brown, J. T. Liu and H. Ren, hep-ph/9908248. S. Hsu and M. Schwetz, hep-ph/9908310. D. V. Deryagin, D. Yu. Grigorev and V. A. Rubakov, Int. J. Mod. Phys. A7, 659 (1992). E. Shuster and D. T. Son, hep-ph/9905448. B. A. Freedman and L. D. McLerran, Phys. Rev. D16, 1147 (1977). V. A. Miransky, I. A. Shovkovy and L. C. R. Wiejewardhana, Phys. Lett. B 468, 270 (1999). R. Rapp, T. Schäfer, E. V. Shuryak and M. Velkovsky, hep-ph/9904353, to appear in Ann. Physics. A. Chodos, F. Cooper, W. Mao, H. Minakata and A. Singh, Phys. Rev. D61, 46011 (2000). M. Rho, E. Shuryak, A. Wirzba and I. Zahed, hepph/0001104. M. Rho, A. Wirzba and I. Zahed, Phys. Lett. B473, 126 (2000). D. Hong, T. Lee and D. Min, Phys. Lett. B477, 137 (2000). S. R. Beane, P. F. Bedaque and M. J. Savage, hep-ph/0002209. C. Manuel and M. H. G. Tytgat, hep-ph/0001095. G. W. Carter and D. Diakonov, hep-ph/0001318; Nucl. Phys. A661, 625 (1999). D. K. Hong, M. Rho and I. Zahed, Phys. Lett. B468, 261 (1999). T. Schäfer, hepph/9909574. S. R. Beane, P. F. Bedaque and M. J. Savage, nucl-th/0004013. K. Rajagopal and E. Shuster hep-ph/0004074. D. H. Rischke, nucl-th/0003063. R. Casalbuoni and R. Gatto, Phys. Lett. B464, 11 (1999); Phys. Lett. B469, 213 (1999). D. H. Rischke, nucl-th/0001040. D. T. Son and M. A. Stephanov, Phys. Rev. D61, 074012 (2000); D. T. Son and M. A. Stephanov, hep-ph/0004095. R. Casalbuoni, Z. Duan and F. Sannino hep-ph/0004207. For a rather complete Skyrme model for nuclear matter at low densities see M. Harada, F. Sannino, J. Schechter and H. Weigel, Phys. Lett. B384, 5 (1996) and references therein.

[2] G. ‘t Hooft, in Recent Developments in Gauge Theories , eds., G. ‘t Hooft (Plenum Press, New York, 1980).

[3] S. Coleman and B. Grossman, Nucl. Phys. B203 (1982) 205.

[4] Y. Frishman, A. Schwimmer, T. Banks and S. Yankielowicz, Nucl. Phys. B177 (1981) 157.

[5] A.D. Dolgov and V.I. Zakharov, Nucl. Phys. B27 (1971) 525.

[6] F. Sannino, hep-ph/0002277, Phys. Lett. B480 (2000) 280.

[7] H. Itoyama and A. H. Mueller, Nucl. Phys. B218, 349 (1983). R. Pisarski, T. Trueman and M. Tytgat, Phys. Rev. D56, 7077 (1997).

[8] K. Fujikawa, Phys. Rev. D21 (1980) 2848.

[9] T.-P. Cheng and L.-F. Li Gauge Theory of Elementary Particle Physics (Oxford University Press, Oxford, 1994).

[10] S.L. Adler and W.A. Bardeen, Phys. Rev. 182, 1517 (1969).

[11] see, e.g., C. Itzykson and J.B. Zuber, Quantum Field Theory (McGraw Hill, 1980).